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Abstract

Decision-theoretic planning is a popular approach to sequential decision making prob-
lems, because it treats uncertainty in sensing and acting in a principled way. In sinig-agent
frameworks like MDPs and POMDPs, planning can be carried out by resorting toQ-value
functions: an optimal Q-value function Q is computed in a recursive manner by dynamic
programming, and then an optimal policy is extracted from Q . In this paper we study
whether similar Q-value functions can be de ned for decentralized POMDP models (Dec-
POMDPs), and how policies can be extracted from such value functions. We de ne two
forms of the optimal Q-value function for Dec-POMDPs: one that gives a normative de-
scription as the Q-value function of an optimal pure joint policy and another one that is
sequentially rational and thus gives a recipe for computation. This computatian, however,
is infeasible for all but the smallest problems. Therefore, we analyze variouspgproximate
Q-value functions that allow for e cient computation. We describe how they relate, and
we prove that they all provide an upper bound to the optimal Q-value function Q . Finally,
unifying some previous approaches for solving Dec-POMDPs, we describe a familyf al-
gorithms for extracting policies from such Q-value functions, and perform an eperimental
evaluation on existing test problems, including a new re ghting benchmark problem.

1. Introduction

One of the main goals in arti cial intelligence (Al) is the de velopment of intelligent agents,
which perceive their environment through sensors and in uace the environment through
their actuators. In this setting, an essential problem is hav an agent should decide which
action to perform in a certain situation. In this work, we focus on planning: constructing
a plan that speci es which action to take in each situation the agent might encounter over
time. In particular, we will focus on planning in a cooperative multiagent system (MAS):
an environment in which multiple agents coexist and interad in order to perform a joint
task. We will adopt a decision-theoretic approach, which albws us to tackle uncertainty in
sensing and acting in a principled way.

Decision-theoretic planning has roots in control theory andin operations research. In
control theory, one or more controllers control a stochastt system with a speci ¢ output
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as goal. Operations research considers tasks related to stuling, logistics and work ow
and tries to optimize the concerning systems. Decision-thewtic planning problems can be
formalized asMarkov decision processeg§MDPs), which have have been frequently employed
in both control theory as well as operations research, but ao have been adopted by Al for
planning in stochastic environments. In all these elds the goal is to nd a (conditional)
plan, or policy, that is optimal with respect to the desired behavior. Traditionally, the main
focus has been on systems with only one agent or controller,u in the last decade interest
in systems with multiple agents or decentralized control ha grown.

A di erent, but also related eld is that of game theory. Game theory considers agents,
called players interacting in a dynamic, potentially stochastic process the game. The goal
here is to nd optimal strategies for the agents, that specify how they should play and
therefore correspond to policies. In contrast to decisiontieoretic planning, game theory
has always considered multiple agents, and as a consequenseveral ideas and concepts
from game theory are now being applied in decentralized desion-theoretic planning. In
this work we apply game-theoretic models to decision-theorat planning for multiple agents.

1.1 Decision-Theoretic Planning

In the last decades, theMarkov decision process (MDP)framework has gained in popularity
in the Al community as a model for planning under uncertainty (Boutilier, Dean, & Hanks,
1999; Guestrin, Koller, Parr, & Venkataraman, 2003). MDPs can be used to formalize a
discrete time planning task of a single agent in a stochastilly changing environment, on
the condition that the agent can observe the state of the envionment. Every time step
the state changes stochastically, but the agent chooses arcton that selects a particular
transition function. Taking an action from a particular sta te at time step t induces a
probability distribution over states at time step t + 1.

The agent's objective can be formulated in several ways. Therst type of objective
of an agent is reaching a speci c goal state, for example in a aze in which the agent's
goal is to reach the exit. A di erent formulation is given by a ssociating a certain cost with
the execution of a particular action in a particular state, in which case the goal will be
to minimize the expected total cost. Alternatively, one can associate rewards with actions
performed in a certain state, the goal being to maximize the btal reward.

When the agent knows the probabilities of the state transitions, i.e., when it knows the
model, it can contemplate the expected transitions over time and construct a plan that is
most likely to reach a specic goal state, minimizes the expeted costs or maximizes the
expected reward. This stands in some contrast to reinforcemnt learning (RL) (Sutton &
Barto, 1998), where the agent does not have a model of the emanment, but has to learn
good behavior by repeatedly interacting with the environment. Reinforcement learning
can be seen as the combined task of learning the model of the vronment and planning,
although in practice often it is not necessary to explicitly recover the environment model. In
this article we focus only on planning, but consider two facbrs that complicate computing
successful plans: the inability of the agent to observe thetate of the environment as well
as the presence of multiple agents.

In the real world an agent might not be able to determine what the state of the envi-
ronment exactly is, because the agent's sensors are noisy &or limited. When sensors are

290



Optimal and Approximate Q-Value Functions for Dec-POMDPs

noisy, an agent can receive faulty or inaccurate observatios with some probability. When
sensors are limited the agent is unable to observe the di eneces between states that cannot
be detected by the sensor, e.g., the presence or absence of@ject outside a laser range-
nder's eld of view. When the same sensor reading might requre di erent action choices,
this phenomenon is referred to agerceptual aliasing. In order to deal with the introduced
sensor uncertainty, a partially observable Markov decision process (POMDP)extends the
MDP model by incorporating observations and their probability of occurrence conditional
on the state of the environment (Kaelbling, Littman, & Cassandra, 1998).

The other complicating factor we consider is the presence ahultiple agents. Instead of
planning for a single agent we now plan for a team of cooperate agents. We assume that
communication within the team is not possible! A major problem in this setting is how the
agents will have to coordinate their actions. Especially, & the agents are not assumed to
observe the state|each agent only knows its own observatiors received and actions taken|
there is no common signal they can condition their actions on Note that this problem is
in addition to the problem of partial observability, and not a substitution of it; even if
the agents could freely and instantaneously communicate thir individual observations, the
joint observations would not disambiguate the true state.

One option is to consider each agent separately, and have dacuch agent maintain
an explicit model of the other agents. This is the approach aschosen in the Interactive
POMDP (I-POMDP) framework (Gmytrasiewicz & Doshi, 2005). A p roblem in this ap-
proach, however, is that the other agents also model the comdered agent, leading to an
in nite recursion of beliefs regarding the behavior of agems. We will adopt the decentralized
partially observable Markov decision process (Dec-POMDPmodel for this class of problems
(Bernstein, Givan, Immerman, & Zilberstein, 2002). A Dec-POMDP is a generalization to
multiple agents of a POMDP and can be used to model a team of cqeerative agents that
are situated in a stochastic, partially observable enviromment.

The single-agent MDP setting has received much attention, ad many results are known.
In particular it is known that an optimal plan, or policy, can be extracted from the optimal
action-value, or Q-value, function Q (s;a), and that the latter can be calculated e ciently.
For POMDPs, similar results are available, although nding an optimal solution is harder
(PSPACE-complete for nite-horizon problems, Papadimitrio u & Tsitsiklis, 1987).

On the other hand, for Dec-POMDPs relatively little is known except that they are
provably intractable (NEXP-complete, Bernstein et al., 2002). In particular, an outstanding
issue is whether Q-value functions can be de ned for Dec-POMDR just as in (PO)MDPs,
and whether policies can be extracted from such Q-value funa@bns. Currently most al-
gorithms for planning in Dec-POMDPs are based on some versioof policy search (Nair,
Tambe, Yokoo, Pynadath, & Marsella, 2003b; Hansen, Bernsti@, & Zilberstein, 2004; Szer,
Charpillet, & Zilberstein, 2005; Varakantham, Marecki, Yabu, Tambe, & Yokoo, 2007), and
a proper theory for Q-value functions in Dec-POMDPs is still lacking. Given the wide range
of applications of value functions in single-agent decisiottheoretic planning, we expect that
such a theory for Dec-POMDPs can have great bene ts, both in tems of providing insight
as well as guiding the design of solution algorithms.

1. As it turns out, the framework we consider can also model communication with a particular cost
that is subject to minimization (Pynadath & Tambe, 2002; Goldman & Zilbers tein, 2004). The non-
communicative setting can be interpreted as the special case with in nite cost.
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1.2 Contributions

In this paper we develop theory for Q-value functions in Dec-PQVDPs, showing that an
optimal Q-function Q can be de ned for a Dec-POMDP. We de ne two forms of the optimal
Q-value function for Dec-POMDPs: one that gives a normative decription as the Q-value
function of an optimal pure joint policy and another one that is sequentially rational and
thus gives a recipe for computation. We also show that giverQ , an optimal policy can
be computed by forward-sweep policy computation,solving a sequence of Bayesian games
forward through time (i.e., from the rst to the last time ste p), thereby extending the
solution technique of Emery-Montemerlo, Gordon, Schneider and Thrun (2004) to the
exact setting.

Computation of Q is infeasible for all but the smallest problems. Thereforewe analyze
three di erent approximate Q-value functions Q ypp ; Qpompp and Qgg that can be more
e ciently computed and which constitute upper bounds to Q . We also describe a gener-
alized form of Qg that includes Qpompp » Qs @and Q . This is used to prove a hierarchy
of upper bounds:Q Qs Qpompr  Qwprp -

Next, we show how these approximate Q-value functions can besged to compute optimal
or sub-optimal policies. We describe a generic policy searchlgorithm, which we dub
Generalized MAA (GMAA ) as it is a generalization of the MAA algorithm by Szer et al.
(2005), that can be used for extracting a policy from an appraimate Q-value function. By
varying the implementation of a sub-routine of this algorithm, this algorithm uni es MAA
and forward-sweep policy computation and thus the approach 8Emery-Montemerlo et al.
(2004).

Finally, in an experimental evaluation we examine the dierences between Qpp,
Qpovpp » Qgs and Q for several problems. We also experimentally verify the potatial
bene t of tighter heuristics, by testing di erent settings of GMAA on some well known
test problems and on a new benchmark problem involving re ghting agents.

This article is based on previous work by Oliehoek and Vlassi (2007)|abbreviated OV
here|containing several new contributions: (1) Contrary t o the OV work, the current work
includes a section on the sequential rational description bQ and suggests a way to compute
Q in practice (OV only provided a normative description of Q ). (2) The current work
provides a formal proof of the hierarchy of upper bounds toQ (which was only qualitatively
argued in the OV paper). (3) The current article additionall y contains a proof that the
solutions for the Bayesian games with identical payo s given by equation (4.2) constitute
Pareto optimal Nash equilibria of the game (which was not praven in the OV paper). (4)
This article contains a more extensive experimental evaluaon of the derived bounds of
Q , and introduces a new benchmark problem ( re ghting). (5) F inally, the current article
provides a more complete introduction to Dec-POMDPs and exifing solution methods, as
well as Bayesian games, hence it can serve as a self-contairiettoduction to Dec-POMDPs.

1.3 Applications

Although the eld of multiagent systems in a stochastic, partially observable environment
seems quite specialized and thus narrow, the application @&a is actually very broad. The
real world is practically always partially observable due to sensor noise and perceptual
aliasing. Also, in most of these domains communication is niofree, but consumes resources
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and thus has a particular cost. Therefore models as Dec-POMDS®, which do consider
partially observable environments are relevant for esserilly all teams of embodied agents.

Example applications of this type are given by Emery-Montemelo (2005), who con-
sidered multi-robot navigation in which a team of agents with noisy sensors has to act to
nd/capture a goal. Becker, Zilberstein, Lesser, and Goldman (2004b) use a multi-robot
space exploration example. Here, the agents are Mars roveend have to decide on how to
proceed their mission: whether to collect particular sampés at speci ¢ sites or not. The
rewards of particular samples can be sub- or super-additivemnaking this task non-trivial.
An overview of application areas in cooperative robotics igpresented by Arai, Pagello, and
Parker (2002), among which is robotic soccer, as applied in 80oCup (Kitano, Asada, Ku-
niyoshi, Noda, & Osawa, 1997). Another application that is investigated within this project
is crisis management. RoboCup Rescue (Kitano, Tadokoro, Nda, Matsubara, Takahashi,
Shinjoh, & Shimada, 1999) models a situation where rescue &ns have to perform a search
and rescue task in a crisis situation. This task also has beemodeled as a partially observ-
able system (Nair, Tambe, & Marsella, 2002, 2003, 2003a; Gdhoek & Visser, 2006; Paquet,
Tobin, & Chaib-draa, 2005).

There are also many other types of applications. Nair, Varalantham, Tambe, and
Yokoo (2005), Lesser, Ortiz Jr., and Tambe (2003) give apptiations for distributed sensor
networks (typically used for surveillance). An example of bad balancing among queues is
presented by Cogill, Rotkowitz, Roy, and Lall (2004). Here aents represent queues and
can only observe queue sizes of themselves and immediate gig#hors. They have to decide
whether to accept new jobs or pass them to another queue. Anbier frequently considered
application domain is communication networks. Peshkin (2@1) treated a packet routing
application in which agents are routers and have to minimizethe average transfer time of
packets. They are connected to immediate neighbors and havi® decide at each time step
to which neighbor to send each packet. Other approaches to ecomunication networks using
decentralized, stochastic, partially observable systemsre given by Ooi and Wornell (1996),
Tao, Baxter, and Weaver (2001), Altman (2002).

1.4 Overview of Article

The rest of this article is organized as follows. In Section 2ve will rst formally introduce
the Dec-POMDP model and provide background on its components Some existing solution
methods are treated in Section 3. Then, in Section 4 we show fwa Dec-POMDP can be
modeled as a series of Bayesian games and how this constitgta theory of Q-value functions
for BGs. We also treat two forms of optimal Q-value functions, Q , here. Approximate
Q-value functions are described in Section 5 and one of theirgplications is discussed in
Section 6. Section 7 presents the results of the experiment&valuation. Finally, Section 8
concludes.

2. Decentralized POMDPs

In this section we de ne the Dec-POMDP model and discuss somefdts properties. Intu-
itively, a Dec-POMDP models a number of agents that inhabit a particular environment,
which is considered at discreteime steps also referred to asstages(Boutilier et al., 1999) or
(decision) epochs(Puterman, 1994). The number of time steps the agents will ineract with
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their environment is called the horizon of the decision problem, and will be denoted byh. In
this paper the horizon is assumed to be nite. At each stage =0;1;2;:::;h 1 every agent
takes an action and the combination of these actions in uenes the environment, causing a
state transition. At the next time step, each agent rst receives an observation of the envi-
ronment, after which it has to take an action again. The probabilities of state transitions
and observations are speci ed by the Dec-POMDP model, as areawards received for par-
ticular actions in particular states. The transition- and o bservation probabilities specify the
dynamics of the environment, while the rewards specify whatoehavior is desirable. Hence,
the reward model de nes the agents' goal or task: the agents &ve to come up with a plan
that maximizes the expected long term reward signal. In thiswork we assume that planning
takes place o -line, after which the computed plans are distibuted to the agents, who then
merely execute the plans on-line. That is, computation of theplan is centralized, while
execution is decentralized. In the centralized planning plase, the entire model as detailed
below is available. During execution each agent only knowstte joint policy as found by the
planning phase and its individual history of actions and ob®rvations.

2.1 Formal Model

In this section we more formally treat the basic components 6a Dec-POMDP. We start by
giving a mathematical de nition of these components.

De nition 2.1. A decentralized partially observable Markov decision proes (Dec-
POMDP) is de ned as a tuple n:S:A:T:R:0:0:h:t° where:

n is the number of agents.

S is a nite set of states.

A is the set of joint actions.

T is the transition function.

R is the immediate reward function.
O is the set of joint observations.

O is the observation function.

h is the horizon of the problem.

B 2 P (S), is the initial state distribution at time t =0.2

The Dec-POMDP model extends single-agent (PO)MDP models by cosidering joint
actions and observations. In particular, we de neA = A; as the set ofjoint actions. Here,

taken. In a Dec-POMDP, agents only know their own individual action; they do not observe
each other's actions. We will assume that any actiona; 2 A; can be selected at any time.
So the setA; does not depend on the stage or state of the environment. In geeral, we will

2. P() denotes the set of probability distributions over ( ).
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denote the stage using superscripts, sa' denotes the joint action taken at staget, a! is the

individual action of agent i taken at staget. Also, we write agj = hag;:::;a 1;8i+1;:::;ani
for a pro le of actions for all agents but i.
Similarly to the set of joint actions, O = ;O; is the set of joint observations, where

O; is a set of observations available to agent. Every time step the environment emits one

0, as illustrated by Figure 1. Notation with respect to time and indices for observations
is analogous to the notation for actions. In this paper, we wil assume that the action-
and observation sets are nite. In nite action- and observation sets are very di cult to
deal with even in the single-agent case, and to the authors' kowledge no research has been
performed on this topic in the partially observable, multiagent case.

Actions and observations are the interface between the ages and their environment.
The Dec-POMDP framework describes this environment by itsstates and transitions. This
means that rather than considering a complex, typically dormain-dependent model of the
environment that explains how this environment works, a degriptive stance is taken: A
Dec-POMDP speci es an environment model simply as the set oftates S = s1;:i;Sjg;
the environment can be in, together with the probabilities of state transitions that are
dependent on executed joint actions. In particular, the transition from some state to a next
state depends stochastically on the past states and actionsThis probabilistic dependence
models outcome uncertainty: the fact that the outcome of an action cannot be predicted
with full certainty.

An important characteristic of Dec-POMDPs is that the states possess theMarkov
property. That is, the probability of a particular next state depends on the current state
and joint action, but not on the whole history:

P(st*tjshalst Lat 1pins%al) = P(stttjstal): (2.1)

Also, we will assume that the transition probabilities are stationary, meaning that they are
independent of the staget.

In a way similar to how the transition model T describes the stochastic in uence of
actions on the environment, the observation modelO describes how the state of the envi-
ronment is perceived by the agents. Formally,O is the observation function, a mapping
from joint actions and successor states to probability distibutions over joint observations:
O:A S!P (0). le., it species

P(dja' 1ish): (2.2)

This implies that the observation model also satis es the Makov property (there is no
dependence on the history). Also the observation model is asimed stationary: there is no
dependence on the stage.

Literature has identi ed di erent categories of observability (Pynadath & Tambe, 2002;
Goldman & Zilberstein, 2004). When the observation functian is such that the individual
observation for all the agents will always uniquely identify the true state, the problem
is consideredfully- or individually observable. In such a case, a Dec-POMDP e ectively
reduces to a multiagent MDP (MMDP) as described by Boutilier (1996). The other extreme
is when the problem isnon-observable meaning that none of the agents observes any useful
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actions

on

observations

states

Figure 1: Anillustration of the dynamics of a Dec-POMDP. At ev ery stage the environment
is in a particular state. This state emits a joint observation, of which each agent
observes its individual observation. Then each agent seléx an action forming
the joint action.

information. This is modeled by the fact that agents always receive a null-observation,
8i Oj = 0. . Under non-observability agents can only employ an open-looplan. Between
these two extremes there argartially observableproblems. One more special case has been
identi ed, namely the case where not the individual, but the joint observation identi es the
true state. This case is referred to agointly- or collectively observable A jointly observable
Dec-POMDRP is referred to as aDec-MDP.

The reward function R(s;a) is used to specify the goal of the agents and is a func-
tion of states and joint actions. In particular, a desirable sequence of joint actions should
correspond to a high “long-term' reward, formalized as the raurn.

De nition 2.2. Let the return or cumulative reward of a Dec-POMDP be de ned as total
of the rewards received during an execution:

r(0)+ r(1) + +r(h 1) (2.3)
wherer (t) is the reward received at time stept.

When, at staget, the state is st and the taken joint action is a', we have that r(t) =
R(s!;a). Therefore, given the sequence of states and taken joint dions, it is straightforward
to determine the return by substitution of r(t) by R(s';a) in (2.3).
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In this paper we consider as optimality criterion the expected cumulative rewardwhere
the expectation refers to the expectation over sequences efates and executed joint actions.
The planning problem is to nd a conditional plan, or policy, for each agent to maximize the
optimality criterion. In the Dec-POMDP case this amounts to nding a tuple of policies,
called ajoint policy that maximizes the expected cumulative reward.

Note that, in a Dec-POMDP, the agents are assumed not to obser the immediate
rewards: observing the immediate rewards could convey infonation regarding the true state
which is not present in the received observations, which is ndesirable as all information
available to the agents should be modeled in the observatian When planning for Dec-
POMDPs the only thing that matters is the expectation of the cumulative future reward
which is available in the o -line planning phase, not the actual reward obtained. Indeed, it
is not even assumed that the actual reward can be observed ate end of the episode.

Summarizing, in this work we consider Dec-POMDPs with nite actions and observation
sets and a nite planning horizon. Furthermore, we considerthe general Dec-POMDP set-
ting, without any simplifying assumptions on the observation, transition, or reward models.

2.2 Example: Decentralized Tiger Problem

Here we will describe the decentralized tiger problem intraluced by Nair et al. (2003b).

This test problem has been frequently used (Nair et al., 2008; Emery-Montemerlo et al.,

2004; Emery-Montemerlo, Gordon, Schneider, & Thrun, 2005; Zer et al., 2005) and is a
modi cation of the (single-agent) tiger problem (Kaelbling et al., 1998). It concerns two
agents that are standing in a hallway with two doors. Behind me of the doors is a tiger,
behind the other a treasure. Therefore there are two statesthe tiger is behind the left door

(s1) or behind the right door (s;). Both agents have 3 actions at their disposal: open the
left door (ao. ), open the right door (acr ) and listen (a;). But they cannot observe each
other's actions. In fact, they can only receive 2 observatias. Either they hear a sound left
(04 ) or right ( Oyr ).

At t =0 the state is s; or s; with probability O :5. As long as no agent opens a door the
state doesn't change, when a door is opened, the state resdts s, or s; with probability O :5.
The full transition, observation and reward model are listed by Nair et al. (2003b). The
observation probabilities are independent, and identicalfor both agents. For instance, when
the state is s; and both perform action a;, both agents have a 85% chance of observing
0., and the probability of both hearing the tiger left is 0:85 0:85 = 0:72.

When the agents open the door for the treasure they receive agsitive reward, while
they receive a penalty for opening the wrong door. When opemig the wrong door jointly,
the penalty is less severe. Opening the correct door jointlyfeads to a higher reward.

Note that, when the wrong door is opened by one or both agentsthey are attacked
by the tiger and receive a penalty. However, neither of the agnts observe this attack nor
the penalty and the episode continues. Arguably, a more nattal representation would be
to have the episode end after a door is opened or to let the ag&nhobserve whether they
encountered the tiger or treasure, however this is not conslered in this test problem.
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2.3 Histories

As mentioned, the goal of planning in a Dec-POMDP is to nd a (near-) optimal tuple
of policies, and these policies specify for each agent how tact in a specic situation.
Therefore, before we de ne a policy, we rst need to de ne exa&tly what these specic
situations are. In essence such situations are those partd the history of the process that
the agents can observe.

Let us rst consider what the history of the process is. A Dec-FOMDP with horizon h
speci es h time steps or stagest = 0;::;;h 1. At each of these stages, there is a stats!,
joint observation o' and joint action at. Therefore, when the agents will have to select
their k-th actions (at t = k 1), the history of the process is a sequence of states, joint
observations and joint actions, which has the following fom:

SOOOaOSlOlal ..... kl.kl

Here s° is the initial state, drawn according to the initial state di stribution K. The initial
joint observation o° is assumed to be the empty joint observation:o® = 0. = 0p.;:50n:

From this history of the process, the states remain unobserd and agenti can onIy
observe its own actions and observations. Therefore an agewill have to base its decision
regarding which action to select on the sequence of actionsnd observations observed up
to that point.

De nition 2.3.  We de ne the action-observation history for agenti, 7, as the sequence
of actions taken by and observations received by agent At a speci c time step t, this is:

“t= o%alol:ial Lo

The joint action-observation history, 7 is the action-observation history for all agents:

~t — h—-t; . v~r£|
Agent i's set of possible action-observation histories at timet is = = (O i). The
set of all possible action-observation histories for agent is ™ = [ = h 1~,t 3 Flnally the set
of all possiblejoint action-observation histories is given by [ 1( o Th) At

t = 0, the action-observation history is empty, denoted by ~© =
We will also use a notion of history only using the observatims of an agent.

De nition 2.4.  Formally, we de ne the observation history for agenti, 9, as the sequence
of observations an agent has received. At a speci c time step, this is:

3. Note that in a particular Dec-POMDP, it may be the case that not all of th ese histories can actually be
realized, because of the probabilities speci ed by the transition an d observation model.
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The set of observation histories for agent at time t is denotedO! = {O;. Similar to the
notation for action-observation histories, we also use€d; and O and the empty observation
history is denoted ® .

Similarly we can de ne the action history as follows.

De nition 2.5.  The action history for agent i, 4§, is the sequence of actions an agent has
performed. At a speci c time step t, we write:

g = alahial b
Notation for joint action histories and sets are analogous b those for observation histo-
ries. Also write €si;7si; etc. to denote a tuple of observation-, action-observation hétories,
etc. for all agents excepti. Finally we note that, clearly, an (joint) action-observati on
history consists of an (joint) action- and an (joint) observation history: ~t= o'l .

2.4 Policies

As discussed in the previous section, the action-observatio history of an agent speci es
all the information the agent has when it has to decide upon anaction. For the moment
we assume that an individual policy ; for agenti is a deterministic mapping from action-
observation sequences to actions.

The number of possible action-observation histories is usuly very large as this set
grows exponentially with the horizon of the problem. At time step't, there are (A;j jOij)"
action-observation histories for agenti. As a consequence there are a total of

*Gai jouy = GALI0D" 1
=0 (Aij jOi) 1

of such sequences for agert Therefore the number of policies for agent becomes:

(Aijjoi))" 1
jAj (ailioi) (2.4)

which is doubly exponential in the horizon h.

2.4.1 Pure and Stochastic Policies

It is possible to reduce the number of policies under considation by realizing that a lot
of policies specify the same behavior. This is illustrated ¥ the left side of Figure 2, which
clearly shows that under a deterministic policy only a subséof possible action-observation
histories are reached. Policies that only di er with resped to an action-observation history
that is not reached in the rst place, manifest the same behavor. The consequence is that
in order to specify a deterministic policy, the observation history su ces: when an agent
takes its action deterministically, he will be able to infer what action he took from only the
observation history as illustrated by the right side of Figure 2.

De nition 2.6. A pure or deterministic policy, i, for agenti in a Dec-POMDP is a
mapping from observation histories to actions, ; : G; ! A ;. The set of pure policies of
agenti is denoted ;.
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Figure 2: A deterministic policy can be represented as a tree Left: a tree of action-
observation histories 7 for one of the agents from the Dec-Tiger problem. An
arbitrary deterministic policy ; is highlighted. Clearly shown is that ; only
reaches a subset of of historieS;. (7 that are not reached are not further ex-
panded.) Right: The same policy can be shown in a simpli ed pdicy tree.

Note that also for pure policies we sometimes write (7). In this case we mean the
action that ; species for the observation history contained in 7. For instance, let 5 =
ha;&i, then i(5) = (). We use = hj;::; ni to denote a joint policy, a prole
specifying a policy for each agent We say that a pure joint policy is an induced or implicit
mapping from joint observation histories to joint actions : O ! A . That is, the mapping
is induced by individual policies ; that make up the joint policy. Also we use g =
hq;:00 0 15 i+1;:0; ni, to denote a pro le of policies for all agents buti.

Apart from pure policies, it is also possible to have the agets execute randomized
policies, i.e., policies that do not always specify the same action fothe same situation, but
in which there is an element of chance that decides which aabin is performed. There are
two types of randomized policies: mixed policies and stoclstic policies.

De nition 2.7. A mixed policy, i, for an agenti is a set of pure policiesM i, along
with a probability distribution over this set. Thus a mixed p olicy ; 2P (M) is an element
of the set of probability distributions over M .

De nition 2.8. A stochastic or behavioral policy, &, for agenti is a mapping from action-
observation histories to probability distributions over actions, &: ~; I P (Aj).

When considering stochastic policies, keeping track of oglthe observations is insu -
cient, as in general all action-observation histories can beealized. That is why stochastic
policies are de ned as a mapping from the full space of actiorobservation histories to prob-
ability distributions over actions. Note that we use ; and ; to denote a policy (space) in
general, so also for randomized policies. We will only use;j, ; and & when there is a need
to discriminate between di erent types of policies.
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A common way to represent the temporal structure in a policy is to split it in decision
rules ; that specify the policy for each stage. An individual policy is then represented as
a sequence of decision rules; = ( 9;:::; ,h 1. In case of a deterministic policy, the form
of the decision rule for staget is a mapping from length+ observation histories to actions

itZOit!A i

2.4.2 Special Cases with Simpler Policies.

There are some special cases of Dec-POMDPs in which the poliagan be specied in a
simpler way. Here we will treat three such cases: in case thetate s is observable, in
the single-agent case and the case that combines the previouwo: a single agent in an
environment of which it can observe the state.

The last case, a single agent in a fully observable environnme, corresponds to the regular
MDP setting. Because the agent can observe the state, whiclsiMarkovian, the agent does
not need to remember any history, but can simply specify the &cision rules of its policy

= .2, "1 as mappings from states to actions:8t ': S ! A . The complexity of
the policy representation reduces even further in the in nite-horizon case, where an optimal
policy  is known to be stationary. As such, there is only one decision rule, that is used
for all stages.

The same is true for multiple agents that can observe the stag, i.e., a fully observable
Dec-POMDP as de ned in Section 2.1. This is essentially the sme setting as themultiagent
Markov decision process (MMDP) introduced by Boutilier (1996). In this case, the decision
rules for agenti's policy are mappings from states to actions8t ! : S ! A , although
in this case some care needs to be taken to make sure no coordiion errors occur when
searching for these individual policies.

In a POMDP, a Dec-POMDP with a single agent, the agent cannot olserve the state,
so it is not possible to specify a policy as a mapping from stas to actions. However, it
turns out that maintaining a probability distribution over states, calledbelief b2 P (S), is
a Markovian signal:

P(st*tjal;ohal Lot 1;:iiia%0%) = P(sttjdhal);
where the beliefld is de ned as
8« H(s') P(sfohal Lot L:iiale’) = P(std Lat Loh):

As a result, a single agent in a partially observable enviroment can specify its policy as a
series of mappings from the set of beliefs to action8t ':P(S)!A

Unfortunately, in the general case we consider, no such spaesaving simpli cations of
the policy are possible. Even though the transition and obsevation model can be used
to compute a joint belief, this computation requires knowledge of the joint a¢ions and

observations. During execution, the agents simply have no ecess to this information and
thus can not compute a joint belief.

2.4.3 The Quality of Joint Policies

Clearly, policies di er in how much reward they can expect to accumulate, which will serve
as a criterion of a joint policy's quality. Formally, we consider the expected cumulative
reward of a joint policy, also referred to as itsvalue.
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De nition 2.9.  The value V( ) of a joint policy is de ned as

hix 1 i
V() E R(sha) p?%; (2.5)
t=0
where the expectation is over states, observations and|in the case of a randomized |
actions.

In particular we can calculate this expectation as
K1X X X
V()= P(s'7:b%  R(sha)P (@™Y); (2.6)
t=0 ~tp~t st2S at2A
where P (a!j™!) is the probability of a as specied by , and whereP (s';~!j :b9) is recur-
sively de ned as
X
P(St;~tj ,b 0) - P(St;-tjst l;-t l; )P(St l;-t 1j ,b 0), (27)
st 128
with
P(St;~tjst l;~t l; ): P(Otjat l;St)P(Stht l;at 1)P (at lj~t l) (28)
a term that is completely speci ed by the transition and observation model and the joint
policy. For stage 0 we have thatP (s%~j ;b %) = B(s).
Because of the recursive nature oP (s';~!j :b?) it is more intuitive to specify the value
recursively:

2 3
X X X
\Vj (St;~t) — P (atj~t) 4R(st;at) + P(St+1 ;Ot+1jst;at)v (St+1 ;~t+1)5 :
at2A st*1 2S ot*1 20
(2.9)
with ~%1 = (~tat;0'*1). The value of joint policy is then given by
X
V()= V (%7 )B(s0): (2.10)

s02S

For the special case of evaluating a pure joint policy , eq. (2.6) can be written as:

X1 X
V()= P(T'pORCY (7Y (2.11)
t=0 ~tp~t
where X
R(Tha)=  R(sha)P(si™i) (2.12)
st2s

denotes the expected immediate reward. In this case, the reesive formulation (2.9) reduces
to

X X
Vt(St;‘et) = R St; (et) + P(St+1 ;Ot+ljst; (et))vt+1 (St+l ;_et+1): (213)
st*1 2S ot*1 20
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Note that, when performing the computation of the value for a joint policy recursively,
intermediate results should be cached. A particular 61 ;0'*1)-pair (or (s*1;~"*1)-pair for
a stochastic joint policy) can be reached fromjSj states st of the previous stage. The value
Vi (st -gt+l) s the same, however, and should be computed only once.

2.4.4 Existence of an Optimal Pure Joint Policy

Although randomized policies may be useful, we can restricbur attention to pure policies
without sacri cing optimality, as shown by the following.

Proposition 2.1. A Dec-POMDP has at least one optimal pure joint policy.

Proof. See appendix A.1. O

3. Overview of Dec-POMDP Solution Methods

In order to provide some background on solving Dec-POMDPSs, tis section gives an overview
of some recently proposed methods. We will limit this reviewto a number of nite-horizon
methods for general Dec-POMDPs that are related to our own appoach.

We will not review the work performed on in nite-horizon Dec-P OMDPs, such as the
work by Peshkin, Kim, Meuleau, and Kaelbling (2000), Bernstkein, Hansen, and Zilberstein
(2005), Szer and Charpillet (2005), Amato, Bernstein, and 4lberstein (2006, 2007a) In this
setting policies are usually represented by nite state comrollers (FSCs). Since an in nite-
horizon Dec-POMDP is undecidable (Bernstein et al., 2002), his line of work, focuses on
nding -approximate solutions (Bernstein, 2005) or (near-) optimal policies for given a
particular controller size.

There also is a substantial amount of work on methods exploihg particular inde-
pendence assumptions. In particular, transition and obsevation independent Dec-MDPs
(Becker et al., 2004b; Wu & Durfee, 2006) and Dec-POMDPs (Kim, Nair, Varakantham,
Tambe, & Yokoo, 2006; Varakantham et al., 2007) have receiw& quite some attention.
These models assume that each agemnthas an individual state spaceS; and that the ac-
tions of one agent do not in uence the transitions between tre local states of another agent.
Although such models are easier to solve, the independencessumptions severely restrict
their applicability. Other special cases that have been cosidered are, for instance, goal
oriented Dec-POMDPs (Goldman & Zilberstein, 2004), event-diven Dec-MDPs (Becker,
Zilberstein, & Lesser, 2004a), Dec-MDPs with time and resoure constraints (Beynier &
Mouaddib, 2005, 2006; Marecki & Tambe, 2007), Dec-MDPs with dcal interactions (Spaan
& Melo, 2008) and factored Dec-POMDPs with additive rewards (Oliehoek, Spaan, White-
son, & Vlassis, 2008).

A nal body of related work which is beyond the scope of this aticle are models and
techniques for explicit communication in Dec-POMDP settings (Ooi & Wornell, 1996; Py-
nadath & Tambe, 2002; Goldman & Zilberstein, 2003; Nair, Roh, & Yohoo, 2004; Becker,
Lesser, & Zilberstein, 2005; Roth, Simmons, & Veloso, 20050liehoek, Spaan, & Vlassis,
2007b; Roth, Simmons, & Veloso, 2007; Goldman, Allen, & Zillerstein, 2007). The Dec-
POMDP model itself can model communication actions as regwr actions, in which case the
semantics of the communication actions becomes part of theptimization problem (Xuan,
Lesser, & Zilberstein, 2001; Goldman & Zilberstein, 2003; faan, Gordon, & Vlassis, 2006).
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In contrast, most approaches mentioned typically assume tat communication happens out-

side the Dec-POMDP model and with pre-de ned semantics. A typical assumption is that

at every time step the agents communicate their individual doservations before selecting an
action. Pynadath and Tambe (2002) showed that, under assumiions of instantaneous and

cost-free communication, sharing individual observationsin such a way is optimal.

3.1 Brute Force Policy Evaluation

Because there exists an optimal pure joint policy for a nite-horizon Dec-POMDRP, it is in
theory possible to enumerate all di erent pure joint polici es, evaluate them using equations
(2.10) and (2.13) and choose the best one. The number of pureint policies to be evaluated
is:

ngo " 1

O jAj oI (3.1)

where JA j and jO j denote the largest individual action and observation sets. The cost
of evaluating each policy isO jSj jOj" . The resulting total cost of brute-force policy
evaluation is

ngo " 1)

O jAj oIt jsjpjo jm ; (3.2)
which is doubly exponential in the horizon h.

3.2 Alternating Maximization

Nair et al. (2003b) introduced Joint Equilibrium based Search for Policies (JESP). This
method guarantees to nd a locally optimal joint policy, mor e speci cally, a Nash equilib-
rium: a tuple of policies such that for each agent its policy ; is a best response for the
policies employed by the other agents gi. It relies on a process we refer to aslternating
maximization. This is a procedure that computes a policy ; for an agenti that maximizes
the joint reward, while keeping the policies of the other agats xed. Next, another agent is
chosen to maximize the joint reward by nding its best-response to the xed policies of the
other agents. This process is repeated until the joint polig converges to a Nash equilibrium,
which is a local optimum. The main idea of xing some agents anl having others improve
their policy was presented before by Chades, Scherrer, andHarpillet (2002), but they used
a heuristic approach for memory-less agents. The process ofternating maximization is
also referred to ashill-climbing or coordinate ascent.

Nair et al. (2003b) describe two variants of JESP, the rst of which, Exhaustive-JESP,
implements the above idea in a very straightforward fashion Starting from a random joint
policy, the rstagentis chosen. This agent then selects itdest-response policy by evaluating
the joint reward obtained for all of its individual policies when the other agents follow their
xed policy.

The second variant, DP-JESP, uses a dynamic programming apmach to compute the
best-response policy for a selected agemt In essence, xing the policies of all other agents
allows for a reformulation of the problem as an augmented PONDP. In this augmented
POMDP a state s = Is;g;;i consists of a nominal states and the observation histories of
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the other agentsg;;. Given the xed deterministic policies of other agents ¢;, such an
augmented states is a Markovian state, and all transition and observation probabilities can
easily be derived from gj;.

Like most methods proposed for Dec-POMDPs, JESP exploits theknowledge of the
initial belief b° by only considering reachable beliefdys) in the solution of the POMDP.
However, in some cases the initial belief might not be availele. As demonstrated by
Varakantham, Nair, Tambe, and Yokoo (2006), JESP can be extaded to plan for the entire
space of initial beliefs, overcoming this problem.

3.3 MAA

Szer et al. (2005) introduced a heuristically guided policysearch method calledmultiagent
A* (MAA ). It performs a guided A*-like search over partially specied joint policies,
pruning joint policies that are guaranteed to be worse than he best (fully speci ed) joint
policy found so far by an admissible heuristic.

In particular MAA  considers joint policies that are partially speci ed with r espect

the rst t stages. For such a partial joint policy ' ! a heuristic value ¥ (' 1) is calculated
by taking VOt 1(* 1), the actual expected reward' ! achieves over the rstt stages, and
adding Pt:h 1 a heuristic value for the remainingh t stages. Clearly when®t:h 1 s an
admissible heuristic| a guaranteed overestimation|so is ‘V(' H.

MAA starts by placing the completely unspecied joint policy ' © in an open list.

decision rules ! for next time step (t). The left side of Figure (3) illustrates the expansion
process. After expansion, all created children are heurigtally valuated and placed in the
open list, any partial joint policies ' t*1 with ¥ (' t*1) less than the expected valueV ( ) of
some earlier found (fully speci ed) joint policy , can be pruned. The search ends when the
list becomes empty, at which point we have found an optimal flly speci ed joint policy.

3.4 Dynamic Programming for Dec-POMDPs

MAA incrementally builds policies from the rst staget =0tothelast t = h 1. Priorto
this work, Hansen et al. (2004) introduced dynamic programning (DP) for Dec-POMDPs,
which constructs policies the other way around: starting wih a set of “1-step policies'
(actions) that can be executed at the last stage, they constuct a set of 2-step policies to
be executed ath 2, etc.

It should be stressed that the policies maintained are quitedi erent from those used
by MAA . In particular a partial policy in MAA  has the form' t=( ©; L::::: U 1), The
policies maintained by DP do not have such a correspondencentdecision rules. We de ne
the time-to-go at staget as

=h t (3.3)
Now ¢ =X denotes ak-steps-to-go sub-tree policy for agent i. That is, g = is a policy
tree that has the same form as a full policy for the horizonk problem. Within the original

horizon-h problem ¢ = is a candidate for execution starting at staget = h k. The set ofk-
steps-to-go sub-tree policies maintained for agent is denotedQ; ~ K: Dynamic programming

305



Oliehoek, Spaan & Vlassis

Figure 3: Di erence between policy construction in MAA (left) and dynamic programming
(right) for an agent with actions a;a and observationso;o. The dashed compo-
nents are newly generated, dotted components result from t previous iteration.
MAA “expands' a partial policy from the leaves, while dynamic pogramming
backs up a set of “sub-tree policies' forming new ones.

for Dec-POMDPs is based on backup operations: constructingQ); =k*1 3 set of sub-tree
policies g =k*1 from a setQ; =K. For instance, the right side of Figure 3 shows howg =3, a
3-steps-to-go sub-tree policy, is constructed from twog =2 2 Q; =2. Also illustrated is the

di erence between this process and MAA expansion (on the left side).

Dynamic programming consecutively constructsQ; =1 ;Q; =2 ;Q; =h for all agentsi.
However, the size of the selQ, =k*1 is given by

Qi T = jAGjjQ, THjou;

and as a result the sizes of the maintained sets grow doubly @onential with k. To counter
this source of intractability, Hansen et al. (2004) proposeto eliminate dominated sub-tree
policies. The expected reward of a particular sub-tree polig ¢ =% depends on the probability
over states wheng =k js started (at staget = h k) as well as the probability with which
the other agentsj 6 i select their sub-tree policiesg =% 2 Q; =*. If we let gs7* denote a
sub-tree pro le for all agents but i, and Q;i" the set of such pro les, we can say thatg =«
is dominated if it is not maximizing at any point in the multiagent belief space: the simplex
overS Q ;ik. Hansen et al. test for dominance over the entire multiagentbelief space by
linear programming. Removal of a dominated sub-tree policyg =* of an agenti may cause
a sub-tree policy g =k of an other agentj to become dominated. Therefore Hansen et al.
propose to iterate over agents until no further pruning is pcssible, a procedure known as
iterated elimination of dominated policies (Osborne & Rubinstein, 1994).

Finally, when the last backup step is completed the optimal policy can be found by
evaluating all joint policies 2 Q=" Q = for the initial belief K.
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3.5 Extensions on DP for Dec-POMDPs

In the last few years several extensions to the dynamic progtmming algorithm for Dec-
POMDPs have been proposed. The rst of these extensions is duto Szer and Charpillet
(2006). Rather than testing for dominance over the entire mutiagent belief space, Szer
and Charpillet propose to perform point-based dynamic progamming (PBDP). In order
to prune the set of sub-tree policiesQ; =k the set of all the belief points Bi: reachable
P(S Q &7 K) that can possibly be reached by deterministic joint policies are generated.
Only the sub-tree policies g =k that maximize the value at somebh 2 Bi: reachable are kept.
The proposed algorithm is optimal, but intractable becauseit needs to generate all the
multiagent belief points that are reachable through all joint policies. To overcome this
bottleneck, Szer and Charpillet propose to randomly sampleone or more joint policies and
use those to generateB;: reachable-

Seuken and Zilberstein (2007b) also proposed a point-basedtension of the DP al-
gorithm, called memory-bounded dynamic programming (MBDP). Rather than using a
randomly selected policy to generate the belief points, thg propose to use heuristic poli-
cies. A more important di erence, however, lies in the pruning step. Rather than pruning
dominated sub-tree policiesg =X, MBDP prunes all sub-tree policies except a few in each
iteration. More speci cally, for each agent maxTrees sub-tree policies are retained, which
is a parameter of the planning method. As a result, MBDP has oty linear space and time
complexity with respect to the horizon. The MBDP algorithm s till depends on the exhaus-
tive generation of the setsQ; =k*1 which now contain jA;j maxTreesi®i sub-tree policies.
Moreover, in each iteration all jA jmaxTrees© | " joint sub-tree policies have to be eval-
uated for each of the sampled belief points. To counter this gowth, Seuken and Zilberstein
(2007a) proposed an extension that limits the considered akervations during the backup
step to the maxObs most likely observations.

Finally, a further extension of the DP for Dec-POMDPs algorithm is given by Amato,

Carlin, and Zilberstein (2007b). Their approach, bounded OP (BDP), establishes a bound
not on the used memory, but on the quality of approximation. In particular, BDP uses
-pruning in each iteration. That is, a g =K that is maximizing in some region of the
multiagent belief space, but improves the value in this regon by at most , is also pruned.
Because iterated elimination using - pruning can still lead to an unbounded reduction in
value, Amato et al. propose to perform one iteration of -pruning, followed by iterated
elimination using normal pruning.

3.6 Other Approaches for Finite-Horizon Dec-POMDPs

There are a few other approaches for nite-horizon Dec-POMDPswhich we will only brie y
describe here. Aras, Dutech, and Charpillet (2007) proposg a mixed integer linear pro-
gramming formulation for the optimal solution of nite-hori zon Dec-POMDPs. Their ap-
proach is based on representing the set of possible policiésr each agent insequence form
(Romanovskii, 1962; Koller, Megiddo, & von Stengel, 1994; Kller & Pfe er, 1997). In se-
guence form, a single policy for an agent is represented as a subset of the set of “'sequences'
(roughly corresponding to action-observation histories) or the agent. As such the problem
can be interpreted as a combinatorial optimization problem which Aras et al. propose to
solve with a mixed integer linear program.
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Oliehoek, Kooij, and Vlassis (2007a) also recognize that wing a solution for Dec-
POMDPs in essence is a combinatorial optimization problem ad propose to apply the
Cross-Entropy method (de Boer, Kroese, Mannor, & Rubinstein 2005), a method for com-
binatorial optimization that recently has become popular because of its ability to nd
near-optimal solutions in large optimization problems. The resulting algorithm performs a
sampling-based policy search for approximately solving De®OMDPs. It operates by sam-
pling pure policies from an appropriately parameterized sbchastic policy, and then evaluates
these policies either exactly or approximately in order to de ne the next stochastic policy
to sample from, and so on until convergence.

Finally, Emery-Montemerlo et al. (2004, 2005) proposed to aproximate Dec-POMDPs
through series of Bayesian games. Since our work in this axtle is based on the same
representation, we defer a detailed explanation to the nextsection. We do mention here
that while Emery-Montemerlo et al. assume that the algorithm is run on-line (interleaving
planning and execution), no such assumption is necessary. &her we will apply the same
framework during a o -line planning phase, just like the other algorithms covered in this
overview.

4. Optimal Q-value Functions

In this section we will show how a Dec-POMDP can be modeled as aesies of Bayesian
games (BGs) A BG is a game-theoretic model that can deal with uncertainty (Osborne
& Rubinstein, 1994). Bayesian games are similar to the more @ll-known normal form, or
matrix games, but allow to model agents that have some private information This section
will introduce Bayesian games and show how a Dec-POMDP can be adeled as a series
of Bayesian games (BGs). This idea of using a series of BGs tond policies for a Dec-
POMDP has been proposed in an approximate setting by Emery-Matemerlo et al. (2004).
In particular, they showed that using series of BGs and an appoximate payo function,
they were able to obtain approximate solutions on the Dec-Tigr problem, comparable to
results for JESP (see Section 3.2).

The main result of this section is that an optimal Dec-POMDP policy can be computed
from the solution of a sequence of Bayesian games, if the payé&unction of those games
coincides with the Q-value function of an optimal policy , i.e., with the optimal Q-
value function Q . Thus, we extend the results of Emery-Montemerlo et al. (2004 to
include the optimal setting. Also, we conjecture that this form of Q can not be computed
without already knowing an optimal policy . By transferring the game-theoretic concept
of sequential rationality to Dec-POMDPs, we nd a description of Q that is computable
without knowing up front.

4.1 Game-Theoretic Background

Before we can explain how Dec-POMDPs can be modeled using Bagian games, we will
rst introduce them together with some other necessary gametheoretic background.
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| D C | A B
D 1, 1 +2:0 Al+2 O
C| 0;+2 +1;+1 B| 0 +2

Figure 4: Left: The game "Chicken'. Both players have the opion to (D)rive on or (C)hicken
out. Right: The meeting location problem. Because the game &s identical
payo s, each entry contains just one number.

4.1.1 Strategic Form Games and Nash Equilibria

At the basis of the concept of a Bayesian game lies a simpler fim of game: thestrategic- or
normal form game A strategic game consists of a set of agents or players, eadfiwhich has
a set of actions (or strategies). The combination of selectd actions speci es a particular
outcome. When a strategic game consists of two agents, it cabe visualized as a matrix
as shown in Figure 4. The rst game shown is called "Chicken' ad involves two teenagers
who are driving head on. Both have the option to drive on or chcken out. Each teenager's
payo is maximal (+2) when he drives on and his opponent chickens out. However, if both
drive on, a collision follows giving both a payo of 1. The second game is the meeting
location problem. Both agents want to meet in location A or B. They have no preference
over which location, as long as both pick the same location. Tis game is fully cooperative,
which is modeled by the fact that the agents receive identichpayo s.

De nition 4.1. Formally, a strategic gameis a tuple m;A;ui, where n is the number of
agents,A = ;A is the set of joint actions, andu = huy;:::;uni with u; : A! R is the
payo function of agent i.

Game theory tries to specify for each agent how to play. That §, a game-theoretic
solution should suggest a policy for each agent. In a stratdg game we write ; to denote
a policy for agenti and for a joint policy. A policy for agent i is simply one of its actions

i = a 2 A; (i.e., a pure policy), or a probability distribution over it s actions ; 2 P (A;)
(i.e., a mixed policy). Also, the policy suggested to each agnt should be rational given
the policies suggested to the other agent; it would be undesible to suggest a particular
policy to an agent, if it can get a better payo by switching to another policy. Rather, the
suggested policies should form an equilibrium, meaning thiit is not pro table for an agent
to unilaterally deviate from its suggested policy. This notion is formalized by the concept
of Nash equilibrium.

De nition 4.2. A pure policy prole = h q1;:::; i;:::; ni specifying a pure policy for
each agent is aNash Equilibrium (NE) if and only if
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Nash (1950) proved that when allowing mixed policies, every nite) strategic game contains
at least one NE, making it a proper solution for a game. Howeve it is unclear how such a
NE should be found. In particular, there may be multiple NEs in a game, making it unclear
which one to select. In order to make some discrimination beteen Nash equilibria, we can
consider NEs such that there is no other NE that is better for everyone.

De nition 4.3. A Nash Equilibrium = h q;:::; i;:::; ni is referred to asPareto Opti-
mal (PO) when there is no other NE Cthat speci es at least the same payo for all agents
and a higher payo for at least one agent:

@ Su( 9 uw()r9iu( Y>ui():

In the case when multiple Pareto optimal Nash equilibria exst, the agents can agree
beforehand on a particular ordering, to ensure the same NE ishosen.

4.1.2 Bayesian Games

A Bayesian game (Osborne & Rubinstein, 1994) is an augmentediormal form game in

which the players hold some private information. This private information de nes the type

of the agent, i.e., a particular type ; 2 ; of an agenti corresponds to that agent knowing
some particular information. The payo the agents receive mow no longer only depends on
their actions, but also on their private information. Formally, a BG is de ned as follows:

De nition 4.4. A Bayesian game (BG)is a tuple n;A; ;P () ;hug;:iugii , wheren is the

number of agents, A is the set of joint actions, = i i Is the set of joint types over
which a probability function P () is specied, and u; : Al R s the payo function
of agenti.

In a normal form game the agents select an action. Now, in a BG he agents can
condition their action on their private information. This m eans that in BGs the agents
use a di erent type of policies. For a BG, we denote a joint polcy = h q;:::; ni, where
the individual policies are mappings from types to actions: ; : ;! A . In the case of
identical payo s for the agents, the solution of a BG is given by the following theorem:

Theorem 4.1. For a BG with identical payo s, i.e., 8;j8 85 ui(;a) = u;(;a), the solution

is given by: X

= arg max P(u(; (); (4.2)
2

where () = h 1( 1) n( n)i is the joint action specied by  for joint type . This

solution constitutes a Pareto optimal Nash equilibrium.

Proof. The proof consists of two parts: the rst shows that is a Nash equilibrium, the
second shows it is Pareto optimal.

Nash equilibrium proof. It is clear that satisfying 4.2 is a Nash equilibrium by
rewriting from the perspective of an arbitrary agent i as follows:
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" #
X
i = argmax max P()u(; ()) ;
i N 6i 2 " # #
X X X
= argmax max P(eil i) P(hi; sil) u(; () ;
! i s | 6i {z }
" P(i) #
X X
= argmax max P(i) P(sijdu(; ()
! X i X 6i | |
= agmax  P(i) P(eijduthiieiis i(i); ei(ei));

! [ 6i

which means that ; is a best response for 4;. Since no special assumptions were made
on i, it follows that is a Nash equilibrium.

Pareto optimality proof. Let us write V ,(a;; i) for the payo agent i expects for ;
when performing a; when the other agents use policy prole g;. We have that

X
V. (a; ei) = P( si] i)u(hi; sii;hai; 6i( 6i)i):

Now, a joint policy satisfying (4.2) is not Pareto optimal if and only if there is another
Nash equilibrium Cthat attains at least the same payo for all agents i and for all types ;
and strictly more for at least one agent and type. Formally  is not Pareto optimal when
9 9such that:

88, V,(i()ie) Vi(iXD)ie) 99 Vi(i()e)<V (1)) (43

We prove that no such ©can exist by contradiction. Suppose that °= h ;% 2.i is a

NE such that (4.3) holds (and thus is not Pareto optimal). Because satis es (4.2) we
know that: X

X
PCuC; () POUC; 1) (4.4)

2 2
and therefore, for all agentsi

POV CiCin)s e+ i+ PCi DV CiCig )i 6i)
POV i) 8)+ =+ PCig DV, ,C i ) 60)
holds. However, by assumption that ©satis es (4.3) we get that
9 Vi Cilig)e) <V (i) e
Therefore it must be that

X
PCu)Viu CiCik) 600> PCudViu (i) &)
k6| k& j
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—, joint actions
—, joint observations
@ Joint act.-obs. history

hay ;ai

Figure 5. A Dec-POMDP can be seen as a tree of joint actions and hlservations. The
indicated planes correspond with the Bayesian games for thest two stages.

and thus that
% Vi;k( i Cik)s ei) >V i;k( |0( ik); gi);

contradicting the assumption that 9 satis es (4.3). O

4.2 Modeling Dec-POMDPs with Series of Bayesian Games

Now we will discuss how Bayesian games can be used to model BBOMDPs. Essentially,
a Dec-POMDP can be seen as a tree where nodes are joint action-sdrvation histories
and edges represent joint actions and observations, as ilitrated in Figure 5. At a speci c
staget in a Dec-POMDP, the main di culty in coordinating action sele ction is presented
by the fact that each agent has its own individual action-obsevation history. That is, there
is no global signal that the agents can use to coordinate theiactions. This situation can
be conveniently modeled by a Bayesian game as we will now disss.

At a time step t, one can directly associate the primitives of a Dec-POMDP wih those
of a BG with identical payo s: the actions of the agents are the same in both cases, and
the types of agenti correspond to its action-observation histories ~!. Figure 6 shows
the Bayesian games foit =0 and t =1 for a ctitious Dec-POMDP with 2 agents.

We denote the payo function of the BG that models a stage of a Dec-POMDP by
Q("%;a). This payo function should be naturally de ned in accorda nce with the value
function of the planning task. For instance, Emery-Montemero et al. (2004) de ne Q(~';a)
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as the Qypp -value of the underlying MDP. We will more extensively discus the payo
function in Section 4.3.

The probability P( ) is equal to the probability of the joint action-observation history
to which  corresponds and depends on the past joint policy ' = ( %;:::; t 1) and the
initial state distribution. It can be calculated as the marginal of (2.7):

X
P()=PCYy 5= P L) (4.5)
st2s

When only considering pure joint policies' !, the action probability component P: (aj™)
in (2.7) is 1 for joint action-observation histories ~* that are “consistent' with the past joint
policy ' ' and 0 otherwise. We say that an action-observation™ history is consistent with
a pure policy ; if it can occur when executing j, i.e., when the actions in~ would be
selected by ;. Let us more formally de ne this consistency as follows.

De nition 4.5  (Consistency). Let us write j‘o for the restriction of ~! to stage Q:::;t°
(with 0 t%<t). An action-observation history ~' of agenti is consistent with a pure
policy ; if and only if at each time step t°with 0 t%<t

10, 0. 0
()= i)=&

is the (t°+ 1)-th action in ~!'. A joint action-observation history ~' = h;:::;~ti is con-

sistent with a pure joint policy = h 1;:::; i if each individual ! is consistent with the

corresponding individual policy ;. C is the indicator function for consistency. For instance
C(~%; ) " Iters out' the action-observation histories ~! that are inconsistent with a joint
pure policy

(
~t = 0 (0% -0l- (A0-al)- -
C(: )= 1, 9, (0%);0%; (0%07);:: ) (4.6)
0 , otherwise.
We will also write =t f ~'j C(~!; )=1g for the set of ! consistent with
This de nition allows us to write
X
PCY S = () P (4.7)
st2s
with X
P(s7'jb°) = P(d'ja" }sh)P(s'js' hat HP(s' hTt tjRd): (4.8)

st 125

Figure 6 illustrates how the indicator function " Iters out ' policies, when 0 (=t=0) =
has;asi, only the non-shaded part of the BG fort = 1 "can be reached' (has positive proba-

bility).
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a +2:75 4.1
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ai

Figure 6: The Bayesian game for the rst and second time steptop: t = 0, bottom: t = 1).
The entries ~t, a' are given by the payo function Q(~t;a'). Light shaded entries
indicate the solutions. Dark entries will not be realized gven haj;asi the solution
of the BG for t = 0.

4.3 The Q-value Function of an Optimal Joint Policy

Given the perspective of a Dec-POMDP interpreted as a seriesfdBGs as outlined in the
previous section, the solution of the BG for staget is a joint decision rule t. If the payo
function for the BG is chosen well, the quality of ' should be high. Emery-Montemerlo
et al. (2004) try to nd a good joint policy = ( %:::; " 1) by a procedure we refer to
as forward-sweep policy computation (FSPC) in one sweep forward through time, the BG
for each staget = 0;1;:::;h 1 is consecutively solved. As such, the payo function for the
BGs constitute what we call a Q-value function for the Dec-POMDP.

Here, we show that there is an optimal Q-value functionQ : when using this Q as
the payo functions for the BGs, forward-sweep policy computation will lead to an optimal

joint policy =( % ;oM L) We rst give a derivation of this Q . Next, we will

discuss that Q can indeed be used to calculate , but computing Q seems impractical
without already knowing an optimal joint policy . This issue will be further addressed in
Section 4.4.

4.3.1 Existence of Q

We now state a theorem identifying a normative description d Q as the Q-value function
for an optimal joint policy.

Theorem 4.2. The expected cumulative reward over stages:::;h 1 induced by , an
optimal joint policy for a Dec-POMDP, is given hy:

X
Vi )= PCHEQ (Y (YY) (4.9)

~tp~t
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where ~t = ot:a' , where (7!)= (€') denotes the joint action that pure joint policy
speci es for o', and where
X
Q (Tha)= R("ha) + P ha)Q ("™ (M) (4.10)
ot+1 20

is the Q-value function for , which gives the expected cumulative future reward when
taking joint action a at ~! given that an optimal joint policy  is followed hereafter.

Proof. By lling out (2.11) for an optimal pure joint policy , we obtain its expected
cumulative reward as the summation ofE R(s';a') the expected rewards it yields for
each time step:

K 1 X 1 X
V( )= E R(sha) = P(Y PORCY (YY) (4.11)
t=0 t=0 ~tp~t

In this equation, P (7!} ;bP) is given by (4.7). As aresult, the inuence of onP (7! ;bP)

is only through C. l.e., is only used to " Iter out' inconsistent histories. Therefore we
can write: X
E R(sha') = PCHORCY (YY) (4.12)
~t2~t

where P (~tji°) is given by directly taking the marginal of (4.8). Now, let us de ne the
value starting from time step t:

X
VI( )= E R(sha)  + V()= PCYRRCS )+ VIT( ) (413)

~tp~t

For the last time step h 1 there is no expected future reward, so we get:
X
v )= PCM HB)RC" & (M 1) (4.14)
~h 1p~h 1 {Z
z Q (Ch L (h 1)

For time step h 2 this becomes:

h i
Vh 2( ) E R(Sh Z;ah 2) +Vh 1( ):

X X
P(" RN 4 (7 7))+ PC" Q" Y (M Y):
~h 2p~h 2 ~h 1p~h 1
(4.15)
BecauseP (™" )= P(™" 2)p(o" 3j~h 2; (=P 2)), (4.15) can be rewritten to:
X
v )= PCM A)Q (" A (7" 2 (4.16)
~h 22~h 2
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with

Q" A (" =R A (G A
PE 4" 2% ("ML (") (41)

oh 1

Reasoning in the same way we see that (4.9) and (4.10) constite a generic expression for
the expected cumulative future reward starting from time step t. O

Note that in the above derivation, we explicitly included &’ as one of the given arguments.
In the rest of this text, we will always assume b is given and therefore omit it, unless
necessary.

4.3.2 Deriving an Optimal Joint Policy from Q

At this point we have derived Q , a Q-value function for an optimal joint policy. Now, we
extend the results of Emery-Montemerlo et al. (2004) into theexact setting:

Theorem 4.3. Applying forward-sweep policy computation usingQ as de ned by (4.10)
yields an optimal joint policy.

Proof. Note that, per de nition, the optimal Dec-POMDP policy maximizes the expected
future reward V'( ) speci ed by (4.9). Therefore v , the optimal decision rule for staget,
is identical to an optimal joint policy % for the Bayesian game for time stept, if the payo
function of the BG is given by Q , that is:

. . X
E b =arg max PCHQ % Y(Y): (4.18)
‘ ~to ~t
Equation (4.18) tells us that *© % . This means that it is possible to construct the
complete optimal Dec-POMDP policy =( % ;:::; M L) bycomputing t forallt. O

A subtlety in the calculation of is that (4.18) itself is dependent on an optimal joint
policy, as the summation is over all~t 2 ~t f ~tj C(™!; ) =1g. This is resolved
by realizing that only the past actions in uence which action-observation histories can be

reached at time stept: Formally, let ' ' =( @ ;:::; t 1 ) denote the past joint policy, which
is a partial joint policy  specied for stages Q::;;t 1. If we denote the optimal past joint
policy by ' % |, we have that ' = ~!'_ | and therefore that:
_ X
Y =arg max PCHQ (7% '(Y): (4.19)
t

2t
This can be solved in a forward manner for time steps = 0;1;2;::;;h 1, because at every
time step ' % = ( % ;:::; U 1) will be available: it is specied by ( © ;i U L) the
solutions of the previously solved BGs.
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4.3.3 Computing Q

So far we discussed thatQ can be used to nd an optimal joint policy . Unfortunately,
when an optimal joint policy is not known, computing Q itself is impractical, as we
will discuss here. This is in contrast with the (fully observable) single-agent case where the
optimal Q-values can be found relatively easily in a single seep backward through time.
For MDPs and POMDPs we can compute the Q-values for time stept from those for
t + 1 by applying a backup operator. This is possible because thare is a single agent that
perceives a Markovian signal. This allows the agent to (1) dect the optimal action (policy)
for the next time step and (2) determine the expected future eward given the optimal
action (policy) found in step 1. For instance, the backup opeator for a POMDP is given
by: X
Q (H;a) = R(H;a) + P (ojb';a) max Q (01 :a);
[0}

which can be rewritten as a 2-step procedure:

1. WL (0*t) = argmax ,Q (b*t;ad
2.Q (Bia) = R(F)+ | ,P(abia)Q (57 1 (5*)):

In the case of Dec-POMDPSs, step 2 would correspond to calculatg Q using (4.10) and
thus depends on ™! an optimal joint policy at the next stage. However, step 1 that
calculates '1i | corresponds to (4.19) and therefore is dependent oh'!: (an optimal

as specied by (4.10) for staget, an optimal joint policy up to and including stage t is
needed. E ectively, there is a dependence on both the futureand the past optimal policy,
rather than only on the future optimal policies as in the single agent case. The only clear
solution seems to be evaluation for all possible past poliess, as detailed next. We conjecture
that the problem encountered here is inherent to all decentalized decision making with
imperfect information. For example, we can also observe thd in exact point-based dynamic
programming for Dec-POMDPs, as described in Section 3.5, whe it is necessary to to
generate all (multiagent belief points generated by all) pasible past policies.

4.4 Sequential Rationality for Dec-POMDPs

We conjectured that computing Q as introduced in Section 4.3 seems impractical without
knowing . Here we will relate this to concepts from game theory. In paticular, we
discuss a di erent formulation of Q based on the principle of sequential rationality, i.e.,
also considering joint action-observation histories that ae not realized given an optimal
joint policy. This formulation of Q is computable without knowing an optimal joint policy
in advance, and we present a dynamic programming algorithme perform this computation.

4.4.1 Sub-game Perfect and Sequential Equilibria

The problem we are facing is very much related to the notion ofsub-game perfect equilibria

istic that the contained policies ; specify an optimal action for all possible situations|even
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situations that can not occur when following . A commonly given rationale behind this
concept is that, by a mistake of one of the agents during exedion, situations that should
not occur according to , can occur, and also in these situations the agents should aop-
timally. A di erent rationale is given by Binmore (1992), wh o remarks that it is \tempting
to shrug one's shoulders at these di culties [because] ratnal players will not stray from
the equilibrium path”, but that would clearly be a mistake, b ecause the agents \remain
on the equilibrium path because of what they anticipate would happen if they were to
deviate". This implies that agents can decide upon a Nash eqlibrium by analyzing what
the expected outcome would be by following other policies: hat is, when acting optimally
from other situations. We will perform a similar reasoning here for Dec-POMDPs, which|
in a similar fashion|will result in a description that allow s to deduce an optimal Q-value
function and thus joint policy.

A Dec-POMDP can be modeled as an extensive form game of impedeinformation
(Oliehoek & Vlassis, 2006). For such games, the notion of sulgame perfect equilibria is
inadequate; because this type of games often do not containrpper sub-games, every Nash
equilibrium is trivially sub-game perfect.* To overcome this problem di erent re nements of
the Nash equilibrium concept have been de ned, of which we Wi mention the assessment
equilibrium (Binmore, 1992) and the closely related, but strongersequential equilibrium
(Osborne & Rubinstein, 1994). Both these equilibria are basd on the concept of an assess-
ment, which is a pair h; bi consisting of a joint policy and a belief systemb. The belief
system maps each possible situation, or information set, ofn agent|also the ones that are
not reachable given |to a probability distribution over possible joint histori es. Roughly
speaking, an assessment equilibrium requiresequential rationality and belief consistency?
The former entails that the joint policy  species optimal actions for each information
set givenb. Belief consistency means that all the beliefs that are asgned by b are Bayes
rational given the speci ed joint policy . For instance, in the context of Dec-POMDPs b
would prescribe, for a particular ' of agenti, a belief over joint histories P (~'j~!). If all
beliefs prescribed by belief systenb are Bayes-rational (i.e., computed as the appropriate
conditionals of (4.5)), b is called belief consistent

4.4.2 Sequential Rationality and the Optimal Q-value Function

The dependence of sequential rationality on a belief systenb indicates that the optimal
action at a particular point is dependent on the probability distribution over histories. In
Section 4.3.3 we encountered a similar dependence on the tisy as specied by ' t*1: |
Here we will make this dependence more exact.

At a particular stage t, a policy is optimal or, in game-theoretic terms, rational if
it maximizes the expected return from that point on. In Section 4.3.1, we were able to
express this expected return ax (~';a) assuming an optimal joint policy s followed up

4. The extensive form of a Dec-POMDP indeed does not contain proper sub-games, because agent can
never discriminate between the other agents' observations.

5. Osborne and Rubinstein (1994) refer to this second requirement as smply “consistency'. In order to
avoid any confusion with de nition 4.5 we will use the term “belief ¢ onsistency'.

6. A sequential equilibrium includes a more technical part in the d e nition of belief consistency that ad-
dresses what beliefs should be held for information sets that are not reached according to . For more
information we refer to Osborne and Rubinstein (1994).

318



Optimal and Approximate Q-Value Functions for Dec-POMDPs

to the current staget. However, when no such previous policy is assumed, the maxih
expected return is not de ned.

Proposition 4.1.  For a pair (“';a!) with t<h 1 the optimal valueQ (~*;a') cannot be
de ned without assuming some (possibly randomized) past fioy ' *** = 9;:::; ' . Only
for the last staget = h 1 such expected reward is de ned as

Q (~h 1.ah 1) R(--h 1.ah 1)
without assuming a past policy.

Proof. Let us try to deduce Q (~!;a!) the optimal value for a particular ~' assuming the
Q -values for the next time stept + 1 are known. The Q (~!;a')-values for each of the
possible joint actions can be evaluated as follows

X
8a Q (~t;at) — R(~t;at)+ P(0t+lj~t;at)Q (~t+l; t+1; (~t+l)):

ol +1

where ™1 s an optimal decision rule for the next stage. But what shoutt 1: be? If
we assume that up to staget + 1 we followed a particular (possibly randomized)' '*1,

= arg max X P(~t+1jv t+1 bO)Q (~t+1 .ot (~t+l ))

t+1
~t+1 2"‘t+l

B+

is optimal. However, there are many pure and in nite randomized past policies 1 that are
consistent with ~t;at, leading to many ‘**’ that might be optimal. The conclusion we can
draw is that Q (~%;a') is ill-de ned without P (~'*1j' *1:1°), the probability distribution

(belief) over joint action-observation histories, which isinduced by "' 1, the policy followed

for stages Q:::;t. O

Let us illustrate this by reviewing the optimal Q-value function as de ned in Sec-
tion 4.3.1. Consider (~'*1)in (4.10). This optimal policy is a mapping from observation
histories to actions : O ! A induced by the individual policies and observation histories.
This means that for two joint action-observation histories with the same joint observation
history  results in the same joint action. Thatis 8a;0;/4 (ha;e)= (ha®d): E ectively
this means that when we reach some™! 62~! | say through a mistake, continues to
specify actions as if no mistake ever happened: That isstill assuming that  has been
followed up to this staget. In fact, (') might not even be optimalif =t 62=' . Which in
turn means that Q (~' 1;a), the Q-values for predecessors oft, might not be the optimal
expected reward.

We demonstrated that the optimal Q-value function for a Dec-POMDP is not well-
de ned without assuming a past joint policy. We propose a newde nition of Q that
explicitly incorporates ' '*1,

7. The question as to how the mistake of one agent should be detected by anoher agent is a di erent
matter altogether and beyond the scope of this text.

319



Oliehoek, Spaan & Vlassis

2

Figure 7: Computation of sequential rational Q . is the optimal decision rule for stage
t = 2, given that ' 2 is followed for the rst two stages. Q (~1;' ?) entries are
computed by propagating relevant Q -values of the next stage. For instance,
for the highlighted joint history ~1 = haj:01);(a2;02)i, the Q -value under' 2 is
computed by propagating the values of the four successor jotrhistories, as per
(4.20).

Theorem 4.4 (Sequentially rational Q ). The optimal Q-value function is properly de ned

as a function of joint action-observation histories and pas joint policies, Q (~';' *1). This

Q speci es the optimal value given for all(~t;' **1), even for =t that are not reached by
execution of an optimal policy , and therefore is referred to as sequentially rational.

Proof. For all ~!;' ™1 the optimal expected return is given by

8
<RCY LY t=nh 1
~ta t+1y — cet _ ~ ' :
QU= REG ™Y+ PO T )Q (T ), 0 t<h 1
ot+1
(4.20)
where' t#2; = '+l Ul 5y
_ X
t+1; = arg max P(~t+1j- t+l;b0)Q ("'“‘1; 't+1; t+1 ): (421)
t ~t+l o ~t+l
which is well-de ned. O

The above equations constitute a dynamic program. When asguing that only pure
joint past policies ' can be used, (4.21) transforms to

X
't+1; — arg max P(~I+1)Q (~t+1; ' t+l; t+1 ) (422)

t+1
~t+1 o ~1+1
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and for all (7' ) such that ~is consistent with ' the dynamic program can be evaluated
from the end (t = h 1) to the begin (t = 0). Figure 7 illustrates the computation of Q .
When arriving at stage 0, the' * reduce to joint actions and it is possible to select

0;

=argmax Q (~;a)=argmax Q (7% 1):

Then given' 1 = % we can determine ¥ = * using (4.22), etc. This essentially is

the forward-sweep policy computation using the optimal Q-vaue function Q (' *1) as
de ned by (4.20).

The computation of Q is also closely related to point-based dynamic programmingdr
Dec-POMDPs as discussed in section 3.5. Suppose that= 2 in Figure 7 is the last stage
(i.,e., h=3). Whenthe 2% forall' ? have been computed, it is easy to construct the sets of
non-dominated action for each agent: every actiorg; of agenti that is speci ed by some ,2
is non-dominated. Once we have computed the values for al ;' ?) at t = 1, each' 2 has
an associated optimal future policy # . This means that each individual history "‘il has an
associated sub-tree policyg =2 for each' 2 and as such each ;' 2)-pair has an associated
joint sub-tree policy (e.g, the shaded trees in Figure 7). Clarly, Q (~1;' ?) corresponds to
expected value of this associated joint sub-tree policy. Rdter than keeping track of these
sub-trees policies, however, the algorithm presented hereeleps track of the values.

The advantage of the description ofQ using (4.21) rather than (4.10) is twofold. First
the description treated here describes the way to actually ompute the values which can
then be used to construct , while the latter only gives a normative description and neels

in order to compute the Q-values.

Second, thisQ (~%;' *1) describes sequential rationality for Dec-POMDPs. For any
past policy (and corresponding consistent belief system)tie optimal future policy can be
computed. A variation of this might even be applied on-line. Sippose agenti makes a
mistake at staget, executing an action not prescribed by ;, assuming the other agents
execute their policy g; without mistakes, agent i knows the actually executed previous
policy ' *1. Therefore it can compute a new individual policy by

t+1; X D E
i+t = argmax P(th)Q (T, rwl, el by,
[t 1 gt
4.4.3 The Complexity of Computing a Sequentially Rational Q

Although we have now found a way to computeQ , this computation_is intractable for all
S
but the smallest problems, as we will now show. At stage 1 there are :oz%) jOith = lj%'ilj 11

observation histories for agenti, leading to

n (jO it 1)

A joT

pure joint past policies' . For each of these there argOtj = jOj' ! consistent joint action-
observation histories (for each observation historye' 1, ' ' species the actions forming
~t 1), This means that for stageh 2 (for h 1, the Q-values are easily calculated), the
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number of entries to be computed is the number of joint past pdicies' " ! times the number
of joint histories I
n(io " 1 1) '

O jAj oIt joj" % ;

indicating that computation of this function is doubly expo nential, just as brute force policy
evaluation. Also, for each joint past policy ' " 1, we need to compute' " = (* h 1. 1 1)
by solving the next-stage BG:

X
.h 1; = arg max P(~h 1)Q (~h 1; v h 1; h 1 ):
h 1
~h 12~h 1
To the authors' knowledge, the only method to optimally solve these BGs is evaluation of
all
h 1

o jA jniOJ

joint BG-polices, which is also doubly exponential in the hoiizon.

5. Approximate Q-value Functions

As indicated in the previous section, although an optimal Q-\alue function Q exists, it

is costly to compute and thus impractical. In this section, we review some other Q-value
functions, @ that can be used as an approximation forQ . We will discuss underlying
assumptions, computation, computational complexity and aher properties, thereby pro-

viding a taxonomy of approximate Q-value functions for Dec-POMDPs. In particular we

will treat two well-known approximate Q-value functions, Q \pp and Qpompp » and Qg

recently introduced by Oliehoek and Vlassis (2007).

5.1 Qupp

Qupp Was originally proposed to approximately solve POMDPs by Lttman, Cassandra,
and Kaelbling (1995), but has also been applied to Dec-POMDPSs(Emery-Montemerlo
et al., 2004; Szer et al., 2005). The idea is that) can be approximated using the state-
action values Qy (s;a) found when solving the “underlying MDP' of a Dec-POMDP. This
“underlying MDP' is the horizon-h MDP de ned by a single agent that takes joint actions
a 2 A and observes the nominal states that has the same transition model T and reward
model R as the original Dec-POMDP. Solving this underlying MDP can be e ciently done
using dynamic programming techniques (Puterman, 1994), rsulting in the optimal non-
stationary MDP Q-value function:

_ X _
Qy (s@) = R(s;a) + P(s"tjsh@ymax Q' (s ;a): (5.1)
St+1 2S

In this equation, the maximization is an implicit selection of k;l; ; the optimal MDP policy

at the next time step, as explained in Section 4.3.3. Note tha ij,l also is an optimal Q-
value function, but in the MDP setting. In this article Q will always denote the optimal
value function for the (original) Dec-POMDP. In order to tran sform the ij,l (st;a)-values
to approximate @M(*t;a)—values to be used the original Dec-POMDP, we compute:
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X .
Ou(tha) = Q (sAP(S™; (5.2)

s2S

where P(sj~") can be computed from (4.8). Combining (5.1) and (5.2) and m&ing the
selection of tM”; explicit we get:

X .
Gu(“ha) = R(Tha) + P(s™j™ha) max Quli(s™h; gt (63
41 25 " (St+1)

which de nes the approximate Q-value function that can be useal as payo function for the
various BGs of the Dec-POMDP. Note that @M is consistent with the established de nition
of Q-value functions since it is de ned as the expected immedite reward of performing
(joint) action a plus the value of following an optimal joint policy (in this c ase the optimal
MDP-policy) thereafter.

Because calculation of theQ}, (s;a)-values by dynamic programming (which has a cost
of O(jSj h) can be performed in a separate phase, the cost of computatiof Qypp is only
dependent on the cost of evaluation of (5.3), which iSO(jSj). When we want to evaluate
Qupp for all thzol (jAjjOj )t = % joint action-observation histories is, the total
computational cost becomes:

!

GAOI)" 1o
Gaijor) 1S 54
However, when applying Q,pp in forward-sweep policy computation, we do not have to
considerall action-observation histories, but only those that are consstent with the policy
found for earlier stages. E ectively we only have to evaluat (5.3) for all observation histories
and joint actions, leading to: I
Gop™ 1. ..
(o) 1 JAIS) (5.5)
When used in the context of Dec-POMDPs, Q,pp solutions are known to undervalue
actions that gain information (Ferrandez, Sanz, Simmons, & Deguez, 2006). This is ex-
plained by realizing that the Q,,pp solution assumes that the state will be fully observable
in the next time step. Therefore actions that provide information about the state, and
thus can lead to a high future reward (but might have a low immediate reward), will be
undervalued. When applying Qypp in the Dec-POMDP setting, this e ect can also be
expected. Another consequence of the simplifying assumpin is that the Q,pp -value func-
tion is an upper bound to the optimal value function when usedto approximate a POMDP
(Hauskrecht, 2000), as a consequence it is also an upper badito the optimal value function
of a Dec-POMDP. This is intuitively clear, as a Dec-POMDP is a POMDP but with the
additional di culty of decentralization. A formal argumen t will be presented in Section 5.4.

5.2 Qpompp

Similar to the "underlying MDP', one can de ne the "underlying POMDP' of a Dec-POMDP
as the POMDP with the same T, O and R, but in which there is only a single agent that
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takes joint actions a 2 A and receives joint observationso 2 O. Qpoypp approximates Q
using the solution of the underlying POMDP (Szer et al., 2005 Roth et al., 2005).
In particular, the optimal Q poypp Value function for an underlying POMDP satis es:

X
Qp(b ;a) = R(b ;a)+ P(0*jb';a) max Qp(b ;L1 ) (5.6)
)

~t+1
ot+l 20 I—:l (b "

whereb ' is the joint belief of the single agent that selects joint actions and receivesojnt
observations at time stept, where

X
R(b ;@)=  R(s;a)b (s) (5.7)
s2S

is the immediate reward, and whereb '™ is the joint belief resulting from b by action a
and joint observation o'*!, calculated by

. P —t
P(0ja;s) g5 P(sIsia)b (s)
s P(0ja;sd " s P(s9s;a)b ™' (s)

8o b " (H=p (5.8)

For each ~! there is one joint belief b, which corresponds toP(sj~!) as can be derived
from (4.8). Therefore it is possible to directly use the compited Qpoypp Values as payo s
for the BGs of the Dec-POMDP, that is, we de ne:

Op("ha)  Qp(b ;a): (5.9)

The maximization in (5.6) is stated in its explicit form: a ma ximization over time step
t+1 POMDP policies. However, it should be clear that this maximization e ectively is one
over joint actions, as it is conditional on the received joirt observation o'** and thus the
resulting beliefb™ ™ .

For a nite horizon, Qp can be computed by generating all possible joint beliefs and
solving the “belief MDP'. Generating all possible beliefs § easy: starting with &° corre-
sponding to the empty joint action-observation history ~'= for eacha and o we calculate
the resulting ~*=! and corresponding beliefo " and continue recursively. Solving the belief
MDP amounts to recursively applying (5.6).

In the computation of Q,,pp We could restrict our attention to only those (~!;a)-pairs
that were speci ed by forward-sweep policy computation, beause the@M(~t;a)-values do
not depend on the values of successor-historieBy (~'*1;a). For Qpowvpp » however, there
is such a dependence, meaning that it is necessary to evaluafor all ~';a. In particular,
the cost of calculating Qooypp Can be divided in the cost of calculating the expected
immediate reward for all ~';a, and the cost of evaluating future reward for all ~*;a, with
t =0;::;h 2. The former operation is given by (5.7) and has costO(jSj) per ~';a and
thus a total cost equal to (5.4). The latter requires selectng the maximizing joint action

(jAjjoj )" *
(jAjjOj ) 1

1.
A (JAJJO) ) - (5.10)
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(az;02) (az;02)
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Figure 8: Backward calculation of QGooypp -Values. Note that the solutions (the highlighted
entries) are di erent from those in Figure 6: Qpoypp assumes that the actions
can be conditioned on the joint action-observation history. The highlighted "+3:1'
entry for the Bayesian game fort = 0 is calculated as the expected immediate
reward (= 0) plus a weighted sum of the maximizing entry (joint action) per
next joint observation history. When assuming a uniform digribution over joint
observations givenhas;azi the future reward is given by: +3:1=0+0:25 2.0+
0:25 4:.0+0:25 44+0:25 20.

Therefore the total complexity of computing Qpoypp becomes

A O] )" ! Ajjoj )™ 1. .
(J(jj,tj\jjjo)j) 1 UAIO)) JAIIS] - (5.11)

l

Evaluating (5.6) for all joint action-observation historie s =t 2 ~! can be done in a single
backward sweep through time, as we mentioned in Section 4.3. This can also be visualized
in Bayesian games as illustrated in Figure 8; the expected fure reward is calculated as a
maximizing weighted sum of the entries of the next time step BG.

Nevertheless, solving a POMDP optimally is also known as anrntractable problem.
As a result, POMDP research in the last decade has focused orparoximate solutions for
POMDPs. In particular, it is known that the value function of a POMDP is piecewise-linear
and convex (PWLC) over the (joint) belief space (Sondik, 1971). This propertyis exploited
by many approximate POMDP solution methods (Pineau, Gordon, & Thrun, 2003; Spaan
& Vlassis, 2005). Clearly such methods can also be used to callate an approximate
Qpompp -Value function for use with Dec-POMDPs.

It is intuitively clear that Q poyupp IS also an admissible heuristic for Dec-POMDPSs, as
it still assumes that more information is available than actually is the case (again a formal
proof will be given in Section 5.4). Also it should be clear that, as fewer assumptions are
made, Q-ompp Should yield less of an over-estimation than Qpp : .., the Qppoypp -Values
should lie between the Q,pp and optimal Q -values.

In contrast to Qupp; Qprovpe does not assume full observability of nominal states.
As a result the latter does not share the drawback of undervaling actions that will gain
information regarding the nominal state. When applied in a Dec-POMDP setting, however,
Qpovpp does share the assumption of centralized control. This assoption might also
cause a relative undervaluation: there might be situationswhere some action might gain

325



Oliehoek, Spaan & Vlassis

information regarding the joint (i.e., each other's) obsewation history. Under Q poppp this
will be considered redundant, while in decentralized exedion this might be very bene cial,
as it allows for better coordination.

5.3 Qgg

Qupp approximates Q by assuming that the state becomes fully observable in the na
time step, while Qpovpp assumes that at every time stept the agents know the joint
action-observation history ~!. Here we present a new approximate Q-value function, called
Qgc . that relaxes the assumptions further: it assumes that the gents know ™! 1, the joint
action-observation history up to time stept 1, and the joint action a' ! that was taken
at the previous time step. This means that the agents are unceain regarding each other's
last observation, which e ectively de nes a BG for each ™ 1-a. Note, that these BGs are
di erent from the BGs used in Section 4.2: the BGs here have types that correspond to
single observations, whereas the BGs in 4.2 have types thatocrespond to complete action-
observation histories. Hence, the BGs of @ are much smaller in size and thus easier to
solve. Formally Qg is de ned as:

X
Qe("h@)= R(Th@+max  P(0™Ta)Qs ("M (07 (5.12)
0t+1 20
where = h 1(ot1+1);:::; n(ot1)i is a tuple of individual policies ; : O; ! A ; for the BG

constructed for ~t:a.

Note that the only di erence between (5.12) and (5.6) is the position and argument
of the maximization operator: (5.12) maximizes over a (condional) BG-policy, while the
maximization in (5.6) is e ectively over unconditional joi nt actions.

The BG representation of the ctitious Dec-POMDP in Figure 6 i llustrates the com-
putation of Qgg.®2 The probability distribution P(~rla1;a2i) over joint action-observation
histories that can be reached givenhas;asi at t = 0 is uniform and the immediate reward
for hag;api is 0. Therefore, we have that 275 =0:25 2:.0+0:25 3:6+0:25 4:4+0:25 1.0.

The cost of computing Qg for all ~';a can be split up in the cost of computing the
immediate reward (see (5.4)) and the cost of computing the fture reward (solving a BG

over the last received observation), which is
!

Ajoj Y 1 o
Yoy T A A T
leading to a total cost of:
!
Ajoi )t 1. . Lo (Ao 1. .
Yoo T A A e TS (5.13)

Comparing to the cost of computing QGoompp » this contains an additional exponential term,
but this term does not depend on the horizon of the problem.

8. Because the BG representingt = 1 of a Dec-POMDP also involves observation histories of length 1, the
illustration of such a BG corresponds to the BGs as considered in Qgg . For other stages this is not the
case.
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As mentioned in Section 5.2, Qovpp Can be approximated by exploiting the PWLC-
property of the value function. It turns out that the Q ¢ -value function corresponds to an
optimal value function for the situation where the agents can communicate freely with a one-
step delay (Oliehoek et al., 2007b). Hsu and Marcus (1982) siwed how a complex dynamic
program can be constructed for such settings and that the reslting value function also
preserves the PWLC property. Not surprisingly, the Qg -value function also is piecewise-
linear and convex over the joint belief space and, as a resylapproximation methods for
POMDPs can be transferred to the computation of Qs (Oliehoek et al., 2007b).

5.4 Generalized Q gg and Bounds

We can think of an extension of the Qg -value function framework to the case ofk-steps de-
layed communication, where each agent perceives the jointaion-observation history with
k stages delay. That is, at staget, each agenti knows ~! K the joint action-observation his-
tory of k stages before in addition to its own current action-observaion history <. Similar
k-step delayed observation models for decentralized contrdiave been previously proposed
by Aicardi, Davoli, and Minciardi (1987) and Ooi and Wornell (1996). In particular Aicardi

et al. consider the Dec-MDP setting in which agenti's observations are local statess; and

the decentralized control of a broadcast channel over an innite horizon, where they allow
the local observations to be arbitrary, but still require th e joint state to be observed with
a k-steps delay. Our assumption is less strong, as we only regeirobservation of~* X and
because we assume the general Dec-POMDP (not Dec-MDP) setting

Such ak-step delayed communication model for the Dec-POMDP setting #ows ex-
pressing the di erent Q-value functions de ned in this artic le as optimal value functions
of appropriate k-step delay models. More importantly, by resorting to such ak-step delay
model we can prove a hierarchy of bounds that hold over the vdous Q-functions de ned
in this article:

Theorem 5.1 (Hierarchy of upper bounds). The approximate Q-value functions Qg and
Qpompp correspond to the optimal Q-value functions of appropriatey de ned k-step delayed
communication models. Moreover these Q-value functions fon a hierarchy of upper bounds
to the optimal Q of the Dec-POMDP:

Q Qsc Qpompr Qwpr: (5.14)
Proof. See appendix. O

The idea is that a POMDP corresponds to a system with no (0-steg) delayed com-
munication, while the Qg -setting corresponds to a 1-step delayed communication syste.
The appendix shows that the Q-value function of a system withk steps delay forms an
upper bound to that of a decentralized system withk + 1 steps delay. We note that the last
inequality of (5.14) is a well-known result (Hauskrecht, 20®).

6. Generalized Value-Based Policy Search

The hierarchy of approximate Q-value functions implies that all of these Q-value functions
can be used asadmissible heuristicsin MAA policy search, treated in Section 3.3. In
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Algorithm 1 GMAA

1:v? 1
2P f '9=(g
3: repeat
"t Select (P)

4
5 Next  Next('!)

6: if  Next contains a subset of full policies next Next then
7 ° argmax, . V()

8 if V(9> v? then

9

vioov(9
10: ? n 0 0
11: P ' 2Pj¥()>v? fprune the policy poolg
12: end if
13: Next Next N nNext fremove full policieg
14: end if n 0

15 P Pn'YH[ ' 2 Next] ‘b(‘ ) > v? fremove processed/add new partial policieg
16: until P is empty

this section we will present a more general heuristic policysearch framework which we will
call Generalized MAA (GMAA ), and show how it uni es some of the solution methods
proposed for Dec-POMDPs.

GMAA generalizes MAA (Szer et al., 2005) by making explicit di erent procedures
that are implicitin MAA : (1) iterating over a pool of partial joint policies, prunin g this pool
whenever possible, (2) selecting a partial joint policy fran the policy pool, and (3) nding
some new partial and/or full joint policies given the selecied policy. The rst procedure is
the core of GMAA and is xed, while the other two procedures can be performedn many
ways.

The second procedure Select , chooses which policy to process next and thus deter-
mines the type of search (e.g., depth- rst, breadth- rst, A*| ike) (Russell & Norvig, 2003;
Bertsekas, 2005). The third procedure, which we will refer b as Next, determines how
the set of next (partial) joint policies are constructed, given a previous partial joint policy.
The original MAA can be seen as an instance of the generalized case with a pattiar
Next-operator, namely that shown in algorithm 2.

6.1 The GMAA Algorithm

In GMAA we refer to a "policy pool' P rather than an open list, as it is amore neutral
word which does not imply any ordering. This policy pool P is initialized with a completely
unspeci ed joint policy ' © = () and the maximum lower bound (found so far) v? is set
to 1 . ? denotes the best joint policy found so far.

At this point GMAA  starts. First, the selection operator, Select , selects a partial joint
policy ' from P. We will assume that, in accordance with MAA , the partial policy with
the highest heuristic value is selected. In general, howeveany kind of selection algorithm
may be used. Next, the selected policy is processed by the poy search operator Next,
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Algorithm 2 Next(' ') | MAA

1: t+1 v t+l — t1+1| t+1 J ' |t+l - lt’ It : |t Olt |A i

fal
O

2: 8 11y a1 ‘t)(' t+1) VA 1(- t) + E R(st;a) [ & R \p(t+1) :::h(- t+1)
3: return 'L

which returns a set of (partial) joint policies next and their heuristic values. When Next

returns one or more full policies 2 next, the provided values‘b( )= V() are a lower

bound for an optimal joint policy, which can be used to prune the search space. Any found
partial joint policies ' 2 next With a heuristic value ‘9(‘ ) > v’ are added to P. The
process is repeated until the policy pool is empty.

6.2 The Next Operator

Here we describe some di erent choices for thé&lext-operator and how they correspond to
existing Dec-POMDP solution methods.

6.2.1 MAA

GMAA reduces to standard MAA by using the Next-operator described by Algorithm 2.
Line 1 expands' t forming '*! the set of partial joint policies for one extra stage. Line 2
valuates all these child policies, where

VO:::t(- t+1) — VO:::t 1(. t)+ E R(st;a) v+l

gives the true expected reward over the rstt + 1 stages. ¥ (t+1) =h (' t+1) js the heuristic
value over stages (+ 1) :::h given that ' ™1 has been followed the rstt + 1 stages.

When using an admissible heuristic, GMAA will never prune a partial policy that can
be expanded into an optimal policy. When combining this with the fact that the MAA -
Next operator returns all possible' *1 for a' !, it is clear that when P becomes empty an
optimal policy has been found.

6.2.2 Forward-Sweep Policy Computation

Forward-sweep policy computation, as introduced in Section4.3.1, is described by algo-
rithms 1 and 3 jointly. Given a partial joint policy ' ‘!, the Next operator now constructs
and solves a BG for time stept. BecauseNext in algorithm 3 only returns the best-ranked
policy, P will never contain more than 1 joint policy and the whole search process reduces
to solving BGs for time steps Q::;;h 1.

The approach of Emery-Montemerlo et al. (2004) is identical b forward-sweep policy
computation, except that 1) smaller BGs are created by discading or clustering low proba-
bility action-observation histories, and 2) the BGs are approximately solved by alternating
maximization. Therefore this approach can also be incorpaated in the GMAA policy
search framework by making the appropriate modi cations in Algorithm 3.
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Algorithm 3 Next(' 91 Forward-sweep policy computation
' BG  ATLP(TL)

1

2. forall =} 15 ni st j:OHPA i do
= V) e POYHECY (Y)

4 vt+l ' t;

5 p(- t+1) VA 1(- t)+ \pt( )

6: end for

7: return  argmax 1 9 (' 1)

6.2.3 Unification

Here we will give a uni ed perspective of the MAA and forward-sweep policy computation
by examining the relation between the correspondingNext-operators. In particular we
show that, when using any of the approximateQ-value functions described in Section 5 as
a heuristic, the sole di erence between the two is that FSPC eturns only the joint policy
with the highest heuristic value.

Proposition 6.1. If a heuristic @ has the following form

X
Q' (e = RCh)+ PO TRt (), (6.1)
then for a partial policy ' t*1 = ' t; t
P(~t)©t(~t; (~t)) - E R(st;a) el b(t+1) :::h(l t+1) (62)

.
holds.
Proof. The expectation of R! given' '*1 can be written as

tooy 0 t+l X X o t+l ~t ~ty — X ~typ(~t.r t+1 (~tyy.
E R(s’a) P(T) Ry T (T)P(EIT) P(TORC 2 (T):
~tg~1 s2S ~t2~1

Also, we can rewrite ® (t+1) :h(* t+1) 5g
\p(t+l) =th (- t+1) — X P(~t) X P(Ot+1j~t;- t+1 (~t))p(t+1) th (~t+1 );
~tp~t ot+l
such that
t vt V(t+1) hy t+1 X ~t
E R(sh:a) + ety = P(™)
n ~t2~l #
X
R(~t;| t+1 (~t)) + P (Ot+lj~t;v t+1 (~t))b(t+l) ::h (~t+l) (63)

ot+l

Therefore, assuming (6.1) yields (6.2). O
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8 | go house 3

ames ! go house 3

no ames! go house 1

ames; ames ! go house 1
ames;no ames! go house 1
no ames; ames! go house 2
no ames;no ames! go house 2

8 | go house 2

ames ! go house 2

no ames! go house 2

ames; ames ! go house 1
ames;no ames! go house 1
no ames; ames! go house 1
no ames;no ames! go house 1

Figure 9: Optimal policy for FireFighting tnhy = 3;n¢ = 3i, horizon 3. On the left the
policy for the rst agent, on the right the second agent's policy.

This means that if a heuristic satis es (6.1), which is the case for all the Q-value functions
we discussed in this paper, theNext operators of algorithms 2 and 3 evaluate the expanded
policies the same. l.e., algorithms 2 and 3 calculate idential heuristic values for the same
next time step joint policies. Also the expanded policies ™! are formed in the same way:
by considering all possible t respectively ! to extend ' t. Therefore, the sole di erence in
this case is that the latter returns only the joint policy wit h the highest heuristic value.

Clearly there is a computation time/quality trade-o betwee n MAA and FSPC: MAA
is guaranteed to nd an optimal policy (given an admissible heuristic), while FSPC is
guaranteed to nish in one forward sweep. We propose a geneliaation, that returns the
k-best ranked policies. We refer to this as thek-best joint BG policies' GMAA variant, or
k-GMAA . In this way, k-GMAA reduces to forward-sweep policy computation fork = 1
and to MAA fork=1.

7. Experiments

In order to compare the di erent approximate Q-value functions discussed in this work,
as well as to show the exibility of the GMAA algorithm, we have performed several
experiments. We use Qpp. Qpovpp and Qgg as heuristic estimates ofQ . We will
provide some qualitative insight in the di erent Q-value fun ctions we considered, as well
as results on computing optimal policies using MAA, and on the performance of forward-
sweep policy computation. First we will describe our problen domains, some of which are
standard test problems, while others are introduced in thiswork.

7.1 Problem Domains

In Section 2.2 we discussed the decentralized tiger (Dec-Tag) problem as introduced by
Nair et al. (2003b). Apart from the standard Dec-Tiger domain, we consider a modi ed
version, called Skewed Dec-Tiger, in which the start distrilution is not uniform. Instead,

initially the tiger is located on the left with probability 0 :8. We also include results from the
BroadcastChannel problem, introduced by Hansen et al. (208), which models two nodes
that have to cooperate to maximize the throughput of a sharedcommunication channel.
Furthermore, a test problem called \Meeting on a Grid" is provided by Bernstein et al.

(2005), in which two robots navigate on a two-by-two grid. We cansider the version with 2
observations per agent (Amato et al., 2006).
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We introduce a new benchmark problem, which models a team oh re ghters that
have to extinguish res in a row of n, houses. Each house is characterized by an integer
parameterf , or re level. It indicates to what degree a house is burning,and it can have n;
dierentvalues, 0 f <n ;. Its minimum value is 0, indicating the house is not burning. At
every time step, the agents receive a reward of f for each house and each agent can choose
to move to any of the houses to ght res at that location. If a h ouse is burning § > 0) and
no re ghting agent is present, its re level will increase b y one point with probability 0 :8
if any of its neighboring houses are burning, and with probalility 0 :4 if none of its neighbors
are on re. A house that is not burning can only catch re with p robability 0:8 if one of
its neighbors is on re. When two agents are in the same housethey will extinguish any
present re completely, setting the house's re level to 0. A single agent present at a house
will lower the re level by one point with probability 1 if no n eighbors are burning, and
with probability 0 :6 otherwise. Each agent can only observe whether there are raes or
not at its location. Flames are observed with probability 0:2 if f = 0, with probability 0 :5
if f =1, and with probability 0 :8 otherwise. Initially, the agents start outside any of the
houses, and the re levelf of each house is drawn from a uniform distribution.

We will test di erent variations of this problems, where the number of agents is always
2, but which di er in the number of houses and re levels. In particular, we will consider
y =3;n¢ =3i and my =4;n; = 3i. Figure 9 shows an optimal joint policy for horizon 3
of the former variation. One agent initially moves to the middle house to ght res there,
which helps prevent re from spreading to its two neighbors. The other agent moves to
house 3, and stays there if it observes re, and moves to housé if it does not observe
ames. As well as being optimal, such a joint policy makes sese intuitively speaking.

7.2 Comparing Q-value Functions

Before providing a comparison of performance of some of theparoximate Q-value functions
described in this work, we will rst give some more insights n their actual values. For the
h = 4 Dec-Tiger problem, we generated all possible™ and the correspondingP (s;j™"),
according to (4.8). For each of these, the maximalQ(~!;a)-value is plotted in Figure 10.
Apart from the three approximate Q-value functions, we also gotted the optimal value
for each joint action-observation history ~! that can be realized when using . Note that
dierent ~! can have di erent optimal values, but induce the sameP (s;j~!), as demonstrated
in the gure: there are multiple Q -values plotted for someP(s)j~!). For the horizon 3
Meeting on a Grid problem we also collected all~t that can be visited by the optimal
policy, and in Figure 11 we again plotted maximal Q(~!;a)-values. Because this problem
has many states, a representation as in Figure 10 is not podse. Instead, we ordered the
~ according to their optimal value. We can see that the bounds &e tight for some ~, while
for others they can be quite loose. However, when used in the l@AA framework, their
actual performance as a heuristic also depends on their vaition of =2 ~not shown by
Figure 11, namely those that will not be visited by an optimal policy: especially when
these are overestimated, GMAA will rst examine a sub-optimal branch of the search tree.
A tighter upper bound can speed up computation to a very largeextent, as it allows the
algorithm to prune the policy pool more, reducing the numberof Bayesian games that need
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Q-heuristics for horizon=4 Dec-Tiger at t=0

60

x

Q-heuristics for horizon=4 Dec-Tiger at t=1

60

-G-SBG X g -6
50t || =+~ <pomoP 501 1| -+ - eomop
= +=x=Qupp = " . %= Qupp
S 40l 0 Q < Yoo o Q
O:" ° 30
x % 3074 A+
< 30 ] s
E £
1 + 1 201
8 20 % SN
S E 1010 O
(0 (o4
L o
10 ol o
¢
0 -1
0 . % . 1
P(s, 1 d") P(s, 1)
Q-hfuristics for horizon=4 Dec-Tiger at t=2 Q-heuristics for horizon=4 Dec-Tiger at t=3
2
“ -e-gBG > < —e—QBG
30! s\/\’ | -:'QPOMDP Og g -+ -Qpomop
= s [T TMDP = -=x=Qupp
= Q0 S 0 o Q
O'm o
x «<®
g g 0
1l n
x x
® -
£ g 60
(04 (04
10} o 80
-20 R S
0 . 1000 o t 1
P(s, | d') PGs, 1)

Figure 10: Q-values for horizon 4 Dec-Tiger. For each™, corresponding to someP (sjj™"),
the maximal Q(~*;a)-value is plotted.

to be solved. Both gures clearly illustrate the main property of the upper bounds we

discussed, namely thatQ Qe Qpowor Qmpp (See Theorem 5.1).

7.3 Computing Optimal Policies

As shown above, the hierarchy of upper bound€Q Qsec  Qpompp Qupp IS not

just a theoretical construct, but the di erences in value specied can be signi cant for

particular problems. In order to evaluate what the impact is of the di erences between
the approximate Q-value functions, we performed several exgriments. Here we describe
our evaluation of MAA on a number of test problems using Q¢, Qpovpr and Qupp as

heuristic. All timing results in this paper are CPU times wit h a resolution of 001s, and
were obtained on 34GHz Intel Xeon processors.
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Figure 11: Comparison of maximal Q(~!;a)-values for Meeting on a Grid. We plot the
value of all t that can be reached by an optimal policy, ordered according heir
optimal value.

(h Vv N Tomaa Tq |
Qwvpp 105228 Q31 s O0s

3 51908 Qponpop 6,651 Q02s Os
Qg 6,651 Q02 s 0Q02s

Quop 37536938118 431776s  Os
4 48028 Qpovop 559653390  5961s 013 s
Qpe 301333698  3208s 094 s

Table 1: MAA results for Dec-Tiger.

’ h \% n Tomaa TQ ‘
Quop 151236 046s  Os

3 58402 Opoupp 19854  Q06s QO1s
Qgc 13,212 Q04 s Q03 s

Quop 33921256149 388894s  Os
4 111908  Qpouop 774880515 8908 s 013 s
Qse 86,106,735 919s @2 s

Table 2: MAA results for Skewed Dec-Tiger.
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h V n Tomaa To
Qwop 328212 354 s 0s

4 38900 Qpovpp 531 Os 001s
Qgc 531 O0s 003s
Qmpp N/A > 4:32e5s O0s

5 47900 Qpowper 196883 530s 020 s
Qgc 196883 515s 053s

Table 3: MAA results for BroadcastChannel.

’ h V n: TGMAA TQ
Qmpp 1,275 Os Os
2 09100 Qpompp 1,275 Os Os
Qgc 194 Os Os

Quop 29688775 8193s  Os
3 15504 Qpowop 3907525 1080s 015 s
Qge 1563775  444s 137 s

Table 4: MAA results for Meeting on a Grid.

Table 1 shows the results MAA obtained on the original Dec-Tiger problem for horizon
3 and 4. It shows for each heuristic the number of partial joirt policies evaluatedn: , CPU
time spent on the GMAA phaseTguaa , @and CPU time spent on calculating the heuristic
Tq. As Qpg: Qpompp and Qypp are upper bounds toQ , MAA is guaranteed to nd the
optimal policy when using them as heuristic, however the timng results may di er.

For h = 3 we see that using Qoumpp and Qgg only a fraction of the number of policies
are evaluated when compared to @pp Which re ects proportionally in the time spent on
GMAA . For this horizon Qpoypp and Qgg perform the same, but the time needed to
compute the Qgg heuristic is as long as the GMAA -phase, therefore Qoypp Outperforms
Qgc here. Forh =4, the impact of using tighter heuristics becomes even morgronounced.
In this case the computation time of the heuristic is negligble, and Qgg outperforms both,
as it is able to prune much more partial joint policies from the policy pool. Table 2 shows
results for Skewed Dec-Tiger. For this problem the Qpp and Qgg results are roughly the
same as the original Dec-Tiger problem; forh = 3 the timings are a bit slower, and for
h = 4 they are faster. For Qpompp ; however, we see that forh = 4 the results are slower
as well and that Qg outperforms Qpomppe by an order of magnitude.

Results for the Broadcast Channel (Table 3), Meeting on a Grid (Table 4) and a Fire
ghting problem (Table 5) are similar. The N/A entry in Table 3 indicates the Qpp Was
not able to compute a solution within 5 days. For these problens we also see that the
performance of Qoyupp and Qg is roughly equal. For the Meeting on a Grid problem,
Qg Yields a signi cant speedup over Qompp -
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’ h \% n Tomaa TQ ‘
Quop 446724  158s 056 s

3 57370 Qpoupp 26577  Q08s 021s
Qg 26,577 Q08s 033s

Owop  25656607.368 309235s 085 s

4 65788 Qpowop 516587229 5§730s 722 s
Qs 516,587,229 5499s 1172s

Table 5: MAA results for Fire Fighting n, =3;ns = 3i.
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Figure 12: Policies found using forward-sweep policy compuaition (i.e., k = 1) for the h =4
Dec-Tiger problem. Left: the policy resulting from Qppp - Right: the optimal

policy as calculated by Q.ompe @nd Qgg. The framed entries highlight the
crucial di erences.

7.4 Forward-Sweep Policy Computation

The MAA results described above indicate that the use of a tighter heristic can yield
substantial time savings. In this section, the approximate Q-value functions are used in
forward-sweep policy computation. We would expect that whenusing a Q-value function
that more closely resemblesQ , the quality of the resulting policy will be higher. We also
tested whether k-GMAA with k > 1 improved the quality of the computed policies. In
particular, we tested k = 1;2;:::;5.

For the Dec-Tiger problem, k-GMAA with k = 1 (and thus also 2 k 5) found
the optimal policy (with V( ) =5:19) for horizon 3 using all approximate Q-value func-
tions. For horizon h = 4, also all di erent values of k produced the same result for each
approximate Q-value function. In this case, however, Qpp found a policy with expected
return of 3:19. Qpompp and Qg did nd the optimal policy ( V( ) = 4:80). Figure 12
illustrates the optimal policy (right) and the one found by Q \pp (left). It shows that Q ypp
overestimates the value for opening the door in stage = 2.
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Figure 13: k-GMAA results for di erent problems and horizons. They-axis indicates value
of the initial joint belief, while the x-axis denotesk.

For the Skewed Dec-Tiger problem, di erent values ofk did produce di erent results. In
particular, for h =3 only Qg nds the optimal policy (and thus attains the optimal value)
for all values of k, as shown in Figure 13(a). Qowvpp does nd it starting from k = 2,
and Qupp only from k = 5. Figure 13(b) shows a somewhat unexpected result foh = 4:
here fork =1 Q\pp and Qgg nd the optimal policy, but Q poypp doesn't. This clearly
illustrates that a tighter approximate Q-value function is n ot a guarantee for a better joint
policy, which is also illustrated by the results for GridSmall in Figure 13(c).

We also performed the same experiment for two settings of thé-ireFighting problem.

For my =3;ns =3i and h = 3 all Q-value functions found the optimal policy (with value

5:7370) for all k, and horizon 4 is shown in Figure 13(d). Figures 13(e) and 13} show
the results formp, =4;n¢ =3i. For h =4, Qypp did not nish for k 3 within 5 days.

It is encouraging that for all experiments k-GMAA using Qgg and Qpoppp With kK 2
found the optimal policy. Using Q\pp the optimal policy was also always found withk 5,
except in horizon 4 Dec-Tiger and themy, = 4;n; = 3i FireFighting problem. These results
seem to indicate that this type of approximation might be likely to produce (near-) optimal
results for other domains as well.
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8. Conclusions

A large body of work in single-agent decision-theoretic planing is based on value functions,
but such theory has been lacking thus far for Dec-POMDPs. Giva the large impact of value
functions on single-agent planning under uncertainty, we epect that a thorough study of
value functions for Dec-POMDPs can greatly bene t multiagent planning under certainty.
In this work, we presented a framework of Q-value functions fo Dec-POMDPSs, providing a
signi cant contribution to Il this gap in Dec-POMDP theory.  Our theoretical contributions
have lead to new insights, which we applied to improve and exnd solution methods.

We have shown how an optimal joint policy  induces an optimal Q-value function
Q ("%a), and how it is possible to construct the optimal policy using forward-sweep
policy computation. This entails solving Bayesian games fotime stepst = 0;::;;h 1
which use Q ("';a) as the payo function. Because there is no clear way to compte
Q (~%a), we introduced a di erent description of the optimal Q-valu e function Q (~t;' t*1)
that is based on sequential rationality. This new description of Q can be computed using
dynamic programming and can then be used to construct

Because calculatingQ is computationally expensive, we examined approximate Q-viue
functions that can be calculated more e ciently and we discussed how they relate toQ .
We covered Qupp , Qpompp » @and Qgg, a recently proposed approximate Q-value function.
Also, we established that decreasing communication delaym decentralized systems cannot
decrease the expected value and thus tha@ Qec  Qpowor  Qwpp - Experimental
evaluation indicated that these upper bounds are not just oftheoretical interest, but that
signi cant di erences exist in the tightness of the various approximate Q-value functions.

Additionally we showed how the approximate Q-value functions can be used as heuris-
tics in a generalized policy search method GMAA, thereby unifying forward-sweep policy
computation and the recent Dec-POMDP solution techniques ofEmery-Montemerlo et al.
(2004) and Szer et al. (2005). Finally, we performed an empical evaluation of GMAA
showing signi cant reductions in computation time when using tighter heuristics to calculate
optimal policies. Also Qge generally found better approximate solutions in forward-sweep
policy computation and the “k-best joint BG policies' GMAA variant, or k-GMAA .

There are quite a few directions for future research. One isd try to extend the results
of this paper to partially observable stochastic games (POS&s) (Hansen et al., 2004), which
are Dec-POMDPs with an individual reward function for each agent. Since the dynamics of
the POSG model are identical to those of a Dec-POMDP, a similarmodeling via Bayesian
games is possible. An interesting question is whether alsaithis case, an optimal (i.e.,
rational) joint policy can be found by forward-sweep policy computation.

Staying within the context of Dec-POMDPSs, a research direction could be to further
generalize GMAA , by de ning other Next or Select operators, with the hope that the
resulting algorithms will be able to scale to larger problens. Also it is important to establish
bounds on the performance and learning curves of GMAA in combination with di erent
Next operators and heuristics. A di erent direction is to experimentally evaluate the use
of even tighter heuristics such as Q-value functions for the ase of observations delayed by
multiple time steps. This research should be paired with mehods to e ciently nd such
Q-value functions. Finally, future research should further examine Bayesian games. In
particular, the work of Emery-Montemerlo et al. (2005) could be used as a starting point
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for further research to approximately modeling Dec-POMDPSs wsing BGs. Finally, there is
a need for e cient approximate methods for solving the Bayesan games.

Acknowledgments

We thank the anonymous reviewers for their useful commentsThe research reported here
is part of the Interactive Collaborative Information Syste ms (ICIS) project, supported by
the Dutch Ministry of Economic A airs, grant nr: BSIK03024. This work was supported
by Fundacao para a Ciéncia e a Tecnologia (ISR/IST pluriannual funding) through the
POS_Conhecimento Program that includes FEDER funds, and through grant PTDC/EEA-
ACR/73266/2006.

Appendix A. Proofs

A.1 There is At Least One Optimal Pure Joint Policy
Proposition (2.1). A Dec-POMDP has at least one optimal pure joint policy.

Proof. This proof follows a proof by Schoute (1978). It is possible® convert a Dec-POMDP
to an extensive game and thus to a strategic game, in which thections are pure policies for
the Dec-POMDP (Oliehoek & Vlassis, 2006). In this strategic game, there is at least one
maximizing entry corresponding to a pure joint policy which we denote nax. Now, assume

Therefore & corresponds to a joint mixed policy = h q;:::; ni. Let us write . , for
the support of ;. now induces a probability distribution P over the set of joint policies
= 1, non which is a subset of the set of all joint policies. The expected

payo can now be written as
V@=Ep V() 2 ) maxV( )= V( max);
contradicting that &is a joint stochastic policy that attains a higher payo . O

A.2 Hierarchy of Q-value Functions

This section lists the proof of theorem 5.1. It is ordered asdllows. First, Section A.2.1
presents a model and resulting value functions for Dec-POMDRB with k-steps delayed com-
munication. Next, Section A.2.2 shows that Q-opmpp ; Qgg and Q correspond with the
case thatk is respectively 0, 1 andh. Finally, Section A.2.3 shows that when the commu-
nication delay k increases, the optimal expected return cannot decrease, #reby proving
theorem 5.1.

A.2.1 Modeling Dec-POMDPs with k-Steps Delayed Communication

Here we present an augmented MDP that can be used to nd the opimal solution for
Dec-POMDPs with k steps delayed communication. This is a reformulation of thework by
Aicardi et al. (1987) and Ooi and Wornell (1996), extended tothe Dec-POMDP setting.
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Figure 14: Policies speci ed by the states of the augmented NDP for k = 2. Top: policies
for &'. The policy extended by augmented MDP actiond = is shown dashed.
Bottom: The resulting policies after for joint observation hos;0.i.

We de ne this augmented MDP as M = hS:A;T:Ri, where the augmented MDP stages are
indicated f.

The state space isS = (§f\:o SRRl 1. An augmented state is composed of a joint
action-observation history, and a joint policy tree .

( ~t.~t;
ot o =i 0 t h Kk _
Htg=" % :h k t h 1’

The contained ¢ is a joint depth-k (specifying actions for k stages) joint policy tree gt =

q~" % species =h t kstages.

A is the set of augmented actions. For0 £ h k 1, an action a2 Aisa joint
policy afst = t+k = p k.- trkj implicitly mapping length- k observation histories to
joint actions to be taken at staget + k. lLe., K :0OK1 A K For the last k stages
h k £ h 1thereonlyisone empty actiona. that has no in uence whatsoever.

The augmented actions are used to expand the joint policy tres. When “appending' a
policy "X to g we form a depthk+1 policy, which we denoteq =k**t = gt ™ Ki. After
execution of its initial joint action g ~**1 '(®) and receiving a particular joint observation o,
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Figure 15: An illustration of the augmented MDP with k = 2, showing a transition from
&' to 81 by action &= !. In this example ~t kK1 = (=t K1 450 ; hog;000).
The actions speci ed for staget are given by '(ho;;0,i) as depicted in Figure 14.

aq =K1t reduces to its depthk sub-tree policy for that particular joint observation, denoted
q 1 =q o) = g ¥ ti(0). This is illustrated in Figure 14.

T is the transition model. A probability P(s“ljsf;af) for stagef = t translates as follows
forO t h k 1

P(0"*1j~4qi(e)) if conditions hold,

P h~t+1; t+1i'h~t; ti; t+ky —
( -l d ) 0 otherwise,

(A1)
where the conditions are: 1)g*t = hgt  ™ki(o'*1), and 2) 1 = (~t:a';0'*l). For
h k t h 1, %Kin (A1) reduces to a.. The probabilities are una ected, but the
rst condition changes to g =" t Lt*l = g =h tt(gtt1),

Finally, R is the reward model, which is speci ed as follows:

8t n 1 REYH= RIT.di) = R(CUd(e)); (A.2)

where d'(® ) is the initial joint action specied by d. R(™;a) is de ned as before in (2.12).

The resulting optimality equations Qf(s;a) for the augmented MDP are as follows. We
will write Qi for the optimal Q-value function for a k-steps delayed communication system.
We will also refer to this as the k-Qgg value function.

X
8 th ki1 QChHa: Y= R(CYd(e)+ PO hd () Q" *); (A3)
ot+1 20
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with g** = gt ™Kj(0'"*!) and where
Qu(Thd)  maxQu(Ths TN (A-4)

For the last k stagessh k t h 1, thereare °= h t stages to go and we get
— 0. — 0. X . — 0 - 0 .
Q™ha™ M =R(NaT e+ PO Tha T (@)™ T T M) (AB)

OI +1

Note that (A.5) does not include any augmented actionsa®t = k. Therefore, the last
k stages should be interpreted as a Markov chain. Standard dyamic programming can be
applied to calculate all Q (~%;q!)-values.

A.2.2 Relation of k-Qgg Wwith Other Approximate Q-value Functions

Here we brie y show how k-Qgg in fact reduces to some of the cases treated earlier.
For k = 0, k-Qgg (A.3) reduces to Qooypp - In the k = 0 case,q' X becomes a depth-
0, i.e. empty, policy. Also, ' becomes a mapping from length-0 observation histories to
actions, i.e., it becomes a joint action. Substitution in (A.3) yields
D E X D E
Qo( ™' @)= R(Tha)+  P(o™Tha)maxQo( T ™)
0t+1 a

Now, as (Qp(‘“‘;a) QP(bNt;a); this clearly corresponds to the Qoypp -value function
(5.6).
1-Qgg reduces to regular Q¢ . Notice that for k =1; q =kt reduces toa'. Filling out
yields:
D E X D E
Ql( ~t;at : t+1): R(~t;at)+ P(Ot+1j~t;at)rnt§2XQl( ~t+l; t+1 (ot+l) : t+2):
ot+l

Now using (A.4) we obtain the Qg -value function (5.12).

A Dec-POMDRP is identical to an h-steps delayed communication system. Augmented
states have the forms®=0 = 1~ ;o%i, where ® =  speci es a full length h joint policy. The
rst stage t = 0 in this augmented MDP, is also one of the lastk (= h) stages. Therefore,
the applied Q-function is (A.5), which means that the Markov chain evaluation starts im-
mediately. E ectively this boils down to evaluation of all j oint policies (corresponding to
all augmented start states). The maximizing one speci es tle value function of an optimal

joint policy Q :

A.2.3 Shorter Communication Delays cannot Decrease the Value

First, we introduce some notation. Let us write P, for all the observation probabilities given

h i
Po(0t+|) P Ot+|j(~t;qt(‘Q);Ot+l;qt(0t+l);:::;Ot+| l);qt(0t+| l) : 8| k: (AG)
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In order to avoid confusion, we write jtkj for a policy that implicitly maps k-length

observation histories to actions, and jtk+1j for one that is a mapping from length (k + 1)
observation-histories to actions.

Now we give a reformulation of Qx. Q; (~%,q") speci es the expected return for ~;q
over stagest;t +1;:::;h 1. Here, we will split this

Qu(tid) = Ku(Thid) + B (Tel) ad

‘in k-steps' expected return.
The former is de ned as

Ciak 1 #

Ke(Thd)  E R(YaY) ~hd (A8)

to=t

Let us de ne K =i(~t:q =) as the expected reward for the nexti stages, i.e.,
Kk(Thd) = K =4(d): (A.9)
We then haveK =1 (~ta') = R("!:a') and

K =i(~t:q =it) = R(~t;q;‘?t(e,))+
P(Ot+1j~t;q=i;t(ﬁ))K =i 1(~t+1 ;q=i 1;t+1(0t+1)); (A.lO)

Ot+l
whereq = Lt*1(0"*1) is the depth-(i 1) joint policy that results from q ="t after obser-

vation of o'*1,

That is, the time-to-go = | denotes how much time-to-go before we start accumulating
expected reward. The “ink-steps' expected return is then given by

~t. . _ =kt f~t. At .
FIE( t,qt’ th:-jk)_ Fk t( t'qt, JtI:-Jk)

The evaluation is then performed by

szozt(~t;qt; Jtlzrlk) - ()gk(~t;qt; Jtl:Jk) (A.11)
R 9 =T PR T (g (ad2)
ot+1

where g1 = hgt*? j‘;jki(o“l), and where

T ) =y R 19

iKj
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Theorem A.1 (Shorter communication delays cannot decrease the value)The optimal
Q-value function Qi of a nite horizon Dec-POMDP with k-steps delayed communication
is an upper bound toQ+1 , that of a k + 1-steps delayed communication system. That is

~t. =kit. t+k ~t. =k;t t+k; . t+k+1y.
8t8~t8q=k;t; jtl:-jk Qk( ,q v ikj ) mliazg Qk+l( 1m iKj [ jk+1j ) (A14)
jk+1j

Proof. The proof is by induction. The base case is that (A.14) holds ér stagesh (k +
1) t h 1, as shown by lemma A.1. The induction hypothesis states thia assuming
(A.14) holds for some staget + k, it also holds for staget. The induction step is proven in
lemma A.2. O

Lemma A1 (Basecase)Forallh k 1 t h 1, the expected cumulative future
reward under k steps delay is equal to that undek + 1 steps delay if the same policies are
followed from that point. That is,

8n k t h 18-8g=n « Q(ThaT" )= Qi (Thg T B, (A.15)

and 8~h K 18 =kh k 1. h 1
q " k]

Qk(~h Kk 1;q=k;h k 1; jhkjl — Qk+1(~h k 1;m =kh k 1 jhkj li): (A.l6)

Proof. For a particular staget=h Owith h k t h 1and an arbitrary ~t;,q = *,

we can write .
it

_~ = 0 _~ =
QA(ChaT = Qe (Cha T ),
because both are given by the evaluation of (A.5), and this e&luation involves no actions:

Basically (A.5) has reduced to a Markov chain, and this Markos chain is the same forQ,
and Q,,, . We can conclude that
O‘t

Bh k t h 18- 0o QTha” M= Quaa (Tha T )
Now we will prove (A.16). The left side of (A.16) is given by application of (A.3)
Qk(~h k l.q =kh k 1. h 1) — R(~h k l.q =k:h k 1(’9 ))+

LY X
P(Oh kj~h k 1;q=k;h k 1(6,))Qk(~h k;q=k;h k);
oh K

with g =kh k= pg=kh k 1 Hq' Li(o" ¥). The right side is given by application of (A.5)

Qk+1(~h k l,h:] =kh k 1 Jhk 1i): R(~h k 1;q=k;h k l(e’))+

P(Oh kj~h k 1;q=k;h k 1(6,))Qk+l(~h k;q=k;h k)
oh K

with q =kh k = pg=kh k 1 j'}(j Li(o" %). Now, because the policiesg =" k are the
same, we get

Q™" Mg 7N )= Quua N Mg T Y
and thus (A.16) holds. O
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Lemma A.2 (Induction step). Given that

~t° =k;t% t%+k ~t0 0y =kt 0 ki. tO+k+l
8~t08 =kt 0. t0rk Qk( k] ) meﬁ Qk+l( ,m iKj I K+ ) (Al7)

1 jk+1j

holds fort%= t + (k + 1), then

~t.y =kit. t+k ~tpg =kt trkj. kel
8~18q =kt ek Qk(Tq ik ) max Qk+1(T5hg ki ke ) (A.18)
jk+1j

holds for staget.

Proof. For the k-steps delay Q-function, we can write

Q-1 ¥ 9= ROt o)

K] '
|
Po(0""1 ™50 *KM () max Ky (THigth) + RET(TI g TR k) (A1)
o iki

whereq =kt*l = pg =kt UKjt+1) BecauseK y is independent of L*k*1 we can regrou
iKj

iKj
the terms to get

n #
X
Qk(~t;q —k,t; jt|:jk): R(——t;q —k,t(Q ))+ PO( +1)K (~t+l k,t+1) +
" ot+1
#
Po(0') max Fy* (Thig TR (L) (A20)
ot+1 iki

In the case ofk + 1-steps delay, we can write

Qi+ (Thhg =K jt;jki; jt|:+k1j) = Kyep (Thhg =K f;:,k')"’ Frer (Thhg = jt;+k1ji; jt;+|(1+jl)
(A.21)
where, per de nition (by (A.9) and (A.10))
. e X i} .
Kiea (g =0 2Ky = R(Thg TR () + Po(0 K T g TR,

jkj
t+1

= R(Thg M (@) +  Po(0"H)Kk (T g TR (A22)

Ot +1

Whereq =kt+l — m =kt t+ ki(0t+l)_
Equation (A.22) is equal to the rst part in (A.20). Therefor e, for an arbitrary ~t;q =%t
and ¥ we know that (A.18) holds if and only if

ikj
t+l t+1 ~t+1 -k;t+1. t+k+1 ~t. =k;t t+k t+k+1
P ( ) m% F ( ki ) m?ﬁ I:k+1( m jikj jk+lJ )
ot+l jki jk+1 ]

(A.23)
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where q =Kt = g =kt jtljjki(o“l). When lling this out and expanding F,, using
(A.12) we get

P0(0t+1) I;n?)(l Fk=k§t+1 (~t+1;m =k;t t+ ki(0t+1); t+k+1)
+k+

ikj ikj
o+l ikj
t+1 =kit+l; ~t+1. =kt t+k; t+ K+l o t+1yy .
max Po(0" ) F iy (" hi ”:j i “:'ﬂ*j i(0*)): (A.24)
jk+1j 0t+l

This clearly holds if

P0(0t+1) me‘z(l Fk=k;t+1 (~t+1 ;m =kt t+ ki(0t+l); t+ k+1)

. iki ikj
ot+ jKj
t+1 =kt+l; ~t+1. =kt t+ ki (At+1 t+k+1:y.
Po(0'™) max Fri1 (7" shig j;:j i(0™) j|:j i); (A25)
ot+l ki

because the second part of (A.25) is an upper bound to the send part of (A.24). Therefore,
the induction step is proved if we can show that

=kt+l ~t+1 .y =kt t+K; At+1y. t+k+1
80t+1 8 jtk+jk+1 Fk ( ,h:] iKj |(0 ), iKj
=kit+1; ~t+1. =k;t t+k; (At+1 t+Kk+1:y.
Fk+1 ( ,hhq ikj |(0 ) ikj |)- (A-26)

which through (A.13) and q =*t*1 = g =kt U kj(gt+1) transforms to

ikj
=kit+l j~t+1 ., =k; . k+1
8g =kt+1 8 oot Fi (~t*1:q kit+1 . jtlf,- *1y
=KL ~t+l L =kt +l t+k+1l;. t+k+2y.
max ™~ (7 Wi gy )o (A2T)

jk+1j
Now, we apply (A.11) to the induction hypothesis (A.17) and yield

=0;t% ~0. = =k:t0. t0+k =0;t% ~t0 =kit® 0% k:. tOrk+ly.
F (| M) max F ("Yig A TR

8-108q s, i ki i ] ki 1k
jk+1j
(A.28)
Application of lemma A.4 to this transformed induction hypo thesis asserts (A.27) and
thereby proves the lemma. O

Auxiliary Lemmas.

Lemma A.3. If, at stage t, the "in i-steps' expected return for ak-steps delayed system is
higher than a(k +1) -steps delayed system, then &t 1 the in (i +1) -steps' expected return
for a k-steps delayed system is higher than thg + 1) -steps delayed system. That is, if for

a particular g =kt = hg =kt 1 L *Ki(o)
=it ~t. =kt t+ky — =it ~ty =kt 1 t 1+Kk;Aty. t+k
81tk+jk801 Fo " (T ,“:’j)—Fk "t jkj+ i(0); ”:'j)
m% kallit (~t’hm =kt 1 th:-jki(O'[) Jt|:-1k|1 jt|:+|§_-'}l) (Azg)

jk+1j
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holds, then
= =i+lt 1(~t 1.4 =kt 1. t 1+k) max F =i+l;t 1(~t 1.m=k;t 1 t 1+ki. t+k ).
k d ki NaX Fre ’ ki b ke
jk+1j
(A.30)
Proof. The following derivation
= =i+1:t l(~t 1;q=k;t 1; 'tk'1+k
< h iKj i
_ t Sht p~tuy =kt 1 t 1+k t+k
= Po(0)max F " (T PP [COHED
ot ki 4
=it o~t. =kt 1 t 1+k t+k;. t+k+1
Po(o)max max Fy,," (7hig ikj i(d) Kb ojket )
ot « ikj w jk+Lj #
t =it ~t. =kt 1 t 1+k; t+k ;Aty. tHk+l
max  Po(0) max F.," (7 hiy R THCOR Y
jk+1j ot jk+1j
i+1;t 1o~t 1.y =kt 1t 1+k;. t+k
pRLls Frr ( ! K5 k)
jk+1j
proves the lemma. O
Lemma A.4. If, for some staget
=0;t ~t kit. t+k ~t. =kt t+k t+ k+1
B-1q- kt s e P ki) max Fk+ (i ki bojkerj ) (A1)
jk+1j
holds, then8;8-, g =kt 0 Livk
’ ki
-|t ~t | —k;t i. t i+k -|t ~t . =kt i t |+k t i+k+1
f g ) max F 't g i ey )
jk+1j
(A.32)

Proof. If (A.31) holds for all ~t, g =kt, 'k then eq. (A.29) is satis ed for all =, q =X,

jkj
jtlz'jk, and lemma (A.3) yieldS 8-, 1., =i 1. ¢ 1

=1t 1,.~t 1., =kt 1. t 1+k =1t 1,~t 1. =kt 1 t+k 1. t+k .
Fi ( iq C ki ) maka+ ( ;g i; J.k+1j). (A.33)

Jk+1J

At this point we can apply the lemma again, etc. The i-th application of the lemma yields
(A.32). O
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