
Journalof Artificial IntelligenceResearch12 (2000)149–198 Submitted11/99;published3/00

A Model of Inducti veBiasLearning

JonathanBaxter JONATHAN.BAXTER@ANU.EDU.AU

Research Schoolof InformationSciencesandEngineering
Australian NationalUniversity, Canberra 0200,Australia

Abstract

A majorproblemin machinelearningis thatof inductive bias: how to choosea learner’s hy-
pothesisspacesothatit is largeenoughto containa solutionto theproblembeinglearnt,yet small
enoughto ensurereliablegeneralizationfrom reasonably-sizedtrainingsets.Typically suchbiasis
suppliedby handthroughtheskill andinsightsof experts.In this papera modelfor automatically
learningbiasis investigated.Thecentralassumptionof themodelis that the learneris embedded
within anenvironmentof relatedlearningtasks.Within suchanenvironmentthelearnercansample
from multiple tasks,andhenceit cansearchfor a hypothesisspacethatcontainsgoodsolutionsto
many of the problemsin the environment. Undercertainrestrictionson the setof all hypothesis
spacesavailableto thelearner, weshow thatahypothesisspacethatperformswell onasufficiently
large numberof training taskswill alsoperformwell whenlearningnovel tasksin the sameen-
vironment. Explicit boundsarealsoderiveddemonstratingthat learningmultiple taskswithin an
environmentof relatedtaskscanpotentiallygive muchbettergeneralizationthanlearninga single
task.

1. Intr oduction

Often the hardestproblemin any machinelearningtaskis the initial choiceof hypothesisspace;
it hasto be large enoughto containa solutionto theproblemat hand,yet smallenoughto ensure
goodgeneralizationfrom a small numberof examples(Mitchell, 1991). Oncea suitablebiashas
beenfound, the actuallearningtask is often straightforward. Existing methodsof biasgenerally
requiretheinput of a humanexpert in theform of heuristicsanddomainknowledge(for example,
throughtheselectionof anappropriatesetof features).Despitetheir successes,suchmethodsare
clearly limited by theaccuracy andreliability of theexpert’s knowledgeandalsoby theextent to
which thatknowledgecanbetransferredto thelearner. Thusit is naturalto searchfor methodsfor
automaticallylearningthebias.

In this paperwe introduceand analyzea formal model of bias learning that builds upon
the PAC model of machinelearning and its variants (Vapnik, 1982; Valiant, 1984; Blumer,
Ehrenfeucht,Haussler, & Warmuth, 1989; Haussler, 1992). Thesemodels typically take the
following generalform: the learner is suppliedwith a hypothesisspace

�
and training data�������	��

����
��������������	������������� drawn independentlyaccordingto someunderlyingdistribution �

on �! �" . Basedon the informationcontainedin � , the learner’s goal is to selecta hypothesis#%$ �'&(" from
�

minimizing somemeasure)�*�+ � # � of expectedlosswith respectto � (for ex-
ample,in thecaseof squaredloss )�*�+ � # � $ �-,/.1032 46587 + � # �	�9�;:<�=�?> ). In suchmodelsthe learner’s
biasis representedby thechoiceof

�
; if
�

doesnot containa goodsolutionto theproblem,then,
regardlessof how muchdatathelearnerreceives,it cannotlearn.

Of course,thebestway to biasthelearneris to supplyit with an
�

containingjust a singleop-
timal hypothesis.But findingsuchahypothesisis preciselytheoriginal learningproblem,soin the
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PAC modelthereis no distinctionbetweenbiaslearningandordinarylearning.Or put differently,
thePAC modeldoesnotmodeltheprocessof inductive bias,it simply takesthehypothesisspace

�
asgivenandproceedsfrom there.To overcomethis problem,in this paperwe assumethat instead
of beingfacedwith just a singlelearningtask,the learneris embeddedwithin an environmentof
relatedlearningtasks.Thelearneris suppliedwith a familyof hypothesisspacesA �B� � � , andits
goal is to find a bias(i.e. hypothesisspace

�DC A ) that is appropriatefor theentireenvironment.
A simpleexampleis theproblemof handwrittencharacterrecognition.A preprocessingstagethat
identifiesandremovesany (small) rotations,dilationsandtranslationsof an imageof a character
will beadvantageousfor recognizingall characters.If thesetof all individual characterrecognition
problemsis viewedasanenvironmentof learningproblems(that is, thesetof all problemsof the
form “distinguish ‘A’ from all othercharacters”,“distinguish ‘B’ from all othercharacters”,and
so on), this preprocessorrepresentsa biasthat is appropriatefor all problemsin theenvironment.
It is likely that therearemany other currentlyunknown biasesthat arealsoappropriatefor this
environment.Wewould like to beableto learntheseautomatically.

Therearemany otherexamplesof learningproblemsthatcanbeviewedasbelongingto envi-
ronmentsof relatedproblems.For example,eachindividual facerecognitionproblembelongsto an
(essentiallyinfinite) setof relatedlearningproblems(all theotherindividual facerecognitionprob-
lems);thesetof all individual spokenword recognitionproblemsformsanotherlargeenvironment,
asdoesthesetof all fingerprintrecognitionproblems,printedChineseandJapanesecharacterrecog-
nition problems,stockpricepredictionproblemsandsoon. Evenmedicaldiagnosticandprognostic
problems,wherea multitudeof diseasesarepredictedfrom thesamepathologytests,constitutean
environmentof relatedlearningproblems.

In many casesthese“environments”arenot normallymodeledassuch;insteadthey aretreated
assingle,multiple category learningproblems.For example,recognizinga groupof faceswould
normally be viewed asa single learningproblemwith multiple classlabels(onefor eachfacein
thegroup),not asmultiple individual learningproblems.However, if a reliableclassifierfor each
individual face in the group can be constructedthen they can easily be combinedto producea
classifierfor the whole group. Furthermore,by viewing the facesas an environmentof related
learningproblems,the resultspresentedhereshow that bias can be learnt that will be good for
learningnovel faces,aclaim thatcannotbemadefor thetraditionalapproach.

This point goesto theheartof our model: we arenot not concernedwith adjustinga learner’s
biasso it performsbetteron somefixedsetof learningproblems. Sucha processis in fact just
ordinarylearningbut with a richerhypothesisspacein which somecomponentslabelled“bias” are
alsoableto bevaried.Instead,wesupposethelearneris facedwith a(potentiallyinfinite) streamof
tasks,andthatby adjustingits biasonsomesubsetof thetasksit improvesits learningperformance
on future,asyetunseentasks.

Bias that is appropriatefor all problemsin an environmentmustbe learntby samplingfrom
many tasks. If only a single task is learnt then the biasextractedis likely to be specificto that
task. In therestof this paper, a generaltheoryof biaslearningis developedbasedupontheideaof
learningmultiple relatedtasks.Looselyspeaking(formal resultsarestatedin Section2), thereare
two mainconclusionsof thetheorypresentedhere:E Learningmultiplerelatedtasksreducesthesamplingburdenrequiredfor goodgeneralization,

at leaston anumber-of-examples-required-per-task basis.
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E Bias that is learnton sufficiently many training tasksis likely to begoodfor learningnovel
tasksdrawn from thesameenvironment.

The secondpoint shows that a form of meta-generalization is possiblein bias learning. Or-
dinarily, we saya learnergeneralizeswell if, after seeingsufficiently many training examples,it
producesa hypothesisthatwith high probabilitywill performwell on futureexamplesof thesame
task.However, abiaslearnergeneralizeswell if, afterseeingsufficiently many trainingtasksit pro-
ducesahypothesisspacethatwith highprobabilitycontainsgoodsolutionsto novel tasks.Another
termthathasbeenusedfor thisprocessis Learningto Learn(Thrun& Pratt,1997).

Our main theoremsarestatedin an agnosticsetting(that is, A doesnot necessarilycontaina
hypothesisspacewith solutionsto all theproblemsin theenvironment),but we alsogive improved
boundsin therealizablecase.Thesamplecomplexity boundsappearingin theseresultsarestated
in termsof combinatorialparametersrelatedto thecomplexity of thesetof all hypothesisspacesA
availableto thebiaslearner. For Booleanlearningproblems(patternclassification)theseparameters
arethebiaslearninganalogueof theVapnik-Chervonenkisdimension(Vapnik,1982;Blumeret al.,
1989).

As an applicationof the generaltheory, the problemof learningan appropriatesetof neural-
network featuresfor an environmentof relatedtasksis formulatedasa biaslearningproblem. In
thecaseof continuousneural-network featureswe areableto prove upperboundson thenumber
of training tasksandnumberof examplesof eachtraining taskrequiredto ensurea setof features
that works well for the training taskswill, with high probability, work well on novel tasksdrawn
from the sameenvironment. The upperboundon the numberof tasksscalesas F �HG�� where G is
a measureof the complexity of the possiblefeaturesetsavailable to the learner, while the upper
boundon the numberof examplesof eachtaskscalesas F �JILKMGON�PQ� where F �JIR� is the number
of examplesrequiredto learna taskif the“true” setof features(that is, thecorrectbias)is already
known, and P is thenumberof tasks.Thus,in this casewe seethatasthenumberof relatedtasks
learnt increases,the numberof examplesrequiredof eachtaskfor goodgeneralizationdecaysto
theminimumpossible.For Booleanneural-network featuremapswe areableto show a matching
lowerboundon thenumberof examplesrequiredpertaskof thesameform.

1.1 RelatedWork

Thereis a large body of previous algorithmicandexperimentalwork in themachinelearningand
statisticsliteratureaddressingtheproblemsof inductive biaslearningandimproving generalization
throughmultiple tasklearning.Someof theseapproachescanbeseenasspecialcasesof, or at least
closelyalignedwith, the modeldescribedhere,while othersaremoreorthogonal.Without being
completelyexhaustive, in thissectionwe presentanoverview of themaincontributions.SeeThrun
andPratt(1997,chapter1) for a morecomprehensive treatment.E Hierarchical Bayes. Theearliestapproachesto biaslearningcomefrom HierarchicalBayesian

methodsin statistics(Berger, 1985; Good,1980; Gelman,Carlin, Stern,& Rubim, 1995).
In contrastto the Bayesianmethodology, the presentpapertakes an essentiallyempirical
processapproachto modelingtheproblemof biaslearning.However, amodelusingamixture
of hierarchicalBayesianand information-theoretic ideaswas presentedin Baxter (1997a),
with similar conclusionsto thosefoundhere. An empiricalstudyshowing theutility of the
hierarchicalBayesapproachin adomaincontainingalargenumberof relatedtaskswasgiven
in Heskes(1998).
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E Early machinelearning work. In Rendell,Seshu,andTcheng(1987)“VBMS” or VariableBias
ManagementSystemwasintroducedasamechanismfor selectingamongstdifferentlearning
algorithmswhentacklinga new learningproblem. “STABB” or ShiftTo a BetterBias (Ut-
goff, 1986)wasanotherearlyschemefor adjustingbias,but unlike VBMS, STABB wasnot
primarily focussedon searchingfor biasapplicableto largeproblemdomains.Our useof an
“environmentof relatedtasks”in this papermay alsobe interpretedasan “environmentof
analogoustasks” in the sensethat conclusionsaboutonetaskcanbe arrived at by analogy
with (sufficiently many of) the othertasks. For an early discussionof analogyin this con-
text, seeRussell(1989,S4.3),in particulartheobservation that for analogousproblemsthe
samplingburdenper taskcanbereduced.E Metric-basedapproaches.The metric usedin nearest-neighbour classification,and in vector
quantizationto determinethenearestcode-bookvector, representsa form of inductive bias.
Using the model of the presentpaper, and undersomeextra assumptionson the tasksin
the environment(specifically, that their marginal input-spacedistributionsareidenticaland
they only differ in theconditionalprobabilitiesthey assignto classlabels),it canbe shown
that thereis an optimal metric or distancemeasureto usefor vectorquantizationandone-
nearest-neighbourclassification(Baxter, 1995a,1997b;Baxter& Bartlett,1998).Thismetric
canbe learntby samplingfrom a subsetof tasksfrom theenvironment,andthenusedasa
distancemeasurewhenlearningnovel tasksdrawn from thesameenvironment. Boundson
thenumberof tasksandexamplesof eachtaskrequiredto ensuregoodperformanceonnovel
tasksweregiven in BaxterandBartlett (1998),alongwith an experimentin which a metric
wassuccessfullytrainedonexamplesof asubsetof 400Japanesecharactersandthenusedas
afixeddistancemeasurewhenlearning2600asyet unseencharacters.

A similar approachis describedin Thrun and Mitchell (1995),Thrun (1996), in which a
neuralnetwork’s outputwastrainedto matchlabelson a novel task,while simultaneously
beingforcedto matchits gradientto derivativeinformationgeneratedfrom adistancemetric
trainedon previous, relatedtasks. Performanceon the novel tasksimproved substantially
with theuseof thederivative information.

Notethattherearemany otheradaptivemetrictechniquesusedin machinelearning,but these
all focusexclusively onadjustingthemetricfor afixedsetof problemsratherthanlearninga
metricsuitablefor learningnovel, relatedtasks(biaslearning).E Feature learning or learning internal representations.As with adaptive metric techniques,
therearemany approachesto featurelearningthatfocuson adaptingfeaturesfor a fixedtask
ratherthanlearningfeaturesto beusedin novel tasks.Oneof the few caseswherefeatures
have beenlearnton a subsetof taskswith theexplicit aim of usingthemon novel taskswas
IntratorandEdelman(1996)in which a low-dimensionalrepresentationwaslearntfor a set
of multiple relatedimage-recognitiontasksandthenusedto successfullylearnnovel tasksof
the samekind. Theexperimentsreportedin Baxter(1995a,chapter4) andBaxter(1995b),
BaxterandBartlett(1998)arealsoof thisnature.E Bias learning in Inducti veLogic Programming (ILP). Predicateinvention refers to the pro-
cessin ILP wherebynew predicatesthoughtto be useful for the classificationtaskat hand
areaddedto thelearner’s domainknowledge.By usingthenew predicatesasbackgrounddo-
mainknowledgewhenlearningnovel tasks,predicateinventionmaybeviewedasa form of
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inductivebiaslearning.Preliminaryresultswith thisapproachonachessdomainarereported
in Khan,Muggleton,andParson(1998).E Impr oving performanceon a fixed referencetask. “Multi-task learning” (Caruana, 1997)
trainsextra neuralnetwork outputsto matchrelatedtasksin orderto improve generalization
performanceonafixedreferencetask.Althoughthisapproachdoesnotexplicitly identify the
extra biasgeneratedby the relatedtasksin a way thatcanbeusedto learnnovel tasks,it is
anexampleof exploiting thebiasprovidedby asetof relatedtasksto improve generalization
performance.OthersimilarapproachesincludeSuddarthandKergosien(1990),Suddarthand
Holden(1991),Abu-Mostafa (1993).E Bias ascomputational complexity. In this paperwe considerinductive bias from a sample-
complexity perspective: how doesthelearntbiasdecreasethenumberof examplesrequiredof
novel tasksfor goodgeneralization?A naturalalternative line of enquiryis how therunning-
time or computationalcomplexity of a learningalgorithmmay be improved by training on
relatedtasks.Someearlyalgorithmsfor neuralnetworksin thisveinarecontainedin Sharkey
andSharkey (1993),Pratt(1992).E ReinforcementLearning. Many control taskscanappropriatelybe viewed aselementsof sets
of relatedtasks,suchas learningto navigate to different goal states,or learninga set of
complex motor control tasks. A numberof papersin the reinforcementlearningliterature
haveproposedalgorithmsfor bothsharingtheinformationin relatedtasksto improveaverage
generalizationperformanceacrossthosetasksSingh (1992),Ring (1995),or learningbias
from asetof tasksto improveperformanceonfuturetasksSutton(1992),ThrunandSchwartz
(1995).

1.2 Overview of the Paper

In Section2 the biaslearningmodelis formally defined,andthemain samplecomplexity results
aregivenshowing theutility of learningmultiple relatedtasksandthe feasibility of biaslearning.
Theseresultsshow thatthesamplecomplexity is controlledby thesizeof certaincoveringnumbers
associatedwith thesetof all hypothesisspacesavailableto thebiaslearner, in muchthesameway
asthesamplecomplexity in learningBooleanfunctionsis controlledby theVapnik-Chervonenkis
dimension(Vapnik, 1982; Blumer et al., 1989). The resultsof Section2 are upperboundson
thesamplecomplexity requiredfor goodgeneralizationwhenlearningmultiple tasksandlearning
inductive bias.

Thegeneralresultsof Section2 arespecializedto thecaseof featurelearningwith neuralnet-
works in Section3, whereanalgorithmfor training featuresby gradientdescentis alsopresented.
For this specialcasewe are able to show matchinglower boundsfor the samplecomplexity of
multiple tasklearning.In Section4 we presentsomeconcludingremarksanddirectionsfor future
research.Many of theproofsarequitelengthyandhave beenmovedto theappendicessoasnot to
interrupttheflow of themaintext.

Thefollowing tablescontainaglossaryof themathematicalsymbolsusedin thepaper.
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Symbol Description FirstReferenced� Input Space 155" OutputSpace 155� Distribution on �S T" (learningtask) 155U
Lossfunction 155�
HypothesisSpace 155#
Hypothesis 155)�* + � # � Errorof hypothesis

#
on distribution � 156� Trainingset 156V

LearningAlgorithm 156W)�*�X � # � Empiricalerrorof
#

on trainingset � 156Y
Setof all learningtasks� 157Z
Distribution over learningtasks 157A Family of hypothesisspaces 157)�*�[ � � � Lossof hypothesisspace

�
on environment

Z
158\ �	P]��^_� -sample 158W)�*a` � � � Empiricallossof

�
on \ 158V

Biaslearningalgorithm 159#�b
Functioninducedby

#
and

U
159� b

Setof
#�b

159� # 
 ��������� #Rc � b Averageof
# 
 2 b ��������� # c 2 b 159dQb

Sameas� # 
 ��������� #Rc � b 159� cb Setof � # 
 ��������� #=c � b 159A c b Setof
� cb

159�Te
Functionon probabilitydistributions 160A e Setof

� e
160f�g

Pseudo-metricon
� cb

160f [ Pseudo-metricon A e 160h �Jij� A e � f [ � Coveringnumberof A e 160k �Jij� A e � Capacityof A e 160h �Jij� A c b � flg � Coveringnumberof A c b 160m �Jij� A c b � Capacityof A c b 160d
Sequenceof P hypotheses� # 
 ��������� #=c � 163n
Sequenceof P distributions � � 
 ��������� � c � 163)�* g � d � Averagelossof

d
on
n

164W)�* ` � d � Averagelossof
d

on \ 164o
Setof featuremaps 166p
Outputclasscomposedwith featuremapsq 166psr q Hypothesisspaceassociatedwith q 166p b
Lossfunctionclassassociatedwith

p
166h �Jij� p b � f + � Coveringnumberof

p b
166k �Hij� p b � Capacityof

p b
166f�t + 2 u�vxw � q � qzy � Pseudo-metricon featuremapsq � qzy 166h �Jij� o � f=t + 2 u�v{w � Coveringnumberof

o
166
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Symbol Description FirstReferencedh �Jij� o � f t + 2 u�v{w8� Coveringnumberof
o

166k u�v �Jij� o � Capacityof
o

166�}|
Neuralnetwork hypothesisspace 167��~ 0 �

restrictedto vector � 172��� �	^_� Growth functionof
�

172��������� � � � Vapnik-Chervonenkisdimensionof
�

172��~ � �
restrictedto matrix � 173A ~ � A restrictedto matrix � 173��� �	P]��^_� Growth functionof A 173f � �	PQ� Dimensionfunctionof A 173f � A � Upperdimensionfunctionof A 173f � A � Lowerdimensionfunctionof A 173���=� g � A c � Optimalperformanceof A c on

n
175f��

Metric on ��� 179# 
/��������� #=c Averageof
# 
 , ����� ,

#Rc
179� 
��������3� � c Setof

# 
/��������� #=c 180� . > � 2 c 5 Permutationson integerpairs 182\j� Permuted\ 182f ` � d � d y � Empirical
U 
 metricon functions

d
182W)�* g � � � Optimalaverageerrorof

�
on
n

185

2. The BiasLearning Model

In this sectionthebiaslearningmodelis formally introduced.To motivatethedefinitions,we first
describethemainfeaturesof ordinary(single-task)supervisedlearningmodels.

2.1 Single-TaskLearning

Computationallearningtheorymodelsof supervisedlearningusuallyincludethe following ingre-
dients:E An input space� andanoutputspace" ,E aprobability distribution � on �S s" ,E a lossfunction

U�$ "� s"�&D� , andE ahypothesisspace
�

which is asetof hypothesesor functions
#�$ � &¡" .

As anexample,if theproblemis to learnto recognizeimagesof Mary’s faceusinganeuralnetwork,
then� wouldbethesetof all images(typically representedasasubsetof �]¢ whereeachcomponent
is apixel intensity), " wouldbetheset ��£��
¤�� , andthedistribution � wouldbepeakedover images
of differentfacesandthecorrectclasslabels.Thelearner’s hypothesisspace

�
wouldbea classof

neuralnetworksmappingtheinputspace� ¢ to ��£��
¤�� . Thelossin thiscasewouldbediscreteloss:U �	�z��� y � $ �¦¥ ¤ if ��§��� y£ if �L��� y (1)
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Using the lossfunction allows us to presenta unified treatmentof both patternrecognition( " ���£��
¤�� , U asabove),andreal-valuedfunctionlearning(e.g. regression)in which " � � andusuallyU �	�¨��� y �]�©�	�L:ª� y � > .
Thegoalof thelearneris to selectahypothesis

# CT�
with minimumexpectedloss:)�* + � # � $ �B«�¬®­°¯ U � # �	�±�����=� f � �	�Q���R��� (2)

Of course,the learnerdoesnot know � andso it cannotsearchthrough
�

for an
#

minimizing)�* + � # � . In practice,thelearnersamplesrepeatedlyfrom �² ³" accordingto thedistribution � to
generatea trainingset � $ �����	� 
 ��� 
 �������������	� � ��� � ���j� (3)

Basedontheinformationcontainedin � thelearnerproducesahypothesis
# CT�

. Hence,in general
a learneris simplyamap

V
from thesetof all trainingsamplesto thehypothesisspace

�
:V $�´��µ�¶ � �D T" � � & �

(stochasticlearner’s canbetreatedby assumingadistribution-valued
V

.)
Many algorithmsseekto minimizetheempirical lossof

#
on � , wherethis is definedby:W)�* X � # � $ � ¤^ �· ¸�¹ 
 U � # �	� ¸ ����� ¸ ��� (4)

Of course,therearemoreintelligent thingsto do with thedatathansimply minimizing empirical
error—for exampleonecanaddregularisationtermsto avoid over-fitting.

However thelearnerchoosesits hypothesis
#
, if we have a uniformbound(over all

# C��
) on

theprobabilityof largedeviation between
W)�*�X � # � and )�*�+ � # � , thenwe canboundthelearner’s gen-

eralizationerror )�*�+ � # � asa functionof its empiricallosson thetrainingset
W)�*�X � # � . Whethersuch

a boundholdsdependsuponthe “richness”of
�

. The conditionsensuringconvergencebetweenW)�* X � # � and )�* + � # � areby now well understood;for Booleanfunctionlearning( " �B��£��
¤�� , discrete
loss),convergenceis controlledby theVC-dimension1 of

�
:

Theorem 1. Let � be any probability distribution on �  ��£��
¤�� and suppose � ����	��

����
6�������������	������������� is generatedby samplinĝ timesfrom �º ��£��
¤�� according to � . Letf»$ � �����=��� � � � . Thenwith probability at least ¤®:½¼ (over thechoiceof the training set � ), all# C¾�
will satisfy

)�* + � # ��¿ W)�* X � # ��K ÀOÁ�Â^ Ã fÅÄ ��Æ Â�Ç ^f K Ä ��ÆÉÈ¼±Ê�Ë 
ÍÌ > (5)

Proofsof this result may be found in Vapnik (1982),Blumer et al. (1989), and will not be
reproducedhere.

1. The VC dimensionof a classof Booleanfunctions Î is the largestinteger Ï suchthat thereexists a subsetÐ»Ñ ÒÓaÔ�Õ×Ö×Ø×Ø×Ø�ÖJÔ3Ù�ÚÅÛÝÜ
suchthattherestrictionof Î to Ð containsall Þ Ù Booleanfunctionson Ð .
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Theorem1 only providesconditionsunderwhich thedeviation between)�*�+ � # � and
W)�*�X � # � is

likely to be small, it doesnot guaranteethat the true error )�*�+ � # � will actuallybe small. This is
governedby thechoiceof

�
. If

�
containsa solutionwith smallerrorandthe learnerminimizes

erroron thetrainingset,thenwith highprobability )�*�+ � # � will besmall.However, abadchoiceof�
will meanthereis no hopeof achieving smallerror. Thus,thebiasof thelearnerin this model2

is representedby thechoiceof hypothesisspace
�

.

2.2 The Bias Learning Model

Themainextra assumptionof thebiaslearningmodelintroducedhereis thatthelearneris embed-
dedin anenvironmentof relatedtasks,andcansamplefrom theenvironmentto generatemultiple
training setsbelongingto multiple different tasks. In the above model of ordinary (single-task)
learning,a learningtask is representedby a distribution � on �ß à" . So in the bias learning
model,anenvironmentof learningproblemsis representedby a pair � Y � Z � where

Y
is thesetof

all probabilitydistributionson �á ®" (i.e.,
Y

is thesetof all possiblelearningproblems),and
Z

is a
distribution on

Y
.
Z

controlswhich learningproblemsthelearneris likely to see3. For example,if
thelearneris in a facerecognitionenvironment,

Z
will behighly peakedover face-recognition-type

problems,whereasif the learneris in a characterrecognitionenvironment
Z

will be peaked over
character-recognition-type problems(here,as in the introduction,we view theseenvironmentsas
setsof individualclassificationproblems,ratherthansingle,multipleclassclassificationproblems).

Recallfrom thelastparagraphof theprevioussectionthatthelearner’sbiasis representedby its
choiceof hypothesisspace

�
. Soto enablethelearnerto learnthebias,we supplyit with a family

or setof hypothesisspacesA $ �â� � � .
Puttingall this together, formally a learningto learn or biaslearningproblemconsistsof:E an inputspace� andanoutputspace" (bothof whichareseparablemetricspaces),E a lossfunction

U�$ "� s"�&D� ,E anenvironment� Y � Z � where
Y

is thesetof all probabilitydistributionson �D ³" and
Z

is
adistribution on

Y
,E ahypothesisspacefamily A �â� � � whereeach

�ãC A is asetof functions
#%$ � &²" .

Fromnow onwewill assumethelossfunction
U
hasrangeä £��
¤6å , or equivalently, with rescaling,

we assumethat
U
is bounded.

2. Thebiasis alsogovernedby how thelearnerusesthehypothesisspace.For example,undersomecircumstancesthe
learnermaychoosenot to usethe full power of Î (a neuralnetwork exampleis early-stopping).For simplicity in
thispaperweabstractawayfrom suchfeaturesof thealgorithm æ andassumethatit usestheentirehypothesisspaceÎ .

3. ç ’s domainis a è -algebraof subsetsof é . A suitableonefor our purposesis theBorel è -algebraêQëìéÅí generated
by thetopologyof weakconvergenceon é . If we assumethat

Ü
and î areseparablemetricspaces,then é is also

a separablemetricspacein theProhorov metric(which metrizesthetopologyof weakconvergence)(Parthasarathy,
1967), so thereis no problemwith the existenceof measureson ê�ëìéÅí . SeeAppendix D for further discussion,
particularlytheproofof part5 in Lemma32.
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We definethe goal of a biaslearnerto be to find a hypothesisspace
�ßC A minimizing the

following loss: )�*6[ � � � $ � «�ï ��ð=ñò�ó � )�*�+ � # � f Z � � � (6)� « ï ��ð=ñò�ó � «�¬É­°¯ U � # �	�±�����=� f � �	�����=� f Z � � ���
Theonly way )�*�[ � � � canbesmall is if, with high

Z
-probability,

�
containsa goodsolution

#
to

any problem � drawn at randomaccordingto
Z

. In this sense)�*�[ � � � measureshow appropriate
thebiasembodiedby

�
is for theenvironment � Y � Z � .

In generalthe learnerwill not know
Z

, so it will not beableto find an
�

minimizing )�*�[ � � �
directly. However, thelearnercansamplefrom theenvironmentin thefollowing way:E SampleP timesfrom

Y
accordingto

Z
to yield:� 
 ��������� � c .E Samplê timesfrom �S ³" accordingto each� ¸ to yield:� ¸ �B���	� ¸ 
 ��� ¸ 
 �¨�����
���	� ¸ � ��� ¸ � ��� .E TheresultingP trainingsets—henceforthcalledan �	P]��^_� -sampleif they aregeneratedby the

above process—aresuppliedto the learner. In thesequel,an �	P]��^_� -samplewill bedenoted
by \ andwrittenasamatrix: �	��
�
�����
�
�� ����� �	��
ô������
ô�õ� ���j
\ $ � ...

.. .
...

...�	� c 
 ��� c 
 � ����� �	� c � ��� c � �!��� c (7)

An �	P]��^_� -sampleis simply P training sets � 
 ���������a� c sampledfrom P different learningtasks� 

�������
� � c , whereeachtaskis selectedaccordingto theenvironmentalprobabilitydistribution
Z

.
Thesizeof eachtrainingsetis keptthesameprimarily to facilitatetheanalysis.

Basedon the informationcontainedin \ , the learnermustchoosea hypothesisspace
�'C A .

Oneway to do thiswouldbefor thelearnerto find an
�

minimizing theempiricallosson \ , where
this is definedby: W)�* ` � � � $ � ¤P c· ¸ì¹ 
 ��ðRñò3ó � W)�* X?ö � # � (8)

Note that
W)�*a` � � � is simply the averageof the bestpossibleempirical error achievable on each

training set � ¸ , using a function from
�

. It is a biasedestimateof )�*6[ � � � . An unbiasedesti-
mateof )�* [ � � � would requirechoosingan

�
with minimal averageerrorover the P distributions� 
 �������
� � c , wherethis is definedby


cÉ÷ c¸�¹ 
 ��ðRñ ò3ó � )�*�+�ö � # � .
As with ordinarylearning,it is likely therearemoreintelligentthingsto dowith thetrainingdata\ thanminimizing (8). Denotingthe setof all �	P]��^_� -samplesby � �S s" � . c 2 � 5 , a general“bias

learner”is a map
V

that takes �	P]��^_� -samplesasinput andproduceshypothesisspaces
�SC A as

output: V $ ´c µ�¶��µ�¶ � �D s" � . c 2 � 5 &'A � (9)
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A MODEL OF INDUCTIVE BIAS LEARNING

(asstated,
V

is a deterministicbiaslearner, however it is trivial to extendour resultsto stochastic
learners).

Note that in this paperwe areconcernedonly with thesamplecomplexity propertiesof a bias
learner

V
; wedo notdiscussissuesof thecomputabilityof

V
.

Since
V

is searchingfor entirehypothesisspaces
�

within a family of suchhypothesisspacesA , thereis an extra representationalquestionin our modelof bias learningthat is not presentin
ordinarylearning,andthat is how the family A is representedandsearchedby

V
. We deferthis

discussionuntil Section2.5,afterthemainsamplecomplexity resultsfor thismodelof biaslearning
have beenintroduced.For thespecificcaseof learningasetof featuressuitablefor anenvironment
of relatedlearningproblems,seeSection3.

Regardlessof how thelearnerchoosesits hypothesisspace
�

, if wehaveauniformbound(over
all
�ãC A ) on theprobabilityof largedeviation between

W)�*�` � � � and )�*6[ � � � , andwecancompute
an upperboundon

W)�*a` � � � , thenwe canboundthe bias learner’s “generalizationerror” )�*�[ � � � .
With this view, thequestionof generalizationwithin our biaslearningmodelbecomes:how many
tasks( P ) andhow many examplesof eachtask( ^ ) arerequiredto ensurethat

W)�*�` � � � and )�*�[ � � �
areclosewith highprobability, uniformly overall

� C A ? Or, informally, how many tasksandhow
many examplesof eachtaskarerequiredto ensurethata hypothesisspacewith goodsolutionsto
all thetrainingtaskswill containgoodsolutionsto novel tasksdrawn from thesameenvironment?

It turnsout that this kind of uniform convergencefor biaslearningis controlledby the “size”
of certainfunctionclassesderived from thehypothesisspacefamily A , in muchthesameway as
the VC-dimensionof a hypothesisspace

�
controlsuniform convergencein the caseof Boolean

function learning(Theorem1). These“size” measuresandotherauxiliary definitionsneededto
statethemaintheoremareintroducedin thefollowing subsection.

2.3 Covering Numbers

Definition 1. For anyhypothesis
#%$ �ø&D" , define

#=b�$ �ù ³"�&(ä £��
¤6å by#�b �	�����=� $ � U � # �	�9�����R� (10)

For anyhypothesisspace
�

in thehypothesisspacefamily A , define� b�$ �B� #=b�$�# CT� �j� (11)

For anysequenceof P hypotheses� # 

��������� # c � , define � # 

��������� # c � b�$ � �D T" � c &(ä £��
¤6å by� # 
 ��������� #Rc � b �	� 
 ��� 
 ����������� c ��� c � $ � ¤P c· ¸ì¹ 
 U � # ¸ �	� ¸ ����� ¸ ��� (12)

Wewill alsouse
d�b

to denote� # 
 ��������� #=c � b . For any
�

in thehypothesisspacefamily A , define� cb $ �B��� # 

��������� # c � b�$¨# 

��������� # c CT� �j� (13)

Define A c b $ � ´� ó � � cb � (14)
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In the first part of the definition above, hypotheses
#�$ � & " are turnedinto functions

#�b
mapping�ø Ý"©&(ä £��
¤6å by compositionwith thelossfunction.

� b
is thenjust thecollectionof all

suchfunctionswheretheoriginalhypothesescomefrom
�

.
� b

is oftencalleda loss-functionclass.
In our casewe are interestedin the averagelossacrossP tasks,whereeachof the P hypotheses
is chosenfrom a fixed hypothesisspace

�
. This motivatesthe definition of

d�b
and

� cb . Finally,A c b is thecollectionof all � # 
��������
� # c � b , with therestrictionthatall
# 

��������� # c belongto a single

hypothesisspace
� C A .

Definition 2. For each
�ãC A , define

�Te $ Y &(ä £��
¤6å by� e � � � $ � ��ðRñò3ó � )�* + � # ��� (15)

For thehypothesisspacefamily A , defineA e $ �B� � e $ � C A �j� (16)

It is the “size” of A c b and A e that controlshow large the �	P]��^_� -sample\ mustbe to ensureW)�*a` � � � and )�*6[ � � � arecloseuniformly over all
�úC A . Their sizewill be definedin termsof

certaincovering numbers,and for this we needto definehow to measurethe distancebetween
elementsof A c b andalsobetweenelementsof A e .
Definition 3. Let

n �©� � 
 ��������� � c � beanysequenceof P probability distributionson �D T" . For
any

d�b � d y b C A c b , defineflg � dQb � d y b � $ �M« . ¬®­°¯ 5�ûõü d�b �	� 
 ��� 
 ����������� c ��� c �;: d y b �	� 
 ��� 
 ����������� c ��� c � üf � 
 �	� 
 ��� 
 �¨����� f � c �	� c ��� c � (17)

Similarly, for anydistribution
Z

on
Y

andany
� e 
 � � e> C A e , definef [ � � e 
 � � e> � $ � « ï ü � e 
 � � �;: � e> � � � ü f Z � � � (18)

It is easilyverifiedthat
f�g

and
f [ arepseudo-metrics4 on A c b and A e respectively.

Definition 4. An i -cover of � A e � f [ � is a set � �Te
 ��������� �Teý � such that for all
�¾eDC A e ,f [ � �Te � �¾e¸ �T¿þi for someÿ �²¤;������� . Note that we do not require the

�Te¸
to be containedinA e , just that they bemeasurable functionson

Y
. Let

h �Jij� A e � f [ � denotethesizeof thesmallest
such cover. Definethecapacityof A e byk �Jil� A e � $ ����� �[ h �Jil� A e � f [ � (19)

where thesupremumis over all probability measureson
Y

.
h �Jij� A c b � f g � is definedin a similar

way, using
f�g

in placeof
f [ . Definethecapacityof A c b by:k �Jij� A c b � $ ����� �g h �Jil� A c b � f�g � (20)

where nowthesupremumis over all sequencesof P probability measureson �S ³" .

4. A pseudo-metricÏ is a metricwithout theconditionthat Ï�ë Ô°Ö�� íRÒ	��
 Ô Ò � .
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A MODEL OF INDUCTIVE BIAS LEARNING

2.4 Uniform Convergencefor BiasLearners

Now we have enoughmachineryto statethe main theorem. In the theoremthe hypothesisspace
family is requiredto bepermissible. Permissibilityis discussedin detail in AppendixD, but note
that it is a weakmeasure-theoreticconditionsatisfiedby almostall “real-world” hypothesisspace
families.All logarithmsareto baseÇ .
Theorem 2. Suppose� and " are separable metric spacesand let

Z
be any probability distri-

bution on
Y

, the setof all distributionson �  »" . Suppose\ is an �	P]��^_� -samplegeneratedby
samplingP timesfrom

Y
according to

Z
to give � 
 ��������� � c , andthensamplinĝ timesfromeach� ¸ to generate � ¸ � ���	� ¸ 
 ��� ¸ 
 �������������	� ¸ � ��� ¸ � ��� , ÿ � ¤3����������P . Let A � � � � beanypermissible

hypothesisspacefamily. If thenumberof tasksP satisfiesP
� ����� � Â����i > Ä ��Æ�� k����� > � A e��¼ � � Èi > � � (21)

andthenumberof exampleŝ of each tasksatisfies^!� ����� ¥ÉÂ����P�i > Ä ��Æ � k � �� > � A c b �¼ �"� Èi >$# � (22)

thenwith probabilityat least ¤�:�¼ (over the �	P]��^_� -sample\ ), all
� C A will satisfy)�*�[ � � �%¿ W)�*a` � � �9K i (23)

Proof. SeeAppendixA.

Thereareseveral importantpointsto noteaboutTheorem2:

1. Provided the capacities
k �Jij� A e � and

k �Jij� A c b � arefinite, the theoremshows that any bias
learnerthat selectshypothesisspacesfrom A canboundits generalisationerror )�* [ � � � in
termsof

W)�*a` � � � for sufficiently large �	P]��^_� -samples\ . Most biaslearner’s will not find the
exactvalueof

W)�*a` � � � becauseit involvesfinding thesmallesterrorof any hypothesis
# Cs�

on eachof the P training setsin \ . But any upperboundon
W)�*�` � � � (found, for example

by gradientdescenton someerror function) will still give an upperboundon )�*O[ � � � . See
Section3.3.1for abrief discussionon how thiscanbeachievedin a featurelearningsetting.

2. In order to learn bias (in the sensethat )�*�[ � � � and
W)�*a` � � � are closeuniformly over all� C A ), both the numberof tasks P and the numberof examplesof eachtask ^ must

be sufficiently large. This is intuitively reasonablebecausethe bias learnermustseeboth
sufficiently many tasksto be confidentof the natureof the environment, and sufficiently
many examplesof eachtaskto beconfidentof thenatureof eachtask.

3. Oncethe learnerhasfound an
�úC A with a small valueof

W)�* ` � � � , it canthenuse
�

to
learnnovel tasks� drawn accordingto

Z
. Onethenhasthefollowing theoremboundingthe

samplecomplexity requiredfor goodgeneralisationwhenlearningwith
�

(theproof is very
similar to theproofof theboundon ^ in Theorem2).
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Theorem 3. Let ���â���	� 
 ��� 
 �������������	� � ��� � ��� bea training setgeneratedby samplingfrom�¡ �" according to somedistribution � . Let
�

bea permissiblehypothesisspace. For allil��¼ with £�% ij��¼&%M¤ , if thenumberof training exampleŝ satisfies^!� ����� � � Èi > Ä ��Æ È k �'�
)( � � b �¼ � ¤ �i > � (24)

thenwith probability at least ¤%: ¼ , all
# CT�

will satisfy)�*�+ � # �%¿ W)�*�X � # ��K ij�
The capacity

k �Jil� � � appearingin equation(24) is definedin an analogousfashionto the
capacitiesin Definition 4 (we just usethe pseudo-metric

f + � #�b � # y b � $ �+* ¬®­°¯ ü #�b �	�����=��:# y b �	�Q���R� ü f � �	�����=� ). The importantthing to noteaboutTheorem3 is that thenumberof ex-
amplesrequiredfor goodgeneralisationwhenlearningnovel tasksis proportionalto thelog-
arithm of the capacityof the learnthypothesisspace

�
. In contrast,if the learnerdoesnot

do any biaslearning,it will have no reasonto selectonehypothesisspace
�¡C A over any

otherandconsequentlyit would have to view asa candidatesolutionany hypothesisin any
of the hypothesisspaces

� C A . Thus, its samplecomplexity will be proportionalto the
capacityof , � ó � � � b �®� A 
b , which in generalwill beconsiderablylargerthanthecapacity
of any individual

�ãC A . Soby learning
�

thelearnerhaslearnt to learn in theenvironment� Y � Z � in thesensethatit needsfarsmallertrainingsetsto learnnovel tasks.

4. Having learnta hypothesisspace
�

with a small valueof
W)�*a` � � � , Theorem2 tells us that

with probabilityat least ¤ :_¼ , theexpectedvalueof
��ð=ñ ò�ó � )�*�+ � # � onanovel task � will be

lessthan
W)�*a` � � ��K i . Of course,this doesnot ruleout really badperformanceonsometasks� . However, the probability of generatingsuch“bad” taskscanbe bounded.In particular,

notethat )�*�[ � � � is just theexpectedvalueof the function
� e

over
Y

, andsoby Markov’s
inequality, for -/. £ ,0 * ¥ � $ � ðRñò3ó � )�* + � # �1� - # � 0 * � � $ � e � � � � - �¿32 [ � e-� )�*6[ � � �-¿ W)�*�` � � �9Kài- (with probability ¤%:�¼ ).

5. Keepingtheaccuracy andconfidenceparametersij��¼ fixed,notethatthenumberof examples
requiredof eachtaskfor goodgeneralisationobeys^ � F Ã ¤P Ä ��Æ k �ôij� A c b � Ê � (25)

So provided
Ä ��Æ k �Jil� A c b � increasessublinearlywith P , the upperboundon the numberof

examplesrequiredof eachtaskwill decreaseasthe numberof tasksincreases.This shows
that for suitably constructedhypothesisspacefamilies it is possibleto share information
betweentasks.This is discussedfurtherafterTheorem4 below.
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A MODEL OF INDUCTIVE BIAS LEARNING

2.5 Choosingthe HypothesisSpaceFamily A .

Theorem2 only providesconditionsunderwhich
W)�* ` � � � and )�* [ � � � areclose,it doesnotguaran-

teethat )�*�[ � � � is actuallysmall. This is governedby thechoiceof A . If A containsa hypothesis
space

�
with asmallvalueof )�*�[ � � � andthelearneris ableto find an

� C A minimizingerroron
the �	P]��^_� sample\ (i.e.,minimizing

W)�*a` � � � ), then,for sufficiently large P and ^ , Theorem2 en-
suresthatwith highprobability )�*�[ � � � will besmall.However, abadchoiceof A will meanthere
is no hopeof finding an

�
with smallerror. In this sensethechoiceof A representsthehyper-bias

of thelearner.

Notethatfrom asamplecomplexity pointof view, theoptimalhypothesisspacefamily to choose
is onecontaininga single,minimal hypothesisspace

�
that containsgoodsolutionsto all of the

problemsin theenvironment(or at leasta setof problemswith high
Z

-probability),andno more.
For thenthereis no biaslearningto do (becausethereis no choiceto bemadebetweenhypothesis
spaces),theoutputof thebiaslearningalgorithmis guaranteedto be a goodhypothesisspacefor
the environment,andsincethe hypothesisspaceis minimal, learningany problemwithin the en-
vironmentusing

�
will requirethesmallestpossiblenumberof examples.However, this scenario

is analagousto the trivial scenarioin ordinarylearningin which the learningalgorithmcontainsa
single,optimalhypothesisfor theproblembeinglearnt.In thatcasethereis no learningto bedone,
justasthereis no biaslearningto bedoneif thecorrecthypothesisspaceis alreadyknown.

At theotherextreme,if A containsasinglehypothesisspace
�

consistingof all possiblefunc-
tions from � & " then bias learningis impossiblebecausethe bias learnercannotproducea
restrictedhypothesisspaceasoutput,andhencecannotproducea hypothesisspacewith improved
samplecomplexity requirementson asyet unseentasks.

Focussingon thesetwo extremeshighlightstheminimal requirementson A for successfulbias
learningto occur: the hypothesisspaces

� C A must be strictly smaller than the spaceof all
functions �'&ß" , but not sosmallor so “skewed” thatnoneof themcontaingoodsolutionsto a
largemajority of theproblemsin theenvironment.

It mayseemthatwe have simply replacedtheproblemof selectingtheright bias(i.e.,selecting
therighthypothesisspace

�
) with theequallydifficult problemof selectingtherighthyper-bias(i.e.,

theright hypothesisspacefamily A ). However, in many casesselectingtheright hyper-biasis far
easierthanselectingtheright bias.For example,in Section3 we will seehow thefeatureselection
problemmaybeviewedasa biasselectionproblem.Selectingtheright featurescanbeextremely
difficult if oneknows little abouttheenvironment,with intelligenttrial-and-errortypically thebest
onecando. However, in abiaslearningscenario,oneonly hasto specifythatasetof featuresshould
exist, find a looselyparameterisedsetof features(for exampleneuralnetworks),andthenlearnthe
featuresby samplingfrom multiple relatedtasks.

2.6 Learning Multiple Tasks

It may be that the learneris not interestedin learningto learn,but just wantsto learna fixed set
of P tasksfrom theenvironment � Y � Z � . As in theprevious section,we assumethe learnerstarts
out with a hypothesisspacefamily A , andalsothat it receivesan �	P]��^_� -sample\ generatedfrom
the P distributions � 
 �������
� � c . This time, however, thelearneris simply looking for P hypotheses� # 
 ��������� #Rc � , all containedin the samehypothesisspace

�
, suchthat the averagegeneralization

errorof the P hypothesesis minimal. Denoting � # 
 ��������� #=c � by
d

andwriting
n � � � 
 �������
� � c � ,
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thiserroris givenby:

)�* g � d � $ � ¤P c· ¸ì¹ 
 )�*�+�ö � # ¸ � (26)� ¤P c· ¸ì¹ 
 «�¬É­°¯ U � # ¸ �	�±�����=� f � ¸ �	�����=���
andtheempiricallossof

d
on \ isW)�*a` � d � $ � ¤P c· ¸�¹ 
 W)�*�X?ö � # ¸ � (27)� ¤P c· ¸�¹ 
 ¤^ �·4 ¹ 
 U � # ¸ �	� ¸ 4 ����� ¸ 4 ���

As before,regardlessof how thelearnerchooses� # 
 ��������� #=c � , if we canprove auniform boundon
the probability of large deviation between

W)�* ` � d � and )�* g � d � thenany � # 

��������� # c � that perform
well on thetrainingsets\ will with high probabilityperformwell on futureexamplesof thesame
tasks.

Theorem 4. Let
n �©� � 

��������� � c � be P probabilitydistributionson �� �" andlet \ bean �	P]��^_� -

samplegeneratedby samplinĝ timesfrom �º ª" according to each � ¸ . Let A � � � � beany
permissiblehypothesisspacefamily. If thenumberof exampleŝ of each tasksatisfies^!� ����� ¥5� ÈP�i > Ä ��Æ È k � �
)( � A c b �¼ � ¤ �i > # (28)

thenwith probabilityat least ¤�:�¼ (over thechoiceof \ ), any
d C A c will satisfy)�* g � d �%¿ W)�*a` � d ��K i (29)

(recall Definition4 for themeaningof
k �Jil� A c b � ).

Proof. Omitted(follow theproof of theboundon ^ in Theorem2).

The boundon ^ in Theorem4 is virtually identical to the boundon ^ in Theorem2, andnote
againthat it dependsinverselyon thenumberof tasksP (assumingthat thefirst partof the “max”
expressionis thedominateone).Whetherthis helpsdependson therateof growth of

k � �
)( � A c b � as
afunctionof P . Thefollowing Lemmashows thatthisgrowth is alwayssmallenoughto ensurethat
weneverdoworseby learningmultiple tasks(at leastin termsof theupperboundonthenumberof
examplesrequiredpertask).

Lemma 5. For anyhypothesisspacefamily A ,k	� il� A 
b � ¿ k �Hil� A c b ��¿ k	� il� A 
b � c � (30)
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Proof. Let 6 denotethesetof all functions � # 
 ��������� #Rc � b whereeach
# ¸

canbea memberof any
hypothesisspace

�!C A (recallDefinition 1). Then A c b87 6 andso
k �Hij� A c b � ¿ k �Jij� 6 � . By

Lemma29 in AppendixB,
k �Hij� 6 ��¿ k	� il� A 
b � c andsotheright handinequalityfollows.

For the first inequality, let � be any probability measureon �ß " and let
n

be the mea-
sureon � �! <" � c obtainedby using � on the first copy of �  <" in the product,andignoring
all other elementsof the product. Let � be an i -cover for � A c b � flg � . Pick any

#�b C A 
b and
let �:9 
 ���������;9 c � b C � be suchthat

f�g ��� # � # ��������� # � b ���:9 
 ���������;9 c � b ��¿ i . But by construction,flg ��� # � # �������3� # � b ���:9 
 ���������;9 c � b ��� f + � # ���:9 
 � b � , whichestablishesthefirst inequality.

By Lemma5 Ä ��Æ k � ij� A 
b � ¿ Ä ��Æ k �Jij� A c b ��¿àP Ä ��Æ k � ij� A 
b � � (31)

Sokeepingtheaccuracy parametersi and ¼ fixed,andplugging(31) into (28), weseethattheupper
boundon thenumberof examplesrequiredof eachtasknever increaseswith thenumberof tasks,
andat bestdecreasesas F �×¤�N�PQ� . Although only an upperbound,this providesa stronghint that
learningmultiplerelatedtasksshouldbeadvantageousona“numberof examplesrequiredpertask”
basis.In Section3 it will beshown thatfor featurelearningall typesof behavior arepossible,from
no advantageatall to F �×¤�N�PQ� decrease.

2.7 Dependenceon i
In Theorems2, 3 and4 theboundson samplecomplexity all scaleas ¤�N�i > . This behavior canbe
improvedto ¤�N�i if theempiricallossis alwaysguaranteedto bezero(i.e., we arein therealizable
case).The samebehavior resultsif we areinterestedin relative deviation betweenempiricaland
trueloss,ratherthanabsolutedeviation. Formal theoremsalongtheselinesarestatedin Appendix
A.3.

3. FeatureLearning

Theuseof restrictedfeaturesetsis nearlyubiquitousasamethodof encodingbiasin many areasof
machinelearningandstatistics,includingclassification,regressionanddensityestimation.

In this sectionwe show how the problemof choosinga setof featuresfor an environmentof
relatedtaskscanberecastasa biaslearningproblem. Explicit boundson

k � A e �ai3� and
k � A c b �ai3�

arecalculatedfor generalfeatureclassesin Section3.2.Theseboundsareappliedto theproblemof
learninganeuralnetwork featuresetin Section3.3.

3.1 The Feature Learning Model

Considerthefollowing quotefrom Vapnik(1996):

The classicalapproachto estimatingmultidimensionalfunctional dependenciesis
basedon thefollowing belief:

Real-lifeproblemsaresuchthatthereexistsasmallnumberof “strongfeatures,” simple
functionsof which (saylinearcombinations)approximatewell theunknown function.
Therefore,it is necessaryto carefullychoosea low-dimensionalfeaturespaceandthen
to useregularstatisticaltechniquesto constructanapproximation.
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In generalasetof “strongfeatures”maybeviewedasa function q $ �ø&+< mappingtheinput
space� into some(typically lower) dimensionalspace< . Let

o �þ� q � bea setof suchfeature
maps(eachq maybeviewedasa setof features� q 
 ��������� q>= � if < � � = ). It is the q thatmustbe
“carefully chosen”in the above quote. In general,the “simple functionsof the features”may be
representedasa classof functions

p
mapping< to " . If for eachq C_o we definethehypothesis

space
pTr q $ �B�?9 r q $ 9 C p � , thenwe have thehypothesisspacefamily AA $ ��� psr q $ q C¾o �j� (32)

Now the problemof “carefully choosing”the right featuresq is equivalent to the bias learning
problem“find theright hypothesisspace

� C A ”. Hence,providedthelearneris embeddedwithin
anenvironmentof relatedtasks,andthecapacities

k � A e �ai�� and
k � A c b �ai�� arefinite, Theorem2 tells

us that the featureset q canbe learnt ratherthancarefully chosen.This representsan important
simplification,aschoosinga setof featuresis oftenthemostdifficult partof any machinelearning
problem.

In Section3.2we give a theorembounding
k � A e �ai�� and

k � A c b �ai3� for generalfeatureclasses.
Thetheoremis specializedto neuralnetwork classesin Section3.3.

Note thatwe have forcedthe functionclass
p

to be thesamefor all featuremaps q , although
this is notnecessary. Indeedvariantsof theresultsto follow canbeobtainedif

p
is allowedto vary

with q .

3.2 Capacity Boundsfor GeneralFeature Classes

Notationallyit is easierto view thefeaturemapsq asmappingfrom �ù s" to <á s" by �	�����=�A@&� q �	�±�����=� , andalsoto absorbthelossfunction
U
into thedefinitionof

p
by viewing each9 C p asa

mapfrom <â " into ä £��
¤6å via �CB¨���R�A@& U �:9±�CB������=� . Previously this latterfunctionwouldhavebeen
denoted9 b but in whatfollowswewill dropthesubscript

U
wherethisdoesnotcauseconfusion.The

classto which 9 b belongswill still bedenotedby
p b

.
With theabove definitionslet

p b r o $ �¦�?9 r q $ 9 C p b � q Cªo � . Definethecapacityof
p b

in
theusualway, k �Jil� p b � $ �D�E� �+ h �Jil� p b � f + �
wherethesupremumis over all probabilitymeasureson <á ³" , and

f + �:9��;9 y � $ � *GF ­°¯ ü 9z�CB¨���R��:9 y �CB����=� ü f � �CB����=� . To definethe capacityof
o

we first definea pseudo-metric
f t + 2 u�vxw on

o
by

“pulling back” the H 
 metricon � through
p b

asfollows:f�t + 2 u�v w � q � q y � $ � «°¬É­°¯ ��� �I ó u�v ü 9 r q �	�����=�;:/9 r q y �	�Q���R� ü f � �	�����=��� (33)

It is easilyverifiedthat
f=t + 2 u�vxw is apseudo-metric.Notethatfor

f�t + 2 u�v w to bewell definedthesupre-
mumover

p b
in theintegrandmustbemeasurable.This is guaranteedif thehypothesisspacefamilyA � � p b r q $ q C o � is permissible(Lemma32, part 4). Now define

h �Jil� o � f t + 2 u�v{w8� to be the
smallesti -coverof thepseudo-metricspace� o � f t + 2 u v w � andthe i -capacityof

o
(with respectto

p b
)

as k u�v �Jil� o � $ �D��� �+ h �Jil� o � f t + 2 u�v{w �
wherethesupremumis overall probabilitymeasureson �- õ" . Now wecanstatethemaintheorem
of this section.
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Theorem 6. Let A bea hypothesisspacefamilyasin equation(32). Thenfor all ij�ai 
 �ai > . £ withi®��i 
 K i > , k �Jil� A c b ��¿ k �Hi 
 � p b � c k u�v �Ji > � o � (34)k �Jij� A e ��¿ k u�v �Hil� o � (35)

Proof. SeeAppendixB.

3.3 Learning Neural Network Features

In general,a setof featuresmay be viewed asa mapfrom the (typically high-dimensional)input
space� ¢ to amuchsmallerdimensionalspace� = ( JLK f

). In thissectionweconsiderapproximat-
ing suchafeaturemapby aone-hidden-layerneuralnetwork with

f
inputnodesand J outputnodes

(Figure1). Wedenotethesetof all suchfeaturemapsby ��M | �©�ON | 2 
 ����������N | 2 = � $QP C�R � whereR
is a boundedsubsetof �TS ( U is the numberof weights(parameters)in the first two layers).

Thissetis the
o

of theprevioussection.
EachfeatureN | 2 ¸ $ � ¢ & ä £��
¤6å , ÿ �©¤3��������� J is definedbyN | 2 ¸ �	�9� $ ��V�WX b·4 ¹ 
 B ¸ 4 # 4 �	�±��KYB ¸ b � 
�Z[ (36)

where
# 4 �	�±� is theoutputof the \^] # nodein thefirst hiddenlayer, �CB ¸ 
 ���������_B ¸ b � 
 � arethe output

nodeparametersfor the ÿ th featureand V is a “sigmoid” squashingfunction V $ �á& ä £��
¤6å . Each
first layerhiddennode

# ¸ $ � ¢ &S� , ÿ ��¤3��������� U , computes# ¸ �	�9� $ ��V WX ¢·4 ¹ 
a` ¸ 4 � 4 K ` ¸ ¢�� 
 Z[ (37)

where � ` ¸ 

��������� ` ¸ ¢�� 
 � arethehiddennode’s parameters.We assumeV is Lipschitz.5 Theweight
vectorfor theentirefeaturemapis thusP �©� ` 
�

��������� ` 
 ¢�� 
 ��������� ` b 
 ��������� ` b ¢�� 
 �_B�
�

���������_B 
 b � 
 �������
�_B = 
 �������
�_B = b � 
 �
andthetotalnumberof featureparametersU � U � f K�¤���K J � U K ¤�� .

For argument’s sake, assumethe“simple functions”of thefeatures(theclass
p

of theprevious
section)aresquashedaffine mapsusingthe samesigmoidfunction V above (in keepingwith the
“neural network” flavor of the features).Thus,eachsettingof the featureweights

P
generatesa

hypothesisspace: �Ý| $ � � Vcb =· ¸�¹ 
ed ¸ N | 2 ¸ K d = � 
�f $ � d 

�������
� d = � 
 � C	R y � � (38)

where
R y is aboundedsubsetof � = � 
 . Thesetof all suchhypothesisspaces,A $ �B� � | $QP C�R � (39)

5. è is Lipschitzif thereexistsa constantg suchthat h è¨ë Ô íji�è�ë Ô>k í;h?lmgnh Ô i Ô>k h for all
Ô°ÖHÔ�kporq

.
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Figure1: Neuralnetwork for featurelearning. The featuremap is implementedby the first two
hiddenlayers. The P output nodescorrespondto the P different tasksin the �	P]��^_� -
sample\ . Eachnodein thenetwork computesa squashedlinearfunctionof thenodesin
thepreviouslayer.

is ahypothesisspacefamily. Therestrictionsontheoutputlayerweights � d 
 ��������� d = � 
 � andfeature
weights

P
, andthe restrictionto a Lipschitz squashingfunction areneededto obtainfinite upper

boundson thecoveringnumbersin Theorem2.
Finding a goodsetof featuresfor the environment � Y � Z � is equivalent to finding a goodhy-

pothesisspace
� | C A , which in turnmeansfindingagoodsetof featuremapparameters

P
.

As in Theorem2, thecorrectsetof featuresmaybe learntby finding a hypothesisspacewith
small error on a sufficiently large �	P]��^_� -sample \ . Specializingto squaredloss, in the present
framework theempiricallossof

� |
on \ (equation(8)) is givenbyW)�*�` � � | �Å� ¤P c· ¸�¹ 
 � ðRñ.ts�u62 s Õ 2wvwvwv 2 s^x65 ó>y k ¤^ �·4 ¹ 
{z VYb =· b ¹ 
 d b N | 2 b �	� ¸ 4 �9K d ¶ f :<� ¸ 4}| > (40)

Sinceoursigmoidfunction V only hasrange ä £��
¤6å , we alsorestricttheoutputs" to this range.

3.3.1 ALGORITHMS FOR FINDING A GOOD SET OF FEATURES

Provided the squashingfunction V is differentiable,gradientdescent(with a small variation on
backpropagationto computethederivatives)canbeusedto find featureweights

P
minimizing (40)

(or at leasta local minimum of (40)). The only extra difficulty over andabove ordinarygradient
descentis theappearanceof “

��ðRñ
” in thedefinitionof

W)�* ` � �Ý| � . Thesolutionis to performgradient
descentover boththeoutputparameters� d ¶ ��������� d = � for eachnodeandthefeatureweights

P
. For

moredetailsseeBaxter(1995b)andBaxter(1995a,chapter4), whereempiricalresultssupporting
thetheoreticalresultspresentedherearealsogiven.
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3.3.2 SAMPLE COMPLEXITY BOUNDS FOR NEURAL-NETWORK FEATURE LEARNING

Thesizeof \ ensuringthattheresultingfeatureswill begoodfor learningnovel tasksfrom thesame
environmentis given by Theorem2. All we have to do is computethe logarithmof the covering
numbers

k �Jij� A c b � and
k �Jij� A e � .

Theorem 7. Let A �3~ �Ý| $aP C ��S5� bea hypothesisspacefamilywhereeach
�}|

is of theform�Ý| $ � � V b =· ¸�¹ 
�d ¸ N | 2 ¸ � � ��K d ¶�f $ � d 

�������
� d = � C � = � �
where M | � �ON | 2 
 �������
��N | 2 = � is a neural networkwith U weightsmappingfrom � ¢ to � = . If the
feature weights

P
andtheoutputweightsd ¶3� d 

��������� d = are bounded,thesquashingfunction V is

Lipschitz,
U
is squaredloss,andtheoutputspace" � ä £��
¤6å (anyboundedsubsetof � will do),then

there exist constants� � �=y (independentof il� U and J ) such that for all i . £ ,Ä ��Æ k �Jij� A c b � ¿ Â ��� J K�¤��ÍP}K U � Ä ��Æ � i (41)Ä ��Æ k �Jij� A e � ¿ Â U Ä ��Æ �Ryi (42)

(recall thatwehavespecializedto squaredlosshere).

Proof. SeeAppendixB.

Noting that our neuralnetwork hypothesisspacefamily A is permissible,plugging(41) and(42)
into Theorem2 givesthefollowing theorem.

Theorem 8. Let A � � � | � be a hypothesisspacefamily where each hypothesisspace
� |

is a
setof squashedlinear mapscomposedwith a neural networkfeature map,asabove. Supposethe
numberof featuresis J , andthetotal numberof featureweightsis W. Assumeall featureweightsand
outputweightsare bounded,andthesquashingfunction V is Lipschitz. Let \ bean �	P]��^_� -sample
generatedfromtheenvironment� Y � Z � . IfP
� F Ã ¤i > À U Ä ��Æ ¤i K Ä ��Æ ¤¼=ËRÊ � (43)

and ^!� F Ã ¤i > À Ã J K�¤ K U P Ê Ä ��Æ ¤i K ¤P Ä ��Æ ¤¼ ËRÊ (44)

thenwith probabilityat least ¤�:�¼ any
� | C A will satisfy)�* [ � �}| ��¿ W)�* ` � �}| �9K il� (45)
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3.3.3 DISCUSSION

1. Keepingtheaccuracy andconfidenceparametersi and ¼ fixed,theupperboundonthenumber
of examplesrequiredof eachtaskbehaveslike F � J K U N�PQ� . If thelearneris simply learningP fixed tasks(ratherthanlearningto learn),thenthesameupperboundalsoapplies(recall
Theorem4).

2. Notethatif wedo awaywith thefeaturemapaltogetherthen U ��£ andtheupperboundon^ becomesF � J � , independentof P (apartfrom thelessimportant¼ term).Soin termsof the
upperbound,learningP tasksbecomesjustashardaslearningonetask.At theotherextreme,
if we fix theoutputweightstheneffectively J �¦£ andthenumberof examplesrequiredof
eachtaskdecreasesas F � U N�PQ� . Thusarangeof behavior in thenumberof examplesrequired
of eachtaskis possible:from no improvementat all to an F �×¤�N�PQ� decreaseasthenumberof
tasksP increases(recallthediscussionat theendof Section2.6).

3. Oncethefeaturemapis learnt(whichcanbeachievedusingthetechniquesoutlinedin Baxter,
1995b;Baxter& Bartlett,1998;Baxter, 1995a,chapter4), only theoutputweightshave to be
estimatedto learnanovel task.Againkeepingtheaccuracy parametersfixed,this requiresno
morethat F � J � examples.Thus,asthenumberof taskslearntincreases,theupperboundon
thenumberof examplesrequiredof eachtaskdecaysto theminimumpossible,F � J � .

4. If the“small numberof strongfeatures”assumptionis correct,then J will besmall.However,
typically wewill haveverylittle ideaof whatthefeaturesare,soto beconfidentthattheneural
network is capableof implementingagoodfeaturesetit will needto bevery large,implyingU���J . F � J K U N�PQ� decreasesmostrapidlywith increasingP when U���J , soat leastin
termsof theupperboundonthenumberof examplesrequiredpertask,learningsmallfeature
setsis an ideal applicationfor bias learning. However, the upperboundon the numberof
tasksdoesnot faresowell asit scalesas F � U � .

3.3.4 COMPARISON WITH TRADITIONAL MULTIPLE-CLASS CLASSIFICATION

A specialcaseof this multi-taskframework is onein which themarginal distribution on the input
space� ¸ ~ ¬ is thesamefor eachtask ÿ ��¤3����������P , andall thatvariesbetweentasksis theconditional
distribution over the outputspace" . An examplewould be a multi-classproblemsuchas face
recognition,in which " �S�l¤3����������P;� where P is the numberof facesto be recognizedandthe
marginal distribution on � is simply the “natural” distribution over imagesof thosefaces.In that
case,if for everyexample� ¸ 4 wehave—in additionto thesample� ¸ 4 from the ÿ th task’sconditional
distribution on " —samplesfrom theremainingP�: ¤ conditionaldistributionson " , thenwe can
view the P training setscontaining ^ exampleseachasonelarge training set for the multi-class
problemwith ^TP examplesaltogether. The boundon ^ in Theorem8 statesthat ^TP shouldbeF �	P J K U � , or proportionalto the total numberof parametersin thenetwork, a resultwe would
expectfrom6 (Haussler, 1992).

Sowhenspecializedto thetraditionalmultiple-class,singletaskframework, Theorem8 is con-
sistentwith theboundsalreadyknown. However, aswehavealreadyargued,problemssuchasface
recognitionarenot reallysingle-task,multiple-classproblems.They aremoreappropriatelyviewed

6. If eachexamplecanbeclassifiedwith a“largemargin” thennaiveparametercountingcanbeimprovedupon(Bartlett,
1998).
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asa (potentiallyinfinite) collectionof distinctbinaryclassificationproblems.In thatcase,thegoal
of bias learningis not to find a single P -outputnetwork that canclassifysomesubsetof P faces
well. It is to learnasetof featuresthatcanreliablybeusedasafixedpreprocessingfor distinguish-
ing any singlefacefrom otherfaces.This is thenew thing providedby Theorem8: it tells us that
providedwehave trainedour P -outputneuralnetwork onsufficiently many examplesof sufficiently
manytasks, we canbeconfidentthatthecommonfeaturemaplearntfor thoseP taskswill begood
for learninganynew, asyetunseentask,providedthenew taskis drawn from thesamedistribution
thatgeneratedthe training tasks.In addition,learningthenew taskonly requiresestimatingthe J
outputnodeparametersfor that task,a vastlyeasierproblemthanestimatingtheparametersof the
entirenetwork, from bothasampleandcomputationalcomplexity perspective. Also, sincewehave
high confidencethat the learntfeatureswill begoodfor learningnovel tasksdrawn from thesame
environment,thosefeaturesare themselvesa candidatefor further study to learnmoreaboutthe
natureof theenvironment.Thesameclaimcouldnotbemadeif thefeatureshadbeenlearnton too
smalla setof tasksto guaranteegeneralizationto novel tasks,for thenit is likely that the features
would implementidiosyncrasiesspecificto thosetasks,ratherthan“invariances”thatapplyacross
all tasks.

When viewed from a bias (or feature)learningperspective, ratherthan a traditional P -class
classificationperspective, thebound ^ on thenumberof examplesrequiredof eachtasktakeson
a somewhatdifferentmeaning.It tells us thatprovided P is large (i.e., we arecollectingexamples
of a large numbertasks),thenwe really only needto collecta few moreexamplesthanwe would
otherwisehaveto collectif thefeaturemapwasalreadyknown ( J K U N�P examplesvs. J examples).
Soit tellsusthattheburdenimposedby featurelearningcanbemadenegligibly small,at leastwhen
viewedfrom theperspective of thesamplingburdenrequiredof eachtask.

3.4 Learning Multiple Taskswith BooleanFeature Maps

Ignoring the accuracy andconfidenceparametersi and ¼ , Theorem8 shows that the numberof
examplesrequiredof eachtaskwhenlearning P taskswith a commonneural-network featuremap
is boundedabove by F � J K U N�PQ� , where J is the numberof featuresand U is the numberof
adjustableparametersin the featuremap. Since F � J � examplesarerequiredto learna singletask
oncethe true featuresare known, this shows that the upperboundon the numberof examples
requiredof eachtaskdecays(in order)to theminimumpossibleasthenumberof tasksP increases.
This suggeststhat learningmultiple tasksis advantageous,but to be truly convincing we needto
prove a lower boundof the sameform. Proving lower boundsin a real-valuedsetting( " � � )
is complicatedby the fact thata singleexamplecanconvey an infinite amountof information,so
one typically hasto make extra assumptions,suchas that the targets � C " arecorruptedby a
noiseprocess.Ratherthanconcernourselveswith suchcomplications,in this sectionwe restrict
our attentionto Booleanhypothesisspacefamilies (meaningeachhypothesis

# C A 
 mapsto" � ��� ¤�� andwe measureerrorby discreteloss
U � # �	�9�����R�®�þ¤ if

# �	�±�}§�-� and
U � # �	�9�����R�õ�¦£

otherwise).

Weshow thatthesamplecomplexity for learningP taskswith aBooleanhypothesisspacefamilyA is controlledby a“VC dimension”typeparameter
f=� �	PQ� (thatis, wegivenearlymatchingupper

and lower boundsinvolving
f � �	PQ� ). We thenderive boundson

f � �	PQ� for the hypothesisspace
family consideredin theprevioussectionwith theLipschitzsigmoidfunction V replacedby a hard
threshold(linearthresholdnetworks).
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As well astheboundonthenumberof examplesrequiredpertaskfor goodgeneralizationacross
thosetasks,Theorem8 alsoshowsthatfeaturesperformingwell on F � U � taskswill generalizewell
to novel tasks,whereU is thenumberof parametersin thefeaturemap.Giventhatfor many feature
learningproblemsU is likely to bequite large (recallNote4 in Section3.3.3),it would beuseful
to know that F � U � tasksare in fact necessarywithout further restrictionson the environmental
distributions

Z
generatingthetasks.Unfortunately, wehavenotyetbeenableto show sucha lower

bound.
Thereis someempiricalevidencesuggestingthatin practicetheupperboundon thenumberof

tasksmay be very weak. For example,in BaxterandBartlett (1998)we reportedexperimentsin
whichasetof neuralnetwork featureslearntonasubsetof only 400Japanesecharactersturnedout
to begoodenoughfor classifyingsome2600unseencharacters,eventhoughthefeaturescontained
severalhundredthousandparameters.Similar resultsmaybefoundin IntratorandEdelman(1996)
and in the experimentsreportedin Thrun (1996) andThrun and Pratt (1997,chapter8). While
this gapbetweenexperimentandtheorymaybe just anotherexampleof the loosenessinherentin
generalbounds,it may alsobe that the analysiscanbe tightened.In particular, the boundon the
numberof tasksis insensitive to thesizeof theclassof outputfunctions(theclass

p
in Section3.1),

whichmaybewheretheloosenesshasarisen.

3.4.1 UPPER AND LOWER BOUNDS FOR LEARNING � TASKS WITH BOOLEAN HYPOTHESIS

SPACE FAMILIES

First we recall someconceptsfrom the theoryof Booleanfunction learning. Let
�

be a classof
Booleanfunctionson � and�T�©�	� 
 ����������� � � C � � .

� ~ 0 is thesetof all binaryvectorsobtainable
by applyingfunctionsin

�
to � :� ~ 0 $ �B��� # �	� 
 ����������� # �	� � ��� $¨# CT� �j�

Clearly ü � ~ 0 ü ¿ Â � . If ü � ~ 0 ü � Â � we say
�

shatters � . Thegrowthfunctionof
�

is definedby� � �	^_� $ � �L���0 ó ¬��/�� � ~ 0 �� �
TheVapnik-Chervonenkisdimension

��������� � � � is thesizeof thelargestsetshatteredby
�

:�����=��� � � � $ � ����� �
^ $ ��� �	^_��� Â � �j�
An importantresultin thetheoryof learningBooleanfunctionsis Sauer’s Lemma(Sauer, 1972),of
whichwe will alsomake use.

Lemma 9 (Sauer’sLemma). For a Booleanfunctionclass
�

with
��������� � � �Å� f ,� � �	^_��¿ ¢· ¸�¹ ¶ Ã ^ ÿ Ê ¿�� Ç ^f�� ¢ �

for all positiveintegers ^ .

Wenow generalizetheseconceptsto learningP taskswith aBooleanhypothesisspacefamily.
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A MODEL OF INDUCTIVE BIAS LEARNING

Definition 5. Let A be a Booleanhypothesisspacefamily. Denotethe P  ^ matricesover the
input space� by � . c 2 � 5 . For each � C � . c 2 � 5 and

�¡C A , define
� ~ �

to be thesetof (binary)
matrices, �_~ � $ � ��� ��

��� # 
 �	� 
�
 � ����� # 
 �	� 
ô� �
...

.. .
...#=c �	� c 
 � ����� #Rc �	� c � ���t�� $z# 

�������
� # c CT��� ���� �

Define A ~ �}$ � ´� ó � � ~ � �
Nowfor each P . £���^ . £ , define

� � �	P]��^_� by��� �	P]��^_� $ � �L���� ó ¬�� û�� � � �� A ~ � �� �
Notethat

� � �	P]��^_�%¿ Â c � . If
�� A ~ � �� � Â c � wesay A shattersthematrix � . For each P . £ letf � �	PQ� $ � ����� �
^ $ � � �	P]��^_��� Â c � �j�

Define f � A � $ � �����=� � � A 
 � andf � A � $ � ������ ó � �����=��� � � ���
Lemma 10. f � A � � f � A �f�� �	PQ� � ����� ¥¢¡ f � A �P £ � f � A � # � ¤Â Ã ¡ f � A �P £ K f � A � Ê
Proof. Thefirst inequalityis trivial from thedefinitions. To get thesecondterm in themaximum
in the secondinequality, choosean

� C A with
�����=��� � � �ª� f � A � and constructa matrix� C � . c 2 � 5 whoserowsareof length

f � A � andareshatteredby
�

. Thenclearly A shatters� . For
thefirst termin themaximumtakeasequence�T�©�	� 
 ����������� ¢ . � 5 � shatteredby A 
 (thehypothesis
spaceconsistingof theunionoverall hypothesisspacesfrom A ), anddistributeits elementsequally
amongtherows of � (throw away any leftovers).Thesetof matrices��� ��

��� # �	��
�
O� ����� # �	��
ô�®�
...

. . .
...# �	� c 
 � ����� # �	� c � �¤�t�� $�# C A 
 � ���� �

wherê �¦¥ f � A ��N�P § is asubsetof A ~ � andhassize Â c � .

Lemma 11. ��� �	P]��^_��¿ À Ç ^f=� �	PQ� Ë c ¢?¨ . c 5
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Proof. Observe that for each P ,
��� �	P]��^_� � � � �	P9^_� where

�
is the collectionof all Boolean

functionson sequences� 
 ����������� c � obtainedby first choosingP functions
# 
 ��������� #Rc from some� C A , andthenapplying

# 
 to thefirst ^ examples,
# > to thesecond̂ examplesandsoon. By

thedefinitionof
f � �	PQ� , �����=��� � � �Å� P f � �	PQ� , hencetheresultfollows from Lemma9 appliedto�

.

If one follows the proof of Theorem4 (in particularthe proof of Theorem18 in Appendix
A) then it is clear that for all ©
. £ , k � A c b �ai3� may be replacedby

��� �	P]� Â ^_� in the Boolean
case.Making this replacementin Theorem18, andusingthe choicesof d �Eª from thediscussion
following Theorem26,weobtainthefollowing boundontheprobabilityof largedeviationbetween
empiricalandtrueperformancein thisBooleansetting.

Theorem 12. Let
n � � � 
 ��������� � c � be P probability distributionson �º ��� ¤�� and let \ bean�	P]��^_� -samplegeneratedbysamplinĝ timesfrom �� ��� ¤�� according to each � ¸ . Let A �B� � �

beanypermissibleBooleanhypothesisspacefamily. For all £�% © ¿ ¤ ,0 * ��\ $¬«=d C A c $ )�* g � d � � W)�*a` � d ��K ij��¿ È ��� �	P]� Â ^_� ) � � �×: © > P9^_N � È ��� (46)

Corollary 13. Under the conditionsof Theorem 12, if the numberof exampleŝ of each task
satisfies ^!� ���i > À Â f � �	PQ� Ä ��Æ Â�Âi K ¤P Ä ��Æ È ¼�Ë (47)

thenwith probabilityat least ¤�:�¼ (over thechoiceof \ ), any
d C A c will satisfy)�* g � d �%¿ W)�*a` � d ��K i (48)

Proof. Applying Theorem12,we requireÈ � � �	P]� Â ^_� ) � � �×: © > P9^_N � È ��¿ ¼��
which is satisfiedif ^!� � È© > À f � �	PQ� Ä ��ÆãÂ�Ç ^f � �	PQ� K ¤P Ä ��Æ È ¼ Ë � (49)

wherewe have usedLemma11. Now, for all Im�M¤ , if^ � Ã ¤ K ¤Ç Ê I Ä ��Æ Ã ¤ÅK ¤Ç Ê I��
then ^!�½I Ä ��Æ ^ . SosettingIL� � È f � �	PQ��N�i > , (49) is satisfiedif^!� ���i > À Â f � �	PQ� Ä ��Æ Â�Âi K ¤P Ä ��Æ È ¼ Ë �
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Corollary 13 shows that any algorithmlearning P tasksusingthe hypothesisspacefamily A
requiresnomorethan ^ � F Ã ¤i > À f=� �	PQ� Ä ��Æ ¤i K ¤P Ä ��Æ ¤¼ ËRÊ (50)

examplesof eachtaskto ensurethatwith highprobabilitytheaveragetrueerrorof any P hypotheses
it selectsfrom A c is within i of their averageempiricalerror on the sample\ . We now give a
theoremshowing that if thelearningalgorithmis requiredto produceP hypotheseswhoseaverage
trueerror is within i of thebestpossibleerror (achievableusing A c ) for anarbitrarysequenceof
distributions � 
���������� � c , thenwithin a

Ä ��Æ 
� factorthenumberof examplesin equation(50) is also
necessary.

For any sequence
n � � � 
 �������
� � c � of P probability distributions on �  ��� ¤�� , define���=� g � A c � by ����� g � A c � $ � ��ðRñ­�ó � û )�* g � d ���

Theorem 14. Let A be a Booleanhypothesisspacefamily such that A 
 containsat least two
functions.For each P³��¤3� Â ��������� let

V c
beanylearningalgorithmtakingasinput �	P]��^_� -samples\ C � �( ��� ¤���� . c 2 � 5 and producingas output P hypotheses

d �S� # 
 �������
� #=c � C A c . For all£�%½i�%M¤�N � È and £�% ¼¤%M¤�N � È , if^!% ¤i > À f � �	PQ�� ¤ � KM�×¤�:»i > � ¤P Ä ��Æ Ã ¤� ¼°�×¤ : Â ¼3��Ê�Ë
then there exist distributions

n � � � 

��������� � c � such that with probability at least ¼ (over the
randomchoiceof \ ), )�* g � V c �J\°��� . ���=� g � A c ��K i
Proof. SeeAppendixC

3.4.2 L INEAR THRESHOLD NETWORKS

Theorems13 and14 show that within constantsanda
Ä ��Æ �×¤�N�i3� factor, the samplecomplexity of

learning P tasksusingtheBooleanhypothesisspacefamily A is controlledby thecomplexity pa-
rameter

f � �	PQ� . In thissectionwederiveboundson
f � �	PQ� for hypothesisspacefamiliesconstructed

asthresholdedlinear combinationsof Booleanfeaturemaps.Specifically, we assumeA is of the
form givenby (39), (38), (37)and(36), wherenow thesquashingfunction V is replacedwith ahard
threshold: V��	�±� $ � � ¤ if �®� £R�:É¤ otherwise�
andwe don’t restrictthe rangeof the featureandoutputlayer weights. Note that in this casethe
proof of Theorem8 doesnot carrythroughbecausetheconstants� � �Ry in Theorem7 dependon the
Lipschitzboundon V .

Theorem 15. Let A bea hypothesisspacefamilyof theformgivenin (39), (38), (37)and(36), with
a hard thresholdsigmoidfunction V . Recallthat theparameters

f
,
U
and J are theinput dimension,

numberof hiddennodesin thefeaturemapandnumberof features(outputnodesin thefeaturemap)
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respectively. Let U $ � U � f Kâ¤��]K J � U Kâ¤�� (the numberof adjustableparameters in the feature
map).Then, f � �	PQ� ¿ Â Ã U P K J K�¤ Ê Ä ��Æ > � Â�Ç � J K U K�¤����z�
Proof. Recallthat for each

P C �TS , M | $ � ¢ &(� = denotesthefeaturemapwith parameters
P

.
For each� C � . c 2 � 5 , let M | ~ � denotethematrix��� M | �	��
�
6� ����� M | �	��
ô�õ�

...
. . .

...M | �	� c 
 � ����� M | �	� c � ���t�� �
Note that A ~ � is thesetof all binary P  ^ matricesobtainableby composingthresholdedlinear
functionswith theelementsof M | ~ � , with therestrictionthat thesamefunctionmustbeappliedto
eachelementin a row (but thefunctionsmaydiffer betweenrows). With aslight abuseof notation,
define �°¯ �	P]��^_� $ � ������ ó ¬ � û�� � � �� ~ M | ~ � $aP C � S � �� �
Fix � C � . c 2 � 5 . By Sauer’sLemma,eachnodein thefirst hiddenlayerof thefeaturemapcomputes
at most � Ç ^TPQN�� f K�¤���� ¢�� 
 functionson the P9^ input vectorsin � . Thus, therecanbe at most� Ç ^TPQN�� f K�¤���� b . ¢�� 
 5 distinct functionsfrom the input to the output of the first hiddenlayer on
the P9^ pointsin � . Fixing thefirst hiddenlayerparameters,eachnodein thesecondlayerof the
featuremapcomputesatmost � Ç ^TPQN�� U K�¤���� b � 
 functionsontheimageof � producedattheoutput
of thefirst hiddenlayer. Thusthesecondhiddenlayercomputesnomorethan � Ç ^TPQN�� U K�¤���� = . b � 
 5
functionson theoutputof thefirst hiddenlayeron the P9^ pointsin � . So,in total,�°¯ �	P]��^_� ¿ Ã Ç ^TPf K�¤RÊ b . ¢�� 
 5 Ã Ç ^TPU K�¤�Ê = . b � 
 5 �
Now, for eachpossiblematrix M | ~ � , thenumberof functionscomputableoneachrow of M | ~ � by a

thresholdedlinearcombinationof theoutputof thefeaturemapis atmost � Ç ^_N�� J K�¤���� = � 
 . Hence,
thenumberof binarysignassignmentsobtainableby applyinglinear thresholdfunctionsto all the
rows is atmost � Ç ^_N�� J K ¤���� c . = � 
 5 . Thus,� � �	P]��^_��¿ Ã Ç ^TPf K�¤ Ê b . ¢�� 
 5 Ã Ç ^TPU K�¤ Ê = . b � 
 5 Ã Ç ^TPPÅ� J K�¤�� Ê c . = � 
 5 �q �	�±� $ ��� Ä ��Æ � is aconvex function,hencefor all I���G���± . £ ,q Ã J IÉK U G�KY±J K U K�¤ Ê ¿ ¤J K U K�¤ � JRq �JI���K U q �HG���K q �²±
���³ Ã J K U K�¤J IõK U G]Kc± Ê =�´ � b¶µ �¸· � Ã ¤I Ê =}´ Ã ¤G Ê b¹µ Ã ¤± Ê · �
SubstitutingI � U K�¤ , G�� f K�¤ and ± ��PÅ� J K�¤�� shows that��� �	P]��^_��¿ Ã Ç ^TPÅ� J K U K�¤��U K PÅ� J K�¤�� Ê S � c . = � 
 5 � (51)
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Hence,if ^ . Ã U P K J K ¤ Ê Ä ��Æ > Ã Ç ^TPÅ� J K U K ¤��U K PÅ� J K�¤�� Ê (52)

then
��� �	P]��^_�º% Â c � andsoby definition

f � �	PQ��¿�^ . For all I . ¤ , observe that � . I Ä ��Æ > �
if �T� Â I Ä ��Æ > Â I . Setting�T� Ç ^TPÅ� J K U K�¤���N�� U K PÅ� J K�¤���� and I � Ç � J K U K�¤�� shows that
(52) is satisfiedif ^ � Â � U N�P}K J K�¤�� Ä ��Æ > � Â�Ç � J K U K�¤���� .
Theorem 16. Let A beas in Theorem15 with the following extra restrictions:

f � Á , U � J andJ ¿ f . Then f � �	PQ��� ¤Â Ã ¡ UÂ P £ K J K�¤ Ê
Proof. Webound

f � A � and
f � A � andthenapplyLemma10. In thepresentsetting A 
 containsall

three-layerlinear-thresholdnetworkswith
f

input nodes,
U
hiddennodesin thefirst hiddenlayer, J

hiddennodesin thesecondhiddenlayerandoneoutputnode.FromTheorem13in Bartlett(1993),
we have �����=� � � A 
 ��� flU K U � J :½¤��Â K�¤3�
whichundertherestrictionsstatedabove is greaterthan U N Â . Hence

f � A ��� U N Â .
As J ¿ f and

U � J we canchoosea featureweightassignmentso that thefeaturemapis the
identity on J componentsof the input vectorandinsensitive to thesettingof the reminaing

f : J
components.Hencewe cangenerateJ Ká¤ points in � whoseimageunderthe featuremap is
shatteredby thelinearthresholdoutputnode,andso

f � A �]� J K�¤ .
CombiningTheorem15 with Corrolary13 shows that^!� F Ã ¤i > À Ã U P K J K�¤ Ê Ä ��Æ ¤i K ¤P Ä ��Æ ¤¼ Ë�Ê

examplesof eachtasksufficewhenlearningP tasksusingalinearthresholdhypothesisspacefamily,
while combiningTheorem16 with Theorem14 shows thatif^ ¿¼» Ã ¤i > À Ã U P K J K ¤ Ê K ¤P Ä ��Æ ¤¼ Ë�Ê
thenany learningalgorithmwill fail on somesetof P tasks.

4. Conclusion

Theproblemof inductive biasis onethathasbroadsignificancein machinelearning.In this paper
we have introduceda formal modelof inductive biaslearningthatapplieswhenthe learneris able
to samplefrom multiple relatedtasks.Weprovedthatprovidedcertaincoveringnumberscomputed
from the setof all hypothesisspacesavailable to the biaslearnerarefinite, any hypothesisspace
thatcontainsgoodsolutionsto sufficiently many trainingtasksis likely to containgoodsolutionsto
novel tasksdrawn from thesameenvironment.

In the specificcaseof learninga setof features,we showed that the numberof exampleŝ
requiredof eachtaskin an P -tasktrainingsetobeys ^�� F � J K U N�PQ� , where J is thenumberof
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featuresand U is a measureof thecomplexity of the featureclass.We showed that this boundis
essentiallytight for Booleanfeaturemapsconstructedfrom linearthresholdnetworks. In addition,
weprovedthatthenumberof tasksrequiredto ensuregoodperformancefrom thefeaturesonnovel
tasksis nomorethan F � U � . Wealsoshowedhow agoodsetof featuresmaybefoundby gradient
descent.

Themodelof thispaperrepresentsafirst steptowardsaformalmodelof hierarchicalapproaches
to learning.By modellinga learner’s uncertaintyconcerningits environmentin probabilisticterms,
we have shown how learningcanoccursimultaneouslyat both the baselevel—learnthe tasksat
hand—andat the meta-level—learnbiasthat canbe transferredto novel tasks. From a technical
perspective, it is the assumptionthat tasksaredistributed probabilsticallythat allows the perfor-
manceguaranteesto beproved.Fromapracticalperspective, therearemany problemdomainsthat
canbeviewedasprobabilisticallydistributedsetsof relatedtasks.For example,speechrecognition
may be decomposedalongmany differentaxes: words,speakers, accents,etc. Facerecognition
representsa potentiallyinfinite domainof relatedtasks.Medicaldiagnosisandprognosisproblems
usingthesamepathologytestsareyet anotherexample.All of thesedomainsshouldbenefitfrom
beingtackledwith abiaslearningapproach.

Naturalavenuesfor furtherenquiryinclude:E Alter native constructionsfor A . Although widely applicable,the specificexampleon feature
learningvia gradientdescentrepresentsjust onepossibleway of generatingandsearching
the hypothesisspacefamily A . It would be interestingto investigatealternative methods,
including decisiontreeapproaches,approachesfrom Inductive Logic Programming(Khan
et al., 1998),andwhethermoregenerallearningtechniquessuchasboostingcanbeapplied
in abiaslearningsetting.E Algorithms for automatically determining the hypothesisspacefamily A . In our model the
structureof A is fixed apriori and representsthe hyper-bias of the bias learner. It would
beinterestingto seeto whatextentthis structurecanalsobelearnt.E Algorithms for automatically determining task relatedness.In ordinarylearningthereis usu-
ally little doubt whetheran individual examplebelongsto the samelearningtask or not.
The analogousquestionin biaslearningis whetheran individual learningtaskbelongsto a
givensetof relatedtasks,which in contrastto ordinarylearning,doesnot alwayshave such
a clear-cut answer. For mostof the exampleswe have discussedhere,suchasspeechand
facerecognition,the task-relatednessis not in question,but in othercasessuchasmedical
problemsit is notsoclear. Groupingtoo largeasubsetof taskstogetherasrelatedtaskscould
clearlyhave a detrimentalimpacton bias-learningor multi-tasklearning,andthereis empri-
calevidenceto supportthis (Caruana,1997).Thus,algorithmsfor automaticallydetermining
task-relatednessareapotentiallyusefulavenuefor furtherresearch.In thiscontext, seeSilver
andMercer(1996),ThrunandO’Sullivan(1996). Notethat thequestionof taskrelatedness
is clearlyonly meaningfulrelativeto aparticularhypothesisspacefamily A (for example,all
possiblecollectionsof tasksarerelatedif A containsevery possiblehypothesisspace).E Extendedhierarchies. For anextensionof ourtwo-level approachto arbitrarilydeephierarchies,
seeLangford (1999). An interestingfurther questionis to what extent the hierarchycan
be inferred from data. This is somewhat relatedto the questionof automaticinductionof
structurein graphicalmodels.

178



A MODEL OF INDUCTIVE BIAS LEARNING

Acknowledgements

This work was supportedat various times by an Australian PostgraduateAward, a Shell Aus-
tralia PostgraduateFellowship, U.K EngineeringandPhysicalSciencesResearchCouncil grants
K70366 andK70373, and an AustralianPostdoctoralFellowship. Along the way, many people
have contributed helpful commentsandsuggestionsfor improvementincluding Martin Anthony,
PeterBartlett,Rich Caruana,JohnLangford,StuartRussell,JohnShawe-Taylor, SebastianThrun
andseveralanonymousreferees.

Appendix A. Uniform ConvergenceResults

Theorem2 providesabound(uniformoverall ½¿¾ÁÀ ) ontheprobabilityof largedeviationbetweenÂ?Ã�Ä1Å ½	Æ and ÇÂ?Ã�ÈpÅ ½	Æ . To obtaina moregeneralresult,we follow Haussler(1992)andintroducethe
following parameterizedclassof metricson ÉAÊ :Ë"Ì Í ÎÐÏ_Ñ"ÒeÓ¹Ô Õ ÎmÖ×Ñ ÕÎ�Ø8ÑÙØcÚ Ï
where

ÚÜÛÞÝ
. Our main theoremwill be a uniform boundon the probability of large valuesofË"Ì1Í Â?Ã�Ä1Å ½	Æ Ï Â?Ã�ÈpÅ ½	Æ Ò , ratherthan Õ Â?Ã�Ä1Å ½	Æ Ö ÇÂ?ÃEÈ"Å ½ßÆ Õ . Theorem2 will thenfollow asacorollary, as

will betterboundsfor therealizablecase ÇÂ?ÃEÈ"Å ½ßÆ ÔDÝ (AppendixA.3).

Lemma 17. Thefollowing threepropertiesof
ËpÌ

are easilyestablished:

1. For all à ÏEáÙâ¼Ý , Ý�ã�ËpÌ�Í à ÏEáäÒÐãæå
2. For all

Ýnã à ã¼á�ãèç , Ë"Ì1Í à ÏEá?ÒÐã¼Ë"Ì1Í à Ï_çéÒ and
Ë"Ì Íêá^Ï_çéÒ�ã�ËpÌ Í à Ï_çéÒ .

3. For
ÝLã à ÏEá¤ãæå , ë ì}íïî�ëÌ Ê¸ð ã�Ë"Ì Í à ÏEá?ÒÐã ë ì�íïî�ëÌ

For easeof expositionwe have up until now beendealingexplicitly with hypothesisspaces½
containingfunctions ñ ÓQò!ó�ô

, andthenconstructinglossfunctions ñQõ mapping
ò÷ö	ô3óøÍ ÝjÏäå}Ò

by ñQõ Å ÎÐÏ_Ñ Æ Ó¹Ô�ù Å ñ Å Î Æ Ï_Ñ Æ for somelossfunction
ù�ÓúôÁöAô3óûÍ ÝjÏäå}Ò

. However, in generalwecanviewñQõ just asa functionfrom anabstractset ü (
ò+ö®ô

) to
Í ÝjÏäå}Ò

andignoreits particularconstruction
in termsof the loss function

ù
. So for the remainderof this section,unlessotherwisestated,all

hypothesisspaces½ will besetsof functionsmappingü to
Í ÝjÏäå}Ò

. It will alsobeconsiderablymore
convenient to transposeour notationfor ÅCý Ï_þ Æ -samples,writing the ý training setsas columns
insteadof rows: ÿ Ô�� ��� ����� � ���

...
. . .

...� � �	����� � � �
whereeach� 
�� ¾¼ü . Recallingthedefinitionof Å ò÷ö�ô Æ 
 ��� ���

(Equation9 andprior discussion),
with this transposition

ÿ
livesin Å ò ößô Æ 
 � � � �

. Thefollowing definitionnow generalizesquantities
like ÇÂ?Ã È Å ½	Æ , Â?Ã�� Å ½ßÆ andsoon to thisnew setting.

Definition 6. Let ½ � Ï ����� Ï ½ � be ý sets of functions mapping ü into
Í ÝjÏäå}Ò

. For any ñ � ¾½ � Ï ����� Ï ñ � ¾ß½ � , let ñ ����������� ñ � or simply � denotethemap� Å��� Æ Ô å�� ý �� 
 � � ñ 
 Å � 
 Æ
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for all �� Ô Å � � Ï ����� Ï � � Æ ¾Üü �
. Let ½ �!�"�����#� ½ � denotethe setof all suchfunctions. Given�5¾ ½ �$�%�����&� ½ � and

þ
elementsof Å ò ö	ô Æ � , Å��� � Ï ����� Ï �� � Æ (or equivalentlyanelement

ÿ
ofÅ ò ö	ô Æ 
 � � � �

by writing the �� 
 asrows),defineÇÂ?Ã�È"Å ��Æ Ó¹Ô åþ �� 
'� � � Å��� 
 Æ
(recall equation(8)). Similarly, for any productprobability measure( Ô*) � ö ����� ö+) � onÅ ò ö	ô Æ � , define Â?Ã � Å ��Æ Ó¹Ô-,#.0/ � Å��� Æ Ë ( Å��� Æ
(recallequation(26)). For any � Ï �21 Ó Å ò ö	ô Æ � óûÍ ÝjÏäå}Ò

(notnecessarilyof theform ñ �3�4�����5� ñ � ),
define Ë � Å � Ï � 1 Æ Ó¹Ô%, . / Õ � Å��� Æ Ö � 1 Å��� Æ Õ Ë ( Å��� Æ
(recallequation(17)). For any classof functions½ mapping Å ò÷ö�ô Æ � to

Í ÝjÏäå}Ò
, define6 Å57 Ï ½	Æ Ó¹Ô98;:=<�?> Å@7 Ï ½ Ï�Ë � Æ

wherethesupremumis overall productprobabilitymeasureson Å ò ö	ô Æ � and> Å�7 Ï ½ Ï�Ë � Æ is the
sizeof thesmallest7 -cover of ½ under

Ë � (recallDefinition4).

Thefollowing theoremis themainresultfrom whichtherestof theuniformconvergenceresults
in this paperarederived.

Theorem 18. Let ½BAè½ � �C������� ½ � bea permissibleclassof functionsmappingÅ ò÷ößô Æ � intoÍ ÝjÏäå}Ò
. Let

ÿ ¾ Å ò÷ö	ô Æ 
 � � � �
be generatedby

þ�âEDF� Å@G ð Ú Æ independenttrials from Å ò ö	ô Æ �
according to someproductprobability measure ( Ô9) � ö ����� öH) � . For all

ÚßÛ¼Ý
,
ÝJI G Iæå

,K ÃML ÿ ¾ Å ò ößô Æ 
 � � � � ÓN8;:#<O ËpÌ�Í ÇÂ?Ã�È Å �'Æ Ï Â?Ã � Å �'Æ ÒÐÛ GQP ã+R 6 Å@G ÚS��T Ï ½	Æ ÂVU < Å Ö G ð Ú ý þW��T Æ � (53)

Thefollowing immediatecorollarywill alsobeof uselater.

Corollary 19. UnderthesameconditionsasTheorem18, ifþ!âYX[Z U]\ TG ð Ú ýH^ _&` R 6ba�c Ìd Ï ½feg Ï DG ð Úih Ï (54)

then K Ã L ÿ ¾ Å ò÷ö	ô Æ 
 � � � � Ój8;:#<O ËpÌ�Í ÇÂ?Ã�È"Å �'Æ Ï Â?Ã � Å �'Æ Ò'Û G P ã g
(55)

A.1 Proof of Theorem 18

Theproof is via adoublesymmetrizationargumentof thekind givenin chapter2 of Pollard(1984).
I have alsoborrowedsomeideasfrom theproofof Theorem3 in Haussler(1992).
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A.1.1 FIRST SYMMETRIZATION

An extra pieceof notation:for all

ÿ ¾ Å ò÷ö�ô Æ 
 ð � � � �
, let

ÿ Å å Æ bethetop half of

ÿ
and

ÿ Å D Æ bethe
bottomhalf, viz: ÿ Å å Æ Ô � ��� ����� � ���

...
. . .

...� � �k����� � � � ÿ Å D Æ Ô � � Ê ���l�	����� � � Ê ��� �
...

. ..
...� ð � �l� ����� � ð � � �

Thefollowing lemmais thefirst “symmetrizationtrick.” Werelatetheprobabilityof largedeviation
betweenan empirical estimateof the loss and the true loss to the probability of large deviation
betweentwo independentempiricalestimatesof theloss.

Lemma 20. Let ½ be a permissibleset of functionsfrom Å ò÷ö	ô Æ � into
Í ÝjÏäå}Ò

and let
)

be a
probability measure on Å ò÷ö�ô Æ � . For all

Ú	Û�ÝjÏ�ÝmI G Iæå
and

þ!â ðcFn Ì ,K Ã L ÿ ¾ Å ò ößô Æ 
 � � � � ÓN8;:#<O ËpÌ�Í ÇÂ?Ã�È Å ñïÆ Ï Â?Ãpo1Å ñ¬Æ Ò'Û G PãYD K Ã L ÿ ¾®ü 
 ð � � � � ÓN8;:#<O ËpÌrq ÇÂ?Ã È 
 � � Å ñ¬Æ Ï ÇÂ?Ã È 
 ð � Å ñ¬Æts Û G D P � (56)

Proof. Note first that permissibility of ½ guaranteesthe measurabilityof supremaover ½
(Lemma 32 part 5). By the triangle inequality for

ËpÌ
, if

Ë"Ì q ÇÂ?Ã È 
 � � Å ñïÆ Ï Â?Ãuo1Å ñïÆ s Û G andË"Ì]q ÇÂ?Ã È 
 ð � Å ñïÆ Ï Â?ÃVo Å ñïÆts I G ��D
, then

Ë"Ìrq ÇÂ?Ã È 
 � � Å ñïÆ Ï ÇÂ?Ã È 
 ð � Å ñïÆts Û G ��D
. Thus,K Ã&v ÿ ¾ Å ò÷ö�ô Æ 
 ð � � � � Óxw ñ�¾ß½ ÓQË"Ì q ÇÂ?Ã È 
 � � Å ñïÆ Ï ÇÂ?Ã È 
 ð � Å ñïÆ s Û G Dzyâ K Ã�v ÿ ¾ Å ò÷ö	ô Æ 
 ð � � � � Ó0w ñ�¾¢½ Ó"Ë"Ì q ÇÂ?Ã È 
 � � Å ñïÆ Ï Â?Ãuo1Å ñïÆ s Û G andË"Ì q ÇÂ?Ã È 
 ð � Å ñïÆ Ï Â?Ãuo1Å ñïÆ s I G ��D y � (57)

By Chebyshev’s inequality, for any fixed ñ ,K Ã v ÿ ¾ Å ò ö	ô Æ 
 � � � � ÓQË Ì Í ÇÂ?Ã È Å ñïÆ Ï Â?Ã o Å ñïÆ Ò{I G D yâ K Ã L ÿ ¾ Å ò ö	ô Æ 
 � � � � Ó Õ ÇÂ?Ã�È"Å ñïÆ Ö Â?Ã�o1Å ñïÆ ÕÚ I G D Pâæå�Ö Â?Ã o Å ñïÆ Å årÖ Â?Ã o Å ñïÆ_Æþ�Ú G ð �|Râ åD
as
þ�â-DF� Å@G ð Ú Æ and Â?Ã�o1Å ñ¬Æ ã å

. Substitutingthis lastexpressioninto theright handsideof (57)
givestheresult.
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A.1.2 SECOND SYMMETRIZATION

Thesecondsymmetrizationtrick boundstheprobabilityof large deviation betweentwo empirical
estimatesof the loss(i.e. the right handsideof (56)) by computingthe probabilityof large devi-
ation whenelementsarerandomlypermutedbetweenthefirst andsecondsample.The following
definitionintroducestheappropriatepermutationgroupfor thispurpose.

Definition 7. For all integers
þ×Ï ý â å

, let } 
 ð � � � � denotethe set of all permutations~ of the
sequenceof pairsof integers � Å å>Ïäå Æ Ï ����� Ï Å å>Ï ý Æ Ï ����� Ï Å D�þ×Ïäå Æ Ï ����� Ï Å D�þ×Ï ý Æ�� suchthat for all � , å&ã� ã�þ , either ~ Å � Ï�� Æ Ô Å þ Ø � Ï�� Æ and ~ Å þ�Ø � Ï�� Æ Ô Å � Ï�� Æ or ~ Å � Ï�� Æ Ô Å � Ï�� Æ and ~ Å þ�Ø � Ï�� Æ ÔÅ þ Ø � Ï�� Æ .

For any

ÿ ¾ Å ò÷ö�ô Æ 
 ð � � � �
andany ~×¾H} 
 ð � � � � , letÿF� Ó¹Ô � � 
 ���l� � ����� � � 
 ��� � �

...
. . .

...� � 
 ð � �l� � ����� � � 
 ð � � � � �
Lemma 21. Let ½ Ô ½ ���"������� ½ � be a permissiblesetof functionsmapping Å ò ö	ô Æ � intoÍ ÝjÏäå}Ò

(as in thestatementof Theorem18). Fix

ÿ ¾ Å ò÷ößô Æ 
 ð � � � �
and let Ç½ Ó¹Ô ��� � Ï ����� Ï �3�W� be

an G ÚS��T
-cover for Å ½ Ï�Ë È Æ , where

Ë ÈpÅ � Ï � 1 Æ Ó¹Ô �ð �+� ð �
'� � Õ � Å��� 
 Æ Ö � 1 Å��� 
 Æ Õ where the �� 
 are therows
of

ÿ
. Then,K Ã L ~×¾H} 
 ð � � � � Ój8�:#<O Ë"Ì]q ÇÂ?Ã È;� 
 � � Å ��Æ Ï ÇÂ?Ã È;� 
 ð � Å �'Æts Û G D Pã �� 
'� � K Ã v ~ ¾H} 
 ð � � � � ÓQË Ì q ÇÂ?Ã È � 
 � � Å � 
 Æ Ï ÇÂ?Ã È � 
 ð � Å � 
 Æts Û G R y Ï (58)

where each ~×¾H} 
 ð � � � � is chosenuniformlyat random.

Proof. Fix ~¼¾�} 
 ð � � � � andlet ��¾8½ besuchthat
ËpÌ�q ÇÂ?Ã È;� 
 � � Å �'Æ Ï ÇÂ?Ã È;� 
 ð � Å ��Æts Û G ��D

(if thereis

no such � for any ~ we arealreadydone).Choose�¤¾ Ç½ suchthat
Ë È Å � Ï �>Æ ã G ÚS��T

. Without loss
of generalitywecanassume� is of theform � Ô�� � �������3� � � . Now,DÚ Ë È Å � Ï �>Æ Ô � ð �
'� ����� � ��u� � ñ � Å � 
�� Æ Ö�� � Å � 
�� Æ ���Újþ ýÔ � ð �
'� � ��� � ��u� � ñ � Å � � 
 
 � � � Æ Ö�� � Å � � 
 
 � � � Æ ���Újþ ýâ ��� � �
'� � � ��p� � q ñ � Å � � 
 
 � � � Æ Ö�� � Å � � 
 
 � � � Æ s ���Újþ ý Ø � �
'� � � ��u� � q ñ � Å � � 
 
 � � � Æ Ø�� � Å � � 
 
 � � � Æ sØ ��� � ð �
'� � Ê � � ��p� � q ñ � Å � � 
 
 � � � Æ Ö�� � Å � � 
 
 � � � Æts ���Úaþ ý Ø � ð �
'� � Ê � � ��u� � q ñ � Å � � 
 
 � � � Æ Ø�� � Å � � 
 
 � � � ÆtsÔ�Ë"Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 � � Å ��Æ s ØcËpÌ q ÇÂ?Ã È � 
 ð � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æ s �
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Hence,by thetriangleinequalityfor
ËpÌ

,DÚ Ë È Å � Ï �>Æ Ø Ë Ì q ÇÂ?Ã È � 
 � � Å �>Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æ s â�Ë Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 � � Å ��Æ sØcË Ì q ÇÂ?Ã È � 
 ð � Å �'Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æts ØcË Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Ætsâ�ËpÌ q ÇÂ?Ã È;� 
 � � Å �'Æ Ï ÇÂ?Ã È;� 
 ð � Å ��Æ s � (59)

But ðÌ Ë ÈpÅ � Ï �>Æ ã G �|R
by constructionand

Ë"Ì]q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æts Û G ��D
by assumption,so

(59) implies
Ë"Ì q ÇÂ?Ã È � 
 � � Å �>Æ Ï ÇÂ?Ã È � 
 ð � Å �>Æ s Û G �|R

. Thus,v ~×¾H} 
 ð � � � � Óxw � ¾¢½ ÓúË"Ìrq ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å �'Æts Û G D yA v ~×¾H} 
 ð � � � � Óxw �Ù¾ Ç½ ÓïË"Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æ s Æ Û G R�y Ï
whichgives(58).

Now we boundtheprobabilityof eachtermin theright handsideof (58).

Lemma 22. Let � Ó Å ò÷ö�ô Æ � ó Í ÝjÏäå}Ò
be any function that can be written in the form � Ô� �{�������3� � � . For any

ÿ ¾ Å ò ö	ô Æ 
 ð � � � �
,K ÃMv ~
¾b} 
 ð � � � � ÓQË"Ì]q ÇÂ?Ã È � 
 � � Å �>Æ Ï ÇÂ?Ã È � 
 ð � Å �>Æts Û G R y ãYD ÂVU <�� Ö G ð Újþ ýT � Ï (60)

where each ~×¾H} 
 ð � � � � is chosenuniformlyat random.

Proof. For any ~
¾f} 
 ð � � � � ,Ë Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æts Ô ��� � �
 � � � ��p� � q�� � Å � � 
 
 � � � Æ Ö�� � Å � � 
 � Ê 
 � � � Æts ���Újþ ý Ø � ð �
 � � � ��u� � � � Å � 
�� Æ � (61)

To simplify the notationdenote
� � Å � 
�� Æ by � 
�� . For eachpair � � ,

åYã � ã þ
,
åYã��Dã ý , letô 
l� be an independentrandomvariablesuchthat

ô 
�� Ô � 
�� Ö � � Ê 
 � � with probability
å���D

andô 
l� Ô � � Ê 
 � � Ö � 
�� with probability
å���D

. From(61),K ÃMv ~×¾H} 
 ð � � � � ÓïË"Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æ s Û G R yÔ K Ã���l� ~
¾H} 
 ð � � � � Ó ������ �� 
'� � ���p� � q�� � Å � � 
 
 � � � Æ Ö�� � Å � � 
 � Ê 
 � � � Æts ������ Û G R¡ ¢ Úaþ ý Ø ð �� 
'� � ���p� � � 
���£¤Y¥l¦§Ô K Ã��� � ������ �� 
'� � ���u� � ô 
�� ������ G R¡ ¢ Újþ ý Ø ð �� 
 � � ���u� � � 
�� £¤+¥ ¦§
For zero-meanindependentrandomvariables

ô � Ï ����� Ï�ô0¨
with boundedranges© 
 ã ô 
 ã«ª 
 , Ho-

effding’s inequality(Devroye,Györfi, & Lugosi,1996)isK Ã \ ����� ¨� 
'� � ô 
 ����� â�¬ h ãYD ÂVU <®­'Ö D3¬ ð� ¨
 � � Å ª 
 Ö © 
 Æ ð#¯ �
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Noting thattherangeof each
ô 
�� is

Í Ö Õ � 
�� Ö � 
 Ê � � � Æ Õ Ï Õ � 
�� Ö � 
 Ê � � � Æ Õ Ò , wehaveK Ã ��l� ������ �� 
'� � ���p� � ô 
�� ������ Û G R° ¢ Újþ ý Ø ð �� 
 � � ���u� � � 
���£¤+¥ ¦§ ãYD ÂVU <  ±¢ Ö G ð³² Újþ ý Ø � ð �
 � � � ��u� � � 
��V´ ðµ D � �
 � � � ��p� � Å � 
�� Ö � 
 Ê � � � Æ ð £�¶¤
Let · Ô � ð �
 � � � ��p� � � 
�� . As

Ý�ã � 
�� ãæå , � �
 � � � ��u� � Å � 
�� Ö � � Ê 
�� Æ ð ã · . Hence,D ÂVU <  ±¢ Ö G ð ² Újþ ý Ø � ð �
'� � � ��u� � � 
l��´ ðµ D � �
'� � � ��u� � Å � 
l� Ö � 
 Ê � � � Æ ð £�¶¤ ãYD ÂVU < � Ö G ð Å Újþ ý Ø ·eÆ ðµ D · � �Å Újþ ý Ø ·eÆ ð � · is minimizedby setting· ÔDÚjþ ý giving avalueof
R"Újþ ý . HenceK Ã v ~
¾f} 
 ð � � � � ÓúË Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æts Û G R y ãYD ÂVU < � Ö G ð Úaþ ýT � Ï

asrequired.

A.1.3 PUTTING IT TOGETHER

For fixed

ÿ ¾ Å ò ö	ô Æ 
 ð � � � �
, Lemmas21 and22give:K Ã L ~×¾H} 
 ð � � � � Ój8�:#<O Ë"Ì]q ÇÂ?Ã È;� 
 � � Å ��Æ Ï ÇÂ?Ã È;� 
 ð � Å �'Æts Û G D PãYD > Å@G ÚS��T Ï ½ Ï�Ë È Æ_Æ ÂVU <W�eÖ G ð Újþ ýT � �

Note that
Ë È is simply

Ë � where ( Ô Å ) � Ï ����� Ï;) � Æ andeach
) 
 is theempiricaldistribution that

putspoint mass
å��Gþ

on each� ��
 Ï��¤Ô å>Ï ����� Ï�D�þ (recallDefinition 3). Hence,K Ã L ~×¾H} 
 ð � � � � Ï ÿ ¾ Å ò ö�ô Æ 
 ð � � � � ÓN8;:=<O Ë"Ì q ÇÂ?Ã È � 
 � � Å ��Æ Ï ÇÂ?Ã È � 
 ð � Å ��Æ s Û G D PãYD 6 Å@G ÚS��T Ï ½	Æ ÂVU <W�eÖ G ð Újþ ýT � �
Now, for a randomchoiceof

ÿ
, each� 
�� in

ÿ
is independently(but not identically)distributedand ~

only everswaps� 
�� and � 
 Ê � � � (sothat ~ swapsa � 
�� drawn accordingto
) � with anothercomponent

drawn accordingto thesamedistribution). Thuswe canintegrateout with respectto thechoiceof~ andwriteK Ã L ÿ ¾ Å ò ößô Æ 
 ð � � � � Ój8;:#<O ËpÌ q ÇÂ?Ã È 
 � � Å ��Æ Ï ÇÂ?Ã È 
 ð � Å ��Æ s Û G D PãYD 6 Å@G ÚS��T Ï ½	Æ ÂVU <W�eÖ G ð Újþ ýT � �
Applying Lemma20 to thisexpressiongivesTheorem18.
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A.2 Proof of Theorem 2

Anotherpieceof notationis requiredfor theproof. For any hypothesisspace½ andany probability
measures( Ô Å ) � Ï ����� Ï;) � Æ on ü , letÇÂ?Ã � Å ½	Æ Ó¹Ô åý �� 
'� �]¸'¹=º»&¼ O Â?Ã�o&½�Å ñ¬Æ �
Note that we have used ÇÂ?Ã � Å ½	Æ ratherthan Â?Ã � Å ½ßÆ to indicatethat ÇÂ?Ã � Å ½ßÆ is anotherempirical
estimateof Â?Ã�Ä1Å ½	Æ .

With the ÅCý Ï_þ Æ -samplingprocess,in addition to the sample

ÿ
there is also generateda se-

quenceof probabilitymeasures,( Ô Å ) � Ï ����� Ï;) � Æ althoughthesearenot suppliedto the learner.
This notion is usedin thefollowing Lemma,where

K Ã � Å ÿ Ï (�Æ�¾ Å ò ößô Æ 
 �¾� �!� öÀ¿ � ÓxÁ � means
“the probabilityof generatinga sequenceof measures( from theenvironment Å ¿nÏpÂ Æ andthenanÅCý Ï_þ Æ -sample

ÿ
accordingto ( suchthatA holds”.

Lemma 23. IfK Ã L Å ÿ Ï (�Æ1¾ Å ò ö	ô Æ 
 �¾� �!� öf¿ � ÓN8�:#<Ã Ë"Ì1Í ÇÂ?Ã�È"Å ½	Æ Ï ÇÂ?Ã � Å ½	Æ ÒÐÛ G D P ã gD Ï (62)

and K Ã L ( ¾ ¿ � ÓÄ8;:#<Ã Ë"Ì Í ÇÂ?Ã � Å ½	Æ Ï Â?Ã}Ä1Å ½	Æ Ò�Û G D P ã gD Ï (63)

then K Ã L ÿ ¾ Å ò ö	ô Æ 
 �¾� �!� ÓÄ8;:#<Ã Ë"Ì1Í ÇÂ?Ã�ÈpÅ ½	Æ Ï Â?Ã�Ä1Å ½	Æ ÒÐÛ G P ã g �
Proof. Follows directly from thetriangleinequalityfor

Ë Ì
.

We treatthetwo inequalitiesin Lemma23separately.

A.2.1 INEQUALITY (62)

In thefollowing Lemmawereplacethesupremumover ½¿¾ÁÀ in inequality(62)with asupremum
over �8¾ÁÀ �

.

Lemma 24.K ÃML Å ÿ Ï (�Æ ¾ Å ò÷ö�ô Æ 
 ��� ��� öf¿ � Ój8;:#<Ã ËpÌ�Í ÇÂ?Ã�È"Å ½ßÆ Ï ÇÂ?Ã � Å ½ßÆ ÒÐÛ GQPã K Ã \ Å ÿ Ï (�Æ�¾ Å ò÷ö�ô Æ 
 ��� ��� öf¿ � ÓN8;:#<Ã /Å ËpÌ Í ÇÂ?ÃEÈpÅ �'Æ Ï Â?Ã � Å �'Æ Ò�Û G h (64)
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Proof. Supposethat Å ÿ Ï (�Æ aresuchthat
8;:#< Ã ËpÌ Í ÇÂ?ÃEÈ"Å ½ßÆ Ï ÇÂ?Ã � Å ½ßÆ ÒnÛ G . Let ½ satisfy this in-

equality. Supposefirst that ÇÂ?Ã�È"Å ½ßÆ ã ÇÂ?Ã � Å ½ßÆ . By the definition of ÇÂ?Ã�È"Å ½ßÆ , for all 7 Û Ý
there

exists �5¾ ½ � Ó¹Ô ½ �-�����&� ½ suchthat ÇÂ?Ã�È"Å ��Æ I ÇÂ?ÃEÈ"Å ½ßÆ Ø 7 . Henceby property(3) of the
Ë"Ì

metric, for all 7 Û Ý
, thereexists �æ¾Y½ �

suchthat
Ë"Ì Í ÇÂ?Ã�È"Å ��Æ Ï ÇÂ?ÃEÈ"Å ½	Æ ÒjI 7 . Pick anarbitrary �

satisfyingthis inequality. By definition, ÇÂ?Ã � Å ½	Æ ã Â?Ã � Å ��Æ , andso ÇÂ?ÃEÈ"Å ½ßÆ ã ÇÂ?Ã � Å ½ßÆ ã Â?Ã � Å �'Æ .
As

Ë Ì Í ÇÂ?Ã È Å ½ßÆ Ï ÇÂ?Ãu� Å ½ßÆ Ò�Û G (by assumption),by thecompatibilityof
Ë Ì

with theorderingon the
reals,

ËpÌ1Í ÇÂ?Ã�È"Å ½ßÆ Ï Â?Ã � Å �'Æ Ò'Û G Ô G Ø g
, say. By thetriangleinequalityfor

ËpÌ
,ËpÌ1Í ÇÂ?Ã�ÈpÅ ��Æ Ï Â?Ã � Å �'Æ ÒQØcË"Ì Í ÇÂ?Ã�ÈpÅ ��Æ Ï ÇÂ?ÃEÈ"Å ½	Æ ÒÐâ�ËpÌ1Í ÇÂ?Ã�È"Å ½ßÆ Ï Â?Ã � Å �'Æ Ò Ô G Ø g �

Thus
ËpÌ1Í ÇÂ?Ã�È"Å �'Æ Ï Â?Ã � Å �'Æ Ò¤Û G Ø g Ö 7 andfor any 7 Û Ý

an � satisfyingthis inequalitycanbe
found.Choosing7 Ô g

shows thatthereexists � ¾	½ �
suchthat

Ë"Ì1Í ÇÂ?Ã�È"Å ��Æ Ï Â?Ã � Å ��Æ Ò'Û G .
If instead, ÇÂ?Ã � Å ½ßÆ I ÇÂ?Ã�È"Å ½	Æ , thenan identicalargumentcanberun with the role of

ÿ
and (

interchanged.Thusin bothcases,8�:#<Ã Ë"Ì1Í ÇÂ?Ã�ÈpÅ ½	Æ Ï ÇÂ?Ã � Å ½	Æ ÒÐÛ G®Æ w �8¾ÁÀ � õ ÓQËpÌ1Í ÇÂ?Ã�È"Å �'Æ Ï Â?Ã � Å �'Æ Ò�Û G Ï
whichcompletestheproof of theLemma.

By thenatureof the ÅCý Ï_þ Æ samplingprocess,K Ã�\°Å ÿ Ï (�Æ ¾ Å ò ö�ô Æ 
 ��� ��� öÇ¿ � 8;:#<Ã /Å ÓúËpÌ�Í ÇÂ?Ã�È"Å �'Æ Ï Â?Ã � Å �'Æ Ò'Û G hÔ ,� ¼3È / K Ã�\ ÿ ¾ Å ò÷ö�ô Æ 
 ��� ��� Ój8;:=<Ã /Å Ë Ì Í ÇÂ?Ã È Å ��Æ Ï Â?Ãp� Å ��Æ ÒÐÛ G h ËÉÂ � Å (�Æ � (65)

Now À � õ AYÊ �������Ë� Ê whereÊ Ó¹Ô �GñQõ Ó ñ�¾¢½ Ó ½¿¾ÁÀH� and À � õ is permissibleby theassumed
permissibilityof À (Lemma32, AppendixD). Hence À � õ satisfiestheconditionsof Corollary19
andsocombiningLemma24,Equation(65) andsubstitutingG ��D

for G and
g ��D

for
g

in Corollary
19 givesthefollowing Lemmaon thesamplesizerequiredto ensure(62)holds.

Lemma 25. If þ!â+X[Z U L µ DG ð Ú ýf^ _&` T 6 Å@G ÚS� å�Ì Ï À � õ Æg Ï TG ð Ú P
then K Ã L Å ÿ Ï (�Æ ¾ Å ò ö�ô Æ 
 ��� ��� öf¿ � Ój8;:#<Ã ËpÌ�Í ÇÂ?Ã�È"Å ½ßÆ Ï ÇÂ?Ã � Å ½ßÆ ÒÐÛ G D P ã gD �
A.2.2 INEQUALITY (63)

Note that Â?Ã�� Å ½	Æ Ô �� � �
'� � ½ÇÍ Å ) 
 Æ and Â?Ã Ä Å ½	Æ ÔÏÎ oÑÐ Ä ½ÇÍ Å ) Æ , i.e the expectationof ½fÍ Å ) Æ
where

)
is distributedaccordingto

Â
. Sotoboundtheleft-hand-sideof (63)wecanapplyCorollary

19with ý Ô å
,
þ

replacedby ý , ½ replacedby À4Í , G and
g

replacedby G ��D
and

g ��D
respectively,)

replacedby
Â

and ü replacedby
¿

. Note that À Í is permissiblewhenever À is (Lemma32).
Thus,if ý â+X[Z U L µ DG ð Ú ^ _&` T 6 Å@G ÚS� å�Ì Ï À4Í?Æg Ï TG ð Ú P (66)
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theninequality(63) is satisfied.
Now, putting togetherLemma23, Lemma25 andEquation66, we have proved the following

moregeneralversionof Theorem2.

Theorem 26. Let À bea permissiblehypothesisspacefamily andlet

ÿ
bean ÅCý Ï_þ Æ -samplegen-

eratedfromtheenvironmentÅ ¿nÏpÂ Æ . For all
Ý[I G Ï g Iæå

and
ÚßÛ�Ý

, ifý âYX[Z U L µ DG ð Ú ^ _&` T 6 Å@G ÚS� å�Ì Ï À Í Æg Ï TG ð Ú P
and

þ!âYX[Z U L µ DG ð Ú ý ^ _&` T 6 Å@G Ú0� å�Ì Ï À � õ Æg Ï TG ð Ú P Ï
then K Ã L ÿ ¾ Å ò÷ö	ô Æ 
 �¾� �!� Ój8;:#<Ã ËpÌ1Í ÇÂ?Ã�È"Å ½ßÆ Ï Â?Ã�Ä1Å ½ßÆ Ò'Û G P ã g

To getTheorem2, observe that Â?Ã Ä Å ½ßÆ Û ÇÂ?Ã È Å ½ßÆ Ø 7mÆ Ë Ì Í ÇÂ?Ã È Å ½	Æ Ï Â?Ã Ä Å ½	Æ Ò1Û 7 � Å D{Ø5Ú Æ .
Setting G Ô 7 � Å D�Ø�Ú Æ andmaximizing G ð Ú gives

Ú
ÔÒD
. SubstitutingG Ô 7 �|R

and
Ú ÔED

into
Theorem26 givesTheorem2.

A.3 The RealizableCase

In Theorem2 the samplecomplexity for both
þ

and ý scalesas
å�� 7 ð . This canbe improved toå�� 7 if insteadof requiring Â?Ã�Ä�Å ½	Æ ã ÇÂ?Ã�È"Å ½	Æ Ø 7 , we requireonly that Â?Ã�Ä Å ½	Æ ã�Ó ÇÂ?ÃEÈpÅ ½ßÆ Ø 7

for some
Ó¼Û å

. To seethis, observe that Â?Ã Ä Å ½ßÆ Û ÇÂ?Ã È Å ½	Æ Å å�Ø G Æ � Å å�Ö G Æ Ø G ÚS� Å å Ö G Æ ÆË"Ì1Í ÇÂ?Ã�È"Å ½	Æ Ï Â?Ã}Ä1Å ½	Æ Ò�Û G , sosetting G Ú0� Å åºÖ G Æ Ô 7 in Theorem26 andtreating G asa constant
gives:

Corollary 27. UnderthesameconditionsasTheorem26,for all 7 Û�Ý and
ÝJI G Ï g Iæå

, ifý â�X[Z U L µ DG$Å å Ö G Æ 7 ^ _&` T 6 Å_Å å�Ö G Æ 7 � å�Ì Ï ÀÔÍäÆg Ï TG�Å å�Ö G Æ 7 P
and

þ â�X[Z U L µ DG$Å å Ö G Æ 7�ý ^ _&` T 6 Å_Å å�Ö G Æ 7 � å�Ì Ï À � õ Æg Ï TG$Å å�Ö G Æ 7 P Ï
then K Ã L ÿ ¾ Å ò÷ö	ô Æ 
 �¾� �!� ÓN8;:#<Ã Â?Ã�Ä1Å ½	Æ â å$Ø Gå Ö G ÇÂ?Ã�ÈpÅ ½	Æ Ø 7 P ã g �

Theseboundsareparticularlyusefulif we know that ÇÂ?Ã�ÈpÅ ½	Æ ÔÜÝ
, for thenwe canset G Ô å���D

(whichmaximizesG�Å å Ö G Æ ).
Appendix B. Proof of Theorem 6

RecallingDefinition 6, for À of theform givenin (32), À � õ canbewrittenÀ � õ Ô ��Õ ��Ö � �������3� Õ �zÖ �rÓ Õ � Ï ����� Ï Õ � ¾b×¬õ and
� ¾ÇØÇ� �

To write À � õ asa compositionof two functionclassesnotethat if for each
�ºÓúò ó Ù

we defineÚ�rÓ Å ò ö	ô Æ � ó Å Ù ö	ô Æ � byÚ� Å Î � Ï_Ñ � Ï ����� Ï_Î � Ï_Ñ � Æ Ó¹Ô Å � Å Î � Æ Ï_Ñ � Ï ����� Ï�� Å Î � Æ Ï_Ñ � Æ
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thenÕ ��Ö � �b�����t� Õ �iÖ �ßÔ Õ ����������� Õ �zÖ Ú�
. Thus,setting× �õ Ó¹Ô ×¬õ �b������� ×ïõ and Ø Ó¹Ô � Ú�ºÓ0� ¾ØÇ� , À � õ Ô × �õ Ö Ø � (67)

Thefollowing two Lemmaswill enableusto bound
6 Å57 Ï À � õ Æ .

Lemma 28. Let ½ Óïò÷ö	ô÷ó Í ÝjÏäå}Ò
be of the form ½ Ô ×¬õ Ö Ø where

ò ö	ô ÛÖ¶ó Ù ö	ô Ü ÅÖOóÍ ÝjÏäå}Ò
. For all 7 � Ï 7 ð Û�Ý , 6 Å57 � Ø 7 ð Ï ½ßÆ ã 6 Ü Å Å57 � Ï ØLÆ 6 Å57 ð Ï ×¬õ:Æ �

Proof. Fix a measure
)

on
ò ö	ô

and let Ý be a minimum size 7 � -cover for Å Ø Ï�Ë=Þ o � Ü Å�ß Æ . By
definition Õ Ý Õ ã 6 Ü Å Å57 � Ï ØmÆ . For each

� ¾bÝ let
)$à

bethemeasureon
Ù ö	ô

definedby
)$à Å�á Æ Ô) Å � í � Å�á Æ_Æ for any set á in the ~ -algebraon

Ù ö×ô
(
�

is measurableso
� í � Å�á Æ is measurable).

Let â à
be a minimum size 7 ð -cover for Å ×ïõ Ï�Ë oFã Æ . By definition again, Õ â à Õ ã 6 Å57 ð Ï ×ïõ²Æ . Letä Ó¹Ô ��Õ Ö �ºÓå� ¾9Ý andÕ¼¾�â à � . Note that Õ ä Õ ã 6 Ü Å Å57 � Ï ØmÆ 6 Å57 ð Ï ×¬õCÆ so the Lemmawill be

proved if
ä

canbe shown to be an 7 � Ø 7 ð -cover for Å ½ Ï�Ë o Æ . So,given any Õ Ö � ¾¼½ choose� 1¸¾HÝ suchthat
Ë Þ o � Ü Å ß Å �¬Ï�� 1 Æ ã 7 � and Õ¾1¸¾Àâ àVæ

suchthat
Ë o ã æ Å Õ Ï Õ¾1CÆ ã 7 ð . Now,Ë o1Å Õ Ö �ÐÏ Õ 1 Ö � 1 Æ ã�Ë o Å Õ Ö �'Ï Õ Ö � 1 Æ ØYË o Å Õ Ö � 1 Ï Õ 1 Ö � 1 Æã�Ë Þ o � Ü Åçß Å �¬Ï�� 1 Æ ØcË o ã æEÅ Õ Ï Õ 1 Æã 7 � Ø 7 ð �

wherethe first line follows from the triangle inequality for
Ë o andthe secondline follows from

the facts:
Ë o1Å Õ Ö � 1 Ï Õ�1 Ö � 1 Æ Ô÷Ë oFãjÅ Õ Ï Õ¾1:Æ and

Ë o1Å Õ Ö �'Ï Õ Ö � 1 Æ ã!Ë Þ o � Ü Å ß Å �¬Ï�� 1 Æ . Thus
ä

is an7 � Ø 7 ð -cover for Å ½ Ï�Ë o Æ andsotheresultfollows.

Recallingthedefinitionof ½ �{��������� ½ � (Definition6), wehave thefollowing Lemma.

Lemma 29. 6 Å57 Ï ½ �M�������3� ½ � Æ ã �è
 � � 6 Å57 Ï ½ 
 Æ
Proof. Fix a productprobabilitymeasure( Ô�) � ö ����� ö�) � on Å ò÷ö	ô Æ � . Let

ä � Ï ����� Ï ä � be7 -coversof Å ½ � Ï�Ë o�é Æ ����� Ï Å ½ � Ï�Ë o / Æ . andlet
ä Ô ä � �%������� ä � . Given ñ Ô ñ � �%������� ñ � ¾½ �{�������&� ½ � , chooseÕ ���9�����3� Õ � ¾ ä

suchthat
Ë o&½�Å ñ 
 Ï Õ 
 Æ ã 7 for each� Ô å>Ï ����� Ï ý . Now,Ë � Å ñ ����������� ñ � Ï Õ ���9�����3� Õ � Æ Ô åý , . / ����� �� 
'� � ñ 
 Å � 
 Æ Ö �� 
'� � Õ 
 Å � 
 Æ ����� Ë ( Å � � Ï ����� Ï � � Æã åý �� 
'� � Ë o&½EÅ ñ 
 Ï Õ 
 Æã 7 �

Thus
ä

is an 7 -cover for ½ ���9�����3� ½ � andas Õ ä Õ Ô-ê �
'� � Õ ä 
 Õ theresultfollows.
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B.1 Bounding
6 Å@7 Ï ÀÇëìjÆ

FromLemma28, 6 a 7 � Ø 7 ð Ï ×¬õ � Ö Ø e ã 6 Å@7 � Ï ×ïõ � Æ 6 Ü Å / a 7 ð Ï Ø e (68)

andfrom Lemma29, 6 Å@7 � Ï ×¬õ � Æ ã 6 Å57 � Ï ×¬õ:Æ � � (69)

Using similar techniquesto thoseusedto prove Lemmas28 and29,
6 Ü Å / Å57 Ï Ø¢Æ canbe shown to

satisfy 6 Ü Å / Å57 ð Ï Ø Æ ã 6 Ü Å Å�7 ð Ï ØmÆ � (70)

Equations(67), (68), (69)and(70) togetherimply inequality(34).

B.2 Bounding í�î�ïSð^ÀÇñ�ò
We wish to prove that

6 Å57 Ï ÀÔÍäÆ ã 6 Ü Å Å@7 Ï ØmÆ when À is a hypothesisspacefamily of the formÀ Ô �|×¬õ Ö ��Óx� ¾fØ4� . Notethateach½fÍº¾/ÀÔÍ correspondsto some×¬õ Ö �
, andthat½ Í Å ) Æ Ô ¸'¹#ºó ¼ Ü Å Â?Ã�o1Å Õ Ö � Æ �

Any probabilitymeasure
Â

on
¿

inducesaprobabilitymeasure
Âiô�õ�ö

on
ò ößô

, definedbyÂzôzõ�ö Å�á Æ Ô-, È ) Å�á Æ ËÉÂ Å ) Æ
for any á in the ~ -algebraon

ò ößô
. Notealsothat if ñ Ï ñ 1 arebounded,positive functionson an

arbitraryset
Á

, then ���� ¸÷¹#ºø ¼3ù ñ Å ©jÆ Ö ¸÷¹#ºø ¼3ù ñ 1 Å ©aÆ ���� ã+8�:#<ø ¼3ù �� ñ Å ©aÆ Ö ñ 1 Å ©aÆ �� � (71)

Let
Â

beany probabilitymeasureon thespace
¿

of probabilitymeasureson
ò ö	ô

. Let ½fÍ� Ï ½ÇÍð
betwo elementsof À Í with correspondinghypothesisspaces×¬õ Ö � � Ï ×¬õ Ö � ð . Then,Ë Ä1Å ½ Í � Ï ½ Íð Æ Ô-, È ���� ¸'¹=ºó ¼ Ü Å Â?Ã�o1Å Õ Ö � � Æ Ö ¸'¹#ºó ¼ Ü Å Â?Ã�o1Å Õ Ö � ð Æ ���� ËÉÂ Å ) Æã�, È 8;:#<ó ¼ Ü Å Õ Â?Ã�o1Å Õ Ö � � Æ Ö Â?Ã�o1Å Õ Ö � ð Æ Õ ËÉÂ Å ) Æ (by (71)above)ã , È , ô�õ�ö 8�:#<ó ¼ Ü Å Õ Õ Ö � � Å ÎÐÏ_Ñ Æ Ö Õ Ö � ð Å Î�Ï_Ñ Æ Õ Ë¾) Å Î�Ï_Ñ Æ Ë�Â Å ) ÆÔ�Ë Þ Äûúýü�þ � Ü Åçß Å � � Ï�� ð Æ �
Themeasurabilityof

8;:#< Ü Å Õ Ö �
is guaranteedby thepermissibilityof À (Lemma32 part4, Ap-

pendixD). From
Ë Ä1Å ½ÇÍ� Ï ½fÍð Æ ã�Ë Þ Ä úMü|þ � Ü Å ß Å � � Ï�� ð Æ wehave,> Å57 Ï À Í Ï�Ë Ä Æ ã > a 7 Ï Ø Ï�Ë=Þ Ä úMü|þ � Ü Å ß e Ï (72)

whichgivesinequality(35).
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B.3 Proof of Theorem 7

In order to prove the boundsin Theorem7 we have to apply Theorem6 to the neuralnetwork
hypothesisspacefamily of equation(39). In thiscasethestructureisÉýÿ ÛÖwó É ¨ ÜÖ óûÍ ÝjÏäå}Ò
where × Ô � Å Î � Ï ����� Ï_Î0¨ Æ��ó ~ � � ¨
'� � G 
 Î 
 Ø G���� Ó Å@G�� Ï G � Ï ����� Ï G ¨ Æ	¾��³� for somebounded

subset � of É ¨ Ê �
and someLipschitz squashingfunction ~ . The featureclass Ø Ó É ÿ ó É ¨

is the setof all onehiddenlayer neuralnetworks with
Ë

inputs,
ù

hiddennodes,	 outputs, ~ as
the squashingfunction andweights 
 ¾�� where � is a boundedsubsetof É�
 . The Lipschitz
restrictionon ~ and the boundedrestrictionson the weightsensurethat Ø and × are Lipschitz
classes.Hencethereexists

ªbI��
suchthat for all

� ¾�Ø and
Î�Ï_Î 1 ¾�É ÿ , � � Å Î Æ Ö�� Å Î 1 Æ�� Iª � ÎmÖ/Î 1 � andfor all Õm¾W× and

Î�Ï_Î 1 ¾	É ¨
, Õ Õ Å Î Æ Ö Õ Å Î 1 Æ Õ IYª � ÎmÖ/Î 1 � where � � � is the � � norm

in eachcase.Thelossfunctionis squaredloss.
Now, Õ�õ Å ÎÐÏ_Ñ Æ Ôæù Å Õ Å Î Æ Ï_Ñ Æ Ô Å Õ Å Î Æ Ö Ñ Æ ð , hencefor all Õ Ï Õ�1Ð¾�× andall probabilitymeasures)

on É ¨ ö Í ÝjÏäå}Ò
(recallthatwe assumedtheoutputspace

ô
was

Í ÝjÏäå}Ò
),Ë o Å Õ>õ Ï Õ 1õ Æ Ô-,���� õ Þ � �l� ß �� Å Õ Å�� Æ Ö×Ñ Æ ð Ö Å Õ 1 Å�� Æ Ö×Ñ Æ ð �� Ë�) Å�� Ï_Ñ ÆãYDý,�� � �� Õ Å�� Æ Ö Õ 1 Å�� Æ �� Ë¾) � � Å�� Æ Ï (73)

where
) � �

is the marginal distribution on É ¨
derived from

)
. Similarly, for all

�¬Ï�� 1 ¾-Ø and
probabilitymeasures

)
on É ÿ ö Í ÝjÏäå}Ò ,Ë Þ o � Ü Å ß Å �¬Ï�� 1 Æ ãYD&ªå, ��� � � Å Î Æ Ö�� 1 Å Î Æ�� Ë�) � � Å Î Æ � (74)

Define 6 a 7 Ï × Ï � � e Ó¹Ô98;:#<o > a 7 Ï × Ï � � Å ) Æ e Ï
where the supremumis over all probability measureson (the Borel subsetsof) É ¨

, and> a 7 Ï × Ï � � Å ) Æ e is thesizeof thesmallest7 -cover of × underthe � � Å ) Æ metric.Similarly set,6 a 7 Ï Ø Ï � � e Ó¹Ô98;:#<o > a 7 Ï Ø Ï � � Å ) Æ e Ï
wherenow thesupremumis overall probabilitymeasureson É ÿ . Equations(73) and(74) imply6 Å57 Ï ×¬õ²Æ ã 6 � 7D Ï × Ï � � � (75)6 Ü Å Å@7 Ï ØmÆ ã 6 � 7D&ª Ï Ø Ï � � � (76)

Applying Theorem11 from Haussler(1992),we find6 � 7D Ï ×ïõ Ï � � � ã�� D���ª7! ð ¨ Ê¸ð6 � 7D&ª Ï Ø Ï � � � ã�� D���ª ð7  ð"
 �
Substitutingthesetwo expressionsinto (75) and (76) and applying Theorem6 yields Theorem
7.
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Appendix C. Proof of Theorem 14

This proof follows a similar argumentto the one presentedin Anthony and Bartlett (1999) for
ordinaryBooleanfunctionlearning.

First weneeda technicalLemma.

Lemma 30. Let G bea randomvariableuniformly distributedon � å���DÙØ � ��D Ïäå���DnÖ � ��D � , withÝÇI � I å
. Let # � Ï ����� Ï # � bei.i.d. � å>ÏäÖÙå � -valuedrandomvariableswith

K ÃGÅ # 
 Ô å Æ Ô G for all� . For anyfunction
�

mapping� å>ÏäÖ{å � � ó � å���DºØ � ��D Ïäå���D�Ö � ��D � ,K Ã ��# � Ï ����� Ï # � Ó0� Å # � Ï ����� Ï # � Æ%$Ô G � Û åR'& å�Ö'( å1Ö)� í+*-, né/. , n10 �
Proof. Let

ä Å #"Æ denotethenumberof occurencesof
Ø&å

in therandomsequence# Ô Å # � Ï ����� Ï # � Æ .
The function

�
canbeviewedasa decisionrule, i.e. basedon theobservations # , �

tries to guess
whethertheprobabilityof

Ø&å
is
å���DºØ � ��D

or
å���DÙÖ � ��D

. Theoptimaldecisionrule is theBayes
estimator:

� Å # � Ï ����� Ï # � Æ Ô å���D�Ø � ��D
if

ä Å #"Æ âèþW��D
, and

� Å # � Ï ����� Ï # � Æ Ô å���D$Ö � ��D
otherwise.

Hence, K Ã�Å � Å #^Æ2$Ô G Æ â åD K Ã � ä Å #^Æ â þ D ���� G Ô åD Ö � D �Ø åD K Ã � ä Å #"Æ I þ D ���� G Ô åD Ø � Dý�Û åD K Ã � ä Å #^Æ â þ D ���� G Ô åD Ö � D �
which is half theprobability thata binomial Å þ×Ïäå���D&Ö � ��D Æ randomvariableis at least

þW��D
. By

Slud’s inequality(Slud,1977),K ÃÐÅ � Å #"Æ3$Ô G Æ Û åD K Ã ­ ü â þ � ðå�Ö � ð ¯
where ü is normal Å ÝjÏäå Æ . Tate’s inequality(Tate,1953)statesthatfor all

Î®â�Ý
,K Ã�Å ü âèÎ Æ â åD ² å Ö'4 å1Ö)� í65 n ´ �

Combiningthelasttwo inequalitiescompletestheproof.

Let 7 ¾ ò 
 �¾� �!�
beshatteredby À , with

þ÷Ô Ë Ã ÅCý Æ . For eachrow � in 7 let
¿ 
 bethesetof

all
D ÿ distributions

)
on
ò+ö �98 å � suchthat

) Å ÎÐÏäå Æ Ô«) Å ÎÐÏ�Ý Æ Ô3Ý
if
Î

is not containedin the� th row of 7 , andfor each
�ÁÔ å>Ï ����� Ï�Ë Ã ÅCý Æ , ) Å Î 
�� Ïäå Æ Ô Å å 8��'Æ � Å D>Ë Ã ÅCý Æ_Æ and

) Å Î 
�� ÏäÖÙå Æ ÔÅ å;: ��Æ � Å D>Ë Ã ÅCý Æ_Æ . Let
¿3Ó¹Ô�¿ � ö ����� öf¿ � .

Notethatfor ( Ô Å ) � Ï ����� Ï;) � Æ1¾ ¿
, theoptimalerror _ <�< � Å À � Æ is achievedby any sequence� Í Ô Å ñ Í � Ï ����� Ï ñ Í� Æ suchthat ñ Í
 Å Î 
�� Æ ÔÞå

if andonly if
) 
 Å Î 
�� Ïäå Æ Ô Å å Ø ��Æ � Å D>Ë Ã ÅCý Æ_Æ , and À �

alwayscontainssucha sequencebecauseÀ shatters7 . Theoptimalerroris then_ <6< � Å À � Æ Ô Â?Ã � Å � Í Æ Ô åý �� 
'� � ) 
 �Gñ Í
 Å Î Æ3$Ô5Ñ � Ô åý �� 
'� � ÿ�= 
 � ���u� � å1Ö �D>Ë Ã ÅCý Æ Ô å1Ö �D Ï
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andfor any � Ô Å ñ � Ï ����� Ï ñ � Æ ¾ÁÀ �
,Â?Ãp� Å �'Æ Ô _ <6< � Å À � Æ Ø �ý Ë Ã ÅCý Æ Õ � Å � Ï�� Æ Ó ñ 
 Å Î 
�� Æ3$Ô ñ Í
 Å Î 
�� Æ�� Õ � (77)

For any ÅCý Ï_þ Æ -sample

ÿ
, let eachelement

þ 
�� in thearray>5Å ÿ Æ Ó¹Ô þ ��� ����� þ � ÿ?= 
 � �
...

.. .
...þ ���	����� þ � ÿ�= 
 � �

equalthenumberof occurrencesof
Î 
�� in

ÿ
.

Now, if we select ( Ô Å ) � Ï ����� Ï;) � Æ uniformly at randomfrom
¿

, andgeneratean ÅCý Ï_þ Æ -
sample

ÿ
using ( , thenfor � ÔA@ � Å ÿ Æ (theoutputof thelearningalgorithm)we have:Î Å Õ � Å � Ï�� Æ Ó ñ 
 Å Î 
�� Æ2$Ô ñ Í
 Å Î 
l� Æ�� Õ Æ Ô �CB ) Å/> Æ Î Å Õ � Å � Ï�� Æ Ó ñ 
 Å Î 
�� Æ2$Ô ñ Í
 Å Î 
l� Æ�� ÕaÕ > ÆÔ � B ) Å/> Æ �� 
'� � ÿ = 
 � ���u� � ) Å ñ Å Î 
�� Æ2$Ô ñ Í Å Î 
�� Æ Õ þ 
l� Æ

where
) Å/> Æ is theprobabilityof generatingaconfiguration> of the

Î 
�� underthe ÅCý Ï_þ Æ -sampling
processandthesumis overall possibleconfigurations.FromLemma30,) Å ñ Å Î 
l� Æ2$Ô ñ Í Å Î 
�� Æ Õ þ 
�� Æ Û åREDF å1Ö'G å�Ö)� í * ½ H , né/. , n�IJ Ï
henceÎ � åý Ë Ã ÅCý Æ Õ � Å � Ï�� Æ Ó ñ 
 Å Î 
�� Æ3$Ô ñ Í
 Å Î 
�� Æ�� Õ  Û åý Ë Ã ÅCý Æ � B ) Å/> Æ �� 
'� � ÿ?= 
 � ���p� � åR DF å1Ö G å�Ö)� í * ½ H , né/. , n IJâ åR'& å Ö ( å1Ö)� í *-, n� =�K /ML K é/. , n L 0 (78)

by Jensen’s inequality. Sincefor any
Í ÝjÏäå}Ò

-valuedrandomvariable ü ,
K ÃGÅ ü Û¼Î Æ âYÎ ü Ö
Î

, (78)
implies: K Ã � åý Ë Ã ÅCý Æ Õ � Å � Ï�� Æ Ó ñ 
 Å Î 
l� Æ3$Ô ñ Í
 Å Î 
�� Æ�� Õ Û · G � Û Å å Ö · Æ G
where G Ó¹Ô åRN& å Ö ( å Ö)� í *-, n� = K /OL K é/. , n L 0 (79)

and ·Á¾ Í ÝjÏäå}Ò . Pluggingthis into (77)shows thatK Ã � Å ( Ï ÿ Æ Ó Â?Ã � Å @ � Å ÿ Æ_Æ Û _ <6< � Å À � Æ Ø · G �M� Û Å å Ö · Æ G �
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Sincetheinequalityholdsover therandomchoiceof ( , it mustalsohold for somespecificchoice
of ( . Hencefor any learningalgorithm

@ � thereis somesequenceof distributions ( suchthatK Ã � ÿ Ó Â?Ã � Å @ � Å ÿ Æ_Æ Û _ <�< � Å À � Æ Ø · G �M� Û Å å Ö ·eÆ G �
Setting Å å Ö ·eÆ G â g Ï

and · G � â 7 Ï (80)

ensures K Ã � ÿ Ó Â?Ã � Å @ � Å ÿ Æ_Æ Û _ <6< � Å À � Æ Ø 7 � Û g � (81)

Assumingequalityin (80), we getG Ô gå�Ö · Ï � Ô 7g å Ö ·· �
Solving(79) for

þ
, andsubstitutingtheabove expressionsfor G and � shows that(81) is satisfied

provided þ!ã�Ë Ã ÅCý Æ & � g7 � ð � ·å1Ö · � ð Ö�å 0 ^ _&` Å å Ö ·eÆ ðT g Å å�Ö · Ö�D g Æ (82)

Setting · Ô å Ö © g
for some © Û«R

( © Û¡R
since G IÞå��|R

and G Ô g � Å åÙÖ · Æ ), andassuming7 Ï g ãÜå�� Å 	É©jÆ for some	 ÛYD
, (82)becomesþ!ã Ë Ã ÅCý Æ© ð � å1Ö D	  ^'_&` © ðT Å © Ö�D Æ � (83)

Subjectto the constraint© ÛÒR
, the right handsideof (83) is approximatelymaximizedat © ÔT �QPSR Ì&Ì

, at which point thevalueexceeds
Ë Ã ÅCý Æ Å å°ÖCDF� 	QÆ � Å D&D>Ý 7 ð^Æ . Thus,for all 	 â å

, if 7 Ï g ãå�� R 	 and þ!ã Ë Ã ÅCý Æ a å Ö ð¨ eD&D>Ý 7 ð Ï
(84)

then K Ã � ÿ Ó Â?Ã � Å @ � Å ÿ Æ_Æ Û _ <6< � Å À � Æ Ø 7 � Û g �
To obtainthe

g
-dependencein Theorem14observe thatby assumptionÀ �

containsat leasttwo
functionsñ � Ï ñ ð , hencethereexistsan

Î ¾ ò suchthat ñ � Å Î Æ3$Ô ñ ð Å Î Æ . Let
)UT

betwo distributions
concentratedon Å ÎÐÏäå Æ and Å ÎÐÏäÖ{å Æ suchthat

) T Å Î�Ï ñ � Å Î Æ_Æ Ô Å å 8 7 Æ ��D
and

) T Å Î�Ï ñ ð Å Î Æ_Æ ÔÅ å;: 7 Æ ��D
. Let (�Ê Ó¹Ô9) Ê ö ����� öb) Ê and ( í Ó¹Ô-) í ö ����� öH) í betheproductdistributionsonÅ ò ö �98 å ��Æ � generatedby

)VT
, and � � Ó¹Ô Å ñ � Ï ����� Ï ñ � Æ Ï � ð Ó¹Ô Å ñ ð Ï ����� Ï ñ ð Æ . Notethat � � and � ð

arebothin À �
. If ( is oneof ( T andthelearningalgorithm

@ � choosesthewronghypothesis� ,
then Â?Ã � Å �'Æ Ö _ <6< � Å À � Æ Ô 7 �
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Now, if we choose( uniformly at randomfrom ��(ÙÊ Ï ( í � andgeneratean ÅCý Ï_þ Æ -sample

ÿ
ac-

cordingto ( , Lemma30 shows thatK Ã � Å ( Ï ÿ Æ Ó Â?Ã � Å @ � Å ÿ Æ_Æ â _ <�< � Å À � Æ Ø 7 � Û åRN& å1Ö ( å�Ö)� / *XW né/. W n 0 Ï
which is at least

g
if þ I å�Ö 7 ð7 ð åýf^ _&` åT g Å årÖ�D g Æ (85)

provided
ÝJI g Iæå��|R

. Combiningthetwo constraintson
þ

: (84) (with 	 Ô P ) and(85), andusingX[Z U � Î � Ï_Î ð � â �ð Å Î � ØcÎ ð Æ finishestheproof.

Appendix D. Measurability

In order for Theorems2 and 18 to hold in full generalitywe had to imposea constraintcalled
“permissibility” onthehypothesisspacefamily À . Permissibilitywasintroducedby Pollard(1984)
for ordinaryhypothesisclasses½ . His definition is very similar to Dudley’s “image admissible
Suslin” (Dudley, 1984).Wewill beextendingthisdefinitionto cover hypothesisspacefamilies.

Throughoutthis sectionwe assumeall functions ñ mapfrom (the completeseparablemetric
space)ü into

Í ÝjÏäå}Ò
. Let Y Å �°Æ denotetheBorel ~ -algebraof any topologicalspace� . As in Section

2.2, we view
¿

, the setof all probability measureson ü , asa topologicalspaceby equippingit
with thetopologyof weakconvergence.Y Å ¿ Æ is thenthe ~ -algebrageneratedby thistopology. The
following two definitionsaretaken(with minor modifications)from Pollard(1984).

Definition 8. A set ½ of
Í ÝjÏäå}Ò

-valuedfunctionson ü is indexedbytheset� if thereexistsa function�rÓ ü ö � óûÍ ÝjÏäå}Ò
such that ½ Ô � � Å � Ï_ç Æ ÓQç ¾Z��� �

Definition 9. Theset ½ is permissibleif it canbeindexedby a set � such that

1. � is an analyticsubsetof a Polish7 space� , and

2. the function
�ºÓ ü ö � ó Í ÝjÏäå}Ò

indexing ½ by � is measurable with respectto theproduct~ -algebra Y Å ü°Æ\[]Y Å � Æ .
An analyticsubset� of a Polishspace� is simply thecontinuousimageof a Borel subset

ò
of anotherPolishspace

ò
. The analyticsubsetsof a Polishspaceinclude the Borel sets. They

areimportantbecauseprojectionsof analyticsetsareanalytic,andcanbemeasuredin a complete
measurespacewhereasprojectionsof Borel setsarenot necessarilyBorel, andhencecannotbe
measuredwith a Borelmeasure.For moredetailsseeDudley (1989),section13.2.

Lemma 31. ½ �2�������|� ½ � Ó Å ò÷ö�ô Æ � ó Í ÝjÏäå}Ò
is permissibleif ½ � Ï ����� Ï ½ � areall permissible.

Proof. Omitted.

Wenow definepermissibilityof hypothesisspacefamilies.

7. A topologicalspaceis calledPolish if it is metrizablesuchthatit is a completeseparablemetricspace.
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Definition 10. A hypothesisspacefamily À Ô �ä½W� is permissibleif there exist setsá and � that
are analyticsubsetsof Polishspacesá and � respectively, anda function

�ºÓ ü ö � ö á ó Í ÝjÏäå}Ò
,

measurablewith respectto ^_[`Y Å �°Æ\[`Y Å�á Æ , such thatÀ Ôba � � Å � Ï_ç}ÏEá Æ Óïç ¾Z��� Óïá ¾ ádc �
Let Å ò�ÏfeºÏhg Æ be a measurespaceand � be an analyticsubsetof a Polishspace.Let

@ Å ò Æ
denotethe analytic subsetsof

ò
. The following threefactsaboutanalytic setsare taken from

Pollard(1984),appendixC.

(a) If Å ò®ÏfeºÏhg Æ is completethen
@ Å ò Æ�A e

.

(b)
@ Å ò ö �°Æ containstheproduct ~ -algebra

e []Y Å �°Æ .
(c) For any set

ô
in
@ Å ò÷ö � Æ , theprojection i ô ô

of
ô

onto
ò

is in
@ Å ò Æ .

RecallDefinition2 for thedefinitionof À4Í . In thefollowing Lemmaweassumethat Å ü Ï Y Å ü°Æ_Æ
hasbeencompletedwith respectto any probabilitymeasure

)
, andalsothat Å ¿nÏ Y Å ¿ Æ_Æ is complete

with respectto theenvironmentalmeasure
Â

.

Lemma 32. For anypermissiblehypothesisspacefamily À ,

1. À � õ is permissible.

2. �Gñ®¾ß½ Ó ½Þ¾×Àf� is permissible.

3. ½ is permissiblefor all ½¿¾/À .

4.
8�:#< O and ¸'¹#º O aremeasurablefor all ½¿¾/À .

5. ½ Í is measurablefor all ½Þ¾/À .

6. ÀÔÍ is permissible.

Proof. As we have absorbedthe lossfunction into the hypothesesñ , À � õ is simply the setof allý -fold products½ �"������� ½ suchthat ½ ¾ À . Thus(1) follows from Lemma31. (2) and(3)
areimmediatefrom the definitions. As ½ is permissiblefor all ½ ¾�À , (4) canbe proved by an
identicalargumentto that usedin the “MeasurableSuprema”sectionof Pollard(1984),appendix
C.

For (5), notethat for any Borel-measurableñ Ó ü ó Í ÝjÏäå}Ò
, thefunction ñ Ó0¿ ó Í ÝjÏäå}Ò

defined
by ñ Å ) Æ Ó¹Ôkj . ñ Å � Æ Ë�) Å � Æ is Borel measurableKechris(1995,chapter17). Now, permissibilityof½ automaticallyimpliespermissibilityof ½ Ó¹Ô � ñ Ó ñ/¾	½W� , and ½fÍ Ô ¸'¹#º O so ½fÍ is measurable
by (4).

Now let À be indexed by
�rÓ ü ö � ö á ó Í ÝjÏäå}Ò

in the appropriateway. To prove (6),
define Õ Óû¿Þö � ö á ó Í ÝjÏäå}Ò

by Õ Å )1Ï_ç}ÏEá Æ Ó¹Ôlj . � Å � Ï_ç�ÏEá Æ Ë�) Å � Æ . By Fubini’s theoremÕ is aY Å ¿ Æ;[mY Å �°Æ;[�Y Å�á Æ -measurablefunction. Let â Óû¿ ö á ó Í ÝjÏäå}Ò
be definedby â Å ) ÏEá Æ Ó¹Ô¸'¹#ºon ¼qp Õ Å )1Ï_ç}ÏEá Æ . â indexes ÀÔÍ in the appropriateway for ÀÔÍ to be permissible,provided it can

be shown that â is Y Å ¿ Ær[�Y Å�á Æ -measurable.This is whereanalyticity becomesimportant. LetÕ c Ó¹Ô � Å )1Ï_ç}ÏEá Æ Ó Õ Å ) Ï_ç�ÏEá Æ Û G � . By property(b) of analyticsets,
@ Å ¿ ö � ö á Æ containsÕ c .

Theset â c Ó¹Ô � Å )1ÏEá Æ Ó â Å )1ÏEá Æ Û G � is theprojectionof Õ c onto
¿ ö á , whichby property(c) is

alsoanalytic.As Å ¿nÏ Y Å ¿ Æ ÏpÂ Æ is assumedcomplete,â c is measurable,by property(a). Thus â is
ameasurablefunctionandthepermissibilityof À4Í follows.
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