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Abstract

A new method is proposed for exploiting causal independenciesin exact Bayesian network in-
ference. A Bayesian network can be viewed as representing a factorization of ajoint probability
into the multiplication of a set of conditional probabilities. We present a notion of causal indepen-
dence that enables one to further factorize the conditional probabilitiesinto a combination of even
smaller factors and consequently obtain afiner-grain factorization of the joint probability. The new
formulation of causal independence lets us specify the conditional probability of avariablegivenits
parentsin terms of an associative and commutative operator, such as“or”, “sum” or “max”, on the
contribution of each parent. We start with a simple algorithm vE for Bayesian network inference
that, given evidence and aquery variable, uses the factorization to find the posterior distribution of
the query. We show how thisalgorithm can be extended to exploit causal independence. Empirical
studies, based on the CPCS networksfor medical diagnosis, show that this method is more efficient
than previous methods and allowsfor inference in larger networks than previous a gorithms.

1. Introduction

Reasoning with uncertain knowledge and beliefs has |ong been recognized as an important research
issue in Al (Shortliffe & Buchanan, 1975; Duda et a., 1976). Severa methodologies have been
proposed, including certainty factors, fuzzy sets, Dempster-Shafer theory, and probability theory.
The probabilistic approach is now by far the most popular among all those aternatives, mainly due
to aknowledgerepresentation framework called Bayesian networksor belief networks (Pearl, 1988;
Howard & Matheson, 1981).

Bayesian networksare agraphical representation of (in)dependenciesamongst random variabl es.
A Bayesian network (BN) isaDAG with nodesrepresenting random variables, and arcsrepresenting
direct influence. The independence that is encoded in a Bayesian network is that each variable is
independent of its non-descendents given its parents.

Bayesian networks aid in knowledge acquisition by specifying which probabilities are needed.
Wherethe network structureis sparse, the number of probabilitiesrequired can be much lessthan the
number required if there were no independencies. The structure can be exploited computationally to
make inference faster (Pearl, 1988; Lauritzen & Spiegelhalter, 1988; Jensen et a., 1990; Shafer &
Shenoy, 1990).

The definition of a Bayesian network does not constrain how a variable depends on its parents.
Often, however, thereismuch structurein these probability functionsthat can be exploited for know!-
edge acquisition and inference. One such case is where some dependencies depend on particular
values of other variables; such dependencies can be stated as rules (Poole, 1993), trees (Boutilier
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et a., 1996) or as multinets (Geiger & Heckerman, 1996). Another iswhere the the function can be
described using abinary operator that can be applied to values from each of the parent variables. It
isthe latter, known as ‘ causal independencies’, that we seek to exploit in this paper.

Causal independence refers to the situation where multiple causes contribute independently to
a common effect. A well-known example is the noisy OR-gate model (Good, 1961). Knowledge
engineers have been using specific causal independence modelsin simplifying knowledge acquisi-
tion (Henrion, 1987; Olesen et a., 1989; Olesen & Andreassen, 1993). Heckerman (1993) was the
first to formalize the general concept of causal independence. Theformalizationwas later refined by
Heckerman and Breese (1994).

Kim and Pearl (1983) showed how the use of noisy OR-gate can speed up inference in a special
kind of BNs known as polytrees; D’ Ambrosio (1994, 1995) showed the samefor two level BNswith
binary variables. For general BNs, Olesen et al. (1989) and Heckerman (1993) proposed two ways
of using causal independencies to transform the network structures. Inference in the transformed
networks is more efficient than in the original networks (see Section 9).

Thispaper proposesanew method for expl oiting a special type of causal independence (see Sec-
tion 4) that still covers common causal independence models such as noisy OR-gates, hoisy MAX-
gates, noisy AND-gates, and noisy adders as specia cases. The method is based on the following
observation. A BN can be viewed as representing a factorization of ajoint probability into the mul-
tiplication of alist of conditional probabilities (Shachter et al., 1990; Zhang & Poole, 1994; Li &
D’ Ambrosio, 1994). The type of causa independence studied in this paper leads to further factor-
ization of the conditional probabilities(Section 5). A finer-grain factorization of thejoint probability
isobtained asaresult. We proposeto extend exact inference algorithmsthat only exploit conditional
independenciesto also make use of the finer-grain factorization provided by causal independence.

The state-of-art exact inference agorithmis called clique tree propagation (CTP) (Lauritzen &
Spiegelhalter, 1988; Jensen et a., 1990; Shafer & Shenoy, 1990). This paper proposes another al-
gorithm called variable elimination (VE) (Section 3), that isrelated to SPI (Shachter et d., 1990; Li
& D'Ambrosio, 1994), and extendsit to make use of the finer-grain factorization (see Sections6, 7,
and 8). Rather than compiling to a secondary structure and finding the posterior probability for each
variable, VE is query-oriented; it needs only that part of the network relevant to the query given the
observations, and only does the work necessary to answer that query. We chose VE instead of CTP
because of its simplicity and because it can carry out inference in large networks that CTP cannot
deal with.

Experiments (Section 10) have been performed with two CPCS networks provided by Pradhan.
The networks consist of 364 and 421 nodes respectively and they both contain abundant causal in-
dependencies. Before this paper, the best one could do in terms of exact inference would beto first
transform the networks by using Jensen et al.’s or Heckerman's technique and then apply CTP. In
our experiments, the computer ran out of memory when constructing cliquetreesfor thetransformed
networks. When this occurs one cannot answer any query at al. However, the extended VE ago-
rithm has been ableto answer almost all randomly generated querieswith twenty or lessobservations
(findings) in both networks.

Onemight proposeto first perform Jensen et al.’sor Heckerman’s transformation and then apply
VE. Our experiments show that thisis significantly less efficient than the extended vE agorithm.

We begin with abrief review of the concept of a Bayesian network and the issue of inference.
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2. Bayesian Networks

We assume that a problem domain is characterized by a set of random variables. Beliefs are repre-
sented by a Bayesian network (BN) — an annotated directed acyclic graph, where nodes represent
the random variables, and arcs represent probabilistic dependencies amongst the variables. We use
theterms ‘node’ and ‘variable’ interchangeably. Associated with each nodeis a conditional proba-
bility of thevariable given its parents.

In additionto the explicitly represented conditional probabilities,aBN alsoimplicitly represents
conditional independence assertions. Let 4, o, ..., z,, be an enumeration of all the nodesina BN
such that each node appears after its children, and let 7, be the set of parents of anode z;. The
Bayesian network represents the following independence assertion:

Eachvariablez; isconditionalyindependent of thevariablesin {z1, x5, ..., z;_1 } given
valuesfor its parents.

Theconditional independence assertionsand the conditional probabilitiestogether entail ajoint prob-
ability over al the variables. By the chain rule, we have:

n
P(zy1,29,...,2,) = HP($i|x1,$2,...,xi_1)
=1

Plai|me,), @

Il

o
Il
—

where the second equation is true because of the conditional independence assertions. The condi-
tional probabilities P(z;|7,,) are given in the specification of the BN. Consequently, one can, in
theory, do arbitrary probabilistic reasoningin a BN.

2.1 Inference

Inference refers to the process of computing the posterior probability P(.X |Y=Y,) of aset X of
guery variables after obtaining some observations Y =Y;. HereY isalist of observed variablesand
Yy isthe corresponding list of observed vaues. Often, X consistsof only one query variable.

In theory, P(X|Y=Y}) can be obtained from the marginal probability (X, Y’), whichin turn
can be computed from the joint probability P(z1, 22, ...,z,) by summing out variables outside
XUY oneby one. In practice, thisis not viable because summing out a variable from ajoint proba-
bility requires an exponential number of additions.

Thekey to more efficient inferencelies in the concept of factorization. A factorizationof ajoint
probability isalist of factors (functions) from which one can construct the joint probability.

A factor isafunctionfrom aset of variablesinto anumber. We say that thefactor containsavari-
ableif thefactor isafunction of that variable; or say itisafactor of thevariablesonwhichit depends.
Suppose f; and f, are factors, where f; isafactor that containsvariables ..., 2, y1,...,y; —
wewritethisas f1(z1, ..., i, y1,...,y;) —and f, isafactor withvariablesyy, . .., yj, 21, - . ., 2k,
wherey,, ..., y; arethevariablesin commonto f; and f,. The product of f; and f, isafactor that
isafunction of the union of the variables, namely =1, ..., z;, y1,...,y;, 21, . . ., 2, defined by:

(lefQ)(xlv"'7$i7y17"'7yj7217"'7zk) :fl(wlv"'7$i7y17"'7yj)><f2(y17---vijzlw--vzk)
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Figure 1: A Bayesian network.

Let f(z1,...,z;) beafunctionof variablex, ..., z;. Setting,say =1 in f(zy, ..., z;) toaparticular
value a yields f(z1=a, 4, . .., x;), whichisafunction of variables z, . .., z;.
If f(z1,...,z;) isafactor, we can sum out avariable, say z1, resulting in afactor of variables

x9,...,2;, defined

(Zf)($27---7$i):f($1:@17$27---7$i)‘|‘""|‘f($1204m7$27---7$i)

where vy, . . ., a,, arethe possiblevalues of variable ;.

Because of equation (1), aBN can be viewed asrepresenting afactorization of ajoint probability.
For example, the Bayesian network in Figure 1 factorizes the joint probability P(a, b, c, 1, €2, €3)
into the following list of factors:

P(a)7 P(b)7 P(C)7 P(€1|a7 b7 C)7 P(€2|a7 b7 C)7 P(€3|617 62)'
Multiplying those factors yields the joint probability.

Supposeajoint probability P(z1, z2, . . ., 2, ) isfactorized into themultiplication of alist of fac-
tors f1, fa, ..., fm. Whileobtaining P(zz, ..., z,) by summing out z; from P(zy, 23, ..., zs) re-
quires an exponential number of additions, obtaining afactorization of P(z, ..., z,) can often be
done with much less computation. Consider the following procedure:

Proceduresum out (F, z):
e Inputs: F — alist of factors; = — avariable.

e Output: A list of factors.

1. Removefrom the F dl thefactors, say fi, ..., f&, that contain z,
2. Addthenew factor Y. [T~ , f; to F and return .

Theorem 1 Supposea joint probability P(z1, 22, . . ., z) isfactorized into the multiplication of a
list F of factors. Thensum out (F, z;) returnsalist of factorswhosemultiplicationis P(zz, . . ., z).
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Proof: Suppose F consists of factors fi, fa, ..., f» ahd suppose z; appearsin and only in factors
f11 f21 ey fk Thm

P(zy, .. 2m) = ZP(Zl,ZQ,...,zm)
z1

= S A- ST TT

21 5=1 z1 =1 i=k+1

The theorem follows. O

Only variablesthat appear inthefactors fi, f2, ..., fi participatedinthe computationof sum out (F, z1),
and those are often only a small portion of al the variables. Thisiswhy inferencein a BN can be
tractable in many cases, even if the general problem is NP-hard (Cooper, 1990).

3. The Variable Elimination Algorithm

Based on thediscussionsof the previoussection, wepresent asimplealgorithmfor computing P (X |Y=Yj).
The algorithm is based on the intuitionsunderlying D’ Ambrosio’s symbolic probabilisticinference
(SP1) (Shachter et a., 1990; Li & D’ Ambrosio, 1994), and first appeared in Zhang and Poole (1994).
It is essentially Dechter (1996)’s bucket elimination algorithm for belief assessment.

The agorithm is caled variable elimination (VE) because it sums out variables from a list of
factorsone by one. Anordering p by which variables outside X UY to be summed out is required as
aninput. It iscalled an elimination ordering.

Procedure VE(F, X, Y, Yo, p)

e Inputs: 7 — Thelist of conditional probabilitiesin aBN;
X — A list of query variables;
Y — A list of observed variables,
Yo — The corresponding list of observed values;
p — An elimination ordering for variables outside X UY".

e Output: P(X|Y=Yp).

1. Settheobserved variablesin all factorsto their corresponding observed values.
2. While p isnot empty,

(& Removethefirst variable = from p,
(b) Call sum out (F, z). Endwhile

3. Set h = themultiplication of al the factorson F.
[* hisafunction of variablesin X. */

4. Return h(X)/ >"x h(X). /* Renormalization */
Theorem 2 Theoutput of VE(F, X, Y, Yy, p) isindeed P(X|Y=Yp).

Proof: Consider the following maodifications to the procedure. First remove step 1. Then the factor
h produced at step 3will beafunction of variablesin X and Y. Add anew step after step 3 that sets
the observed variablesin & to their observed val ues.
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Let f(y, A) be afunction of variable y and of variablesin A. We use f(y, A)|,=, to denote
fly=a, A). Let f(y,—), g(y,—), and h(y, z, —) be three functions of y and other varigbles. It is
evident that

F =) 9y, =) y=a = F(¥, =) ly=a9 (¥ =) ly=a>

[Z h(yv 2y _)]|y=a = Z[h(yv 2y _)|y=a]'

Consequently, the modifications do not change the output of the procedure.

Accordingto Theorem 1, after the modificationsthefactor produced at step 3issimply themarginal
probability P(X,Y). Consequently, the output isexactly P(X |Y=Yy). O

The complexity of vE can be measured by the number of numerical multiplicationsand numeri-
cal summationsit performs. An optimal eliminationorderingisonethat resultsin theleast complex-
ity. The problem of finding an optimal elimination ordering is NP-complete (Arnborg et al., 1987).
Commonly used heuristicsinclude minimum deficiency search (Bertele & Brioschi, 1972) and max-
imum cardinality search (Tarjan & Yannakakis, 1984). Kjaaulff (1990) has empirically shown that
minimum deficiency search isthe best existing heuristic. We use minimum deficiency search in our
experiments because we a so found it to be better than the maximum cardinality search.

3.1 VE versus Clique Tree Propagation

Cligue tree propagation (Lauritzen & Spiegelhater, 1988; Jensen et a., 1990; Shafer & Shenoy,
1990) has a compilation step that transforms a BN into a secondary structure called clique tree or
junction tree. The secondary structure allows CTP to compute the answers to all queries with one
query variable and afixed set of observationsin twice the time needed to answer one such query in
the cliquetree. For many applicationsthisisadesirabl e property sinceauser might want to compare
the posterior probabilitiesof different variables.

CTP takes work to build the secondary structure before any observations have been received.
When the Bayesian network is reused, the cost of building the secondary structure can be amortized
over many cases. Each observation entails a propagation though the network.

Given al of the aobservations, VE processes one query at atime. If a user wants the posterior
probabilitiesof several variables, or for a sequence of observations, she needsto run vE for each of
the variables and observation sets.

The cost, in terms of the number of summationsand multiplications, of answering asinglequery
with no abservations using VE is of the same order of magnitude as using CTP. A particular clique
tree and propagati on sequence encodes an elimination ordering; using VE on that elimination order-
ing resultsin approximately the same summations and multiplicationsof factorsasin the CTP (there
issomediscrepancy, asvE doesnot actually form the marginalson the cliques, but workswith condi-
tiona probabilitiesdirectly). Observations make VE simpler (the observed variables are eliminated
at thestart of thealgorithm), but each observationin CTP requires propagation of evidence. Because
VE isquery oriented, we can prune nodes that are irrelevant to specific queries (Geiger et a., 1990;
Lauritzen et ., 1990; Baker & Boult, 1990). In CTP, on the other hand, the clique tree structureis
kept static at run time, and hence does not allow pruning of irrelevant nodes.

CTP encodes a particular space-time tradeoff, and VE another. CTP is particularly suited to the
case where observationsarrive incrementally, where we want the posterior probability of each node,
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and where the cost of building the clique tree can be amortized over many cases. VE is suited for
one-off queries, where thereis asingle query variable and all of the observationsare given at once.

Unfortunately, there are large real-world networks that CTP cannot deal with due to time and
space compl exities (see Section 10 for two examples). In such networks, VE can still answer some
of the possible queries because it permits pruning of irrelevant variables.

4. Causal Independence

Bayesian networks place no restriction on how a node depends on its parents. Unfortunately this
means that in the most general case we need to specify an exponential (in the number of parents)
number of conditional probabilitiesfor each node. There are many cases where there is structurein
the probability tablesthat can be exploited for both acquisition and for inference. One such case that
weinvestigate in this paper is known as ‘ causal independence’.

In oneinterpretation, arcsin a BN represent causal relationships; the parents ¢y, cs, .. ., ¢,,, Of @
variable e are viewed as causes that jointly bear on the effect e. Causal independence refers to the
situation wherethe causes ¢y, ¢o, . . ., ¢, contributeindependently to the effect e.

More precisely, ¢y, ¢a, ..., ¢, ae said to be causally independent w.r.t. effect e if there exist
random variables &y, &5, . . ., &, that have the same frame, i.e., the same set of possiblevalues, as e
such that

1. For each ¢, & probabilistically depends on ¢; and is conditionally independent of all other ¢;’s
and al other £;’s given ¢;, and

2. There exists a commutative and associative binary operator * over the frame of e such that

e =& x&xx ... xE,,.

Using the independence notion of Pearl (1988), let (X, Y|Z) mean that X is independent of Y
given 7, thefirst conditionis:

1(517 {627 .- '7Cm7€27 .- '7€m}|cl)

and similarly for the other variables. This entails 1(&;, ¢;|cq) and 1(&1,&;]c1) for each ¢; and &;
where j # 1.

Werefer to &; asthe contributionof ¢; to e. Inlesstechnical terms, causes are causally indepen-
dent w.r.t. their common effect if individual contributionsfrom different causes are independent and
thetotal influence on the effect isa combination of the individual contributions.

Wecall thevariable e aconvergent variableasit is whereindependent contributionsfrom differ-
ent sources are collected and combined (and for thelack of abetter name). Non-convergent variables
will simply be called regular variables. We call « the base combination operator of e.

Thedefinition of causal independence given hereisdlightly different than that given by Hecker-
man and Breese (1994) and Srinivas (1993). However, it still covers common causal independence
models such as noisy OR-gates (Good, 1961; Pearl, 1988), noisy MAX-gates (Diez, 1993), noisy
AND-gates, and noisy adders (Dagum & Galper, 1993) as special cases. One can seethisinthefol-
lowing exampl es.

Example 1 (Lottery) Buying lotteries affects your wealth. The amounts of money you spend on
buying different kinds of lotteriesaffect your wealth independently. In other words, they are causally
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independent w.r.t. the changeinyour wedlth. Let ¢4, . . ., ¢, denotethe amounts of money you spend
on buying k types of lottery tickets. Let £y, . . ., & be the changesin your wealth due to buying the
different types of lottery tickets respectively. Then, each &; depends probabilistically on ¢; and is
conditionally independent of the other ¢; and £; given ¢;. Let e be thetotal change in your wealth
duetolottery buying. Thene=¢;+ - - - +&;. Henceey, . . ., ¢ are causally independent w.r.t. e. The
base combination operator of e isnumerical addition. This exampleis an instance of a causal inde-
pendence model called noisy adders.

If ¢1, ..., c;, aretheamounts of money you spend on buying lottery ticketsin the same lottery,
then ¢y, ..., cx are not causally independent w.r.t. e, because winning with one ticket reduces the
chance of winning withtheother. Thus, £; isnot conditionally independent of £, given ¢;. However,
if the ¢; represent the expected changein wealth in buyingticketsin the samelottery, then they would
be causally independent, but not probabilistically independent (there would be arcsbetween thec;'s).

Example 2 (Alarm) Consider the following scenario. There are m different motion sensors each
of which are connected to a burglary adarm. If one sensor activates, then the alarm rings. Different
sensors could have different reliability. We can treat the activation of sensor : as arandom variable.
Thereliability of the sensor can bereflected inthe¢;. Weassumethat the sensorsfail independently?.
Assume that the alarm can only be caused by a sensor activation®. Then alarm=¢,V - - -V&,,; the
base combination operator here isthe logical OR operator. This exampleis an instance of a causal
independence model called the noisy OR-gate.

The following exampleis not an instance of any causal independence models that we know:

Example 3 (Contract renewal) Faculty membersat auniversity are evaluated inteaching, research,
and service for the purpose of contract renewal. A faculty member’s contract is not renewed, re-
newed without pay raise, renewed with a pay raise, or renewed with double pay raise depending on
whether his performance is evaluated unacceptable in at least one of the three areas, acceptablein
all areas, excellent in one area, or excellent in at least two areas.

Let ¢q, c9, and c3 be the fractions of time a faculty member spends on teaching, research, and
service respectively. Let &; represent the evaluation he getsin the ith area. It can take values 0, 1,
and 2 depending on whether the evaluation is unacceptable, acceptable, or excellent. The variable
&; depends probabilistically on ¢;. 1t is reasonable to assume that &; is conditionally independent of
other ¢;'sand other &;’sgivenc;.

L et e represent the contract renewal result. Thevariable can takevalues0, 1, 2, and 3 depending
on whether the contract is not renewed, renewed with no pay raise, renewed with a pay raise, or
renewed with double pay raise. Then e=¢£; x£;*£3, where the base combination operator * is given
in thisfollowing table:

o O O OO
WN - Ol
W wnN oOIN

W wolw

wWwN PO

3

1. Thisis called the exception independence assumption by Pearl (1988).
2. Thisis called the accountability assumption by Pearl (1988). The assumption can always be satisfied by introducing
anode that represent all other causes(Henrion, 1987).
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So, the fractions of time a faculty member spends in the three areas are causally independent
w.r.t. the contract renewal result.

In the traditional formulation of a Bayesian network we need to specify an exponential, in the
number of parents, number of conditional probabilities for a variable. With causal independence,
the number of conditional probabilities P(&;|¢;) islinear in m. Thisiswhy causa independence
can reduce complexity of knowledge acquisition (Henrion, 1987; Pearl, 1988; Olesen et al., 1989;
Olesen & Andreassen, 1993). In the following sectionswe show how causal independence can also
be exploited for computational gain.

4.1 Conditional Probabilities of Convergent Variables

VE adlowsusto exploit structurein aBayesian network by providing afactorization of thejoint prob-
ability distribution. In this section we show how causal independence can be used to factorize the
jointdistributioneven further. Theinitia factorsintheve algorithmareof theform P(e|cy, . . ., ¢1).
We want to break thisdowninto simpler factors so that we do not need atable exponential in m. The
following proposition shows how causal independence can be used to do this:

Proposition 1 Let e beanodeinaBNand let ¢y, co, ..., ¢, betheparentsof e. If ¢y, ¢9,..., ¢
are causally independent wir.t. e, then the conditional probability P(e|cy, . . ., ¢,,) can be obtained
from the conditional probabilities P(&;|¢;) through

Ple=aler, ... en) = Z P& =aq|cr). . . Pl&n=am|cm), 2

Ak kA E=C
for each value « of e. Here « is the base combination operator of e.

Proof:3 The definition of causal independence entails the independence assertions

1(517 {027 RS Cm}|01) and 1(517€2|Cl)‘

By the axiom of wesk union (Pearl, 1988, p. 84), we have [ (&1, &2]{c1, . - -, ¢ }). Thusal of the&;
mutually independent given {cy, ..., ¢}
Also we have, by the definition of causal independence (&1, {ca, ..., ¢ }e1), SO

P& l{cr,c2,. .., em}) = P(&iler)
Thuswe have;

Ple=aley, ... em)
= P(&*---#&n=alcr, ..., Cm)
= Z P(flzalv-"7€m:am|clv"'7cm)

Ak kA=

= Z P(€1:a1|cl7'"7Cm)P(€2:a2|Cl7"'7Cm) P(fm:am 017"'7Cm)

Ak kA=

= Z P(51=@1|01)P(52=042|02) e 'P(fmIOém|Cm)

Ak kA=

a

The next four sections devel op an algorithm for exploiting causal independence in inference.

3. Thanksto an anonymousreviewer for helping usto simplify this proof.
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5. Causal Independence and Heter ogeneous Factorizations

In this section, we shall first introduce an operator for combining factors that contain convergent
variables. The operator is abasic ingredient of the algorithm to be developed in the next three sec-
tions. Using the operator, we shall rewrite equation (2) in aform that is more convenient to usein
inference and introduce the concept of heterogeneous factorization.

Considertwofactors f and g. Letey, ..., e, bethe convergent variablesthat appear in both f and
g, let A bethelist of regular variablesthat appear in both f and ¢, let B bethelist of variables that
appear only in f, and let C be thelist of variablesthat appear only in g. Both B and C' can contain
convergent variables, as well as regular variables. Suppose #; is the base combination operator of
e;. Then, the combination f&g of f and ¢ isafunction of variablesey, ..., ex and of the variables
in A, B, and C.. Itis defined by:*

f®g(€1:a17 <oy EE=OF, A7 B7 C)
= Z Z '][(61204117...7 €kIOék17A7B)

d11*1012=0] ARl *p O p2=0F

9(61:04127 ooy Ep=0L2, A7 0)7 (3)

for each value «; of e;. We shall sometimeswrite f@g as f(eq, ..., ex, A, B)®g(e1, ..., ex, A, C)
to make explicit the arguments of f and ¢.

Note that base combination operators of different convergent variables can be different.

The following proposition exhibits some of the basic properties of the combination operator <.

Proposition 2 1. If f and ¢ do not share any convergent variables, then f® ¢ issimply the multipli-
cation of f and ¢g. 2. The operator & iscommutative and associative.

Proof: Thefirstitemisobvious. The commutativity of @ followsreadily from the commuitativity of
multiplication and the base combination operators. We shall provethe associativity of @ inaspecial
case. The general case can be proved by following the same line of reasoning.

Suppose f, g, and h are three factors that contain only one variable e and the variableis conver-
gent. We need to show that ( f@g)@h=f@(g®@h). Let x be the base combination operator of . By
the associativity of x, we have, for any value a of ¢, that

(fog)oh(e=a) = Y [@g(e=as)h(e=as)

dg*kQA3=0C

= > [ Y [fle=a)g(e=az)]h(e=as)

Qg*kQA3=Q ]*kQHQ=0C4

= Y. fle=an)g(e=ar)h(e=az)

kA2 *RAI=C

= Y flema)l Y gle=az)h(e=as)]

k4= QX3 =g

4. Notethat the base combination operators under the summationsare indexed. With each convergent variableis an asso-
ciated operator, and we always use the binary operator that is associated with the corresponding convergent variable.
In the examples, for ease of exposition, wewill use one base combination operator. Wherethereis morethan onetype
of base combination operator (e.g., we may use‘or’, ‘sum’ and ‘max’ for different variablesin the same network), we
haveto keep track of which operators are associated with which convergent variables. Thiswill, however, complicate
the description.

310



EXPLOITING CAUSAL INDEPENDENCE IN BAYESIAN NETWORK |INFERENCE

= Y [fle=a1)g®h(e=ay)

k4=

= fO(g®h)(e=a).

The propositionis hence proved.O
Thefollowing propositionsgive some propertiesfor @ that correspond to the operationsthat we
exploited for the algorithm VE. The proofs are straight forward and are omitted.

Proposition 3 Suppose f and ¢ are factorsand variable = appearsin f and not in g, then

Y (fg) = (O_fyg, and

z

d(feg) = O hHog.

z

Proposition 4 Suppose f, g and i arefactorssuch that ¢ and 2 do not share any convergent vari-
ables, then

g(feh) = (gf)@h. (4)

5.1 Rewriting Equation 2
Noticing that the contribution variable &; has the same possible values as e, we define functions
fi(e, Ci) by
file=a, ¢;) = P(§=alc;),
for any value « of e. We shall refer to f; as the contributing factor of ¢; to e.
By using the operator &), we can now rewrite equation (2) as follows

P(€|Clv"-7cm) :®ﬁ1fi(evci)' ©)

It isinteresting to notice the similarity between equation (1) and equation (5). In equation (1)
conditional independence allows one to factorize a joint probability into factors that involve less
variables, whilein equation (5) causal independence allowsoneto factorize aconditional probability
into factors that involve less variables. However, the ways by which the factors are combined are
different in the two equations.

5.2 Heterogeneous Factorizations

Consider the Bayesian network in Figure 1. It factorizes the joint probability P(a, b, ¢, e, €2, €3)
into the following list of factors:

P(a), P(b), P(c), P(ei]a, b, c), P(ez]a, b, c), P(es|er, e2).

We say that thisfactorization is homogeneous because all thefactors are combined in the same way,
i.e., by multiplication.

Now supposethe ¢;’s are convergent variables. Then their conditional probabilities can be fur-
ther factorized as follows:

P(eila,b,c) = fii(er,a)@fr2(e1,b)@ f13(er, c),
Plegla,b,c) = for(ez, a)@faa(e2, b)@fas(e2, ),
Plesler,ea) = fai(es, 1)@ faa(es, €2),
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wherethefactor fi1(e1, a), for instance, isthe contributing factor of a to e;.
We say that the following list of factors

f11(€17 0)7 f12(€17 5)7 f13(€17 0)7 f21(€27 0)7 f22(€27 5)7 f23(€27 0)7 f31(€37 61)7 f32(€37 62)7
P(a), P(b), and P(c) (6)

constitute a heterogeneous factorization of P(a, b, ¢, e1, e2, e3) because the joint probability can be
obtained by combining those factors in a proper order using either multiplication or the operator .
Theword heterogeneousisto signify the fact that different factor pairs might be combined in differ-
ent ways. We call each f;; a heterogeneous factor because it needs to be combined with the other
fir’s by the operator @ before it can be combined with other factors by multiplication. In contrast,
we call the factors P(a), P(b), and P(c) homogeneousfactors.

We shall refer to that heterogeneousfactorization as the heterogeneous factorization represented
by the BN in Figure 1. It is obviousthat this heterogeneous factorization is of finer grain than the
homogeneous factorization represented by the BN.

6. Flexible Heterogeneous Factorizations and Deputation

Thispaper extendsVE to exploit thisfiner-grain factorization. Wewill computetheanswer to aquery
by summing out variables one by one from the factorization just aswedid in VE.

The correctness of VE is guaranteed by the fact that factors in a homogeneous factorization can
be combined (by multiplication) in any order and by the distributivity of multiplication over sum-
mations (see the proof of Theorem 1).

Accordingto Proposition 3, the operator @ isdistributiveover summations. However, factorsin
a heterogeneousfactorization cannot be combined in arbitrary order. For example, consider the het-
erogeneousfactorization (6). Whileit iscorrect to combine f; (e, a) and fi2(eq, b) using®, and to
combine fs; (es, €1) and fsz(es, e2) USing @, it isnot correct to combine fi1(e1, a) and fs;(es, e1)
with ®. We want to combine these latter two by multiplication, but only after each has been com-
bined with its sibling heterogeneous factors.

To overcome this difficulty, a transformation called deputation will be performed on our BN.
The transformation does not change the answers to queries. And the heterogeneous factorization
represented by the transformed BN is flexiblein the following sense:

A heterogeneous factorization of ajoint probability is flexibleif:

Thejoint probability
= multiplication of all homogeneousfactors
x combination (by @) of all heterogeneous factors. @)

This property allows us to carry out multiplication of homogeneous factors in arbitrary order,
and since @ is associative and commutative, combination of heterogeneous factors in arbitrary or-
der. If the conditions of Proposition 4 are satisfied, we can also exchange a multiplication with a
combination by ©. To guarantee the conditions of Proposition 4, the elimination ordering needs to
be constrained (Sections 7 and 8).

Theheterogeneousfactorizationof P(a, b, ¢, e1, e2, €3) givenat theend of the previoussectionis
not flexible. Consider combining all the heterogeneousfactors. Sincetheoperator & iscommutative
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Figure2: The BN in Figure 1 after the deputation of convergent variables.

and associative, one can first combine, for each ¢, al the f;;’s, obtaining the conditiona probability
of e;, and then combine the resulting conditional probabilities. The combination

P(61|a7b7C)®P(€2|a7b70)®P(63|61762)
is not the same as the multiplication
Pler]a, b, c)P(es]a, b, c) Pesle, e2)

because the convergent variables e; and e, appear in more than one factor. Conseguently, equation
(7) does not hold and the factorization is not flexible. This problem arises when a convergent vari-
able is shared between two factors that are not siblings. For example, we do not want to combine
fi1(e1,a) and fs1(es, e1) using @. In order to tackle this problem we introduce a new ‘ deputation’
variable so that each heterogeneous factor contains a single convergent variable.

Deputation is atransformation that one can apply to aBN to make the heterogeneous factoriza-
tion represented by the BN flexible. Let e be a convergent variable. To depute e isto make a copy
¢’ of e, make the parents of e be parents of ¢’, replace e with ¢’ in the contributing factors of ¢, make
¢’ the only parent of e, and set the conditional probability P(e|e’) asfollows:

n_ )1 ife=¢
Plele’) = { 0 otherwise ®)

We shall call ¢’ the deputy of e. The deputy variable e’ isa convergent variable by definition. The
variable e, which is convergent before deputation, becomes a regular variable after deputation. We
shall refer to it as anew regular variable. In contrast, we shall refer to the variables that are regular
before deputation as old regular variables. The conditional probability P(e’|e) is ahomogeneous
factor by definition. 1t will sometimes be called the deputing function and writtenas I (¢, €) sinceit
ensures that ¢’ and e aways take the same value.

A deputation BN isobtained from aBN by deputing all the convergent variables. |n adeputation
BN, deputy variables are convergent variables and only deputy variables are convergent variables.
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Figure 2 shows the deputation of the BN in Figure 1. It factorizes the joint probability
P(a,b,c, e, €, 2, €5, e3, eg)
into homogeneous factors
P(a), P(b), P(c), I1(e}, e1), I2(€}, e2), I3(e5, e3),
and heterogeneous factors

f11(€/17 a), f12(€/17 b), f13(€/17 c), f21(€/27 a), f22(€/27 b), f23(€/27 c), f31(€§7 €1), f32(€§7 €3).
Thisfactorization has three important properties.

1. Each heterogeneousfactor containsone and only one convergent variable. (Recall that thee;’s
are no longer convergent variables and their deputies are.)

2. Each convergent variable ¢’ appears in one and only one homogeneous factor, namely the
deputing function I (€’, e).

3. Except for the deputing functions, none of the homogeneous factors contain any convergent
variables.

Those properties are shared by the factorization represented by any deputation BN.
Proposition 5 The heterogeneous factorization represented by a deputation BN is flexible.

Proof: Consider the combination, by ), of al the heterogeneousfactorsin the deputation BN. Since
the combination operator & iscommutative and associative, we can carry out the combinationinfol-
lowing two steps. First for each convergent (deputy) variable ¢’, combineall the heterogeneousfac-
torsthat containe’, yielding the conditional probability P(e’|x./) of ¢’. Then combinethoseresulting
conditional probabilities. It followsfrom the first property mentioned above that for different con-
vergent variables e’ and €3, P(e} |, ) and P(e3|r.; ) do not share convergent variables. Hence the
combination of the P(¢’|r.)’s is just the multiplication of them. Consequently, the combination,
by ®, of al heterogeneous factors in a deputation BN is just the multiplication of the conditional
probabilities of all convergent variables. Therefore, we have

Thejoint probability of variablesin a deputation BN
= multiplication of conditional probabilitiesof all variables
= multiplication of conditional probabilitiesof all regular variables
x multiplication of conditional probabilitiesof all convergent variables
= multiplication of all homogeneousfactors
x combination (by ©) of al heterogeneous factors.

The propositionis hence proved. O
Deputation does not change the answer to aquery. More precisely, we have

Proposition 6 The posterior probability P( X |Y =Y;) isthesamein a BN asinits deputation.
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Proof: Let R, I/, and F’ be the lists of old regular, new regular, and deputy variables in the dep-
utation BN respectively. It suffices to show that P(R, F) is the same in the original BN as in the
deputation BN. For any new regular variablee, let ¢’ beitsdeputy. It iseasy to see that the quantity
Yo I(€,e)P(€'|mer) inthe deputation BN isthe same as P(e|x.) inthe original BN. Hence,

P(R, F) inthe deputation BN
= > P(R,E,E

=
= > _II Perim) [T [P(elme) P(€'|7er)]

E' reR eely

= [I Peim) TIRC1(¢ ) P(e|men)]

reR eel ¢

= H P(r|m,) H P(e|r.)
reR e€ll

= P(R,F)intheorigina BN.

The propositionis proved. O

7. Tidy Heterogeneous Factorizations

So far, we have only encountered heterogeneousfactorizationsthat correspond to Bayesian networks.
In the following a gorithm, the intermediate heterogeneous factorizations do not necessarily corre-
spond by BNs. They do have the property that they combine to form the appropriate margina prob-
abilities. Thegeneral intuitionisthat the heterogeneous factors must combinewith their sibling het-
erogeneous factors before being multiplied by factors containing the original convergent variable.

In the previous section, we mentioned three properties of the heterogeneous factorization repre-
sented by a deputation BN, and we used the first property to show that the factorization is flexible.
The other two properties qualify the factorization as atidy heterogeneousfactorization, which isde-
fined below.

Let zy, 29, ..., z; be alist of variables in a deputation BN such that if a convergent (deputy)
variablee’ isin{zy, 29, ..., 21}, S0 isthe corresponding new regular variable e. A flexible hetero-
geneous factorization of P(z1, 23, . .., z;) issaid to be tidy If

1. Foreach convergent (deputy) variablee’ {1, zs, . . ., 21 }, thefactorization containsthe deput-
ing function 7 (¢’, €) and it is the only homogeneous factor that involvese’.

2. Except for the deputing functions, none of the homogeneous factors contain any convergent
variables.

As stated earlier, the heterogeneous factorization represented by a deputation BN istidy.
Under certain conditions, to be givenin Theorem 3, onecan obtainatidy factorizationof P(zz, ..., zx)
by summing out z; from atidy factorization of P(z1, z3, . . ., z;) using the the following procedure.

Procedure sum out 1(F;, F3, 2)

e Inputs: F; — A list of homogeneous factors,
Fo — A list of heterogeneousfactors,
z— A variable.
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e Output: A list of heterogeneous factors and a list of homogeneous factors.

1. Remove from F; al the factors that contain z, multiply them resulting in, say, f.
If there are no such factors, set f=ni | .

2. Removefrom F, al thefactorsthat contain =z, combinethem by using @ resulting
in, say, ¢. If there are no such factors, set g=ni | .

3. If g=ni | , add the new (homogeneous) factor . f to F;.
4. Else add the new (heterogeneous) factor > . fg¢ to F;.
5. Return (]:17 ]:2)

Theorem 3 Supposeallist of homogeneousfactors.7; and alist of heterogeneousfactors ., consti-
tute a tidy factorizationof P(z, 22, . .., z). If z; iseither a convergent variable, or an old regular
variable, or a new regular variable whose deputy isnot inthelist {z, . . ., z; }, then the procedure
sum out 1(Fy, Fy, z1) returnsatidy heterogeneousfactorization of P(z, ..., zx).

The proof of thistheorem is quite long and hence is given in the appendix.

8. Causal Independence and Inference

Our task is to compute P(X|Y=Yp) in a BN. According to Proposition 6, we can do thisin the
deputation of the BN.

An elimination ordering consisting of the variables outside X UY islegitimate if each deputy
variable ¢’ appears before the corresponding new regular variable e. Such an ordering can be found
using, with minor adaptations, minimum deficiency search or maximum cardinality search.

Thefollowing algorithm computes P (X |Y =Y;) inthe deputation BN. It iscalled VE, because
it isan extension of VE.

Procedure VEq (F1, F3, X, Y, Yo, p)

e Inputs: F; — Thelist of homogeneous factors
in the deputation BN;
Fy — Thelist of heterogeneous factors
in the deputation BN;
X — Alist of query variables,
Y — A list of observed variables;
Yo — The corresponding list of observed values;
p — A legitimate elimination ordering.

e Output: P(X|Y=Yp).

1. Set the observed variablesin all factors to their observed values.
2. While p isnot empty,

e Remove thefirst variable = from p.
o (F1,F3) =sumout 1(Fy, Fs, z). Endwhile
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3. Set h=mulltiplication of dl factorsin F;
x combination (by ®) of al factorsin 7.
[* hisafunction of variablesin X. */

4. Return h(X)/ >~ x h(X). I* renormalization */
Theorem 4 Theoutput of VEq (F1, F, X, Y, Yo, p) isindeed P(X|Y=Yp).

Proof: Consider the following modificationsto the algorithm. First remove step 1. Then the factor
h produced at step 3 is afunction of variablesin X and Y. Add a new step after step 3 that sets
the observed variablesin h to their observed values. We shall first show that the modifications do
not change the output of the agorithm and then show that the output of the modified algorithm is
P(X|Y=Yp).

Let f(y,—),9(y,—),and h(y, z, —) bethreefunctionsof y and other variables. It isevident that

FW, =), —y=a = f(¥, =) y=a9(y, =) |y=a;
Zh yv ) |y =a = Z[h(yvzv _)|y=a]'

z

If y isaregular variable, we also have

F, =)0y, =)y=a = ¥ =) ly=a@9 (Y, =)|y=a-

Consequently, the modifications do not change the output of the procedure.
Sincetheeliminationordering p islegitimate, it isawaysthe case that if adeputy variable e’ has
not been summed out, neither has the corresponding new regular variable e. Let zq, ..., z; bethere-
maining variablesin p at any timeduring the execution of the algorithm. Then, ¢’€{z1, ..., 21} im-
pliesec{z, ..., z;}. Thisand thefact that the factorization represented by a deputation BN istidy
enableusto repeatedly apply Theorem 3 and concludethat, after the modifications, thefactor created
at step 3issimply the marginal probability P(.X,Y). Consequently, the outputis P(X |Y=Yp). O

8.1 An Example

ThissubsectionillustratesvE, by walkingthroughanexample. Consider computingthe P(ez|e3=0)
in the deputation Bay%ian network shown in Figure 2. Suppose the elimination ordering p is. a, b,
¢, €], €y, e, and e5. After thefirst step of VE1,
Fr=A{P(a), P(b), P(c), (€}, €1), I2(€h, €3), I3(e5, e3=0) },
T2 ={fuler. a), fra(€l,b), fisler, o), faileh, a), f22(€3, ), fasler, ©), foi(eh, €1), faa(es, €2)}
Now the procedure enters the while-loop and it sums out the variablesin p one by one.

After summing out «,
Fir=AP(b), P(c), (€}, €1), I2(€3, €2), I3(eh, 3=0) },
T2 = {fi2(e1,0), fis(el, ), f22(€3,b), fas(e, €), fai(eh, 1), faa(es, e), P (e, €3)},
where vy (€, €5) = 3=, P(a) fui(€), a) fai(e, a).

After summing out b,
Fir=A{P(c), (€, e1), Iz(€y, €2), I3(e5, €3=0) },
Fay = {fia(e}, o), f23(€27 c), fa1(e5, €1), faa(es, €2), (el €3), valer, e5) },
where (¢, ) = 30, P(0) fr2(€}. b) faaleh, b).
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After summing out ¢,
fl = {11(6/17 61)7 12(6/27 62)7 13(657 63:0)}7
]:2 = {f31(€év 61)7 f32(€év 62)7 ¢1(6/17 6/2)7 ¢2(6/17 6/2)7 ¢3(6/17 6/2)}7
where ¢ (e, €5) = 3. P(c) faz(€h, ¢) fia(el, ¢).
After summing out ¢/,
fl = {12(6/27 62)7 13(657 63:0)}7
Fo = {[fs1(e5, 1), faa(eh, €2), Paler, €5)},
where vy (e1, €5) = 3o Ti(€f, e1)[r(eh, €5) @12 (eq, €3)@ts(ef, e5)].
After summing out ¢},
F1 = {Is(e3,e3=0)},
Fo = {fs1(e5, €1), faa(eh, €2), ¥5(e1, €2)},
where ¢5 (617 62) = Zeé 12(6/27 62)¢4(617 6/2)
After summing out ey,
Fi = {Is(e3, e3=0)},
Fy = {fsales, €2), vs(es, €2) },
where 1 (e5, €2) = de J31(e5, e1)¥s(er, €2).
Finally, after summing out €%,
]:1 = ®7
Fy = {tbr(e2) },
wherer(e2) = 3o I3(€5, €3=0)[f32(€5, €2)@16(€5, €2)]. Now the procedureentersstep 3, where
there is nothing to do in this example. Finaly, the procedure returns z(ez)/ 3", ¥7(e2), whichis
P(e3]e3=0), therequired probability.

8.2 Comparing VE and VEq

In comparing VE and VEq, we notice that when summing out a variable, they both combine only
those factors that contain the variable. However, the factorization that the latter works with is of
finer grain than the factorization used by theformer. In our running example, thelatter workswith a
factorization which initially consists of factors that contain only two variables; while the factoriza-
tion the former usesinitially includefactors that contain five variables. On the other hand, the | atter
usesthe operator @ which is more expensive than multiplication. Consider, for instance, calculating
fle,a)®g(e, b). Suppose e is a convergent variable and all variables are binary. Then the opera-
tion requires 2* numerical multiplicationsand 2 — 22 numerical summations. On the other hand,
multiplying f (e, a) and g (e, b) only requires 2> numerical multiplications.

Despite the expensiveness of the operator @, VEq is more efficient than VE. We shall provide
empirical evidencein support of thisclaimin Section 10. To seeasimple examplewherethisistrue,
consider the BN in Figure 3(1), where ¢ is a convergent variable. Suppose all variables are binary.
Then, computing P(e) by VE using the elimination ordering ¢, ¢z, 3, and ¢, requires 2° + 24 +
2% 4 22=60 numerical multiplicationsand (2° — 2%) + (2% — 2%) 4+ (2° — 2?) + (2% — 2)=30
numerical additions. On the other hand, computing P(e) inthe deputation BN shownin Figure 3(2)
by VEq using the elimination ordering ¢y, ¢, ¢3, ¢4, and €’ requires only 2% 4 22 + 2% 4 22 +
(3x2% 4 2%)=32 numerical multiplicationsand 2 + 2 + 2 + 2+ (3x2 + 2)=16 numerical additions.
Note that summing out ¢’ requires 3 x 22 4 22 numerical multiplications because after summing out
¢;'s, there are four heterogeneous factors, each containing the only argument ¢’. Combining them
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Figure 3: A BN, itsdeputation and transformations.

pairwiserequires 3 x 22 multiplications. Theresultant factor needsto be multipliedwith the deputing
factor I(e’, e), which requires 22 numerical multiplications.

9. Previous M ethods

Two methods have been proposed previously for exploiting causal independence to speed up infer-
encein general BNs (Olesen et al., 1989; Heckerman, 1993). They both use causal independenceto
transform the topology of a BN. After the transformation, conventional algorithms such as CTP or
VE are used for inference.

We shall illustratethose methods by using the BN in Figure 3(1). Let + be the base combination
operator of ¢, let &; denote the contribution of ¢; toe, and let f; (e, ¢;) be the contributing factor of ¢;
toe.

Theparent-divorcing method (Olesen et al ., 1989) transformsthe BN into theonein Figure 3(3).
After the transformation, al variables are regular and the new variables e; and e, have the same
possiblevalues as e. The conditiona probabilitiesof ¢; and e, are given by

P(€1|Ch02):f1(€701)®f2(6702)7

Plesles, ca)=fs(e, c3)@ fale, ca).
The conditional probability of e isgiven by

Ple=aley=a1, ea=a3) = 1 if a=ar*az,

for any value o of ¢, ay of ey, and o, oOf e5. We shall use PD to refer to the algorithm that first
performs the parent-divorcing transformation and then uses vVE for inference.
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Thetemporal transformation by Heckerman (1993) convertsthe BN into the onein Figure 3(4).
Again al variables are regul ar after the transformation and the newly introduced variables have the
same possiblevaues as e. The conditional probability of e; isgiven by

Pley=aler) = fil&i=a, 1),

for each value « of e;. For :=2, 3, 4, the conditiona probability of ¢; (e, standsfor ¢) isgiven by

Ple=aleisi=ar,¢) = > file=az,¢),

kA=

for each possiblevalue « of ¢; and oy of e;_1. We shall use TT to refer to the algorithm that first
performs the temporal transformation and then uses VE for inference.

The factorization represented by the original BN includes a factor that contain five variables,
while factorsin the transformed BNs contain no more than three variables. In genera, the transfor-
mations lead to finer-grain factorizations of joint probabilities. Thisiswhy PD and TT can be more
efficient than VE .

However, PD and TT are not as efficient as VE . We shall provideempirical evidencein support
of thisclaimin the next section. Here weillustrateit by considering calculating P(e). Doing thisin
Figure 3(3) by VE using the elimination ordering ¢, ca, c3, ¢4, €1, and e, would require 2 + 2% 4
23 + 22 4 23 4 22=36 numerical multiplicationsand 18 numerical additions.®> Doing the same in
Figure 3(4) using the elimination ordering cy, €1, ca, €3, c3, 3, ¢4 Would require 22 4 23 + 22 4
23 + 22 1+ 23 4 22=40 numerical multiplicationsand 20 numerical additions. In both cases, more
numerical multiplications and additions are performed than VE4 . The differences are more drastic
in complex networks, as will be shown in the next section.

The saving for this example may seem margina. It may be reasonable to conjecture that, as
Oleson’smethod produces familieswith three el ements, this marginal savingisall that we can hope
for; producing factors of two elements rather than cliques of three elements. However, interacting
causal variables can make the difference more extreme. For example, if we were to use Oleson’s
method for the BN of Figure 1, we produce® the network of Figure 4. Any triangulation for this
network has at |east one clique with four or more elements, yet VE, does not produce a factor with
more than two elements.

Notethat asfar as computing P(e) inthe networksshownin Figure 3 isconcerned, VEq ismore
efficient than PD, PD is more efficient than TT, and TT is more efficient than vVE. Our experiments
show that thisistruein general.

5. Thisis exactly the same number of operations required to determine P(e) using clique-tree propagation on the same
network. Thecliquetreefor Figure 3(3) hasthreecliques, onecontaining{c1, c2, e1 }, onecontaining{cs, c4, e2 }, and
oncecontaining {e1, e2, ¢ }. Thefirst clique contains8 elements; to construct it requires2? 4+-2° = 12 multiplications.
The message that needs to be sent to the third cliqueis the marginal on e; which is obtained by summing out ¢; and
c2. Similarly for thesecondclique. Thethird clique again has 8 elementsand requires 12 multiplications to construct.
In order to extract P(e) from thisclique, weneedto sumout e; ande2. Thisshown onereasonwhy vEq canbemore
efficient that CTP or VE; VE4 never constructs a factor with three variables for this example. Note however, that an
advantage of CTPis that the cost of building the cliques can be amortized over many queries.

6. Note that we need to produce two variables both of which represent “noisy” a  b. We need two variables asthe noise
applied in each caseis independent. Note that if there was no noise in the network — if e1 = a * b x ¢ — we only
need to create one variable, but also e; and e, would be the same variable (or at |east be perfectly correlated). In this
case we would need a more complicated example to show our point.
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Figure 4: Theresult of Applying Oleson’s method to the BN of Figure 1.

10. Experiments

The CPCS networks are multi-level, multi-valued BNs for medicine. They were created by Pradhan
et al. (1994) based on the Computer-based Patient Case Simulation system (CPCS-PM) devel oped
by Parker and Miller (1987). Two CPCS networks’ were used in our experiments. One of them
consists of 422 nodes and 867 arcs, and the other contains 364 nodes. They are among the largest
BNsin use at the present time.

The CPCS networks contain abundant causal independencies. As amatter of fact, each non-root
variableisaconvergent variable with base combination operator MAX. They are good test cases for
inference algorithms that exploit causal independencies.

10.1 CTP-based Approaches versusVE-based Approaches

Aswe have seen in the previous section, one kind of approach for exploiting causal independencies
isto usethem to transform BNs. Thereafter, any inference algorithms, including CTP or VE, can be
used for inference.

We found the coupling of the network transformation techniques and CTP was not ableto carry
out inference in the two CPCS networks used in our experiments. The computer ran out memory
when constructing clique trees for the transformed networks. Aswill be reported in the next subsec-
tion, however, the combination of the network transformation techniquesand v E was ableto answer
many queries.

This paper has proposed a new method of exploiting causal independencies. We have observed
that causal independencies lead to a factorization of a joint probability that is of finer-grain than
the factorization entailed by conditiona independencies alone. One can extend any inference al-
gorithms, including CTP and VE, to exploit this finer-grain factorization. This paper has extended
VE and obtained an agorithm called VEq. VEq was able to answer aimost all queries in the two
CPCS networks. We conjecture, however, that an extension of CTP would not be able to carry out
inference with the two CPCS networks at all. Because the resourcesthat VE4 takesto answer any
query in aBN can be no more than those an extension of CTP would take to construct aclique tree

7. Obtained from ftp://cam s. st anford. edu/ pub/ pradhan. The file names are CPCS- LM SM KO-
V1. 0.t xt and CPCS- net wor ks/ st d1. 08. 5.
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Figure 5: Comparisonsin the 364-node BN.

for the BN and there are, as will be seen in the next subsection, queriesin the two CPCS networks
that VEq1 was not able to answer.

In summary, CTP based approaches are not or would not be able to deal with the two CPCS
networks, while vE-based approaches can (to different extents).

10.2 Comparisonsof vE-based Approaches

This subsection provides experimental data to compare the vE-based approaches namely PD, TT,
and VE1. We aso compare those approaches with VE itself to determine how much can be gained
by exploiting causal independencies.

In the 364-node network, three types of queries with one query variable and five, ten, or fifteen
observations respectively were considered. Fifty queries were randomly generated for each query
type. A query ispassedtothea gorithmsafter nodesthat areirrelevant toit have been pruned. Ingen-
eral, more observations mean less irrelevant nodes and hence greater difficulty to answer the query.
The CPU times the algorithms spent in answering those queries were recorded.

In order to get statistics for all algorithms, CPU time consumption was limited to ten seconds
and memory consumption was limited to ten megabytes.

The statistics are shown in Figure 5. In the charts, the curve “5vel”, for instance, displaysthe
time statisticsfor VEq on queries with five observations. Points on the X-axis represent CPU times
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Figure 6: Comparisonsin the 422-node BN.

in seconds. For any time point, the corresponding point on the Y-axis represents the number of five-
observation queries that were each answered within thetime by VE1 .

We see that while VE{ was able to answer all the queries, PD and TT were not able to answer
some of the ten-observation and fifteen-observation queries. VE was not able to answer a mgjority
of the queries.

To get afeeling about the average performances of thea gorithms, regard the curves asrepresent-
ing functionsof y, instead of . Theintegration, aong the Y -axis, of the curve“10PD”, for instance,
is roughly the total amount of time PD took to answer all the ten-observation queries that PD was
ableto answer. Dividingthisby thetotal number of queries answered, one getsthe averagetime PD
took to answer aten-observation query.

It is clear that on average, VEq performed significantly better than PD and TT, which in turn
performed much better than vE. The average performance of PD on five- or ten-observation queries
are roughly the same as that of TT, and dlightly better on fifteen-observation queries.

In the 422-node network, two types of querieswith five or ten observationswere considered and
fifty queries were generated for each type. The same space and time limits were imposed asin the
364-node networks. Moreover, approximations had to be made; real numbers smaller than 0.00001
were regarded as zero. Since the approximations are the same for all algorithms, the comparisons
arefair.

The statisticsare shown in Figure 6. The curves “5vel” and “10vel” are hardly visible because
they are very closeto the Y -axis.

Again we see that on average, VEq performed significantly better than PD, PD performed sig-
nificantly better than TT, and TT performed much better than VE.

Onemight noticethat TT was able to answer thirty nine ten-observation queries, more than that
VE4 and PD were ableto. Thisisdueto the limit on memory consumption. Aswe will seein the
next subsection, with the memory consumption limit increased to twenty megabytes, VE| was able
to answer forty five ten-observation queries exactly under ten seconds.

10.3 Effectiveness of VEq

We have now established that VEq is the most efficient vE-based algorithm for exploiting causal
independencies. In this section we investigate how effective VE1 is.
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Figure 7. Time statisticsfor VE1 .

Experiments have been carried out in both of thetwo CPCS networksto answer thisquestion. In
the 364-node network, four types of querieswith one query variable and five, ten, fifteen, or twenty
observations respectively were considered. Fifty queries were randomly generated for each query
type. The statisticsof thetimesVE took to answer those queriesare given by theleft chartin Figure
7. When collecting the statistics, a ten MB memory limit and a ten second CPU time limit were
imposed to guide against excessive resource demands. We see that all fifty five-observation queries
in the network were each answered in less than half a second. Forty eight ten-observation queries,
forty five fifteen-observation queries, and forty twenty-observation queries were answered in one
second. Thereis, however, one twenty-observation query that VE, was not able to answer within
the time and memory limits.

In the 364-node network, three types of queries with one query variable and five, ten, or fifteen,
observations respectively were considered. Fifty queries were randomly generated for each query
type. Unlike in the previous section, no approximationswere made. A twenty MB memory limit
and aforty-second CPU time limit were imposed. Thetime statisticsis shown in theright hand side
chart. We see that VEq was able to answer all most al queries and a mgjority of the queries were
answered inlittletime. There are, however, three fifteen-observation queries that VE1 was not able
to answer.

11. Conclusions

This paper has been concerned with how to exploit causal independencein exact BN inference. Pre-
vious approaches (Olesen et al., 1989; Heckerman, 1993) use causal independencies to transform
BNs. Efficiency is gained because inference is easier in the transformed BNs than in the origina
BNs.

A new method has been proposed in this paper. Here isthe basic idea. A Bayesian network
can be viewed as representing afactorization of ajoint probability into the multiplication of alist of
conditional probabilities. We have studied anotion of causal independencethat enablesoneto further
factorize the conditional probabilitiesinto a combination of even smaller factors and consequently
obtain afiner-grain factorization of the joint probability.

We propose to extend inference agorithms to make use of this finer-grain factorization. This
paper has extended an algorithm called VE. Experiments have shown that the extended VE ago-
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rithm, VEq, issignificantly more efficient than if onefirst performs Olesen et al.’s or Heckerman's
transformation and then apply VE.

Thechoice of VE instead of themorewidely known CTP algorithmisduetoitsability towork in
networksthat CTP cannot deal with. Asamatter of fact, CTP was not able to deal withthe networks
used in our experiments, even after Olesen et al.’sor Heckerman’ stransformation. Ontheother hand,
VEq was able to answer almost al randomly generated queries with and a majority of the queries
were answered in little time. 1t would be interesting to extend CTP to make use of the finer-grain
factorization mentioned above.

Aswe have seen in the previous section, there are queries, especialy in the 422-node network,
that took VEq along time to answer. There are also queriesthat VEq was not able to answer. For
those queries, approximationis amust. We employed an approximation technique when comparing
algorithmsinthe422-nodenetwork. Thetechniquecaptures, to someextent, the heuristicof ignoring
minor distinctions. In future work, we are devel oping away to bound the error of the technique and
an anytime algorithm based on the technique.
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Appendix A. Proof of Theorem 3

Theorem 3 Supposealist of homogeneousfactors 7 and alist of heterogeneousfactors 7, consti-
tute atidy factorization of P(z1, 23, ..., zx). If z1 iseither aconvergent variable, or an old regular
variable, or a new regular variable whose deputy isnot in thelist {z,, .. ., zx}, then the procedure
sum out 1(Fy, Fs, z1) returns atidy heterogeneous factorization of P(zo, ..., zx).

Proof: Suppose f1, ..., f- aredl the heterogeneous factorsand ¢y, ..., g, are al the homogeneous
factors. Also suppose f1, ..., f1, 91, .-, g @edl thefactorsthat contain z;. Then

P(zy, ..., 2zx) = ZP(zl,ZQ,...,zk)
z1
= 2 fi Il s
21 =1

= Z[(®§:1fj)®(®;:l+1fj)]ﬁgi f[ gi

K2 =1 i=m-+1
= S I@fi [199) @ @5 i) 11 9 9)
21 =1 1=m+1
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= (e i [T @ @ )] TI 9 (10)
21 =1

i=m+1

where equation (10) is dueto Proposition 3. Equation (9) isfollowsfrom Proposition4. Asamatter
of fact, if z; isa convergent variable, then it is the only convergent variablein [T/~ ¢g; due to the
first condition of tidiness. The condition of Proposition 4 is satisfied because z; does not appear
in fi+1, ..., fr. Ontheother hand, if z; isan old regular variable or a new regular variable whose
deputy doesnot appear inthelist 2o, ..., 2, then /2, ¢; containsno convergent variablesdueto the
second condition of tidiness. Again the condition of Proposition 4 is satisfied. We have thus proved
that sum out 1(F;, F3, #1) yieldsaflexible heterogeneous factorization of P(z,, ..., k).

Let e’ beaconvergentvariableinthelist zo, ..., zx. Then z; cannot bethe corresponding new reg-
ular variablee. Hencethefactor /(¢€’, ) isnot touchedby sum out 1(Fy, F3, z1). Consequently, if
we can show that the new factor created by sum out 1(F;, F3, z1) iseither aheterogeneous factor
or ahomogeneous factor that contain no convergent variable, then the factorization returned istidy.

Supposesum out 1(F;, Fs, z1) does not create anew homogeneous factor. Then no heteroge-
neousfactorsin F, contain z;. If z; isaconvergent variable, say ¢’, then (€', €) isthe only homo-
geneous factor that contain e’. The new factor is>",, I (€', e), which does contain any convergent
variables. If z; isan old regular variable or anew regular variable whose deputy isnotin thelist 2,
..., z, dl thefactors that contain z; do not contain any convergent variables. Hence the new factor
again does not contain any convergent variables. The theorem isthus proved. O
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