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Abstract

A majorproblemin machinelearningis thatof inductive bias: how to choosea learners hy-
pothesisspacesothatit is large enoughto containa solutionto the problembeinglearnt,yet small
enoughto ensuraeliablegeneralizatiorirom reasonably-sizetfaining sets.Typically suchbiasis
suppliedby handthroughthe skill andinsightsof experts.In this papera modelfor automatically
learning biasis investigated.The centralassumptiorof the modelis thatthe learneris embedded
within anernvironmenbf relatedearningtasks.Within suchanervironmentthelearnercansample
from multiple tasks,andhenceit cansearchor a hypothesispacehatcontainsgoodsolutionsto
mary of the problemsin the ervironment. Under certainrestrictionson the setof all hypothesis
spacesvailableto thelearnerwe shaw thata hypothesispaceahatperformswell onasuficiently
large numberof training taskswill also performwell whenlearningnovel tasksin the sameen-
vironment. Explicit boundsarealsoderived demonstratinghatlearningmultiple taskswithin an
ervironmentof relatedtaskscanpotentiallygive muchbettergeneralizationthanlearninga single
task.

1. Intr oduction

Oftenthe hardestproblemin ary machinelearningtaskis the initial choiceof hypothesisspace;
it hasto be large enoughto containa solutionto the problemat hand,yet small enoughto ensure
goodgeneralizatiorfrom a small numberof examples(Mitchell, 1991). Oncea suitablebiashas
beenfound, the actuallearningtaskis often straightforvard. Existing methodsof biasgenerally
requirethe input of a humanexpertin theform of heuristicsanddomainknowledge(for example,
throughthe selectionof anappropriatesetof features).Despitetheir successesuchmethodsare
clearly limited by the accurag andreliability of the expert’s knovledgeandalsoby the extentto
which thatknowledgecanbetransferredo thelearner Thusit is naturalto searchfor methodgor
automaticallylearningthebias.

In this paperwe introduce and analyzea formal model of bias learning that builds upon
the PAC model of machinelearning and its variants (Vapnik, 1982; Valiant, 1984; Blumer,
Ehrenfeucht,Haussler & Warmuth, 1989; Haussler 1992). Thesemodelstypically take the
following generalform: the learneris suppliedwith a hypothesisspace?{ and training data
z = {(z1,11),-- -, (Tm,ym)} dravn independentlyaccordingto someunderlyingdistribution P
on X x Y. Basedon the information containedin z, the learners goal is to selecta hypothesis
h: X — Y from #H minimizing somemeasurexrp(h) of expectedosswith respecto P (for ex-
ample,in the caseof squaredosserp(h) := E yp (h(z) — 1)?). In suchmodelsthe learners
biasis representethy the choiceof #; if H doesnot containa goodsolutionto the problem,then,
regardlesof how muchdatathelearnerreceves,it cannotiearn.

Of coursethebestway to biasthelearneris to supplyit with an? containingjusta singleop-
timal hypothesisBut finding sucha hypothesiss preciselythe original learningproblem,soin the
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PAC modelthereis no distinctionbetweerbiaslearningandordinarylearning. Or put differently
the PAC modeldoesnot modelthe proces®f inductive bias,it simply takesthe hypothesispaceH
asgivenandproceeddrom there. To overcomethis problem,in this paperwe assumedhatinstead
of beingfacedwith just a singlelearningtask, the learneris embeddedvithin an ervironmentof
relatedlearningtasks.Thelearneris suppliedwith afamily of hypothesispacedd = {#}, andits
goalis to find a bias(i.e. hypothesispace}{ € H) thatis appropriatdor the entireervironment.
A simpleexampleis the problemof handwrittencharacterecognition.A preprocessingtagethat
identifiesandremovesary (small) rotations,dilationsandtranslationsof animageof a character
will beadvantageou$or recognizingall characterslf the setof all individual characterecognition
problemsis viewed asan ervironmentof learningproblems(thatis, the setof all problemsof the
form “distinguish‘A’ from all othercharacters”,'distinguish‘B’ from all othercharacters”and
S0 on), this preprocessorepresents biasthatis appropriatdor all problemsin the ervironment.
It is likely that thereare mary other currently unknavn biasesthat are also appropriatefor this
environment.We would like to be ableto learntheseautomatically

Therearemary otherexamplesof learningproblemsthatcanbe viewed asbelongingto ervi-
ronmentsof relatedproblems.For example,eachindividual facerecognitionproblembelongso an
(essentiallyinfinite) setof relatedlearningproblems(all the otherindividual facerecognitionprob-
lems);the setof all individual spolenword recognitionproblemsformsanothedarge ervironment,
asdoeghesetof all fingerprintrecognitionproblemsprintedChineseandJapaneseharacterecog-
nition problemsstockpricepredictionproblemsandsoon. Evenmedicaldiagnosticandprognostic
problemswherea multitude of diseasegare predictedirom the samepathologytests,constitutean
environmentof relatedlearningproblems.

In mary caseghese‘ervironments”arenot normallymodeledassuch;insteadthey aretreated
assingle, multiple categyory learningproblems. For example,recognizinga group of faceswould
normally be viewed as a singlelearningproblemwith multiple classlabels(onefor eachfacein
the group),not asmultiple individual learningproblems.However, if areliableclassifierfor each
individual facein the group can be constructedhenthey can easily be combinedto producea
classifierfor the whole group. Furthermore by viewing the facesas an ervironmentof related
learning problems,the resultspresentechere shawv that bias can be learntthat will be good for
learningnovel facesa claimthatcannotbe madefor thetraditionalapproach.

This point goesto the heartof our model: we arenot not concernedvith adjustinga learners
biasso it performsbetteron somefixed setof learningproblems. Sucha processs in fact just
ordinarylearningbut with aricherhypothesispacdan which somecomponent$abelled“bias” are
alsoableto bevaried.Insteadwe supposdhelearneris facedwith a (potentiallyinfinite) streanof
tasks,andthatby adjustingits biason somesubsebf thetasksit improvesits learningperformance
on future,asyetunseertasks.

Bias thatis appropriatefor all problemsin an environmentmustbe learntby samplingfrom
mary tasks. If only a singletaskis learntthenthe bias extractedis likely to be specificto that
task. In therestof this paper a generakheoryof biaslearningis developedbasedupontheideaof
learningmultiple relatedtasks.Looselyspeakingformal resultsarestatedin Section2), thereare
two mainconclusionf thetheorypresentedhere:

e Learningmultiplerelatedtasksreduceshesamplingourdenrequiredfor goodgeneralization,
atleaston a numberof-examples-requed-per-task basis.

150



A MODEL OF INDUCTIVE BIAS LEARNING

e Biasthatis learnton suficiently mary trainingtasksis likely to be goodfor learningnovel
tasksdravn from the sameervironment.

The secondpoint shaws that a form of meta-gnealization is possiblein biaslearning. Or-
dinarily, we saya learnergeneralizesvell if, after seeingsufiiciently mary training examples,it
producesa hypothesighatwith high probabilitywill performwell on future examplesof the same
task.However, abiaslearnergeneralizesvell if, afterseeingsufiiciently mary trainingtasksit pro-
ducesa hypothesispacethatwith high probability containsgoodsolutionsto novel tasks.Another
termthathasbeenusedfor this processs Learningto Learn(Thruné& Pratt,1997).

Our maintheoremsare statedin anagnosticsetting(thatis, H doesnot necessarilycontaina
hypothesispacewith solutionsto all the problemsin the ervironment),but we alsogive improved
boundsin therealizablecase.The samplecompleity boundsappearingn theseresultsare stated
in termsof combinatoriabarameterselatedto the compleity of the setof all hypothesispaced
availableto thebiaslearner For Booleanlearningproblemgpatternclassificationtheseparameters
arethebiaslearninganalogueof the Vapnik-ChervonenkidimensionVapnik,1982;Blumeretal.,
1989).

As an applicationof the generaltheory the problemof learningan appropriatesetof neural-
network featuresfor an ervironmentof relatedtasksis formulatedasa biaslearningproblem. In
the caseof continuousneural-netwrk featureswe areableto prove upperboundson the number
of training tasksandnumberof examplesof eachtrainingtaskrequiredto ensurea setof features
thatworks well for the training taskswill, with high probability work well on novel tasksdravn
from the sameenvironment. The upperboundon the numberof tasksscalesas O(b) whereb is
a measureof the compleity of the possiblefeaturesetsavailableto the learner while the upper
boundon the numberof examplesof eachtaskscalesasO(a + b/n) whereO(a) is the number
of examplesrequiredto learnataskif the“true” setof featureqthatis, the correctbias)is already
known, andn is the numberof tasks. Thus,in this casewe seethatasthe numberof relatedtasks
learntincreasesthe numberof examplesrequiredof eachtaskfor goodgeneralizatiordecaysto
the minimum possible.For Booleanneural-netwrk featuremapswe areableto shav a matching
lower boundon the numberof examplesrequiredpertaskof the sameform.

1.1 Related Work

Thereis alarge body of previous algorithmicand experimentalwork in the machinelearningand
statisticditeratureaddressinghe problemsof inductive biaslearningandimproving generalization
throughmultiple tasklearning.Someof theseapproachesanbe seemasspecialcase®f, or atleast
closelyalignedwith, the model describechere,while othersare more orthogonal. Without being
completelyexhaustve, in this sectionwe presentainoverview of themaincontritutions. SeeThrun
andPratt(1997,chapterl) for amorecomprehense treatment.

e Hierar chical Bayes. The earliestapproacheto biaslearningcomefrom HierarchicalBayesian
methodsin statistics(Bemger, 1985; Good, 1980; Gelman,Carlin, Stern,& Rubim, 1995).
In contrastto the Bayesianmethodology the presentpapertakes an essentiallyempirical
processapproacho modelingtheproblemof biaslearning.However, amodelusingamixture
of hierarchicalBayesianand information-theoreti ideaswas presentedn Baxter (1997a),
with similar conclusiongdo thosefound here. An empiricalstudy shaving the utility of the
hierarchicaBayesapproachn adomaincontainingalarge numberof relatedtaskswasgiven
in Hesles(1998).
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e Early machinelearning work. In Rendell,SeshuandTcheng(1987)“VBMS” or Variable Bias
ManagementSystenwasintroducedasa mechanisnior selectingamongstifferentlearning
algorithmswhentackling a new learningproblem. “STABB” or Shift To a BetterBias (Ut-
goff, 1986)wasanotherearly scheméor adjustingbias,but unlike VBMS, STABB wasnot
primarily focussedn searchingor biasapplicableto large problemdomains.Our useof an
“environmentof relatedtasks”in this papermay also be interpretedas an “environmentof
analogougasks”in the sensehat conclusionsaboutonetask canbe arrived at by analogy
with (sufficiently mary of) the othertasks. For an early discussiorof analogyin this con-
text, seeRussell(1989, S4.3),in particularthe obsenration that for analogougproblemsthe
samplingburdenper taskcanbereduced.

e Metric-based approaches. The metric usedin nearest-neighbouclassification,and in vector
gquantizationto determinethe nearestode-bookvector represents form of inductive bias.
Using the model of the presentpaper and undersomeextra assumptionn the tasksin
the ervironment(specifically that their maginal input-spacedistributions areidenticaland
they only differ in the conditionalprobabilitiesthey assignto classlabels),it canbe shavn
that thereis an optimal metric or distancemeasurego usefor vectorquantizationand one-
nearest-neighbounassificationBaxter 1995a,1997b;Baxter& Bartlett,1998). This metric
canbe learntby samplingfrom a subsetof tasksfrom the ervironment,andthenusedasa
distancemeasurenvhenlearningnovel tasksdravn from the sameervironment. Boundson
the numberof tasksandexamplesof eachtaskrequiredto ensuregoodperformancen novel
tasksweregivenin BaxterandBartlett (1998),alongwith an experimentin which a metric
wassuccessfullyrainedon examplesof a subsebf 400 Japaneseharacterandthenusedas
afixeddistancemeasuravhenlearning2600asyet unseercharacters.

A similar approachis describedin Thrun and Mitchell (1995), Thrun (1996), in which a
neuralnetwork’s outputwastrainedto matchlabelson a novel task, while simultaneously
beingforcedto matchits gradientto derivativeinformationgeneratedrom a distancemetric
trainedon previous, relatedtasks. Performanceon the novel tasksimproved substantially
with theuseof thederivative information.

Notethattherearemary otheradaptve metrictechniquesisedin machindearning,but these
all focusexclusively on adjustingthe metricfor afixedsetof problemsratherthanlearninga
metric suitablefor learningnovel, relatedtasks(biaslearning).

e Feature learning or learning internal representations. As with adaptve metric techniques,
therearemary approacheto featurelearningthatfocuson adaptingfeaturedor afixedtask
ratherthanlearningfeaturesto be usedin novel tasks. Oneof the few casesvherefeatures
have beenlearnton a subsebf taskswith the explicit aim of usingthemon novel taskswas
IntratorandEdelman(1996)in which a low-dimensionakepresentatiomvaslearntfor a set
of multiple relatedimage-recognitiortasksandthenusedto successfulljearnnovel tasksof
the samekind. The experimentsreportedin Baxter(1995a,chapter4) and Baxter(1995b),
BaxterandBartlett(1998)arealsoof this nature.

e Biaslearning in Inductive Logic Programming (ILP). Predicateinvention refersto the pro-
cessin ILP wherebynew predicategshoughtto be usefulfor the classificationtaskat hand
areaddedo thelearners domainknowledge.By usingthe new predicatessbackgroundio-
main knowledgewhenlearningnovel tasks,predicatanventionmay be viewed asa form of
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inductie biaslearning.Preliminaryresultswith thisapproaclonachesslomainarereported
in Khan,Muggleton,andParson(1998).

e Impr oving performanceon a fixed referencetask. “Multi-task learning” (Caruana, 1997)
trainsextra neuralnetwork outputsto matchrelatedtasksin orderto improve generalization
performancenafixedreferencdask. Althoughthis approachdoesnotexplicitly identify the
extra biasgeneratedy the relatedtasksin a way that canbe usedto learnnovel tasks,it is
anexampleof exploiting the biasprovided by a setof relatedtasksto improve generalization
performanceOthersimilarapproachescludeSuddartrandKergosien(1990),Suddartrand
Holden(1991),Abu-Mostah (1993).

e Bias ascomputational complexity. In this paperwe considerinductive bias from a sample-
compleity perspectie: how doeghelearntbiasdecreas¢éhenumberof examplesequiredof
novel tasksfor goodgeneralizationA naturalalternatve line of enquiryis how the running-
time or computationatomplity of a learningalgorithmmay be improved by training on
relatedtasks.Someearlyalgorithmsfor neuralnetworksin thisvein arecontainedn Sharley
andSharley (1993),Pratt(1992).

¢ ReinforcementLearning. Many control taskscanappropriatelybe viewed as elementsof sets
of relatedtasks,suchaslearningto navigate to different goal states,or learninga set of
complex motor control tasks. A numberof papersin the reinforcementearningliterature
have proposedlgorithmsfor bothsharingtheinformationin relatedtasksto improve average
generalizatiorperformanceacrossthosetasksSingh (1992), Ring (1995), or learningbias
from asetof tasksto improve performancen futuretasksSutton(1992), ThrunandSchwartz
(1995).

1.2 Overview of the Paper

In Section2 the biaslearningmodelis formally defined,andthe main samplecompleity results
aregiven shaving the utility of learningmultiple relatedtasksandthe feasibility of biaslearning.
Theseresultsshav thatthesamplecompleity is controlledby thesizeof certaincoveringnumbers
associatedvith the setof all hypothesispaceswvailableto the biaslearneyin muchthe sameway
asthe samplecompleity in learningBooleanfunctionsis controlledby the Vapnik-Chervonenkis
dimension(Vapnik, 1982; Blumer et al., 1989). The resultsof Section2 are upperboundson
the samplecompleity requiredfor goodgeneralizatiorwhenlearningmultiple tasksandlearning
inductive bias.

Thegeneralresultsof Section2 arespecializedo the caseof featurelearningwith neuralnet-
worksin Section3, wherean algorithmfor training featuresoy gradientdescenis alsopresented.
For this specialcasewe are ableto shav matchinglower boundsfor the samplecompleity of
multiple tasklearning. In Section4 we presensomeconcludingremarksanddirectionsfor future
researchMany of the proofsarequite lengthyandhave beenmovedto theappendicesoasnotto
interrupttheflow of themaintext.

Thefollowing tablescontaina glossaryof the mathematicasymbolsusedin the paper
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Symbol Description FirstReferenced
X Input Space 155
Y OutputSpace 155
P Distributionon X x Y (learningtask) 155
l Lossfunction 155
H HypothesisSpace 155
h Hypothesis 155
erp(h) Error of hypothesish on distribution P 156
z Trainingset 156
A LearningAlgorithm 156
ér,(h) Empiricalerrorof h ontrainingsetz 156
P Setof all learningtasksP 157
Q Distribution over learningtasks 157
H Family of hypothesispaces 157
erg(H) Lossof hypothesispace on ervironmentQ 158
z (n, m)-sample 158
€ry(H) Empiricallossof H onz 158
A Biaslearningalgorithm 159
h; Functioninducedby h andi 159
H, Setof Iy 159
(hiy-..y hn) Averageof hy g, ..., hyy 159
h; Sameas(hl, e 7hn)l 159
H} Setof (hi,...,hp); 159
Hp Setof H}' 159
H* Functionon probability distributions 160
H* Setof H* 160
dp Pseudo-metrion 1} 160
dg Pseudo-metrion H* 160
N(e,H*,dg) | Coveringnumberof H* 160
C(e, H*) Capacityof H* 160
N(e,H},dp) | Coveringnumberof H 160
Cl(e, H}) Capacityof H} 160
h Sequencef n hypotheses$hy, ..., h;,) 163
P Sequencef n distributions (P, ..., P,) 163
erp(h) Averagdossof h onP 164
érz(h) Averageossof h onz 164
F Setof featuremaps 166
g Outputclasscomposedvith featuremapsf 166
Gof Hypothesisspaceassociatedavith f 166
G Lossfunctionclassassociatedvith G 166
N (g,G;,dp) Coveringnumberof G, 166
C(g,Gi) Capacityof G 166
dip,g(fs f') Pseudo-metrion featuremapsf, f' 166
N (e, F,dipg,) | Coveringnumberof 7 166
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Symbol Description FirstReferenced
N (e, F,dipg,) | Coveringnumberof 7 166
Cg (e, F) Capacityof F 166
Ho Neuralnetwork hypothesispace 167
Hiz ‘H restrictedto vectorz 172
[Ty (m) Growth functionof H 172
VCdim(H) Vapnik-Cherenenkisdimensionof H 172
Hix ‘H restrictedto matrix x 173
H H restrictedto matrixx 173
g (n,m) Growth functionof H 173
dm(n) Dimensionfunctionof H 173
d(H) Upperdimensionfunctionof H 173
d(H) Lower dimensiorfunctionof H 173
optp (H") Optimal performanceof H” onP 175
d, Metric on R* 179
hi®---®h, Averageof hy, ..., hy 179
Hi@®---DH, | Setof hy &--- @ hy, 180
L 2mn) Permutation®n integer pairs 182
Zy Permuted: 182
d,(h,h") Empiricall; metriconfunctionsh 182
érp(H) Optimalaverageerrorof H onP 185

2. The Bias Learning Model

In this sectionthe biaslearningmodelis formally introduced.To motivatethe definitions,we first
describehemainfeaturesof ordinary(single-tasksupervisedearningmodels.

2.1 Single-Task Learning

Computationalearningtheorymodelsof supervisedearningusuallyincludethe following ingre-
dients:

e AninputspaceX andanoutputspaceY’,

e aprobability distribution Pon X x Y,

e alossfunction/: Y xY — R, and

¢ ahypothesispaceH whichis asetof hypothesesr functionsh: X — Y.

As anexample,if theproblemis to learnto recognizamagesof Mary’s faceusinganeuralnetwork,
thenX would bethesetof all imagegtypically representedsasubsebf R* whereeachcomponent
is apixel intensity),Y” would betheset{0, 1}, andthedistribution P would be pealed overimages
of differentfacesandthe correctclasslabels. Thelearners hypothesispace, would bea classof
neuralnetworks mappingtheinputspaceR? to {0, 1}. Thelossin this casewould be discreteloss:

Uy, y') = { (1) :; z i z, 1)
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Using the lossfunction allows usto presenta unified treatmentof both patternrecognition(Y =
{0,1}, [ asabove), andreal-\aluedfunctionlearning(e.g. regression)n whichY = R andusually

Wy, y") = (y —9)
Thegoalof thelearneris to selecta hypothesig € H with minimumexpectedoss

erp(h) = /X 1(h@).) dP(a.y). @)

Of course,the learnerdoesnot know P andso it cannotsearchthrough? for an A minimizing
erp(h). In practice thelearnersamplegepeatedlyffrom X x Y accordingto the distribution P to
generatatraining set

Z = {(wlayl)a"'a(mm:ym)}' (3)

Basedontheinformationcontainedn z thelearnemproduces hypothesis € #. Hencejn general
alearneris simply amap.A from the setof all trainingsamplego the hypothesispace:

A & xy)m > H

m>0

(stochastidearners canbetreatedoy assuminga distribution-valued.A.)
Many algorithmsseekto minimizethe empiricallossof h on z, wherethis is definedby:

m

> (i), yi)- (4)

i=1

R 1
erz(h) = E
Of course thereare moreintelligentthingsto do with the datathansimply minimizing empirical
error—for exampleonecanaddregularisationtermsto avoid overfitting.

However the learnerchoosests hypothesids, if we have a uniformbound(overall h € H) on
the probability of large deviation betweerer, (h) anderp (h), thenwe canboundthelearners gen-
eralizationerrorerp(h) asafunctionof its empiricallosson thetraining seter, (k). Whethersuch
a boundholdsdependsiponthe “richness”of . The conditionsensuringcorvergencebetween
ér,(h) anderp(h) areby now well understoodfor Booleanfunctionlearning(Y’ = {0, 1}, discrete
loss),corvergenceis controlledby the VC-dimensioh of #:

Theorem1. Let P be any probability distribution on X x {0,1} and supposez =
{(z1,v1)s-- - (Zm,ym)} is genernted by samplingm timesfrom X x {0, 1} accodingto P. Let
d := VCdim(H). Thenwith probability at least1 — § (over the choiceof the training setz), all
h € H will satisfy

1/2
erp(h) < ér,(h) + [Q (d log 2677” + log %ﬂ (5)
m

Proofsof this result may be found in Vapnik (1982), Blumer et al. (1989), and will not be
reproducedere.

1. The VC dimensionof a classof BooleanfunctionsH is the largestinteger d suchthat thereexists a subsetS :=
{z1,...,24} C X suchthattherestrictionof # to S containsall 2¢ Booleanfunctionson S.
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Theoreml only provides conditionsunderwhich the deviation betweererp(h) andér,(h) is
likely to be small, it doesnot guaranteahatthe true errorerp(h) will actuallybe small. Thisis
governedby the choiceof H. If # containsa solutionwith smallerrorandthelearnerminimizes
erroronthetrainingset,thenwith high probabilityerp(h) will be small. However, abadchoiceof
# will meanthereis no hopeof achieing smallerror Thus,the bias of thelearnerin this modef
is representetdy the choiceof hypothesispaceH.

2.2 The Bias Learning Model

The mainextra assumptiorof the biaslearningmodelintroducedhereis thatthelearneris embed-
dedin anenvironmentof relatedtasks,andcansamplefrom the ervironmentto generatenultiple
training setsbelongingto multiple differenttasks. In the aborze model of ordinary (single-task)
learning, a learningtaskis representedby a distribution P on X x Y. Soin the biaslearning
model,an environmentof learningproblemsis representetby a pair (P, @) whereP is the setof
all probabilitydistributionson X x Y (i.e., P is thesetof all possibldearningproblems)andq@ is a
distribution onP. @ controlswhich learningproblemsthelearneris likely to se€. For example,if
thelearneris in afacerecognitionervironment, will behighly pealked overface-recognitionyjpe
problems whereadf the learneris in a characterecognitionervironment@ will be pealed over
characterecogniton-type problems(here,asin the introduction,we view theseervironmentsas
setsof individual classificatiorproblemsyratherthansingle,multiple classclassificatiorproblems).

Recallfrom thelastparagraplof the previous sectionthatthelearners biasis representedy its
choiceof hypothesispace. Soto enablethelearnerto learnthebias,we supplyit with a family
or setof hypothesispaced := {H}.

Puttingall this togetherformally alearningto learn or biaslearning problemconsistof:

aninputspaceX andanoutputspaceY (bothof which areseparablenetricspaces),

alossfunctionl: ¥ xY — R,

anervironment(P, Q) whereP is the setof all probability distributionson X x Y and@ is
adistributionon P,

ahypothesispacefamily H = {#} whereeachH € H is asetof functionsh: X — Y.

Fromnow onwe will assumehelossfunction! hasrange[0, 1], or equivalently with rescaling,
we assumehat/ is bounded.

2. Thebiasis alsogovernedby how thelearnerusesthe hypothesispace For example,undersomecircumstancethe
learnermay choosenot to usethe full power of # (a neuralnetwork exampleis early-stopping).For simplicity in
this papemwe abstraceway from suchfeaturef thealgorithm.A andassumehatit usestheentirehypothesispace
H.

3. @'sdomainis a o-algebraof subsetof P. A suitableonefor our purposess the Borel o-algebral3(P) generated
by thetopologyof weakcornvergenceon P. If we assumehat X andY areseparablenetricspacesthen? is also
aseparablenetric spacen the Prohore metric (which metrizesthe topologyof weakcornvergence)(Parthasarathy
1967), so thereis no problemwith the existenceof measure®n B(P). SeeAppendixD for further discussion,
particularlythe proof of part5in Lemma32.
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We definethe goal of a biaslearnerto be to find a hypothesisspaceH{ € H minimizing the
following loss:

erg(H) ::/P inf erp(h) dQ(P) (6)

heH

_ / in / I(h(z),y) dP(z,y) dQ(P).
P XXY

heH

Theonly way erg (#) canbe smallis if, with high Q-probability 7/ containsa goodsolutionh to
ary problemP dravn at randomaccordingto @. In this senseerg () measuresiow appropriate
thebiasembodiedby # is for theenvironment(P, Q).

In generatthe learnerwill notknow @, soit will notbeableto find an?# minimizing erg(#)
directly. However, thelearnercansamplefrom the ervironmentin thefollowing way:

e Samplen timesfrom P accordingo () to yield:
Py,...,P,.

e Samplem timesfrom X x Y accordingo eachpP; to yield:
zi = {(®i1,Yi1) - - - (Tim Yim) }-

e Theresultingn trainingsets—hencefortballedan (n, m)-samplef they aregeneratedby the
above process—arsuppliedto thelearner In the sequelan (n, m)-samplewill be denoted
by z andwritten asa matrix:

(z11,911) - (Zim,yim) =21
z = : : : (7)

(-Tnla ynl) T ($nma ynm) = Zn
An (n,m)-sampleis simply n training setszy, ..., z, sampledfrom n differentlearningtasks
Py, ..., P,, whereeachtaskis selectedaccordingto the environmentalprobability distribution Q.

Thesizeof eachtraining setis keptthe sameprimarily to facilitatethe analysis.

Basedon the informationcontainedn z, the learnermustchoosea hypothesispaced € H.
Onewayto do thiswould befor thelearnerto find an’H minimizing the empiricallosson z, where
thisis definedby:

1 n
6 (H) == = > inf ér,,(h) (8)

n heH

=1
Note that ér,(H) is simply the averageof the bestpossibleempirical error achieable on each
training set z;, using a function from 7. It is a biasedestimateof erg(#). An unbiasedesti-
mateof erg(#) would requirechoosingan# with minimal averageerror over then distributions
Pi,..., P, wherethisis definedby 1 % | infy,cq erp, (h).

Aswith ordinarylearningiit is likely therearemoreintelligentthingsto dowith thetrainingdata
z thanminimizing (8). Denotingthe setof all (n,m)-sampleshy (X x Y)("’m), a general‘bias
learner”’is amap.A thattakes (n, m)-samplesasinput andproduceshypothesispaces{ € H as
output:

A | X xy)™™ o HL 9)

n>0
m>0
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(asstated,A is a deterministicbiaslearner however it is trivial to extendour resultsto stochastic
learners).

Note thatin this paperwe areconcernednly with the samplecompleity propertiesof a bias
learner.A; we do not discussssuesf thecomputabilityof A.

Since A is searchindor entirehypothesispaceg{ within afamily of suchhypothesispaces
H, thereis an extra representationajuestionin our model of biaslearningthatis not presentin
ordinarylearning,andthatis how the family H is representedndsearchedy A. We deferthis
discussioruntil Section2.5, afterthemainsamplecompleity resultsfor thismodelof biaslearning
have beenintroduced For the specificcaseof learninga setof featuressuitablefor anernvironment
of relatedlearningproblems seeSection3.

Regardles®f how thelearnerchoosesdts hypothesispaceH, if we have auniformbound(over
all # € H) ontheprobability of large deviation betweersr, (#) anderg(#), andwe cancompute
an upperboundon €r,(#), thenwe canboundthe biaslearners “generalizationerror” erg (H).
With this view, the questionof generalizatiorwithin our biaslearningmodelbecomeshow mary
tasks(rn) andhow mary examplesof eachtask(m) arerequiredto ensurethater, (#) anderg(#)
areclosewith high probability uniformly overall # € H? Or, informally, how mary tasksandhow
mary examplesof eachtaskarerequiredto ensurethat a hypothesisspacewith goodsolutionsto
all thetrainingtaskswill containgoodsolutionsto novel tasksdravn from the sameervironment?

It turnsout thatthis kind of uniform convergencefor biaslearningis controlledby the “size”
of certainfunction classeslerived from the hypothesispacefamily H, in muchthe sameway as
the VC-dimensionof a hypothesispace}{ controlsuniform corvergencein the caseof Boolean
function learning(Theoreml). These"size” measuresnd otherauxiliary definitionsneededo
statethe maintheoremareintroducedn thefollowing subsection.

2.3 Covering Numbers
Definition 1. For anyhypothesigi: X — Y, defineh;: X x Y — [0, 1] by

hi(z,y) := l(h(z),y) (10)
For anyhypothesispaceH in the hypothesispacefamily H, define
Hp:={h;: h € H}. (11)

For anysequencefn hypotheseéh, ..., hy), define(hy, ..., hy ) (X xY)™ — [0,1] by

n

1
(hla v ahn)l(xla Yiy--- 7$nayn) = E Zl l(hl(wl)ayl) (12)
1=
We will alsouseh,; to denote(h, ..., hy,);. For any# in thehypothesispacefamily H, define
/H? = {(h1,...,hn)l:hl,...,hnEH}. (13)

Define

Hy = M} (14)
HeH
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In the first part of the definition abore, hypotheses: X — Y areturnedinto functionsh;
mappingX x Y — [0, 1] by compositionwith thelossfunction. #; is thenjustthecollectionof all
suchfunctionswherethe original hypothesesomefrom . H, is oftencalledaloss-functiorclass
In our casewe are interestedn the averagelossacrossn tasks,whereeachof the n hypotheses
is chosenfrom a fixed hypothesisspaceH. This motivatesthe definitionof h; and#;'. Finally,
H7} is thecollectionof all (1, ..., hy);, with therestrictionthatall Ay, . .., h, belongto asingle
hypothesispaceH € H.

Definition 2. For eath # € H, define}{*: P — [0,1] by

H*(P) := gg?f{erp(h). (15)

For the hypothesispacefamily H, define
H* := {H*: H € H}. (16)

It is the “size” of H} andH* that controlshow large the (n, m)-samplez mustbe to ensure
€r,(H) anderg(H) arecloseuniformly over all # € H. Their sizewill be definedin termsof
certaincovering numbers,and for this we needto definehow to measurehe distancebetween
elementf H}' andalsobetweerelementsof H*.

Definition 3. LetP = (P,..., P,) beanysequencefn probability distributionson X x Y. For
anyhy, h; € Hp, define

dP(hhlﬁ)i=:j/ Iy (21, Y15 - s Ty Un) — B(T1, Y15+ -+ s Ty Un)|
(XXY)n (17)

dPl(xl,yl) R dPn('Tmyn)

Similarly, for anydistribution @@ onP andany#;, H; € H*, define
do(ti, 1) = | (P~ #5(P) dQ(P) (18)

It is easilyverifiedthatdp anddg arepseudo-metriéson H} andH* respectiely.

Definition 4. An e-cover of (H*,dg) is a set {Hf,...,Hy} sud that for all #* € H*,
do(H*,H}) < € for somei = 1...N. Notethat we do not require the 7/} to be containedin
H*, justthat they be measuable functionson P. Let N (e, H*, d) denotethe sizeof the smallest
sud cover Definethe capacityof H* by

C(e, H") :=supN (e, H", dg) (19)
Q

whete the supemumis over all probability measueson P. N (e, H}, dp) is definedin a similar
way, usingdp in placeof dg. Definethe capacityof Hj* by:

C(e, H}') := sup N (e, H}', dp) (20)
P

where nowthe supemumis over all sequencesf n probability measueson X x Y.

4. A pseudo-metrid is ametricwithouttheconditionthatd(z,y) =0 = =z = y.
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2.4 Uniform Convergencefor BiasLearners

Now we have enoughmachineryto statethe maintheorem. In the theoremthe hypothesisspace
family is requiredto be permissible Permissibilityis discussedn detailin AppendixD, but note
thatit is a weakmeasure-theoreticonditionsatisfiedby almostall “real-world” hypothesispace
families. All logarithmsareto basee.

Theorem 2. SupposeX andY are sepanble metric spacesand let @ be any probability distri-

bution on P, the setof all distributionson X x Y. Supposex is an (n, m)-samplegeneated by

samplingn timesfromP accodingto @ to give P, . .., P,,, andthensamplingm timesfromead

P; togeneate z; = {(z1,%i1),---» (@im, Yim) }, @ = 1,...,n. LetH = {#} beanypermissible
hypothesispacefamily. If the numberof tasksn satisfies

256 . 8C (5, H*) 64
an&X{?lng,E—z y (21)
andthe numberof examplesn of ead tasksatisfies
2 8C(=,H?}) 64
m > max E]OgM’G_ ’ (22)
ne2 ) g2

thenwith probability at leastl — ¢ (overthe (n, m)-samplez), all # € H will satisfy
erg(H) <ér,(H) +¢ (23)
Proof. SeeAppendixA. O

Thereareseveralimportantpointsto noteaboutTheoren:

1. Provided the capacitiesC (e, H*) andC(e, H}') arefinite, the theoremshaws that any bias
learnerthat selectshypothesisspacedrom H canboundits generalisatiorerrorerg () in
termsof ér,(H) for sufficiently large (n, m)-samplesz. Mostbiaslearners will notfind the
exactvalueof ér,(#) becausét involvesfinding thesmallesterrorof ary hypothesis € H
on eachof the n training setsin z. But ary upperboundon ér,(#) (found, for example
by gradientdescenbn someerror function) will still give an upperboundonerg(#). See
Section3.3.1for abrief discussioron how this canbeachieredin afeaturelearningsetting.

2. In orderto learn bias (in the sensethat erg(#) andér,(H) are closeuniformly over all
H € H), both the numberof tasksn andthe numberof examplesof eachtask m must
be suficiently large. This is intuitively reasonabldecausédhe biaslearnermustseeboth
sufficiently mary tasksto be confidentof the natureof the ervironment, and sufficiently
mary examplesof eachtaskto be confidentof the natureof eachtask.

3. Oncethelearnerhasfoundan?# € H with a smallvalue of ér,(#), it canthenuse# to
learnnovel tasksP drawvn accordingto . Onethenhasthefollowing theoremboundingthe
samplecompl«ity requiredfor goodgeneralisatiomvhenlearningwith H (the proofis very
similar to the proof of the boundonm in Theorem?2).
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Theorem3. Letz = {(z1,41),---, (zm, ym)} beatraining setgeneatedby samplingfrom
X x Y accoding to somedistribution P. Let?# bea permissiblehypothesispace For all
g,0 With0 < ¢,6 < 1, if thenumberof training examplesn satisfies

64 . 4C (&, H,) 16
m > max{g—Qlog — 5 = (24)

thenwith probability at leastl — §, all h € H will satisfy
erp(h) < ér,(h) +e.

The capacityC (e, ) appearingn equation(24) is definedin an analogoudashionto the
capacitiesn Definition 4 (we just usethe pseudo-metrialp(hi, b)) == [y, .y |hi(z,y) —
hy(z,y)| dP(z,y)). Theimportantthing to noteaboutTheorem3 is thatthe numberof ex-
amplesrequiredfor goodgeneralisationvhenlearningnovel tasksis proportionatto thelog-
arithm of the capacityof the learnthypothesisspace{. In contrast,f the learnerdoesnot
do ary biaslearning,it will have no reasorno selectonehypothesispacel € H over ary
otherandconsequentlyt would have to view asa candidatesolutionary hypothesisn ary
of the hypothesisspaces € H. Thus,its samplecompl«ity will be proportionalto the
capacityof Uyem{H;} = IHIl1 whichin generalwill be considerablyargerthanthe capacity
of ary individual’H{ € H. Soby learningH thelearnerhaslearntto learnin theenvironment
(P, Q) in thesenseahatit needsar smallertrainingsetsto learnnovel tasks.

. Having learnta hypothesisspace{ with a smallvalue of ér,(#), Theorem2 tells us that
with probabilityatleastl — §, the expectedvalueof infj,c4 erp(h) onanovel task P will be
lessthanér, () + e. Of coursethis doesnotrule outreally badperformancen sometasks
P. However, the probability of generatingsuch“bad” taskscanbe bounded.In particular
notethaterg () is just the expectedvalueof the function* over P, andso by Markov’'s
inequality for vy > 0,

Pr {P: jnf erp(h) > 7} =Pr{P: H*(P) 2 7}

< (with probability1 — §).

. Keepingtheaccurag andconfidenceparameters, § fixed,notethatthenumberof examples
requiredof eachtaskfor goodgeneralisatiorobeys

m= 0 (% logC (e, H?)) . (25)

So providedlog C (e, H}') increasesublinearlywith n, the upperboundon the numberof
examplesrequiredof eachtaskwill deceaseasthe numberof tasksincreases.This shavs
that for suitably constructechypothesisspacefamiliesit is possibleto shae information
betweentasks.Thisis discussedurtherafter Theoremd below.

162



A MODEL OF INDUCTIVE BIAS LEARNING

2.5 Choosingthe HypothesisSpaceFamily H.

Theoren only providesconditionsunderwhich ér, () anderg(#) areclose,it doesnotguaran-
teethaterg(#) is actuallysmall. This is governedby the choiceof H. If H containsa hypothesis
spacel{ with asmallvalueof erg(7{) andthelearneris ableto find anH € H minimizing erroron

the (n, m) samplez (i.e., minimizing ér,(H)), then,for suficiently largen andm, Theorem2 en-

suresthatwith high probabilityerg (#) will besmall. However, abadchoiceof H will meanthere
is no hopeof finding an’H with smallerror In this sensahe choiceof H representshe hyperbias

of thelearner

Notethatfrom asamplecomplity pointof view, theoptimalhypothesispacdamily to choose
is one containinga single, minimal hypothesisspace# that containsgood solutionsto all of the
problemsin the ervironment(or at leasta setof problemswith high -probability),andno more.
For thenthereis no biaslearningto do (becausehereis no choiceto be madebetweerhypothesis
spaces)the outputof the biaslearningalgorithmis guaranteedo be a good hypothesisspacefor
the ervironment,and sincethe hypothesisspaceis minimal, learningary problemwithin the en-
vironmentusing# will requirethe smallestpossiblenumberof examples.However, this scenario
is analagouso thetrivial scenarian ordinarylearningin which the learningalgorithmcontainsa
single,optimalhypothesidor the problembeinglearnt. In thatcasethereis no learningto bedone,
justasthereis no biaslearningto bedoneif the correcthypothesispaces alreadyknown.

At theotherextreme,if H containsa singlehypothesispaceH consistingof all possiblefunc-
tionsfrom X — Y thenbiaslearningis impossiblebecausehe bias learnercannotproducea
restrictednypothesispaceasoutput,andhencecannotproducea hypothesispacewith improved
samplecompleity requirement®n asyet unseertasks.

Focussingon thesetwo extremeshighlightsthe minimal requirement®n H for successfubias
learningto occur: the hypothesisspacest € H mustbe strictly smallerthan the spaceof all
functionsX — Y, but not sosmallor so “skewed” thatnoneof themcontaingoodsolutionsto a
large majority of the problemsin theenvironment.

It may seemthatwe have simply replacedhe problemof selectingheright bias(i.e., selecting
theright hypothesispaceH) with theequallydifficult problemof selectingheright hyperbias(i.e.,
theright hypothesispaceamily H). However, in mary casesselectingtheright hyperbiasis far
easierthanselectingtheright bias. For example,in Section3 we will seehow thefeatureselection
problemmay be viewed asa biasselectionproblem. Selectingthe right featurescanbe extremely
difficult if oneknows little aboutthe ervironment,with intelligenttrial-and-errortypically the best
onecando. However, in abiaslearningscenariopneonly hasto specifythata setof featureshould
exist, find alooselyparameterisedetof featureqfor exampleneuralnetworks),andthenlearnthe
featuresby samplingfrom multiple relatedtasks.

2.6 Learning Multiple Tasks

It may be thatthe learneris not interestedn learningto learn, but just wantsto learna fixed set
of n tasksfrom the environment(P, Q). As in the previous section,we assumehe learnerstarts
outwith a hypothesispacefamily H, andalsothatit recevesan (n, m)-samplez generatedrom
then distributions Py, . . ., P,. Thistime, however, thelearneris simply looking for n hypotheses
(h1,...,hy), all containedin the samehypothesisspaceH, suchthatthe averagegeneralization
error of then hypothesess minimal. Denoting(h1, - .., h,) by h andwriting P = (Py,..., P,),
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thiserroris givenby:

erp Z er pl (26)

:_Z/XXY y) dP;i(z,y),

andtheempiricallossof h onz is
éry(h Z €r,, (h 27)

—_Z Zl 371] yzy

As before regardlesf how thelearnerchoosegh, . . ., hy), if we canprove auniform boundon
the probability of large deviation betweenér,(h) anderp (h) thenary (h1, ..., hy) thatperform
well on thetraining setsz will with high probability performwell on future examplesof the same
tasks.

Theorem4. LetP = (P, ..., P,) ben probability distributionson X x Y andletz bean (n, m)-
samplegeneated by samplingm timesfrom X x Y accodingto eath P;. LetH = {#} beany
permissiblehypothesispacefamily. If the numberof examplesn of ead tasksatisfies

64 4C(%, ]HI”) 16

thenwith probability at least1 — § (overthechoiceof z), anyh € H" will satisfy

erp(h) < érg(h) +¢ (29)

(recall Definition4 for themeaningof C (e, H})).

Proof. Omitted(follow the proof of theboundon m in Theorem?2). O

The boundon m in Theorem4 is virtually identicalto the boundon m in Theorem2, and note
againthatit dependsnverselyon the numberof tasksn (assuminghatthe first part of the “max”
expressioris the dominateone). Whetherthis helpsdependsn therateof growth of C({5, H}') as
afunctionof n. Thefollowing Lemmashaws thatthis growth is alwayssmallenougho ensurethat
we never doworseby learningmultiple tasks(atleastin termsof the upperboundon the numberof
examplesrequiredpertask).

Lemma 5. For anyhypothesispacefamily H,

C(e,Hj) <C(e,H}) <C (e, H})". (30)
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Proof. Let K denotethe setof all functions(h, ..., h,); whereeachh; canbe a memberof ary
hypothesisspace € H (recall Definition 1). ThenH? C K andsoC (¢, H}') < C (¢, K). By
Lemma29in AppendixB, C (¢, K) < C (g, H} )" andsotheright handinequalityfollows.

For the first inequality let P be ary probability measureon X x Y andlet P be the mea-
sureon (X x Y)" obtainedby using P on the first copy of X x Y in the product,andignoring
all other elementsof the product. Let N be an e-cover for (H},dp). Pickary h; € IHIl1 and
let (g1,---,9n); € N besuchthatdp ((h,h,...,h);,(91,---,9n);) < e. But by construction,
dp ((h,hy ..., h)i,(g1,---,9n)1) = dp(h, (g1);), which establisheshefirst inequality O

By Lemma5b
log C (e, H}) <logC (g, H}') < nlogC (e, H}) . (31)

Sokeepingtheaccurag parameters andé fixed,andplugging(31)into (28), we seethattheupper
boundon the numberof examplesrequiredof eachtasknever increaseswith the numberof tasks,
andat bestdecreaseasO(1/n). Although only anupperbound,this providesa stronghint that
learningmultiple relatedtasksshouldbe advantageousna“numberof examplesrequiredpertask”
basis.In Section3 it will be shavn thatfor featurelearningall typesof behaior arepossiblefrom
no adwantageatall to O(1/n) decrease.

2.7 Dependenceon e

In Theorem=2, 3 and4 the boundson samplecompleity all scaleas1/e2. This behaior canbe
improvedto 1/¢ if theempiricallossis alwaysguaranteedo be zero(i.e., we arein therealizable
case). The samebehaior resultsif we areinterestedn relative deviation betweenempiricaland
trueloss,ratherthanabsolutedeviation. Formaltheoremsalongtheselines arestatedin Appendix
A.3.

3. Feature Learning

Theuseof restrictedfeaturesetsis nearlyubiquitousasamethodof encodingbiasin mary areasof
machindearningandstatisticsjncluding classificationregressioranddensityestimation.

In this sectionwe shav how the problemof choosinga setof featuresfor an ervironmentof
relatedtaskscanbe recastasa biaslearningproblem. Explicit boundson C(H*, ) andC(H}, €)
arecalculatedor generafeatureclassesn Section3.2. Theseboundsareappliedto the problemof
learninga neuralnetwork featuresetin Section3.3.

3.1 The Feature Learning Model

Considetthefollowing quotefrom Vapnik (1996):
The classicalapproachto estimating multidimensionalfunctional dependenciess
basednthefollowing belief:

Real-life problemsaresuchthatthereexistsa smallnumberof “strongfeatures, simple
functionsof which (saylinearcombinationsapproximatewvell the unknavn function.
Thereforejt is necessaryo carefullychoosealow-dimensionafeaturespaceandthen
to useregular statisticaltechniquedo construcianapproximation.
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In generah setof “strongfeatures’maybeviewedasafunction f : X — V mappingtheinput
spaceX into some(typically lower) dimensionakpacel. Let F = {f} bea setof suchfeature
maps(eachf may beviewed asa setof features(fi,..., fx) if V.= RF). It is the f thatmustbe
“carefully chosen”in the abore quote. In generalthe “simple functionsof the features”’may be
representedsa classof functionsG mappingV to Y. If for eachf € F we definethe hypothesis
spacej o f :={go f: g € G}, thenwe have the hypothesispaceamily H

H:={Gof: feF} (32)

Now the problemof “carefully choosing”the right featuresf is equialentto the biaslearning
problem“find theright hypothesispaceH € H". Hence providedthelearneris embeddedvithin
anervironmentof relatedtasks andthe capacitie€ (H*, ) andC(H}, ) arefinite, Theoren tells
usthatthe featureset f canbe learnt ratherthan carefully chosen. This represent&n important
simplification,aschoosinga setof featuress oftenthe mostdifficult partof ary machinelearning
problem.

In Section3.2 we give atheoremboundingC(H*, ) andC(H}, ) for generaffeatureclasses.
Thetheoremis specializedo neuralnetwork classesn Section3.3.

Note that we have forcedthe functionclassg to be the samefor all featuremapsf, although
thisis not necessaryindeedvariantsof theresultsto follow canbe obtainedf G is allowedto vary
with f.

3.2 Capacity Boundsfor General Feature Classes

Notationallyit is easietto view thefeaturemapsf asmappingfrom X x YtoV x Y by (z,y) —
(f(z),y), andalsoto absorbthelossfunction! into the definitionof G by viewing eachg € G asa
mapfrom V' x Y into [0, 1] via (v, y) — (g(v), y). Previously this latterfunctionwould have been
denotedy; butin whatfollowswewill dropthesubscript wherethis doesnotcauseconfusion.The
classto which g; belongswill still bedenoteddy G;.

With the above definitionslet G, o F := {go f: g € G;, f € F}. Definethe capacityof G; in
theusualway,

C(e,G) = sgp/\/'(z—:,gl,dp)

wherethe supremunis over all probabilitymeasuresnV x Y, anddp(g,¢') := [y 19(v,y) —
g'(v,y)|dP(v,y). To definethe capacityof F we first definea pseudo-metriapg, on F by
“pulling back”the L' metricon R throughg; asfollows:

dipgy(1.5) = [ suplgo @) ~ g (a.0)|dPlo.). (33)
XxY geg;
It is easilyverifiedthatd|p g, is apseudo-metricNotethatfor djp g, to bewell definedthe supre-
mumover G; in theintegrandmustbe measurableThisis guaranteed thehypothesispacdamily
H = {Gio f: f € F} is permissible(Lemma32, part4). Now defineN (¢, F, djpg,)) to bethe
smallest-cover of thepseudo-metrispace(F, djp,g,)) andthee-capacityof F (with respecto G;)
as
Cg, (e, F) == 51113p./\/‘(5, F,dipgy)

wherethe supremunis overall probabilitymeasuresn X x Y. Now we canstatethemaintheorem
of this section.
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Theorem 6. LetH bea hypothesispacefamily asin equation(32). Thenfor all €,e1,e9 > 0 with
£ =¢€1+ &9,

C (57 H?) < C (617 gl)n ng (€2a F) (34)
C (e, H*) < Cg, (g, F) (35)
Proof. SeeAppendixB. O

3.3 Learning Neural Network Features

In general,a setof featuresmay be viewed asa mapfrom the (typically high-dimensional)nput
spaceR? to amuchsmallerdimensionabpaceR* (k < d). In this sectionwe considerapproximat-
ing suchafeaturemapby aone-hidden-layeneuralnetwork with d inputnodesandk outputnodes
(Figurel). We denotethe setof all suchfeaturemapsby {®,, = (¢w,1,---,Pw,k): w € D} where
D is a boundedsubsetof RW (W is the numberof weights(parametersin the first two layers).
This setis the F of the previoussection.

Eachfeatureg,, ;: R? — [0,1],4i = 1,...,k is definedoy

!
Pw,i(T) =0 (Z vijhj(z) + Uz’l—|—1> (36)
7j=1
whereh;(z) is the outputof the j¢th nodein thefirst hiddenlayer, (v;1,. .., vi41) arethe output
nodeparametersor theith featureando is a “sigmoid” squashindunctiono: R — [0,1]. Each
first layerhiddennodeh;: R* - R, i = 1,...,1, computes
d
hi(z) =0 | > uiaj + tig (37)
7j=1
where(u;1, .. . ,uiq41) arethe hiddennodes parametersWe assumes is Lipschitz®> The weight

vectorfor the entirefeaturemapis thus

W= (Ully e ey ULdtTyen ey ULy e - oy Uldbly Ulls vy VlldTy - vy Ukly« -« » Ukit1)

andthetotal numberof featureparameter$vV = I(d + 1) + k(I + 1).

For aguments sale, assumehe “simple functions” of the featuregthe classg of the previous
section)are squasheaffine mapsusing the samesigmoid function o above (in keepingwith the
“neural network” flavor of the features). Thus, eachsettingof the featureweightsw generates
hypothesispace:

k
Hy = {0 (Z i, + ak+1> t(ar, ., apq1) € D'} ; (38)
i—1
whereD’ is aboundedsubsebf R¥+!, Thesetof all suchhypothesispaces,

H := {H,: w € D} (39)

5. o is Lipschitzif thereexistsaconstantk suchthat|o(z) — o(z')| < K|z — '| forall z, 2’ € R.
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Multiple Output Classes

. Feature
Map

Figurel: Neuralnetwork for featurelearning. The featuremapis implementedby the first two
hiddenlayers. The n output nodescorrespondo the n differenttasksin the (n,m)-
samplez. Eachnodein the network computesa squashedinearfunctionof thenodesn
the previouslayet

is ahypothesispacdamily. Therestrictionsontheoutputlayerweights(ay, . . . , ax+1) andfeature
weightsw, andtherestrictionto a Lipschitz squashingunction are neededo obtainfinite upper
boundsonthe coveringnumbersn Theorem?2.

Finding a good setof featuresfor the environment(P, Q) is equivalentto finding a good hy-
pothesispaceH,, € H, whichin turn meandinding a goodsetof featuremapparameters.

As in Theorem?2, the correctsetof featuresmay be learntby finding a hypothesisspacewith
small error on a suficiently large (n, m)-samplez. Specializingto squaredoss, in the present
framavork theempiricallossof H,, onz (equation(8)) is givenby

n

m k 2
€ry(Hu) = %Z inf L > [0 <Z b (wij) + ao) - yij] (40)
=1

i (a.01,.ap)€D" T =1
Sinceour sigmoidfunctiono only hasrange0, 1], we alsorestrictthe outputsY” to thisrange.

3.3.1 ALGORITHMS FOR FINDING A GOOD SET OF FEATURES

Provided the squashindgunction ¢ is differentiable,gradientdescentwith a small variation on
backpropagatioto computethe derivatives)canbe usedto find featureweightsw minimizing (40)
(or at leasta local minimum of (40)). The only extra difficulty over andabore ordinary gradient
descents theappearancef “inf” in the definition of ér, (#,,). Thesolutionis to performgradient
descenbver boththe outputparametergay, . . . , ) for eachnodeandthe featureweightsw. For
moredetailsseeBaxter(1995b)andBaxter(1995a,chapterd), whereempiricalresultssupporting
thetheoreticakesultspresentedherearealsogiven.

168



A MODEL OF INDUCTIVE BIAS LEARNING

3.3.2 SAMPLE COMPLEXITY BOUNDS FOR NEURAL-NETWORK FEATURE LEARNING
Thesizeof z ensuringhattheresultingfeatureswill begoodfor learningnovel tasksfrom thesame
environmentis given by Theorem2. All we have to do is computethe logarithmof the covering
numbersC (e, H}) andC(e, H*).

Theorem7. LetH = {#,,: w € R" } bea hypothesispacefamily where eac 4, is of theform

k
Hy = {0' (Z Olngw’,() + Oé()) : ((,141, .. .,ak) € ]Rk} ,
i=1

whee @, = (¢uw 1. - -, duwx) is a neurl networkwith W weightsmappingfromR? to R¥. If the
featue weightsw andthe outputweightsayg, a1, . . ., ap are boundedthe squashingunctiono is

Lipsditz, ! is squaedloss,andthe outputspaceY” = [0, 1] (anyboundedsubsebf R will do),then
there exist constantss, x’ (independenof e, W andk) sud thatfor all € > 0,

log C(e, HI) < 2 ((k + 1)n + W) log g (41)
/!
log C(e, H*) < 2W log ’% (42)

(recallthatwe havespecializedo squaedlossher).

Proof. SeeAppendixB. O

Noting that our neuralnetwork hypothesisspacefamily H is permissible plugging(41) and (42)
into Theorem? givesthefollowing theorem.

Theorem8. Let H = {#,,} bea hypothesispacefamily whee ead hypothesispaceH,, is a
setof squashedinear mapscomposedvith a neural networkfeatue map,asabove Supposehe
numberof featuesis k, andthetotal numberof featuie weightsis W. Assumall featue weightsand

outputweightsare boundedandthe squashindunctiono is Lipsditz. Letz bean (n, m)-sample
geneatedfromtheervironment(P, Q). If

1 1 1
> — - -
n_O(82 [V[/ loge—l-logé]), (43)
and

mEO(l2 [(k+l+y)logl+llog1]> (44)
€ n e mn "0

thenwith probability at leastl — § anyH.,, € H will satisfy

erg(Huw) < €rz(Hw) + €. (45)
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3.3.3 DiscussioN

1. Keepingheaccurag andconfidencgparameters andd fixed,theupperboundonthenumber
of examplesrequiredof eachtaskbehaeslike O(k + W/n). If thelearneris simply learning
n fixedtasks(ratherthanlearningto learn),thenthe sameupperboundalsoapplies(recall
Theoremy).

2. Notethatif we do away with thefeaturemapaltogethethenW = 0 andthe upperboundon
m become®)(k), independensf n (apartfrom thelessimportantd term). Soin termsof the
upperbound earningn tasksbecomegustashardaslearningonetask. At theotherextreme,
if we fix the outputweightstheneffectively £ = 0 andthe numberof examplesrequiredof
eachtaskdecreaseasO(W/n). Thusarangeof behaior in thenumberof examplegsequired
of eachtaskis possible:from noimprovementatall to anO(1/n) decreas@sthe numberof
tasksn increasegrecallthediscussiorat the endof Section2.6).

3. Oncethefeaturemapis learnt(which canbeachieredusingthetechniquesutlinedin Baxter
1995h;Baxter& Bartlett,1998;Baxter 1995a,chapterd), only the outputweightshave to be
estimatedo learna novel task. Again keepingtheaccurag parameter§ixed,this requiresno
morethatO(k) examples.Thus,asthe numberof taskslearntincreasesthe upperboundon
the numberof examplesrequiredof eachtaskdecaygo the minimumpossible O(k).

4. If the“small numberof strongfeatures’assumptioris correctthenk will besmall. However,
typically wewill haveverylittle ideaof whatthefeaturesare,soto beconfidenthattheneural
network is capableof implementinga goodfeaturesetit will needto bevery large,implying
W > k. O(k + W/n) decreasemostrapidly with increasing: whenW > k, soatleastin
termsof theupperboundonthe numberof examplesrequiredpertask,learningsmallfeature
setsis anideal applicationfor biaslearning. However, the upperboundon the numberof
tasksdoesnotfaresowell asit scalesaasO(W).

3.3.4 COMPARISON WITH TRADITIONAL MULTIPLE-CLASS CLASSIFICATION

A specialcaseof this multi-taskframework is onein which the maiginal distribution on the input

spacer’; x isthesamefor eachtaski = 1,..., n, andall thatvariesbetweertasksis theconditional
distribution over the outputspaceY. An examplewould be a multi-classproblemsuchasface
recognition,in whichY = {1,...,n} wheren is the numberof facesto be recognizedandthe

maiginal distribution on X is simply the “natural” distribution over imagesof thosefaces.In that
casejf for every examplez;; we have—in additionto thesampley;; from theith tasks conditional
distribution on Y—sampledrom the remainingn. — 1 conditionaldistributionsonY’, thenwe can
view then training setscontainingm exampleseachasone large training setfor the multi-class
problemwith mn examplesaltogether The boundon m in Theorem8 statesthat mn shouldbe
O(nk + W), or proportionalto the total numberof parametersn the network, a resultwe would
expectfrom® (Haussler1992).

Sowhenspecializedo thetraditionalmultiple-classsingletaskframewvork, Theorem8 is con-
sistentwith theboundsalreadyknown. However, aswe have alreadyamgued,problemssuchasface
recognitionarenotreally single-taskmultiple-clasgproblems.They aremoreappropriatelywiewed

6. If eachexamplecanbeclassifiedwith a“largemaigin” thennaive parametecountingcanbeimprovedupon(Bartlett,
1998).
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asa (potentiallyinfinite) collectionof distinctbinary classificatiorproblems.In thatcase thegoal
of biaslearningis not to find a single n-outputnetwork that can classify somesubsetof n faces
well. It isto learna setof featureghatcanreliably be usedasafixed preprocessingpr distinguish-
ing ary singlefacefrom otherfaces.This is the new thing provided by Theorem8: it tells usthat
providedwe have trainedour n-outputneuralnetwork on sufficiently mary examplesof suficiently
manytasks we canbe confidentthatthe commonfeaturemaplearntfor thosen taskswill begood
for learningany new, asyetunseertask,providedthe new taskis dravn from the samedistribution
thatgeneratedhe training tasks. In addition,learningthe new taskonly requiresestimatingthe &
outputnodeparametersor thattask,a vastly easiemproblemthanestimatingthe parametersf the
entirenetwork, from botha sampleandcomputationatompleity perspectie. Also, sincewe have
high confidencehatthe learntfeatureswill be goodfor learningnovel tasksdravn from the same
ernvironment, thosefeaturesare themseles a candidatefor further studyto learn more aboutthe
natureof the ervironment. The sameclaim couldnotbe madeif thefeatureshadbeenlearntontoo
smalla setof tasksto guarantegyeneralizatiorio novel tasks for thenit is likely thatthe features
would implementidiosyncrasiespecificto thosetasks,ratherthan“invariancesthatapply across
all tasks.

When viewed from a bias (or feature)learning perspectie, ratherthan a traditional n-class
classificationperspectie, the boundm on the numberof examplesrequiredof eachtasktakeson
a somevhat differentmeaning.lt tells usthatprovidedr is large (i.e., we arecollectingexamples
of alarge numbertasks),thenwe really only needto collecta few more examplesthanwe would
otherwisehaveto collectif thefeaturemapwasalreadyknown (k-+W /n examplesss. k examples).
Soit tellsusthattheburdenimposedby featurelearningcanbe madeneggligibly small,atleastwhen
viewedfrom the perspectie of the samplingburdenrequiredof eachtask.

3.4 Learning Multiple Taskswith BooleanFeature Maps

Ignoring the accurag and confidenceparameterg andd, Theorem8 shaws that the numberof
examplesrequiredof eachtaskwhenlearningn taskswith a commonneural-netwrk featuremap
is boundedabore by O(k + W/n), wherek is the numberof featuresand W is the numberof
adjustableparameterén the featuremap. SinceO(k) examplesarerequiredto learna singletask
oncethe true featuresare known, this shavs that the upperbound on the numberof examples
requiredof eachtaskdecaygin order)to the minimumpossibleasthe numberof tasksn increases.
This suggestghat learningmultiple tasksis advantageousbut to be truly corvincing we needto
prove a lower boundof the sameform. Proving lower boundsin a real-valuedsetting(Y = R)
is complicatedby the factthata single examplecanconvey aninfinite amountof information,so
onetypically hasto make extra assumptionssuchasthatthe tametsy € Y arecorruptedby a
noiseprocess.Ratherthanconcernoursehes with suchcomplications,in this sectionwe restrict
our attentionto Booleanhypothesisspacefamilies (meaningeachhypothesish € H! mapsto
Y = {£1} andwe measureerrorby discretelossi(h(z),y) = 1 if h(z) # y andi(h(z),y) = 0
otherwise).

We shav thatthesamplecompleity for learningn taskswith aBooleanhypothesispacdamily
H is controlledby a“VC dimensiontype parametet (n) (thatis, we give nearlymatchingupper
andlower boundsinvolving dg (n)). We thenderive boundson dg (n) for the hypothesisspace
family consideredn the previous sectionwith the Lipschitz sigmoidfunction o replacedby a hard
threshold(linearthresholdnetworks).
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As well astheboundonthenumberof examplesequiredpertaskfor goodgeneralizatioracross
thosetasks,TheorenB alsoshavs thatfeatureperformingwell on O(W) taskswill generalizavell
to novel taskswherelV isthenumberof parameters thefeaturemap. Giventhatfor mary feature
learningproblemsW is likely to be quitelarge (recall Note 4 in Section3.3.3),it would be useful
to know that O(W) tasksarein fact necessarywithout further restrictionson the environmental
distributions ) generatinghetasks.Unfortunatelywe have notyetbeenableto shav suchalower
bound.

Thereis someempiricalevidencesuggestinghatin practicethe upperboundon the numberof
tasksmay be very weak. For example,in Baxterand Bartlett (1998) we reportedexperimentsin
which asetof neuralnetwork featuredearnton a subsebf only 400 Japaneseharactersurnedout
to begoodenoughfor classifyingsome2600unseercharacterseventhoughthefeaturescontained
severalhundredthousancparametersSimilar resultsmaybefoundin IntratorandEdelman(1996)
andin the experimentsreportedin Thrun (1996) and Thrun and Pratt (1997, chapter8). While
this gapbetweenexperimentandtheorymay be just anotherexampleof the loosenessherentin
generalbounds,it may alsobe that the analysiscanbe tightened. In particular the boundon the
numberof tasksis insensitve to thesizeof theclassof outputfunctions(theclassg in Section3.1),
which maybewheretheloosenes$iasarisen.

3.4.1 UPPER AND LOWER BOUNDS FOR LEARNING n TASKS WITH BOOLEAN HYPOTHESIS
SpPAaCE FAMILIES

First we recall someconceptsrom the theory of Booleanfunction learning. Let H be a classof
Boolearfunctionson X andzr = (z1,...,7n) € X™. H, isthesetof all binaryvectorsobtainable
by applyingfunctionsin H to x:

H|w = {(h(.’L‘l), ceey h(xm)) :he H}
Clearly|H ;| < 2™. If |H),| = 2™ we sayH shattes z. Thegrowthfunctionof # is definedby

HH(WU:::;22£|?qu

The Vapnik-ChervonenkidimensionVCdim(H) is thesizeof thelargestsetshatteredy #:
VCdim(#H) := max{m : IIy(m) = 2™}.

An importantresultin thetheoryof learningBooleanfunctionsis Sauers Lemma(Sauer1972),of
whichwe will alsomale use.

Lemma 9 (Sauer'sLemma). For a BooleanfunctionclassH with VCdim(#) = d,

d
m em\ @
Ty (m) SZ(J < (%),
=0
for all positiveintegers m.

We now generalizeéheseconceptgo learningn taskswith a Booleanhypothesispacdgamily.
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Definition 5. Let H be a Booleanhypothesispacefamily. Denotethen x m matricesover the
input spaceX by X (™). For eadx € X(™™) and? € H, define},, to bethesetof (binary)
matrices,

hi(z11) -+ hi(zim)
Hix = : : thi,-..,hn €H
Define
H|x - U %|x
HeH

Nowfor eah n > 0, m > 0, definelly (n, m) by

Ig(n,m) = max ‘H|x|.
xg X (n,m)

NotethatITg (n,m) < 2™™. If |H x| = 2"™ wesayH shattersthe matrixx. For eachn > 0 let
dm (n) := max{m: g(n,m) =2""}.
Define

d(H) : = VCdim(H') and
d(H) : = max VCdim(H).
Hell

Lemma 10.

din(r) 2 max { {@J AED) 2 ([@J +a(E)

Proof. Thefirstinequalityis trivial from the definitions. To getthe secondermin the maximum
in the secondinequality choosean # € H with VCdim(H) = d(H) and constructa matrix

x € X(™m) whoserows areof lengthd(H) andareshatteredy #. Thenclearly H shattersc. For

thefirsttermin themaximumtake asequence = (z, ... ’mﬁ(H)) shatteredy H' (thehypothesis
spaceconsistingof theunionover all hypothesispacedrom H), anddistributeits elementsqually
amongtherows of x (throw away ary leftovers). The setof matrices

h(z11) -+ h(z1im)
: : :h e H
h(zn1) -+ h(zpm)
wherem = |d(H)/n]| is asubsebf H, andhassize2"™. O
Lemma 11.
em ndg(n)
II <
a(rm) < [dH(n)]



BAXTER

Proof. Obsere thatfor eachn, IIg(n,m) = Iy (nm) whereH is the collectionof all Boolean
functionson sequencess, . . ., z,,,, Obtainedby first choosingn functionshq, ..., h, from some
H € H, andthenapplyingh; to thefirst m examples s to thesecondn examplesandsoon. By
thedefinitionof di (n), VCdim(H) = ndg(n), hencetheresultfollows from Lemma9 appliedto
H. O

If onefollows the proof of Theorem4 (in particularthe proof of Theorem18 in Appendix
A) thenit is clearthatfor all ¢ > 0, C(H},e) may be replacedby IIx(n,2m) in the Boolean
case. Making this replacemenin Theorem18, andusingthe choicesof «, v from the discussion
following Theoren26, we obtainthefollowing boundonthe probability of large deviation between
empiricalandtrue performancen this Booleansetting.

Theorem12. LetP = (P,..., P,) ben probability distributionson X x {£+1} andletz bean
(n, m)-samplegeneatedby samplingm timesfrom X x {£1} accodingtoead P;. LetH = {#}
be anypermissibleBooleanhypothesispacefamily. Forall 0 < € < 1,

Pr{z: 3h € H": erp(h) > ér,(h) + ¢} < 4Tl (n, 2m) exp(—€’nm/64). (46)

Corollary 13. Under the conditionsof Theoem 12, if the numberof examplesm of ead task
satisfies

88 22 1 4
> 29 22 Z g
m2 dg(n)log - + - log < (47)

thenwith probability at leastl — § (overthechoiceof z), anyh € H"™ will satisfy
erp(h) <érz(h) +¢ (48)
Proof. Applying Theoreml2,we require
411 (n, 2m) exp(—€*nm /64) < §,

which s satisfiedf

(49)

64 2em 1 4
m > 2 [dm(n) log ] ,

da(n) " n %83

wherewe have usedLemmall. Now, for all ¢ > 1, if

1 1
mz(l—l——)alog(l—l——)a,
e e

thenm > alogm. Sosettinga = 64dy (n)/e?, (49)is satisfiedf

88 22 1 4
> |2 log— + —log—-|.
m2> [dH(n) 08 — -l-nogé}
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Corollary 13 shaws thatany algorithmlearningn tasksusingthe hypothesisspacefamily H
requiresno morethan

m =0 ((;2 [dH (n) logé + %log %]) (50)

examplesof eachtaskto ensurahatwith high probabilitytheaveragetrueerrorof any n hypotheses
it selectsfrom H" is within ¢ of their averageempirical error on the samplez. We now give a
theoremshawing thatif the learningalgorithmis requiredto producen hypothesesvhoseaverage
true erroris within ¢ of the bestpossibleerror (achievable usingH") for anarbitrarysequencef
distributions Py, . . ., P,, thenwithin alog % factorthe numberof examplesin equation(50) is also
necessary

For ary sequencé® = (P,...,P,) of n probability distributions on X x {£1}, define
optp (H") by

optp (H") := hienmgn erp(h).

Theorem 14. Let H be a Booleanhypothesisspacefamily suc that H' containsat least two
functions.Foreachn = 1,2,..., let A, beanylearningalgorithmtakingasinput (n, m)-samples
z € (X x {£1})»™) and producingas outputn hypotheseh = (hy,...,h,) € H". For all
0<e<1/64and0 < d < 1/64,if

1 [du(n)

m< —

ez | 616 +<1_82)%m(ﬁ)]

then there exist distributionsP = (P,..., P,) sud that with probability at leasté (over the
randomchoiceof z),

erp(An(z)) > optp(H") + ¢
Proof. SeeAppendixC O

3.4.2 LINEAR THRESHOLD NETWORKS

Theoremsl3 and 14 shav that within constantsanda log(1/¢) factor the samplecompleity of
learningn tasksusingthe Booleanhypothesispacefamily H is controlledby the compleity pa-
rametey (n). In thissectionrwe derive boundondp (n) for hypothesispacdamiliesconstructed
asthresholdedinear combinationsof Booleanfeaturemaps. Specifically we assuméH is of the
form givenby (39), (38), (37) and(36), wherenow the squashindunctiono is replacedvith ahard

threshold:
1 ifz>0,
o(x) = _
{—1 otherwise

andwe don' restrictthe rangeof the featureand outputlayer weights. Note thatin this casethe
proof of Theorem8 doesnot carrythroughbecausehe constants:, ' in Theorem7 dependon the
Lipschitzboundono.

Theorem 15. LetH bea hypothesispaceamily of theform givenin (39), (38), (37) and(36), with
a hard thresholdsigmoidfunctions. Recallthatthe parametes d, [ andk are theinput dimension,
numberof hiddennodesn thefeatue mapandnumberof featues(outputnodesn thefeatue map)
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respectivelyLet W := I(d + 1) + k(I + 1) (the numberof adjustableparametes in the featue

map).Then,

dm(n) <2 (% +k+ 1> log, (2e(k +1+1)).

Proof Recallthatfor eachw € RV, ®,,: R¢ — R* denoteghe featuremapwith parameterso.
For eachx € X(™™) |et ®,,1x denotethe matrix

q)w(l'll) q)w($1m)

Notethat H , is the setof all binaryn x m matricesobtainableby composingthresholdedinear
functionswith the elementf @, ., with therestrictionthatthe samefunction mustbe appliedto
eachelementin arow (but thefunctionsmay differ betweerrows). With aslight abuseof notation,
define

Ig(n,m) ;= max ‘{@wb{: w € RW}|.

xeX (n,m)

Fix x € X(™™) By Sauers Lemma,eachnodein thefirst hiddenlayerof thefeaturemapcomputes
at most (emn/(d +1))*™! functionson the nm input vectorsin x. Thus, therecan be at most
(emn/(d + 1))"@*) distinct functionsfrom the input to the output of the first hiddenlayer on
the nm pointsin x. Fixing thefirst hiddenlayer parameterseachnodein the secondayer of the
featuremapcomputesatmost(emn,/ (I + 1)) functionsontheimageof x producecattheoutput
of thefirst hiddenlayer Thustheseconchiddenlayercomputesio morethan(emn/ (I + 1))*(¢+Y
functionson the outputof thefirst hiddenlayeronthenm pointsin x. So,in total,

emn 1(d+1) emn k(l1+1)
< .
[Ty (n,m) < (d+1> (l+1>

Now, for eachpossiblematrix @,,,, the numberof functionscomputableon eachrow of @, by a

thresholdedinearcombinatiorof theoutputof thefeaturemapis atmost(em/(k + 1))***. Hence,
the numberof binary sign assignmentsbtainableby applyinglinearthresholdfunctionsto all the
rowsis atmost(em/(k + 1))"*+1 Thus,

emn 1(d+1) emn k(l+1) emn n(k+1)
< _omn .
Mg (n,m) < (d+1) (l+1) (n(k+1)>

f(x) := zlog x is acorvex function,hencefor all a, b, c > 0,

ka+1b+c
F(5EEEE) < et (1@ 4 170) 4 7(0)

E+l+1 ka+lb+c 1 ka 1 b 1\ ¢
- - > (= - - .
<ka—|—lb+c> - (a) (b) (c)
Substitutinge =1+ 1, b = d + 1 andc = n(k + 1) shavsthat

emn(k+1+1) Wn(k+1)
W +n(k+1) )

Iy (n,m) < ( (52)
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Hence,if

w emn(k+1+1)

thenIly(n,m) < 2" andsoby definitiondg(n) < m. Forall a > 1, obserethatz > alog, z
if £ = 2alogy 2a. Settingr = emn(k +1+1)/(W + n(k + 1)) anda = e(k + [ + 1) shavsthat
(52)is satisfiedf m = 2(W/n + k + 1) log,(2e(k + 1 + 1)). O

Theorem 16. Let H beasin Theoem15 with the following extra restrictions:d > 3,1 > k and

k <d. Then
1/|wW
> (| —
dm(n) > 5 QMJ +k+1)

Proof We boundd(H) andd(H) andthenapplyLemmal0. In the presensettingH' containsall
three-layelinearthresholdnetworks with d input nodes] hiddennodesin thefirst hiddenlayer, &
hiddennodesin theseconchiddenlayerandoneoutputnode.From Theoreml3in Bartlett(1993),
we have

VCdim(H) > dl +

I(k —1)
1
2 i

which undertherestrictionsstatedabove is greaterthan/2. Henced(H) > W/2.

As k < d andl > k we canchoosea featureweightassignmenso thatthe featuremapis the
identity on £ component®f theinput vectorandinsensitve to the settingof thereminaingd — k
components.Hencewe cangeneratek + 1 pointsin X whoseimageunderthe featuremapis
shatteredy thelinearthresholdoutputnode,andsod(H) = k + 1. O

CombiningTheoreml5 with Corrolary13 shavs that

1 w 1 1 1
> — |l — 1) log—+ —log =
m_O(62 [(n +k+ > og8+nog5])

examplesof eachtasksuficewhenlearningn tasksusingalinearthresholchypothesispacdamily,
while combiningTheoreml6 with Theoreml4 shaws thatif

m< (= (W sbt1)+ Liogs
g2 n n )

thenary learningalgorithmwill fail on somesetof n tasks.

4. Conclusion

The problemof inductive biasis onethathasbroadsignificancen machindearning.In this paper
we have introduceda formal modelof inductive biaslearningthatapplieswhenthe learneris able
to samplefrom multiple relatedtasks.We provedthatprovided certaincoveringnumberscomputed
from the setof all hypothesisspacesvailableto the biaslearnerarefinite, ary hypothesispace
thatcontainggoodsolutionsto sufficiently mary trainingtasksis likely to containgoodsolutionsto
novel tasksdrawvn from the sameervironment.

In the specificcaseof learninga setof featureswe shaved that the numberof examplesm
requiredof eachtaskin ann-tasktrainingsetobeys m = O(k + W/n), wherek is the numberof
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featuresand W is a measureof the compleity of the featureclass. We shaved that this boundis
essentiallytight for Booleanfeaturemapsconstructedrom linearthresholdnetworks. In addition,
we provedthatthe numberof tasksrequiredto ensuregoodperformancdrom thefeatureson novel
tasksis nomorethanO(W). We alsoshaved how a goodsetof featuresnay befoundby gradient
descent.

Themodelof this papemrepresentafirst steptowardsaformalmodelof hierarchicabpproaches
to learning.By modellingalearners uncertaintyconcerningts ervironmentin probabilisticterms,
we have shavn how learningcanoccur simultaneoushat both the baselevel—learnthe tasksat
hand—andat the meta-leel—learnbiasthat can be transferredo novel tasks. From a technical
perspectie, it is the assumptiorthat tasksare distributed probabilsticallythat allows the perfor
manceguaranteeto be proved. Froma practicalperspectie, therearemary problemdomainghat
canbeviewedasprobabilisticallydistributedsetsof relatedtasks.For example,speectrecognition
may be decompose@long mary differentaxes: words, spealrs, accentsgetc. Facerecognition
representsa potentiallyinfinite domainof relatedtasks.Medicaldiagnosisandprognosigproblems
usingthe samepathologytestsareyet anotherexample. All of thesedomainsshouldbenefitfrom
beingtackledwith a biaslearningapproach.

Naturalavenuedor furtherenquiryinclude:

e Alter native constructionsfor H. Althoughwidely applicable the specificexampleon feature
learningvia gradientdescentepresentgust one possibleway of generatingand searching
the hypothesisspacefamily H. It would be interestingto investigatealternatve methods,
including decisiontree approachesapproache$rom Inductive Logic Programming(Khan
etal., 1998),andwhethermoregenerallearningtechniquesuchasboostingcanbe applied
in abiaslearningsetting.

¢ Algorithms for automatically determining the hypothesisspacefamily H. In our model the
structureof H is fixed apriori and representshe hyperbias of the biaslearner It would
beinterestingo seeto whatextentthis structurecanalsobelearnt.

e Algorithms for automatically determining task relatedness.In ordinarylearningthereis usu-
ally little doubtwhetheran individual examplebelongsto the samelearningtask or not.
The analogougjuestionin biaslearningis whetheranindividual learningtask belongsto a
givensetof relatedtasks,which in contrastto ordinarylearning,doesnot alwayshave such
a clearcut answer For mostof the exampleswe have discussedere,suchas speechand
facerecognition,the task-relatedness notin question,but in othercasessuchasmedical
problemst is notsoclear Groupingtoo large a subsebf taskstogetherasrelatedtaskscould
clearly have a detrimentaimpacton bias-learningr multi-tasklearning,andthereis empri-
cal evidenceto supportthis (Caruanal997). Thus,algorithmsfor automaticallydetermining
task-relatednesareapotentiallyusefulavenuefor furtherresearchin this contet, seeSilver
andMercer(1996), ThrunandO’Sullivan (1996). Note thatthe questionof taskrelatedness
is clearlyonly meaningfulrelativeto a particularhypothesispaceamily H (for example,all
possiblecollectionsof tasksarerelatedif H containsevery possiblehypothesispace).

e Extendedhierarchies. Foranextensionof ourtwo-level approactio arbitrarily deephierarchies,
seelLangford (1999). An interestingfurther questionis to what extent the hierarchycan
be inferredfrom data. This is someavhat relatedto the questionof automaticinduction of
structurein graphicalmodels.
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Appendix A. Uniform ConvergenceResults

Theoren? providesabound(uniformoverall # € H) ontheprobabilityof largedeviation between
erg(H) andér, (7). To obtaina moregenerakesult,we follow Haussler(1992)andintroducethe
following parameterizedlassof metricson R™:

[z —y|
T+y+v’
wherev > 0. Our maintheoremwill be a uniform boundon the probability of large valuesof

d, [erg(H),erz(H)], ratherthan|erg(#) — €r,(#)|. Theorem2 will thenfollow asa corollary as
will betterboundsfor therealizablecasesr, (#) = 0 (AppendixA.3).

dy [z,y] ==

Lemma 17. Thefollowing threepropertiesof d, are easilyestablished:
1. Forallr,s>0,0<d,[r,s] <1

2. Forall 0 <r <s<td,|rs] <d,[rt]andd, [s,t] < d, [r,1].

3. Foro<rs <1, |Z_|__;| <d,[rs] < @

For easeof expositionwe have up until now beendealingexplicitly with hypothesispaces{
containingfunctionsh: X — Y, andthenconstructindossfunctionsh; mappingX x Y — [0, 1]
by hi(z,y) := I(h(z),y) for somdossfunctionl: Y xY — [0, 1]. However, in generalve canview
h; justasafunctionfrom anabstracsetZ (X x Y') to [0, 1] andignoreits particularconstruction
in termsof the lossfunction/. So for the remainderof this section,unlessotherwisestated,all
hypothesispaced{ will besetsof functionsmappingZ to [0, 1]. It will alsobeconsiderablymore
convenientto transposeour notationfor (n,m)-sampleswriting the n training setsas columns
insteadof rows:

Z11 AT )

7z =
Zml -+ Zmn

whereeachz;; € Z. Recallingthe definition of (X x Y)(”’m) (Equation9 andprior discussion),

with thistranspositiorz livesin (X x Y)(m’”). Thefollowing definitionnow generalizeguantities
like er,(H), erp (H) andsoonto this new setting.

Definition 6. Let #4,...,H, be n setsof functions mapping Z into [0,1]. For ary h; €
Hi,...,hy € Hy, lethy & --- & hy, or sSimply h denotethe map

h(Z) = 1/nZh,~(z,-)
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forall Z = (21,...,2,) € Z". LetH; @ --- ® H,, denotethe setof all suchfunctions. Given
he#H & --dH, andm elementof (X x Y)", (#,...,Z,) (or equivalently anelementz of
(X x Y)(m’") by writing the Z; asrows), define

éra(h) == — > h(z)
=1

(recall equation(8)). Similarly, for ary productprobability measureP = P; x --- x P, on
(X xY)", define

erp (h) = / h(?)dP()

(recallequation(26)). Foranyh, h’: (X x Y)" — [0, 1] (notnecessarilpftheformh; &- - -@®h,,),
define

de(n, 1) = [ |n(z) - W(2)|dP()
(recallequation(17)). For ary classof functions# mapping(X x Y)" to [0, 1], define
C(e,H) :=supN (e,H,dp)
P
wherethe supremunis over all productprobabilitymeasuresn (X x Y)" andN (e, H,dp) isthe
sizeof thesmallest-cover of H underdp (recallDefinition 4).

Thefollowing theoremis themainresultfrom whichtherestof theuniform corvergenceresults
in this paperarederived.

Theorem 18. LetH C H1 @ - - - & H,, bea permissibleclassof functionsmapping(X x Y)" into
[0,1]. Letz € (X x Y)™™ begeneatedby m > 2/(e?v) independentrials from (X x Y)"
accoding to someproductprobability measueP = P, x --- x P,. Forallv > 0,0 < a < 1,
Pr {z € (X x V)™ supd, [éry(h),erp(h)] > a}
H
< 4C(av/8,H) exp(—a’vnm/8). (53)
Thefollowing immediatecorollarywill alsobeof uselater

Corollary 19. UnderthesameconditionsasTheoem18, if

4C (&, H
mzmax{ 28 log (8 ),%}, (54)
o?vn ) o’y
then
Pr {z € (X x )™ gupd, [ér,(h),erp(h)] > a} <4 (55)
H

A.1 Proofof Theorem18

Theproofis viaadoublesymmetrizatiorargumentof thekind givenin chapter2 of Pollard(1984).
| have alsoborroved someideasfrom the proof of Theorem3 in Haussle(1992).
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A.1.1 FIRST SYMMETRIZATION

An extra pieceof notation:for all z € (X x Y)?™") letz(1) bethetop half of z andz(2) bethe
bottomhalf, viz:

211 ---  Zln Zm+1,1 --- Zm+l;n

Zml  --- Zmn 22m, --- 22mymn

Thefollowing lemmais thefirst “symmetrizatiortrick.” We relatetheprobability of large deviation
betweenan empirical estimateof the loss and the true lossto the probability of large deviation
betweertwo independenémpiricalestimate®f theloss.

Lemma 20. Let H be a permissibleset of functionsfrom (X x Y)" into [0,1] and let P be a

probability measue on (X x Y)". Forall v > 0,0 < o < 1 andm > %

Pr {z € (X x V)™M supd, [érz(h),erp(h)] > oz}
H

<2Pr {z e 2™ supd, [6r,(1) (h), €rp(9) (R)] > %} (56)
H

Proof. Note first that permissibility of H guaranteeshe measurabilityof supremaover H
(Lemma 32 part 5). By the triangle inequality for d,, if d, [érz(l)(h),erp(h)] > « and
d, [érz(2) (h),erp(h)] < a/2, thend, [érz(l) (h),eAI‘z(Q) (h)] > CY/2. Thus,

2myn) . S 33 @
Pr{z € (X x V)™M 3h € He dy, [éry) (), Gy (B)] > 5}

> Pr{z e(X xY)®™ . 3p X d, [ér,1)(h),erp(h)] > a and

(57)
d, [érye) (), erp(h)] < a/2}.
By Chebyshe's inequality for ary fixedh,
(mzn) . 33 @
Pr{z € (X x V)™ d, [ér4(h), erp(R)] < 5}
> Pr {z € (X x Y)mn), [€ra(h) = erp (b)) < %}
1%
L1 e —zerp(h))
mva? /4
1
>
-2

asm > 2/(a?v) anderp(h) < 1. Substitutingthis lastexpressioninto the right handsideof (57)
givestheresult. O
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A.1.2 SECOND SYMMETRIZATION

The secondsymmetrizatioririck boundsthe probability of large deviation betweentwo empirical
estimatesf theloss(i.e. theright handside of (56)) by computingthe probability of large devi-
ationwhenelementsarerandomlypermutedbetweenthe first and secondsample. The following
definitionintroduceghe appropriatgoermutatiorgroupfor this purpose.

Definition 7. For all integersm,n > 1, let I' g, ,,) denotethe setof all permutationsr of the
sequencef pairsof integers{(1,1),...,(1,n),...,(2m,1),...,(2m,n)} suchthatfor all 7, 1 <
i < m, eithero(i,j) = (m +1,j) ando(m + i,5) = (i,5) oro(i,j) = (4,7) ando(m + i,5) =
(m +1, 7).

Foranyz € (X x Y)®™™ andary o € T (2m,n), let

Zo(1,1)  --- Zo(ln)

Zg(2m,1) -+ Zo(2m,n)-

LemmaZ2l. LetH = H; & --- & H, bea permissiblesetof functionsmapping(X x Y)" into
[0,1] (asin the statemenbf Theoem18). Fix z € (X x Y)®™™ andlet# := {f',...,fM} be
anav/8-coverfor (#,d,), wheed,(h,h') := ;L > |h(Z;) —h!(%;)| wheethe 7; aretherows
of z. Then,

~ ~ [0
Pr {0 € Liomn): SI;Lp dy, [erZU(l)(h),erzU(Q)(h)] > 5}
M . . «o
< ;Pr {7 €T omm: do [6ts,0)(E), 60,00 (€] > T}, (58)
whee eath o € [y, ) is chosenuniformlyat random.

Proof. Fix o € T'(2y,,) andleth € # besuchthatd, [¢r, )(h),ér,, 2)(h)] > a/2 (if thereis
nosuchh for ary o we arealreadydone).Choosef € # suchthatd, (h,f) < ar/8. Withoutloss
of generalitywe canassumd is of theformf = f1 & --- @ f,,. Now,

S [ b ) — fi)|
vmn
S [ hi(a(ig)) — fj(zau,j))‘
vmn
N |55 20 [ 2oti)) — Fil20t60) |
~ovmn+ 3030 S0 (R (Zegig) + FilZetig))]
‘E:?21n+4,§:?;ﬂ,[hj(zﬁ(@j))__ ff(za(hj))]‘
vmn + Z?;nm+1 Z?:l [hj (za(i,j)) + fj(ztf(i,j))]
= d,, (€, (1)(h), €, 1) (F)] + dy [ér,, (2)(h), €r, (5)(F)] .

2
Zd,(h,f) =
4, (1)
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Hence by thetriangleinequalityfor d,,

2 . . N

;dz(h,f)+d,, [erzo(1)(f)aerza(2) (f)} > dy [erz (1)(h)aerza(l)(f):|
+d, [érz,,(Z) (h)a eArz (f)] [érz,,(l) (f)a eArzo (2) (f)] (59)
>d, [érz0(1)(h),éfza(2) (h)] .

But 2d,(h,f) < a/4 by constructionandd, [ér,_ (1)(h), €, (5)(h)] > /2 by assumptionso
(59)|mpllesd (€1, (1)(£), €r,_(2)(F)] > a/4. Thus,

~ ~ 07
{0’ € F(?m,n): dheH:d, [erza(l) (h),erza(z) (h)] > 5}
~ N ~ (07
- {O’ € F(Zm,n): A eHH:d, [erza(l) (f),erza(Q) (f)]) > Z} ;
which gives(58). O

Now we boundthe probability of eachtermin theright handsideof (58).

Lemma?22. Letf : (X xY)" — [0,1] be any functionthat can be written in the form f =
fL® @ fn. Foranyz € (X x v)@mn),

. . o —a?vmn
Pr {0’ € lommn): dv [erzo(l)(f),er%@)(f)] > Z} < 2exp (7> , (60)

wheeeath o € [y, ) is chosenuniformlyat random.

Proof. Forarny o € I'(gmn),

‘Zz 1 ZJ 1 [fj (za(z,] ) - fj(zo(m+i,j))]‘
vmn + 7 Y0 filzig) '

To simplify the notationdenotef;(z;;) by 8;;. For eachpairij, 1 < i < m,1 < j < n, let
Y;; be anindependentandomvariablesuchthatY;; = 8;; — fm+i,; With probability 1/2 and
Y}j = ﬂm—ki,j - ,Bij with probability1/2. From(61),

(61)

dy [érza(l) (f)a eArz(7 (2) (

o

Pr {O’ € P(Zm,n): d, [érza(l) (f),érZU(g) (f)] > Z}
n

Z f] 2o (i ,9 f](za m+z,j)):|

=Pr {UEFan)

i=1 j=1 i=1 j=1
o 2m n
{ZZY 4(an+EZBZ])}
i=1 j=1 i=1 j=1

For zero-mearindependentandomvariablesY, . .., Y; with boundedangess; <Y; < b;, Ho-
effding’s inequality(Devroye, Gyorfi, & Lugosi,1996)is

21
Pr{ 277} < 2exp (—m)
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Noting thattherangeof eachY;; is [—|8i; — Bitm,j)|, |6ij — Bi+m,;j)|], we have

2
m n 2m n o? [an+z2£” n IB]
(67 1=1 £Luj=1M1]
Pr Yii| > — | vmn + ij <2exp | —
{ZZ Y| ( 227 )} i 2D Sl S ey

Lety =32 30 ) Bij- ASO < B < 1,37 370 (Bij — Bmais)? < . Hence,

2 2m n 2
a [umn + 212 ,81']']
323000 i1 (Big — Bitm,j)?

2exp

o?(vmn + 7)?
32y )

< 2exp (—

(vmn + )2/~ is minimizedby settingy = vmn giving avalueof 4vmn. Hence

2

~ N (67 —aTrmn
Pr {U € F(Qm,n): dy [erz(,u)(f),erzo(m (f)] > Z} < 2exp (T) ,

asrequired. O
A.1.3 PUTTING IT TOGETHER

For fixedz € (X x ¥)?™™ Lemmas21and22give:

. . a
Pr {a € Lomn): SI;Lp dy [erza(l)(h),erza(g)(h)] > E}

2
< 2N (av/8,H,d,)) exp (_oz an) )

8

Notethatd, is simply dp whereP = (Py,..., P,) andeachP, is the empiricaldistribution that

putspointmassl/m oneachz;;, j = 1,...,2m (recall Definition 3). Hence,
Pr {0 € Domm) 2 € (X x V)™ Sup dy [érg, 1) (h), éry (9)(h)] > %}
2
<2C(av/8,H)exp (_a I;mn)

Now, for arandomchoiceof z, eachz;; in z is independentlybut notidentically) distributedando
only everswapsz;; andz; ., ; (sothato swapsa z;; dravn accordingo P; with anothelcomponent
dravn accordingto the samedistribution). Thuswe canintegrateout with respecto the choiceof
o andwrite

Pr {z € (X x Y)(zm’n): supd, [eArz(l)(h),érz(Q)(h)] > g}
A 2

<2C(av/8,H)exp (—
Applying Lemma20 to this expressiorgivesTheoreml8. O
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A.2 Proofof Theorem?2

Anotherpieceof notationis requiredfor the proof. For ary hypothesispace}H andary probability
measure® = (P,,...,P,) onZ, let

n
érp(H) == % ;gg?f{erpi(h).
Note that we have usedérp (#) ratherthanerp(#) to indicatethatérp () is anotherempirical
estimateof erg (H).

With the (n, m)-samplingprocess,in additionto the samplez thereis also generated se-
quenceof probability measuresP = (P, ..., P,) althoughthesearenot suppliedto the learner
This notionis usedin the following Lemma,wherePr{(z, P) € (X x Y)™™ x P. A} means
“the probability of generatinga sequencef measure® from theernvironment(P, @) andthenan
(n, m)-samplez accordingto P suchthatA holds”.

Lemma 23. If

Pr {(z,P) € (X x Y)("’m) x P s%p d, [érz(H),érp(H)] > %} < g, (62)
and
Pr {P € P": supd, [ére(H), er(H)] > %} < g (63)
then
Pr {z € (X x Y)mm. sup d,, [6r5(H),erg(H)] > a} < 4.
Proof. Follows directly from thetriangleinequalityfor d,,. O

We treatthetwo inequalitiesn Lemma23 separately

A.2.1 INEQUALITY (62)

In thefollowing Lemmawe replacethesupremurnover # € H in inequality(62) with asupremum
overh € H".

Lemma 24.
Pr {(z,P) € (X x V)™ x P supd, [6r,(H), érp(H)] > a}
H

<Pr {(z,P) € (X xY)™™ x P": supd, [ér,(h),erp(h)] > a} (64)
H»

l
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Proof. Supposehat (z, P) aresuchthatsupg d, [ér,(H),€érp(H)] > a. Let H satisfythis in-
equality Supposedirst thatér,(H) < érp(#). By the definition of €r,(#), for all ¢ > 0 there
existsh € H" := H @ --- & H suchthatér,(h) < ér,(H) + €. Henceby property(3) of thed,
metric, for all ¢ > 0, thereexistsh € H" suchthatd, [ér,(h),ér,(H)] < . Pickanarbitraryh
satisfyingthis inequality By definition,érp(#) < erp(h), andsoér,(H) < érp(H) < erp(h).
As d, [érz(H),eérp(H)] > o (by assumption)by the compatibility of d,, with the orderingon the
reals,d, [€rz(H),erp(h)] > a = a + 4, say By thetriangleinequalityfor d,,

d, [ét,(h), erp(h)] + d, [ét,(h), ér,(H)] > dy [ér,(H), erp(h)] = o + 6.

Thusd, [ér,(h),erp(h)] > a + § — ¢ andfor ary ¢ > 0 an h satisfyingthis inequality canbe
found. Choosing:s = § shavsthatthereexistsh € ‘H"™ suchthatd, [ér,(h),erp(h)] > a.

If insteaderp(H) < ér,(H), thenanidenticalagumentcanbe run with therole of z andP
interchangedThusin bothcases,

sup d, [6rz(H),érp(H)] > @ = Fh € H}: d, [érz(h),erp(h)] > «,
H

which completeghe proof of theLemma. O

By the natureof the (n, m) samplingprocess,

Pr {(Z,P) € (X x V)™ x P sup: d,, [ér,(h), erp(h)] > oz}
Hp

_ / Pr {z € (X x )™M supd, [ér,(h),erp(h)] > a} dQ"™(P). (65)
Pepn i

Now H} C K®---® K whereK := {h;: h € H: H € H} andH} is permissibleby theassumed

permissibilityof H (Lemma32, AppendixD). HenceH} satisfiesthe conditionsof Corollary 19

andso combiningLemmaz24, Equation(65) andsubstitutinga/2 for « andé/2 for ¢ in Corollary

19 givesthefollowing Lemmaon the samplesizerequiredto ensurg62) holds.

Lemma 25. If

logSC(au/w,H?) 8}

m > max
- { ) " a?v

a?vn

then

N| S

Pr{(Z,P) € (X x Y)(n,m) x P": supd, [€rz(H), érp(H)] > %} <
H

A.2.2 INEQUALITY (63)
Notethaterp(H) = £ 3" | #*(P;) anderg(H) = EpgoH*(P), i.e the expectationof 7*(P)

whereP is distrimtedgccordingo Q. Soto boundtheleft-hand-sidef (63)we canapplyCorollary
19with n = 1, m replaceddy n, H replacedy H*, o andd replacedy /2 andd /2 respectiely,
P replacedby Q and Z replacedby P. NotethatH* is permissiblewheneer H is (Lemma32).

Thus,if

n > max 32 log 8C(av/16,H") ), LN (66)
oy ) oy
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theninequality(63) is satisfied.
Now, putting togetherLemma23, Lemma25 and Equation66, we have proved the following
moregeneralersionof Theorem2.

Theorem 26. Let H bea permissiblehypothesispacefamily andlet z bean (n, m)-samplegen-
eratedfromthe ervironment(P, Q). Forall 0 < «,,6 < 1 andv > 0, if

32 8C(av/16,H*) 8
n > max<{ —— log —————~ —
o?v ) a?y
16, H?
and  m > max 32 log 8C(aw /16, H; ), 8 ,
a?un ) o2y

then
Pr {z € (X x V)™ supd, [er,(H),erqg(H)] > a} <9
H

To getTheorem2, obsere thaterg(#H) > €r,(H) + € = d, [érz(H),erg(H)] > /(2 + v).
Settinga = ¢/(2 + v) andmaximizinga?v givesv = 2. Substitutinge = ¢/4 andv = 2 into
Theorem26 givesTheoren.

A.3 The RealizableCase

In Theorem2 the samplecompleity for bothm andn scalesas1/e2. This canbe improved to

1/¢ if insteadof requiringerg(#) < €r,(H) + €, we requireonly thaterg(H) < xér,(H) + ¢

for somex > 1. To seethis, obsere thaterg(H) > €r,(H)(1 + o)/(1 — @) + av/(1 — o) =

dy [érz(H),erq(H)] > «, sosettingar/(1 — ) = € in Theorem26 andtreatingae: asa constant
gives:

Corollary 27. Underthe sameconditionsas Theoem26,for all ¢ > 0 and0 < «, 6 < 1, if

oo d 32 8C((1—a)e/16,H) 8
"= a(l — a)e & 1) "a(l — a)e
32 8C((1 — a)e/16, H}) 8
>
and m > max{a(l — a)en log ) "a(l—a)e )’

then

Pr {z € (X x V)™ superg(H) > 1—1—04
H

érz(H) + 6} < 4.

Theseboundsareparticularlyusefulif we know thatér, () = 0, for thenwe canseta = 1/2
(which maximizesa(1 — «)).

Appendix B. Proof of Theorem 6
RecallingDefinition 6, for H of theform givenin (32), H canbewritten
H ={giof® - ®gnof:q1,..-,9n € Giandf € F}.

To write H}' asa compositionof two function classesiotethatif for eachf: X — V we define

F: (X xY)" = (V x Y)" by

f(xlayla' .. 7$n7yn) = (f(xl)ayla"' ’f(x’IZ)7yn)
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theng, o f®---Bgnof=g1 D B gno f. Thus,settingg := G;®--- @G, and¥ := {f: f €
f}l

H = G} o F. (67)
Thefollowing two Lemmaswill enableusto boundC (e, H}').

Lemma28. LetH: X x Y — [0,1] beof theform# = G o F whee X x Y 5 V xY
[0, 1]. Forall 1,9 > 0,
Cle1 +e2,H) < Cg,(e1,F) Cle2, Gi)-

Proof. Fix a measureP on X x Y andlet F' be a minimum size ¢1-cover for (F, d[P,gl]). By
definition|F| < Cg,(e1, F). Foreachf € F let P; bethemeasur@nV x Y definedby P;(S) =
P(f~1(9)) for ary setS in theo-algebraon V' x Y (f is measurableso f~1(S) is measurable).
Let Gy be a minimum size eo-cover for (G, dp,). By definition again, |G| < C(e2,G;). Let
N :={gof: f € Fandg € Gy}. Notethat|N| < Cg,(e1,F)C(e2,G;) sothe Lemmawill be
provedif N canbe showvn to beane; + eo-cover for (H,dp). So,givenary go f € #H choose
f' € F suchthatdipg,(f, f') < e1 andg’ € G suchthatdp,, (g,9') < e2. Now,

dp(go f,g o f') <dp(go f,go f')+dp(go f'ig o f')
< d[P,gl](fa fl) + deI (gagl)
<ep+en.

wherethe first line follows from the triangle inequality for dp andthe secondline follows from

the facts: dp(go f',¢' o f') = dp,(g,9') anddp(go f,go f') < dipg,(f, f'). ThusN is an
€1 + e9-cover for (H, dp) andsotheresultfollows. O

Recallingthedefinitionof H; & - - - & H,, (Definition 6), we have thefollowing Lemma.

Lemma 29.

Cle, Ha @ ®Ha) < [[ Cle, Ha)
=1

Proof. Fix a productprobabilitymeasuréP® = P; x --- x P, on (X x Y)". Let Ny,..., N, be
e-coversof (Hi,dp,)...,(Hn,dp,). andletN = Ny & --- & N,,. Givenh = h1 & --- ® hy, €
Hi&® - & Hp, choosey & -+ @ gn € N suchthatdp, (hi,g;) < eforeachi =1,...,n. Now,

1
dp(hl@"'@hn,gl@"'@gn):E/
Zn

D hi(z) =Y gi(z)| dP (21, 2n)
i=1 i=1

1 n
n =1
<e.

ThusN is ane-coverfor Hy @ - - - @ Hy, andas|N| = []7, |V;| theresultfollows. O

188



A MODEL OF INDUCTIVE BIAS LEARNING

B.1 Bounding C (e, HJ)
FromLemma28,
C(e1+e2,G" o F) <C(e1,G") Cgn (e2,F) (68)
andfrom LemmaZ29,
C (e, Gi") <C(e1,G1)" - (69)

Using similar techniquego thoseusedto prove Lemmas28 and 29, Cg,~ (e, F) canbe shavn to
satisfy

Cgln(&‘Q,?) S Cgl (82, .7:) . (70)
Equationg67), (68), (69) and(70) togetherimply inequality(34).

B.2 Bounding C (e, H*)

We wish to prove thatC (e, H*) < Cg, (¢, F) whenH is a hypothesisspacefamily of the form
H = {G,o f: f € F}. Notethateach’{* € H* correspond$o someg, o f, andthat

H*(P) = inf .
(P) nf erp(go f)
Any probabilitymeasure) on P inducesa probability measure) x xy on X x Y, definedby
Qxxr(5) = [ P(S)dQ(P)
P

for any S in theo-algebraon X x Y. Notealsothatif h, b’ areboundedpositive functionson an
arbitrarysetA, then

. s !
Jnf () — B (o)

< sup ‘h h'(a)‘ . (71)
acA

Let Q beary probability measureon the spaceP of probability measuresn X x Y. Let H}, H5
betwo elementof H* with correspondindnypothesispacesy; o f1,G; o fo. Then,

do(i1,43) = [
P

< / sup lerp(g o fi1) —erp(g o f2)| dQ(P) (by (71) abore)
P 9€q;

dQ(P)

f — inf
[nf erp(g f1) — inf erp(g o f2)

/ /X sup |g o f1(,) — g o fo(,)| dP(z,y) dQ(P)

xY geG;
= d[QXnygl](fl’ fa)-

The measurabilityof supg, g o f is guaranteedby the permissibilityof H (Lemma32 part4, Ap-
pendixD). Fromdg(H1, H3) < digx.y.61(f1, f2) wehave,

N(8’ H*’dQ) < N(e’}-’ d[QXvagl]) ) (72)
which givesinequality(35).
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B.3 Proof of Theorem7

In orderto prove the boundsin Theorem7 we have to apply Theorem6 to the neuralnetwork
hypothesispacdamily of equation(39). In this casethe structureis

R L RE 5 [0,1]

whereG = {(z1,...,25) — © (Zle ozi:vz'-l-ao) : (o, a1,...,ar) € U} for somebounded
subsetlU of RET! and someLipschitz squashingunction o. The featureclassF: R¢ — RF
is the setof all one hiddenlayer neuralnetworks with d inputs,/ hiddennodes,k outputs,o as
the squashingunction andweightsw € T whereT is a boundedsubsetof RV . The Lipschitz
restrictionon ¢ and the boundedrestrictionson the weightsensurethat 7 and G are Lipschitz
classes.Hencethereexists b < oo suchthatfor all f € F andz,z’ € R?, ||f(z) — f(z)| <
bz — 2'|| andfor all g € G andz,z’ € R¥, |g(z) — g(z')| < b||z — z'|| where]| - || is the L; norm
in eachcase.Thelossfunctionis squaredoss.

Now, g;(z,y) = I(g(z),y) = (g9(z) — y)?, hencefor all g, ¢’ € G andall probabilitymeasures
PonRk x [0, 1] (recallthatwe assumedhe outputspacey” was|0, 1]),

drtang) = [, 160) =) = (@) ~ "] aPw.y)

<2 [ o) -4 (0)] dPex(v) (73)

where Py, is the maginal distribution on R* derived from P. Similarly, for all f, f' € F and
probabilitymeasures® onR?¢ x [0, 1],

dpg)(F. 1) <2 [ 17(0) = @) Py (o) (72)
Define
C(e,G,L") :=supN (¢,G,L'(P)),
P
where the supremumis over all probability measureson (the Borel subsetsof) R, and
N (e, G, LY(P)) isthesizeof thesmallest-cover of G underthe L! (P) metric. Similarly set,
C (e, F,L') := supN (e, F, L (P)),
P

wherenow the supremunis over all probabilitymeasuresnR?. Equationg73) and(74) imply

€ 1

cle,) < (5.6,1) (75)
£
2b’
Applying Theoreml1 from Haussle(1992),we find

c(%gl,Ll) . [2%1)]2“2

C (i,.’F,Ll) < [ﬁ:rw

Cgi (e, F) < C (5,7, L") (76)

2b €

Substitutingthesetwo expressionsinto (75) and (76) and applying Theorem6 yields Theorem
7. O
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Appendix C. Proof of Theorem 14

This proof follows a similar agumentto the one presentedn Anthory and Bartlett (1999) for
ordinaryBooleanfunctionlearning.
Firstwe needatechnicalLemma.

Lemma 30. Let o be a randomvariable uniformly distributedon {1/2 + 8/2,1/2 — g/2}, with
0 < B <1 Leté&,..., &, beiid. {1,—1}-valuedrandomvariableswith Pr(¢; = 1) = « for all
i. For anyfunction f mapping{1, —1}" — {1/2 + 8/2,1/2 — 3/2},

Pr{&,....¢m: f(&,---,&m) # o} > i [1— Vl—e_lmifz?].

Proof. Let N (¢) denotethenumberof occurencesf +1 in therandomsequencé = (&1,...,&m,).

Thefunction f canbeviewed asa decisionrule, i.e. basedon the obserations¢, f triesto guess
whetherthe probabilityof +1 is 1/2 + /2 or 1/2 — /2. The optimaldecisionrule is the Bayes
estimator:f (&1, ...,&m) =1/24+8/2if N(&) > m/2,andf(&,...,&xn) = 1/2 — 3/2 otherwise.

Hence,
Pr(f(6) # @) > 5 Pr(N(©) > T a:%_@
+%Pr<N(§)<%‘ :%Jrg)
> e (v© 2T la=1-2)

which is half the probability thata binomial (m,1/2 — 5/2) randomvariableis atleastm /2. By
Slud’sinequality(Slud,1977),

1— 32
whereZ is normal(0, 1). Tatesinequality(Tate,1953)stateghatfor all z > 0,
Pr(Z >z) > % [1—\/1—e_z2].

Combiningthelasttwo inequalitiescompleteghe proof. O

Pr(f(€) # a) > %Pr (z > m—“)

Letx € X (™) peshatteredby H, with m = dg(n). For eachrow i in x let P; bethe setof
all 2¢ distributions P on X x {#1} suchthat P(z,1) = P(z,0) = 0 if z is not containedn the
ith row of x, andfor eachj = 1,...,du(n), P(z;;,1) = (1 + 8)/(2du(n)) and P(z;;, —1) =
(1F8)/(2dm(n)). LetP :=Py x -+ X Py,

Notethatfor P = (P,..., P,) € P, theoptimalerroroptp (H") is achiered by ary sequence
h* = (h},...,h};) suchthath;(z;;) = 1if andonly if P;(z;j,1) = (1 + 8)/(2du(n)), andH"
alwayscontainssucha sequencéecausdl shattersc. Theoptimalerroris then

n du(n)
optp(H") = erp(h*) ZP{h* Y £yl == Z > ZdH 2ﬁ,

1131
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andforary h = (hy,...,h,) € H",

erp(h) = optp(H") + {(2,9): hi(zig) 7 hi(2ig)}- (77)

B
ndg (n)
For ary (n, m)-samplez, let eachelementm;; in thearray

mi1 -t Mady(n)
m(z) := :
mnl e mndH(n)

equalthenumberof occurrencesf z;; in z.
Now, if we selectP = (P,..., P,) uniformly at randomfrom P, and generatean (n, m)-
samplez usingP, thenfor h = A,,(z) (theoutputof thelearningalgorithm)we have:

E({@7): hi(zij) # i (2i5)}]) ZP E({(,4): hi(zij) # hi(2i5)}] [m)

—ZP ZZ (h(xij) # h* (2:5)|mij)

whereP(m) is theprobabilityof generatingiconfigurationm of thez;; underthe (n, m)-sampling
processandthe sumis over all possibleconfigurationsFromLemma30,

P (h(zij) # h*(zij)|mij) > i [1 —\1- e’%%z
hence
1 n du(n) 4 ;82
ndH( ) {(2,7): hilzij) # h;($ij)}|:| > mzmzP(m); > Z [1 A1 —e T8
1 __ me? |
Zzll— 1— ¢ T35 79)

by Jensers inequality Sincefor ary [0, 1]-valuedrandomvariableZ, Px(Z > z) > EZ — z, (78)
implies:

Pr (m |{(Z,]) hz(l'zy) 7é h;k(:L‘ZJ)}l > 'ya) > (1 _ ,),)a

where

1 — mp |
a= |:1 — \/1 —e dH(")(1‘52)‘ (79)

and~y € [0, 1]. Pluggingthisinto (77) shavs that
Pr{(P,z): erp(A,(z)) > optp(H") + yaf} > (1 — v)a.
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Sincetheinequalityholdsover the randomchoiceof P, it mustalsohold for somespecificchoice
of P. Hencefor ary learningalgorithm.A4,, thereis somesequencef distributionsP suchthat

Pr{z: erp(An(z)) > optp(H") +vaB} > (1 —7)e
Setting
(1-y)a>46, and yaf > e, (80)
ensures
Pr{z: erp(A,(z)) > optp(H") + £} > 0. (81)
Assumingequalityin (80), we get

0 el —r

Solving (79) for m, andsubstitutingthe abose expressiondor « and 8 shavs that(81) is satisfied

provided
N (v ) (1—’°
mfdm")[(z) (ﬁ) —1] T ;) 2

Settingy = 1 — aé for somea > 4 (a > 4 sincea < 1/4 anda = §/(1 — )), andassuming
g,0 < 1/(ka) for somek > 2, (82) becomes

dm(n) a?

2

Subjectto the constrainta > 4, the right handside of (83) is approximatelymaximizedata =
8.7966, at which point the valueexceedsdy (n)(1 — 2/k)/(220€%). Thus,for all k > 1,if £,§ <
1/9k and

m <

du(n) (1-%)

=T o002

(84)
then
Pr{z: erp(A,(z)) > optp(H") + ¢} > 4.

To obtainthe §-dependenc Theoreml4 obsere thatby assumptiorH! containsatleasttwo
functionshy, he, hencethereexistsanz € X suchthath, (z) # ho(z). Let P* betwo distributions
concentratesn (z,1) and (z, —1) suchthat P* (z, hi(z)) = (1 + ¢€)/2 and P* (z, he(z)) =
(1F¢)/2. LetPt := Pt x--- x PTandP~ := P~ x --- x P~ betheproductdistributionson
(X x {£1})" generatedy P*, andh; := (hy,...,h1),hy := (ha,..., hs). Notethath; andhy
arebothin H”. If P is oneof P* andthelearningalgorithm.4,, chooseshewronghypothesis,
then

erp(h) — optp(H") = ¢.
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Now, if we chooseP uniformly at randomfrom {P*, P~} andgeneratean (n, m)-samplez ac-
cordingto P, Lemma30 shavs that

nme

Pr{(P,2): erp(An(z)) > optp(H") + ¢} > % [1 —Vi- 61_5] ,

whichis atleasts if

1—¢21 1
© " log (85)

™S Ty %8s - 20)

provided0 < ¢ < 1/4. Combiningthetwo constraintonm: (84) (with £ = 7) and(85), andusing
max{z1,z2} > (71 + z2) finishestheproof. O

Appendix D. Measurability

In orderfor Theorems2 and 18 to hold in full generalitywe hadto imposea constraintcalled
“permissibility” onthe hypothesispacdamily H. Permissibilitywasintroducedby Pollard(1984)
for ordinary hypothesisclasses{. His definition is very similar to Dudley’s “image admissible
Suslin” (Dudley, 1984).We will be extendingthis definitionto cover hypothesispacdamilies.

Throughoutthis sectionwe assumeall functionsh mapfrom (the completeseparablametric
space)Z into [0, 1]. Let B(T') denotethe Borel o-algebraof ary topologicalspacel’. Asin Section
2.2, we view P, the setof all probability measure®n Z, asa topologicalspaceby equippingit
with thetopologyof weakconvergence.B(P) is thenthes-algebrageneratedby thistopology The
following two definitionsaretaken (with minor modifications)from Pollard(1984).

Definition 8. Aset# of [0, 1]-valuedfunctionson Z is indexedbythesetT’ if there existsa function
f:Z xT —[0,1] sut that
H={f(-,t):t€T}.

Definition 9. ThesetH is permissibldf it canbeindexedby a setT' sud that
1. T is an analyticsubsebf a Polish’ spaceT’, and

2. thefunctionf: Z x T' — [0,1] indexing # by T' is measuable with respecto the product
o-algebra B(Z) ® B(T).

An analyticsubsetI” of a PolishspaceT is simply the continuousimageof a Borel subsetX
of anotherPolishspaceX. The analytic subsetof a Polish spaceinclude the Borel sets. They
areimportantbecauserojectionsof analyticsetsareanalytic,andcanbe measuredn a complete
measurespacewhereasprojectionsof Borel setsare not necessarilyBorel, and hencecannotbe
measuredvith a BorelmeasureFor moredetailsseeDudley (1989),section13.2.

Lemma3l. H1 @ - ®Hy: (X xY)" — [0,1] is permissiblef Hy,. .., H, areall permissible
Proof. Omitted. O

We now definepermissibilityof hypothesispaceamilies.

7. A topologicalspacses calledPolishif it is metrizablesuchthatit is acompleteseparablenetricspace.
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Definition 10. A hypothesispacefamily H = {#} is permissiblef there exist setsS and T that
are analytic subset®f Polish spacesS and T respectivelyanda functionf: Z x T x S — [0, 1],
measuablewith respecto S ® B(T) ® B(S), sut that

H={{f(-,t,s):teT}:s€S}.

Let (X, 3, u) be a measurespaceandT’ be an analytic subsetof a Polishspace. Let A(X)
denotethe analytic subsetsof X. The following threefactsaboutanalytic setsare taken from
Pollard(1984),appendixC.

(@) If (X, %, ) iscompletethen A(X) C 3.
(b) A(X x T) containgheproducto-algebraX ® B(T).
(c) Forary setY in A(X x T), theprojectionrtxY of Y ontoX isin A(X).

RecallDefinition 2 for thedefinitionof H*. In thefollowing Lemmawe assumehat(Z, B(Z))
hasbeencompletedwith respecto ary probabilitymeasureP, andalsothat (P, B(P)) is complete
with respecto the ervironmentalmeasure).

Lemma 32. For anypermissiblehypothesispacefamily H,
1. H} is permissible
. {h € H: H € H} is permissible
. H is permissiblefor all # € H.

2
3
4. supy andinfy are measuablefor all # € H.
5. H* is measuablefor all H € H.

6

. H* is permissible

Proof As we have absorbedhe lossfunction into the hypotheses:, Hj' is simply the setof all
n-fold productsH & --- & H suchthat{ € H. Thus(1) follows from Lemma31. (2) and(3)
areimmediatefrom the definitions. As # is permissiblefor all H € H, (4) canbe proved by an
identicalargumentto that usedin the “MeasurableSuprema’sectionof Pollard(1984),appendix
C.

For (5) notethatfor ary Borel-measurablé: Z — [0, 1], thefunctionh: P — [0,1] defined

by h(P fz ) is Borelmeasurabl&echris(1995,chapterl 7). Now, permissibilityof
H automatlcallylmpllesperm|SS|b|I|tyof7—[ :={h: h € H},andH* = inf; SOH* is measurable
by (4).

Now let H beindexedby f: Z x T >< S = [0 1] in the appropriateway. To prove (6),
defineg: P x T x § — [0,1] by g(P,t,s) := [, f(z,t,s)dP(z). By Fubini’s theoremg is a
B(P) ® B(T') ® B(S)-measurabldunction. Let G: P x S — [0, 1] be definedby G(P,s) :=
infier g(P,t,s). G indexes H* in the appropriatevay for H* to be permissible provided it can
be shavn that G is B(P) ® B(S)-measurableThis is whereanalyticity becomesmportant. Let
go = {(P,t,s): g(P,t,s) > a}. By property(b) of analyticsets, A (P x T x S) containsg,,.
ThesetG, := {(P,s): G(P,s) > a} is theprojectionof g, ontoP x S, which by property(c) is
alsoanalytic.As (P, B(P), Q) is assumeaomplete G, is measurable)y property(a). ThusG is
ameasurabléunctionandthe permissibilityof H* follows. O
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