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Abstract

The recentapproachesof extendingthe GRAPHPLAN algorithm to handlemore expressive
planningformalismsraisethequestionof what theformal meaningof “expressive power” is. We
formalize the intuition that expressive power is a measureof how conciselyplanningdomains
andplanscanbe expressedin a particularformalismby introducingthe notion of “compilation
schemes”betweenplanningformalisms. Using this notion, we analyzethe expressivenessof a
largefamily of propositionalplanningformalisms,rangingfrom basicSTRIPS to a formalismwith
conditionaleffects, partial statespecifications,and propositionalformulaein the preconditions.
Oneof the resultsis that conditionaleffectscannotbe compiledaway if plan sizeshouldgrow
only linearly but canbecompiledaway if we allow for polynomialgrowth of theresultingplans.
Thisresultconfirmsthattherecentlyproposedextensionsto theGRAPHPLAN algorithmconcerning
conditionaleffectsareoptimalwith respectto the“compilability” framework. Anotherresultis that
generalpropositionalformulaecannotbecompiledinto conditionaleffectsif theplansizeshould
bepreservedlinearly. This implies thatallowing generalpropositionalformulaein preconditions
andeffectconditionsaddsanotherlevel of difficulty in generatinga plan.

1. Intr oduction

GRAPHPLAN (Blum & Furst,1997)and SATPLAN (Kautz & Selman,1996)areamongthe most
efficient planningsystemsnowadays. However, it is generallyfelt that the planningformalism
supportedby thesesystems,namely, propositionalbasicSTRIPS (Fikes& Nilsson,1971), is not
expressiveenough.For this reason,muchresearcheffort (Anderson,Smith,& Weld, 1998;Gazen
& Knoblock,1997;Kambhampati,Parker, & Lambrecht,1997;Koehler, Nebel,Hoffmann,& Di-
mopoulos,1997)hasbeendevoted in extendingGRAPHPLAN in order to handlemorepowerful
planningformalismssuchasADL (Pednault,1989).

Thereappearsto be a consensuson how muchexpressivepower is addedby a particularlan-
guagefeature.For example,everybodyseemsto agreethataddingnegative preconditionsdoesnot
addverymuchto theexpressive powerof basicSTRIPS, whereasconditionaleffectsareconsidered
asa significantincreasein expressive power (Andersonet al., 1998; Gazen& Knoblock, 1997;
Kambhampatietal., 1997;Koehleret al., 1997).However, it is unclearhow to measuretheexpres-
sive power in a moreformalway. Relatedto this problemis thequestionof whether“compilation”
approachesto extendtheexpressivenessof a planningformalismareoptimal. For example,Gazen
andKnoblock(1997)proposea particularmethodof compilingoperatorswith conditionaleffects
into basicSTRIPS operators.This method,however, resultsin exponentiallylarger operatorsets.
While mostpeople(Andersonet al., 1998;Kambhampatiet al., 1997;Koehleret al., 1997)agree
that we cannotdo betterthan that, nobodyhasproven yet that a morespace-efficient methodis
impossible.
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In order to addressthe problemof measuringthe relative expressive power of planningfor-
malisms,we startwith theintuition thata formalism � is at leastasexpressiveasanotherformal-
ism � if planningdomainsandthecorrespondingplansin formalism � canbeconciselyexpressed
in the formalism � . This, at least,seemsto be theunderlyingintuition whenexpressive power is
discussedin theplanningliterature.

Bäckstr̈om (1995)proposedto measurethe expressivenessof planningformalismsusinghis
ESP-reductions. Thesereductionsare, roughly speaking,polynomial many-one reductions� on
planninginstancesthat do not change the plan length. Using this notion, he showed that all of
the propositionalvariantsof basicSTRIPS not containingconditionaleffects or arbitrary logical
formulaecanbe consideredasexpressively equivalent. However, taking our point of view, ESP-
reductionsaretoorestrictive for two reasons.Firstly, plansmusthaveidenticalsize,while wemight
want to allow a moderategrowth. Secondly, requiring that the transformationcanbe computed
in polynomialtime is overly restrictive. If we askfor how conciselysomethingcanbeexpressed,
this doesnot necessarilyimply that thereexists a polynomial-timetransformation. In fact, one
formalismmight beasexpressive asanotherone,but themappingbetweenthe formalismsmight
not be computableat all. This, at least,seemsto be the usualassumptionmadewhen the term
expressivepower is discussed(Baader, 1990;Cadoli, Donini, Liberatore,& Schaerf,1996;Erol,
Hendler, & Nau,1996;Gogic,Kautz,Papadimitriou,& Selman,1995).

Inspiredby recentapproachesto measuretheexpressivenessof knowledgerepresentationfor-
malisms(Cadoli et al., 1996; Gogic et al., 1995), we proposeto addressthe questionsof how
expressive a planningformalismis by usingthenotionof compilingoneplanningformalisminto
anotherone.A compilationschemefrom oneplanningformalismto anotherdiffersfrom apolyno-
mial many-onereductionin that it is not requiredthat thecompilationis carriedout in polynomial
time. However, the resultshouldbe expressiblein polynomialspace.Furthermore,it is required
that the operatorsof the planninginstancecanbe translatedwithout consideringthe initial state
andthegoal. While this restrictionmight soundunnecessarilyrestrictive, it turnsout thatexisting
practicalapproachesto compilation(Gazen& Knoblock,1997)aswell astheoreticalapproaches
(Bäckstr̈om,1995)consideronly structuredtransformationswheretheoperatorscanbetransformed
independentlyfrom the initial stateandthe goal description.From a technicalpoint of view this
restrictionguaranteesthatcompilationsarenon-trivial. If theentireinstancecouldbetransformed,
acompilationschemecoulddecidetheexistenceof aplanfor thesourceinstanceandthengenerate
a small solution-preservinginstancein the target formalism,which would leadto the unintuitive
conclusionthatall planningformalismshave thesameexpressive power.

As mentionedin thebeginning,notonly thespacetakenupby thedomainstructureis important,
but alsothespaceusedby theplans.For this reason,we distinguishbetweencompilationschemes
in whetherthey preserve plansizeexactly, linearly, or polynomially.

Using the notion of compilability, we analyzea wide rangeof propositionalplanning for-
malisms,rangingfrom basicSTRIPS to a planningformalismcontainingconditionaleffects, ar-
bitrary booleanformulae, andpartial statespecifications. As oneof the results,we identify two
equivalenceclassesof planningformalismswith respectto polynomial-timecompilabilitypreserv-
ing plan sizeexactly. This meansthat addinga languagefeatureto a formalismwithout leaving
the classdoesnot increasethe expressive power andshouldnot affect the principal efficiency of

1. We assumethat the readerhasa basicknowledgeof complexity theory(Garey & Johnson,1979; Papadimitriou,
1994),andis familiar with thenotionof polynomialmany-onereductionsandthecomplexity classesP, NP, coNP,
andPSPACE. All othernotionswill beintroducedin thepaperwhenneeded.
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the planningmethod. However, we alsoprovide resultsthat separate planningformalismsusing
resultsfrom computationalcomplexity theoryon circuit complexity andnon-uniformcomplexity
classes.Suchseparationresultsindicatethat addinga particularlanguagefeatureaddsto the ex-
pressive power andto thedifficulty of integratingthe featureinto anexisting planningalgorithm.
For example,weprove thatconditionaleffectscannotbecompiledawayandthatbooleanformulae
cannotbecompiledinto conditionaleffects—providedtheplansin thetargetformalismareallowed
to grow only linearly.

Thisanswersthequestionposedin thebeginning.ThecompilationapproachproposedbyGazen
andKnoblock(1997)cannotbemorespaceefficient,evenif weallow for lineargrowth of theplans
in the target formalism.� Allowing for polynomialgrowth of theplans,however, the compilation
schemecanbemorespaceefficient. Interestingly, it seemsto bethecasethatacompilationscheme
thatallows for polynomially largerplansis similar to the implementationof conditionaleffectsin
the IPP system(Koehleret al., 1997),Kambhampatiandcolleagues'(1997)planningsystem,and
Andersonandcolleagues'(1998)planningsystem.

Therestof thepaperis structuredasfollows. In Section2, we introducetherangeof proposi-
tionalplanningformalismsanalyzedin thispapertogetherwith generalterminologyanddefinitions.
Basedon that,we introducethenotionof compilabilitybetweenplanningformalismsin Section3.
In Section4 we presentpolynomial-timecompilationschemesbetweendifferent formalismsthat
preserve theplansizeexactly, demonstratingthattheseformalismsareof identicalexpressiveness.
For all of theremainingcases,we prove in Section5 thattherecannotbeany compilationscheme
preservingplan size linearly, even if thereareno boundson the computationalresourcesof the
compilationprocess.In Section6 we reconsiderthe questionof identicalexpressivenessby us-
ing compilationschemesthat allow for polynomialgrowth of the plans. Finally, in Section7 we
summarizeanddiscusstheresults.

2. PropositionalPlanning Formalisms

First, we will definea very generalpropositionalplanningformalism, which appearsalmostas
expressiveasthepropositionalvariantof ADL (Pednault,1989).Thisformalismallows for arbitrary
booleanformulaeaspreconditions,conditionaleffectsandpartialstatespecifications.Subsequently,
wewill specializethis formalismby imposingdifferentsyntacticrestrictions.

2.1 A GeneralPropositionalPlanning Formalism

Let � be the countablyinfinite set of propositional atoms or propositional variables. Finite
subsetsof � aredenotedby � . Further, �� is definedto be the setconsistingof the constants�
(denotingtruth) and 	 (denotingfalsity) as well as atomsand negatedatoms,i.e., the literals,
over � . The languageof propositional logic over the logical connectives 
���
 , and � and the
propositionalatoms� is denotedby ��� . A clauseis a disjunctionof literals. Further, we saythat
a formula ����� � is in conjunctive normal form (CNF) if it is a conjunctionof clauses.It is in
disjunctive normal form (DNF) if it is adisjunctionof conjunctionsof literals.

Givenasetof literals � , by ����������� wereferto thepositive literals in � , by  "!$#%���&� wereferto
thenegative literals in � , andby '(���&� to theatomsusedin � , i.e., '(�$���*),+.-/�/�102-3�3� or �4-5�

2. Note that GazenandKnoblock's (1997) translationschemealsogeneratesplanningoperatorsthat dependon the
initial stateandthegoaldescription.However, theseoperatorssimply codetheinitial stateandthegoaldescription
anddo nothingelse.For this reason,wecanignorethemhere.
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�76 . Further, wedefine �8� to betheelement-wisenegationof � , i.e.,

�8��),+.-90:�4-3�5�;6&<=+>�4-?0@-=�3�76BA
A state C is a truth-assignmentfor theatomsin � . In thefollowing, wealsoidentify astatewith

thesetof atomsthataretruein thisstate.A statespecification D is asubsetof �� , i.e., it is a logical
theoryconsistingof literalsonly. It is calledconsistentif f it doesnotcontaincomplementaryliterals
or 	 . In general,a statespecificationdescribesmany states,namelyall thosethatsatisfy D , which
aredenotedby EF�:GH�$D(� . Only in casethat D is complete, i.e., for each-3�/� wehave either-=�/D
or �4-I�JD , D haspreciselyonemodel,namely �K�>���$D(� . By abusingnotation,we will refer to the
inconsistentstatespecificationby 	 , which is the“illegal” statespecification.

Operators arepairs LM)ON pre� postP . We usethenotationpre��LB� andpost��LQ� to referto thefirst
andsecondpart of an operatorL , respectively. The precondition pre is an elementof RKSKT , i.e.,
it is a setof propositionalformulae. The setpost, which is thesetof postconditions, consistsof
conditional effects, eachhaving theform UWV �X�
wheretheelementsof

UZY � � arecalledeffect conditions andtheelementsof � Y �� arecalled
effects. If

U
or � aresingletonsets,e.g., +.-H6 V +\[]6 , we oftenomit thecurly bracketsandwrite- V [ .

Example1 In order to illustrate thevariousnotions,wewill useasa runningexampleplanning
problemsconnectedwith the productionof camera-readymanuscriptsfrom LATEX source files—
somewhatsimplified,of course. Asthesetof atoms� , wechoosethefollowingset:

�^),+`_ba�c��ed]fgc��ihQj]kl�gm n�o4�gp\qg�grsklrs�gr]rsml�grsm o4�tklu>hv�tk hQc��tkwm ohQj]k klu>h n�xQ�ihBjsk y>k _za n�x�6BA
Thesepropositionalatomshavethefollowingintendedmeaning. Theatomsin thefirst line represent
thepresenceof thecorrespondingfiles,andtheatomsin thesecondline signifythat theindex and
citationsare correct in thedvi-file. Basedon that,wedefinethefollowingoperators: rBkwr\_ba�c , m d{_za�c ,| d]xea>kwu{h]a�c . Thefirst of theseoperators is very simple. Thepreconditionfor its executionis that
a rBklr - and an d]fgc -file exist. After the successfulexecution,a r]rsm - and a r]m o -file will havebeen
produced: rBklr{_za�cM)~}`��d]fgc��grBkwr��4�{�v� V +Brsrsml�grsm ov6��"�vA
The | d]xea>kwu{hsa�c operator is similar:

| d]xea>kwu{h]a�cM)�}4�`k h�c`�4�{�v� V +Qkwu{h`�tklm ov6��"�vA
Finally, the m d{_za�c operator is a bit morecomplicated.Asa preconditionit needsthepresenceof the_ba�c -file and it producesas its effect d]fgc -, k h�c -, hBjsk , and m n�o -files unconditionally. In addition,we
knowthat thecitationswill becorrect if a rsr]m -file is presentandthat theindex will becorrect if an

274



COMPILABIL ITY AND EXPRESSIVE POWER OF PLANNING FORMALISMS

klu>h -file is present: m d{_ba�c�)~}���_za�c`�4�� � V +{d]f:c��tk hQc��ihBjskl�gm n�o`6B�rsr]m V hBjsk y>k _ba n�x����r]rsm V �8hQj]k y>k _za n�xQ�klu>h V hBjsk klu>h n�xQ���kwu{h V �8hQj]k kwu{h n�x �4� A
Thesemanticsof operatorsis givenby state-transitionfunctions, i.e., mappingsfrom statesto

states.GivenastateC andasetof postconditionspost, ����CB� post� denotestheactive effectsin C :
�M��Cs� post�()���+\��0�� UWV �&��� post�eC�0 ) U 6BA

Thestate-transition function �{� inducedby theoperatorL is definedasfollows:

�>�\� R �3� R �
�{����C>��) ��� �� C7���� "!$#%�$����Cs� post��LB�.�.��<��������$�M��Cs� post��LB�.�.� if C�0 ) pre��LB� and����CB� post��LQ�.���0 )�	

undefined otherwise

In words,if thepreconditionof theoperatoris satisfiedin stateC andtheactiveeffectsareconsistent,
thenstateC is mappedto thestateC:� which differs from C in that the truth valuesof activeeffects
areforcedto becometruefor positive effectsandforcedto becomefalsefor negative effects.If the
preconditionis not satisfiedor thesetof active effectsis inconsistent,the resultof the function is
undefined.

In theplanningformalismitself,wedonotwork onstatesbut onstatespecifications. In general,
this canleadto semanticproblems.By restrictingourselvesto statespecificationsthataresetsof
literals,however, thesyntacticmanipulationsof thestatespecificationscanbedefinedin awaysuch
thatthey aresoundin Lifschitz' (1986)sense.

Similarly to the active effectswith respectto states,we definea correspondingfunctionwith
respectto statespecifications:

���$D�� post�*)���+\�I0�� UWV ����� post��D^0 ) U 6BA
Further, wedefinethepotentially active effectsasfollows:� �$D�� post�()���e  ¡%¢ ����CB� post��A
If for a statespecificationD andanoperatorL5)£N pre� postP , we have ���$D�� post�¤�) � �$D�� post� , ¥
it meansthat the statespecificationresultingfrom theapplicationof thestate-transitionfunctions
might not berepresentableasa theoryconsistingof literalsonly. For this reason,we considersuch
anoperatorapplicationasillegal, resultingin the illegal statespecification	 . We couldbemore
liberalat thispointandconsideranoperatorapplicationto astatespecificationonly asillegal if the
setof statesresultingfrom applyingthestate-transitionfunctionscoulddefinitelynotberepresented

3. Notethatthiscanonly happenif thestatespecificationis incomplete.
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as a theory consistingof literals only. Alternatively, we could considerall atomsmentionedin� �$D�� post�¦�,�M�$D8� post� as “unsafe” after the applicationof the operatorand deletethe literals�7� � �$D8� post�������$D�� post�.� from thestatespecification,but considertheresultingstatespecification
still as“legal” if

� �$D�� post� is consistent.Sincetheredoesnot seemto exist a standardmodelfor
theexecutionof conditionaleffectsin thepresenceof partialstatespecifications,we adoptthefirst
alternative asonearbitrarychoice.It shouldbenoted,however, that this decisioninfluencessome
of theresultswepresentbelow.

Similarly to the rule that ���$D�� post�§�) � �$D�� post� leadsto an illegal statespecification,we
requirethat if thepreconditionis not satisfiedby all statesin EF�:GH�$D(� or if thestatespecification
is alreadyinconsistent,theresultof applying L to D resultsin 	 . This leadsto thedefinitionof the
function ¨ , which definestheoutcomeof applyinganoperatorL from thesetof operators© to a
statespecification:

¨�� R � �1ª © � R � �
¨«�$D8�iLQ�«)

��������� ��������
D/���(���$D�� post��LQ�.��<5�M�$D8� post��LB�.� if D��0 )�	 andDJ0 ) pre��LB� and�M�$D8� post��LB�.�¬�0 )�	 and�M�$D8� post��LB�.��) � �$D�� post��LB�.�
	 otherwise

Example2 Usingthepropositionalatomsandoperators fromExample1, weassumethefollowing
two statespecifications­ � )®+:_za�cK�tklu>hK6 , and ­ � )¯+:_ba�cK�tklu{h`�grsr]m°�grsm ov6 . If we try to apply the
operator m d{_ba�c to ­ � , wenoticethat this resultsin 	 because

����­ � � post�zm d\_ba�cB�.��) +{d]fgc��tk h�c��ihQj]kl�gm n�o4�ihQj]k klu{h n�x�6B�� ��­ � � post�zm d\_ba�cB�.��) ����­ � � post�zm d{_ba�cB�.�H<=+\hBjsk y>k _za n�xQ���8hQj]k y>k _ba n�x�6B�
i.e., we have �M��­ � � post�zm d{_ba�cB�.���) � ��­ � � post�zm d\_ba�cB�.��A On the other hand, we can apply rBkwr\_ba�c
successfullyto ­ � : ¨«��­ � �grBkwr\_ba�cB�()±­ � A

It is easily verified that the syntacticoperationon a statespecificationusing the function ¨
correspondsto statetransitionson thestatesdescribedby thespecification.

Proposition1 Let D beastatespecification,L beanoperator, and �{� betheinducedstate-transition
function.If ¨«�$D8�iLQ�²�0 )�	 , then

EF�:GH�$¨«�$D��iLB�.��),+{C � 0gC � )±�{����C>���eC«0 )³D�6BA
If ¨«�$D��iLB�;0 )³	 , theneither

1. EF�:GH�$D(�´)±µ , or

2. there are twostatesC � �eC � �/E¶�:G��$D(� such that �M��C � � post��LB�.�²�)³�M��C � � post��LB�.� , or

3. there existsa stateC��WE¶�:GH�$D´� such that �{�>��C>� is undefined.
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In otherwords,whenever ¨«�$D��iLB� resultsin a “legal” specification,this specificationdescribesthe
statesthatresultfrom theapplicationof thestate-transitionfunction �>� to thestatesthatsatisfythe
original statespecificationD . Further, if ¨«�$D8�iLQ� is illegal, therearegoodreasonsfor it.

A planning instanceis a tuple · )~N�¸&�i¹��tº5P��
where» ¸§)~N$�¬�t©¼P is thedomain structure consistingof afinite setof propositionalatoms� anda

finite setof operators© ,» ¹ Y �� is the initial statespecification, and» º Y �� is thegoal specification.½
Whenwe talk aboutthesizeof an instance, symbolically 0¾0 · 0¾0 , in thefollowing, we meanthesize
of a (reasonable)encodingof theinstance.

In the following, we usethe notation ©�¿ to refer to the set of finite sequencesof operators.
ElementsÀ of ©�¿ arecalledplans. Then 0¾0 À30¾0 denotesthe sizeof the plan, i.e., the numberof
operatorsin À . We saythat À is a Á -step plan if 0¾0 À30¾08ÂÃÁ . The resultof applying À to a state
specificationD is recursively definedasfollows:

¨;!Ä�B� R � � ª © ¿ � R � �¨;!t���$D��\N$P.��) D¨;!t�]�$D��\N�L � �iL � �gAgAgA:�iL>ÅKP.�Æ) ¨;!Ä�]�$¨«�$D��iL � ���\N�L � �gAgAgA{�iL{ÅKP.�
A sequenceof operatorsÀ is saidto beaplan for

·
or asolution of

·
if f

1. ¨X!Ä�]��¹��eÀÇ�¬�0 )³	 and

2. ¨X!Ä�]��¹��eÀÇ�;0 )Èº .

Example3 Let � and © be thepropositionalatomsand operators introducedin Example1 and
considerthe following planning instance:

· )¯N.N$�²�t©ÇP��t+:_ba�cK�grBklr]����klu>hK6B�t+\hBjskÉ�ihQjsk y>k _za n�x�6>P�A In
words,givena latex sourcefile ( _ba�c ) anda bibliographydatabase( rBklr ), wewantto generatea dvi
file ( hBjsk ) such that thecitationsin this file are correct ( hBjsk y>k _ba n�x ). Furthermore, wedo not know
anythingabouttheexistenceof a bbl-file or aux-fileetc.,but weknowthat there is no index file yet
( ��kwu{h ). Theplan ÀÊ)~Nzrsklr\_ba�c��gm d{_za�csP is a solutionof

·
becausetheplandoesnotresultin anillegal

statespecificationandtheresultingstatespecificationentails hQj]k and hBjsk y>k _ba n�x .
Planssatisfying(1) and(2) above are“sound.” In orderto statethis moreprecisely, we extend

thenotionof statetransitionfunctionsfor operatorsto statetransitionfunctionsfor plans.Let �{Ë be
thestatetransitionfunctioncorrespondingto thecompositionof primitivestate-transitionfunctions
inducedby theoperatorsin ÀÌ)~N�L � �gAgAgA\�iL>Å�P , i.e.,

�BÍ �eÎ.ÏÑÐÑÐÑÐ Ï �bÒ>Ó ) �>�eÎÕÔ¦AgAgAQÔ��{�bÒv�
4. We could have beenmore liberal requiring that ÖØ×�Ù T . We have not donethat in order to allow for a “f air”

comparisonwith restrictedplanningformalisms.
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suchthat � Í �eÎ.ÏÑÐÑÐÑÐ Ï � Ò Ó ��C>� is definediff � Í �eÎ.ÏÑÐÑÐÑÐ Ï �bÚÛÓ ��C�� is definedfor every Ü , Ý§ÂÞÜ9Âàß . Using this
notion,onecaneasilyprove—usinginductionover theplanlength—thatany planfor aninstance

·
is sound in Lifschitz' (1986)sense,i.e.,correspondsto theapplicationof statetransitionfunctions
to theinitial states.

Proposition2 Let
· )àN�¸&�i¹��tº5P bea planninginstanceand Àá)àN�L � �gAgAgA\�iL>Å�P bean elementof©�¿ . If ¨X!Ä�]��¹��eÀÇ� is consistent,then

E¶�:GH�$¨X!Ä����¹��eÀÇ�.�´),+{C � 0tC � )±�{Ë²��C>���eC«0 )�¹>6BA
If ¨;!Ä�]��¹��eÀÇ� is inconsistent,theneither

1. EF�:GH��¹\�()�µ , or

2. there exists a (possiblyempty)prefix N�L � �gAgAgA\�iL>â$P ( ã�ÂäÜ3Âäß§�~Ý ) of À such that DØ)¨X!Ä�]��¹��\N�L � �gAgAgA:�iL â P.� andeither

(a) there are twostatesC � �eC � �WEF�:GH�$D(� such that �M��C � � post��L>â2å � �.�²�)³����C � � post��L>â¾å � �.� ,
or

(b) there existsa stateC��WE¶�:GH�$D´� such that �{�bÚwæ Î ��C>� is undefined.

2.2 A Family of PropositionalPlanning Formalisms

The propositionalvariantof standardSTRIPS (Fikes& Nilsson,1971),which we will alsocall ç
in what follows, is a planningformalismthatrequirescompletestatespecifications, unconditional
effects, and propositionalatomsas formulaein the preconditionlists. Lessrestrictive planning
formalismscanhave thefollowing additionalfeatures:

Incompletestatespecifications(è ): Thestatespecificationsmaynotbecomplete.

Conditional Effects ( é ): Effectscanbeconditional.

Literals asformulae ( � ): Theformulaein preconditionsandeffect conditionscanbeliterals.

Booleanformulae ( ê ): The formulae in preconditionsand effect conditions can be arbitrary
booleanformulae.

Theseextensionscanalsobecombined.Wewill usecombinationsof lettersto referto suchmultiple
extensions.For instance,ç S refersto theformalism ç extendedby literalsin thepreconditionlists,ç`ësì refersto theformalismallowing for incompletestatespecificationsandconditionaleffects,andç%íQëBì , finally, refersto thegeneralplanningformalismintroducedin Section2.1.

Example4 Whenweconsidertheplanninginstance
·

fromExample3, it becomesquickly obvious
that this instancehasbeenexpressedusing ç S ësì . Theinitial statespecificationis incomplete, the
operator m d{_za�c containsconditionaleffectsandnegativeliteralsin someeffectconditions.However,
wedonotneedgeneral Booleanformulaeto expresstheinstance.
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î`ï{ð�ñ
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î
Figure1: Planningformalismspartiallyorderedby syntacticrestrictions

Figure1 displaysthepartialorderonpropositionalplanningformalismsdefinedin thisway. In
thesequelwe saythat � is a specializationof � , written �£ó�� , iff � is identicalto � or below� in thediagramdepictingthepartialorder.

Comparingthis setof planningformalismswith theoneBäckstr̈om (1995)analyzed,ô oneno-
ticesthatdespitesmalldifferencesin thepresentationof theplanningformalisms:» ç is thesameascommonpropositionalstrips(CPS),» ç S is thesameaspropositionalstripswith negativegoals(PSN), and» ç S ë is thesameasgroundTweak(GT).

2.3 The Computational Complexity of Planning in the ç -Family

While onewould expectthatplanningin ç is mucheasierthanplanningin ç%í�ësì , it turnsout that
this is not thecase,providedonetakesacomputationalcomplexity perspective.

In analyzingthecomputationalcomplexity of planningin differentformalisms,weconsider, as
usual,theproblemof decidingwhetherthereexistsa plan for agiveninstance—theplan existence
problem (PLANEX). We will usea prefix referringto the planningformalismif we considerthe
existenceproblemin aparticularplanningformalism.

Theorem 3 � -PLANEX is PSPACE-completefor all � with ç�ó��õó§ç%íQëBì .
5. We do not considerplanningformalismsidenticalto the SAS

æ
formalism(Bäckstr̈om & Nebel,1995),sincewe do

notallow for multi-valuedstatevariables.

279



NEBEL

Proof. PSPACE-hardnessof ç -PLANEX follows from aresultby Bylander(1994,Corollary3.2).
Membershipof ç%íQësì -PLANEX in PSPACE follows becausewe could, stepby step,guessa

sequenceof operators,verifying at eachstepthattheoperatorapplicationleadsto a legal follow up
statespecificationandthatthelastoperatorapplicationleadsto a statespecificationthatentailsthe
goalspecification.Foreachstep,thisverificationcanbecarriedoutin polynomialspace.Thereason
for this is thatall theconditionsin thedefinitionof ¨ areverifiedby polynomiallymany callsto an
NP-oracle.Therefore,ç%íQësì canbedecidedon a non-deterministicmachinein polynomialspace,
henceit is amemberof PSPACE.

Fromthatit follows thattheplanexistenceproblemfor all formalismsthatarein expressiveness
betweenç and ç%í�ësì —includingbothformalisms—isPSPACE-complete.

3. Expressivenessand Compilability betweenPlanning Formalisms

Although thereis no differencein the computationalcomplexity betweenthe formalismsin theç íQëBì -family, theremightneverthelessbeadifferencein how conciselyplanningdomainsandplans
canbeexpressed.In orderto investigatethis question,we introducethenotionof compilingplan-
ning formalisms.

3.1 Compiling Planning Formalisms

As mentionedin theIntroduction,wewill consideraplanningformalism � asexpressiveasanother
formalism � if planningdomainsandplansformulatedin formalism � areconciselyexpressible
in � . We formalize this intuition by making useof what we call compilationschemes, which
aresolutionpreservingmappingswith polynomiallysizedresultsfrom � domainstructuresto �
domainstructures.While we restrict the size of the result of a compilationscheme,we do not
requireany boundson thecomputationalresourcesfor thecompilation. In fact, for measuringthe
expressibility, it is irrelevantwhetherthemappingis polynomial-timecomputable,exponential-time
computable,or evennon-recursive. At least,thisseemsto betheideawhenthenotionof expressive
poweris discussedin similar contexts (Baader, 1990;Erol et al., 1996;Gogicet al., 1995;Cadoli
et al., 1996). If we want to usesuchcompilationschemesin practice,they shouldbe reasonably
efficient, of course.However, if we want to prove that oneformalismis strictly more expressive
thananotherone,we have to prove that thereis no compilationschemeregardlessof how many
computationalresourcessuchacompilationschememightuse.

So far, compilationschemesrestrictonly thesizeof domainstructures.However, whenmea-
suringexpressive power, the sizeof the generatedplansshouldalsoplay a role. In Bäckstr̈om's
ESP-reductions(1995),theplansizemustbe identical. Similarly, the translationfrom ç S ì to ç S
proposedby GazenandKnoblock (1997)seemsto have asan implicit prerequisitethat the plan
lengthin the target formalismshouldbealmostthesame.Whencomparingtheexpressivenessof
differentplanningformalisms,we might,however, bepreparedto acceptsomegrowth of theplans
in thetargetformalism.For instance,wemayacceptanadditionalconstantnumberof operators,or
we mayevenbesatisfiedif theplanin thetargetformalismis linearlyor polynomiallylarger. This
leadsto theschematicpictureof compilationschemesasdisplayedin Figure2.

Although Figure 2 gives a good picture of the compilationframework, it is not completely
accurate.First of all, a compilationschememayintroducesomeauxiliarypropositionalatomsthat
areusedto control the executionof newly introducedoperators.Theseatomsshouldmostlikely
have an initial valueandmay appearin the goal specificationof planninginstancesin the target
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Figure2: Thecompilationframework

formalism.Wewill assumethatthecompilationschemetakescareof thisandaddssomeliteralsto
theinitial stateandgoalspecifications.

Additionally, sometranslationsof the initial stateandgoalspecificationsmaybenecessary. If
we want to compilea formalismthatpermitsfor literals in preconditionsandgoalsto onethat re-
quiresatoms,sometrivial translationsarenecessary. Similarly, if we wantto compilea formalism
thatpermitsusto usepartialstatespecificationto a formalismthatrequirescompletestatespecifi-
cations,a translationof the initial statespecificationis necessary. However, suchstatetranslation
functionsshouldbe very limited. They shoulddependonly on the setof symbolsin the source
formalism,shouldbe“context-independent,” i.e., thetranslationof a literal in a statespecification
shouldnotdependon thewholespecification,andthey shouldbeefficiently computable.

While the compilationframework is a theoreticaltool to measureexpressiveness,it has,of
course,practicalrelevance. Let us assumethat we have a reasonablyfastplanningsystemfor a
planningformalism � andwe want to adda new featureto � resultingin formalism � . If we
cancomeupwith anefficientcompilationschemefrom � to � , this meanswecaneasilyintegrate
thenew feature—eitherby usingthecompilationschemeor by modifying theplanningalgorithm
minimally. If nocompilationschemeexists,weprobablywouldhave problemsintegratingthis fea-
ture. Finally, if only computationallyexpensive compilationschemesexist, we have aninteresting
situation. In this case,the off-line compilationcostsmay be high. However, sincethe compiled
domainstructurecanbeusedfor differentinitial andgoalstatespecifications,thehighoff-line costs
may be compensatedby the efficiency gain resultingfrom usingthe � planningalgorithm.ú As
it turns,however, this situationdoesnot arisein analyzingcompilability betweenthe ç%íQësì for-
malisms.Eitherwecanidentify apolynomial-timecompilationschemeor weareableto prove that
nocompilationschemeexists.

6. Thismeansthatcompilationschemesbetweenplanningformalismsaresimilarto knowledgecompilations(Cadoli&
Donini, 1997),wherethefixedpartof acomputationalproblemis thedomainstructureandthevariablepartconsists
of the initial stateandgoalspecifications.Themaindifferenceto theknowledgecompilationframework is thatwe
also take the (sizeof the) result into account. In otherwordswe compile function problemsinsteadof decision
problems.
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3.2 Compilation Schemes

Assumea tupleof functions ûM)üN�ý>þ>�eý â �eý>ÿQ��� â ���zÿ>P thatinducea function � from � -instances
· )N�¸&�i¹��tº5P to � -instances�Ç� · � asfollows:�Ç� · �()�N@ý>þ>��¸´���eý â ��¸´�H<�� â �$�¬�i¹\���eý>ÿs��¸´�%<��zÿs�$�¬�tº9�.PgA

If thefollowing threeconditionsaresatisfied,wecall û acompilation schemefrom � to � :

1. thereexistsaplanfor
·

if f thereexistsaplanfor �¼� · � ;
2. thestate-translation functions �zâ and � ÿ aremodular, i.e., for �~)Ã� � </� � , D Y �� , andD±�0 )�	 , thefunctions��� (for �?)�Üe�	� ) satisfy� � �$�¬��D(�()
� � �$� � ��D�� 
� � �H<�� � �$� � ��D�� 
� � ���

andthey arepolynomial-timecomputable;

3. andthesizeof theresultsof ý>þ\�eý â , and ý>ÿ is polynomialin thesizeof thearguments.

Condition (1) statesthat the function � inducedby the compilationschemeû is solution-
preserving.Condition(2) statesrequirementson theon-linestate-translationfunctions. Theresult
of thesefunctionsshouldbe computableelement-wise, provided the statespecificationis consis-
tent. Consideringthe fact that thesefunctionsdependonly on theoriginal setof symbolsandthe
statespecification,this requirementdoesnot seemto bevery restrictive. Sincethestate-translation
functionsareon-line functions,we alsorequirethat the resultshouldbe efficiently computable.

�
Finally, condition(3) formalizestheideathat û is acompilation.For acompilationit is muchmore
importantthattheresultcanbeconciselyrepresented, i.e.,in polynomialspace,thanthatthecompi-
lation processis fast.Nevertheless,wearealsointerestedin efficientcompilationschemes. We say
that û is a polynomial-time compilation schemeif ý>þ\�eý â , and ý>ÿ arepolynomial-timecomputable
functions.

In addition to the resourcerequirementson the compilationprocess,we will distinguishbe-
tweendifferentcompilationschemesaccordingto the effectson the sizeof the planssolving the
instancein thetarget formalism. If a compilationschemeû hasthepropertythat for every plan À
solvingan instance

·
thereexists a plan À«� solving �¼� · � suchthat 0¾0 À«�@0¾0�Âá0¾0 À30¾0��
� for some

positive integerconstant� , û is acompilation schemepreserving plan sizeexactly (upto additive
constants).If 0¾0 À«�@0¾0KÂ±Á ª 0¾0 À30¾0���� for positive integerconstantsÁ and � , then û is a compilation
schemepreserving plan sizelinearly, andif 0¾0 À � 0¾0�Â¶-��i0¾0 À30¾0l�{0¾0 · 0¾0Ñ� for somepolynomial- , then û
is a compilation schemepreserving plan sizepolynomially. More generally, we saythata plan-
ning formalism � is compilable to formalism � (in polynomialtime,preservingplansizeexactly,
linearly, or polynomially),if thereexistsa compilationschemewith theappropriateproperties.We
write ��� � � in case� is compilableto � or ��� �� � if thecompilationcanbedonein polyno-
mial time. Thesuper-script � canbe Ý , Á , or - dependingonwhethertheschemepreservesplansize
exactly, linearlyplan,or polynomially, respectively.

As is easyto see,all thenotionsof compilability introducedabove arereflexive andtransitive.

7. Although it is hardto imaginea modularstate-translationfunction that is not polynomial time computable,some
pathologicalfunctioncould,e.g.,outputtranslationsthathaveexponentialsizein theencodingof thesymbols.
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Proposition4 Therelations � � and � �� are transitiveandreflexive.

Furthermore,it is obvious that whenmoving upwardsin the diagramdisplayedin Figure1,
thereis alwaysa polynomial-timecompilationschemepreservingplansizeexactly. If �vâ denotes
theprojectionto the Ü -th argumentand µ thefunctionthatreturnsalwaystheemptyset,thegeneric
compilationschemefor moving upwardsin thepartialorderis û¬)ON�� � �eµ��eµ���� � ��� � P .
Proposition5 If �õóJ� , then ������ � .

4. Compilability Preserving Plan SizeExactly

Proposition5 leadsto the questionof whetherthereexist othercompilationschemesthan those
implied by thespecializationrelation.Becauseof Proposition5 andProposition4, we do not have
to find compilationschemesfor every pair of formalisms.It sufficesto prove that � is compilable
to � , in orderto arrive at theconclusionthatall formalismsthatarebelow � arecompilableto �
andformalismsabove � .

A preview of theresultsof this sectionis givenin Figure3. We will establishtwo equivalence
classessuchthatall membersof eachclassarecompilableto eachotherpreservingplansizeexactly.
Thesetwo equivalenceclasseswill be called ç S ë - and ç S ësì -class,in symbols � ç S ë�� and � ç S ësì � ,
namingthemaftertheir respective largestelements.

î ï{ð�ñ
î ï�ñ

î òQñ î ïî ð>ñ

î ñ î ð

î ò�ð>ñ î ï{ð

î

î ò>ð

î`ò

Figure3: Equivalenceclassesof planning formalismscreatedby polynomial-timecompilation
schemespreservingplansizeexactly
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4.1 Planning Formalismswithout Conditional Effectsand BooleanFormulae

First,wewill show thattheformalismsanalyzedby Bäckstr̈om (1995),namely, ç S ë , ç S , and ç are
polynomial-timecompilableinto eachotherpreservingplansizeexactly. In fact,a fourthclasscan
beaddedto thisset,namely, ç`ë , which liesbetweenç S ë and ç .

In otherwords,usingthe notion of compilability, we get the sameequivalenceclassaswith
Bäckstr̈om's ESP-reductions.Having a closerlook at the proofsin Bäckstr̈om's (1995)paperre-
vealsthat this is not surprisingat all becausetheESP-reductionsheusedcouldbereformulatedas
compilationschemes.Sinceheusedaquitedifferentnotation,wewill neverthelessprove thisclaim
from first principles.

Thekey ideain compilingplanningformalismswith literalsto formalismsthatallow for atoms
only is to consider- and �4- asdifferentatomsin thenew formalism.For thispurpose,weintroduce!�J),+ !-Ç0 -=�/�¦6 , i.e.,adisjointcopy of � . Further, if � Y �� , then "?� is asetwhereeachnegative
literal �4- in � is replacedby

!- , i.e.,"?��) # +.-/�/�I0 -3�=�76�<=+ !-3� !�J0:�4-5�3�;6 if �³�0 )�	��	 otherwise.

Using ��< !� asthenew setof atoms,onecantranslatestatespecificationsandpreconditionseas-
ily. In the postconditionswe have to make surethat the intendedsemanticsis taken careof, i.e.,
whenever - is added,

!- mustbedeletedandviceversa.
Finally, we have to deal with the problemof partial statespecifications.However, this not

a problemwhen all effects are unconditionaland the preconditionscontainonly atoms. In this
case,we cansafelyassumethatall atomswith unknown truth-valuearefalsewithout changingthe
outcomeof theapplicationof anoperator. Let $&%��¦�*����� denotethecompletionof � with respect
to � , i.e., $&%�� � �����*),+>�4-90 -3�/�¬��-§��3�76�<?�XA
Using this function, we can transforma partial statespecificationinto a completespecification
withoutchangingtheoutcome,i.e.,wegetthesameplans.

Theorem 6 ç S ë , ç`ë , ç S , and ç arepolynomial-timecompilableto each otherpreservingplansize
exactly.

Proof. Sinceç^ó�ç`ëHó�ç S ë and çZó§ç S ó�ç S ë , it follows from Propositions4 and5 thatwe only
have to show that ç S ë����� ç in orderto prove theclaim.

Let
· )ÊN�¸&�i¹��tº5P bea ç S ë -instancewith ¸�)üN$�¬�t©¼P . We translateeachoperatorL���© into

theoperator !L�)~N'" pre��LB���(" post��LQ��<5�)"5� post��LQ�.P�A
The setof all suchoperatorsis denotedby

!© . Now we candefinethe compilationschemeûW)N�ý>þ>�eý â �eý>ÿQ��� â ���zÿ{P asfollows: ý>þ���¸´�Æ) N$�¶< !�¦� !©¼P��ý â ��¸´�Æ) µ��ý>ÿs��¸´�Æ) µ��� â �$�¬�i¹\�Æ) $&%�� �+* ! � �'"?¹\����zÿs�$�¬�tº9��) "=º=A
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Theschemeû obviously satisfiesconditions(2) and(3), all thefunctionscanbecomputedin poly-
nomialtime,and �Ç� · � is a ç -instance.

Let D Y �� . Thenit is obviousthat� â �$�²��¨«�$D��iLB�.�()�¨«�,� â �$�²��D(��� !LB��A
Let

!À¯) N.- L � �gAgAgA:�/-L Å P denotea sequenceof operatorscorrespondingto a sequenceof operatorsÀÊ)~N�L � �gAgAgA:�iL>ÅvP . Usinginductiononplanlength,it is easyto show thatÀ is aplanfor
·

if f
!À is aplanfor �Ç� · � ,

i.e., condition(1) on compilationschemesis alsosatisfied.This means,û is in facta compilation
scheme.Further, sincetheplansizedoesnot change,thecompilationschemepreservesplansize
exactly. Finally, becauseall functionsin û canbecomputedin timepolynomialin their arguments,û is apolynomial-timecompilationscheme.

Oneview onthis resultis thatit doesnotmatterwhether, from anexpressivity pointof view, we
allow for atomsonly or for literalsandit doesnotmatterwhetherwehave completeor partialstate
specification—providedpropositionalformulaeandconditionaleffectsarenotallowed.

4.2 Planning Formalismswith Conditional Effectsbut without BooleanFormulae

Interestingly, the view spelledout above generalizesto the casewhereconditionaleffectsareal-
lowed. Also in this caseit doesnot matterwhetheronly atomsor also literals areallowed and
whetherwe have partial or completestatespecifications.In proving that, however, therearetwo
additionalcomplications.Firstly, onemustcompileconditionaleffectsover partial statespecifi-
cationsto conditionaleffects over completestatespecifications.This is a problembecausethe
condition ���$D�� post��LQ�.��) � �$D8� post��LB�.� in thedefinition of the function ¨ mustbe tested.Sec-
ondly, whencompilinga formalismwith literals into a formalismthat allows for atomsonly, the
condition �M�$D�� post��LB�.���0 ) 	 in thedefinitionof ¨ mustbetakencareof. For this reason,we will
prove this resultin two steps.

As a first step,we show that ç S ësì canbecompiledto ç S ì . Theproblemin specifyingsucha
compilationschemeis thattheexecutionof anoperatorL onapartialstatespecificationleadsto the
illegal stateif ���$D�� post��LB�.�¬�) � �$D�� post��LB�.� .

Whenconsideringour runningexample(Ex. 1), thingsarequiteobvious. Whena statespec-
ification doesnot containthe literal or the negationof the literal that is mentionedin the effect
condition,thentheillegal statespecificationresults.For example,if a statespecificationdoesnei-
ther contain r]rsm nor �&rsrsm , thenthe resultof executing m d{_ba�c is 	 . In the generalcase,however,
thingsarelessstraightforwardbecauseeffect literalscanbeproducedby morethanoneconditional
ruleandaneffectconditioncanconsistof morethanoneliteral.

Assumingwithout lossof generality(usinga polynomial transformation)that the effectsare
all singletonsets,we have to checkthe following condition. Eitheroneof the conditionaleffects
with thesameeffect literal is activated—i.e.,theeffect conditionis entailedby thepartialstate—
or all of theconditionaleffectswith thesameeffect literal areblocked, i.e., eacheffect condition
containsa literal thatis inconsistentwith thestatespecification.If this is true,theoriginaloperator
satisfies���$D�� post��LB�.��) � �$D�� post��LQ�.� , otherwisethe resultingstatespecificationis inconsistent.
For example,considerthefollowing ç S ësì operator:L â ) N$���t+Q+.-Õ���8[]6 V +>�4-H6B�t+10Õ��2v6 V +>�4-H6Q6>P�A

285



NEBEL

Theapplicationof thisoperatorsatisfies���$D�� post��LB�.�´) � �$D�� post��LB�.� if f either

1. - and �8[ aretruein thestatespecification,or

2. 0 and 2 aretruein thestatespecification,or

3. oneof - and �*[ is falseandoneof 0 and 2 is false.

In all othercases,we get �M�$D8� post��LB�.���) � �$D�� post��LB�.� andtheresultis theillegal state.In order
to testfor thisconditionin a formalismwith completestateswe introducefour new setsof atoms:� � ) +.- � 0 -3�=�¦6B�� å ) +.- å 0@-3�/�¬6B��43 ) +.-53=0@-3�/�¬6B�6 ) +1� â Ï 7X0 for the 8 th conditionaleffect of L â 6BA

Theatom - � is trueif either- or �4- is partof theoriginal partialstatespecification.Theatom- å is settrueby anoperatorif oneof theconditionaleffectsadds- or if - doesnot appearasan
effect in theoperator. Theatom-53 is settrueby anoperatorif oneof theconditionaleffectsdeletes- or if �4- doesnot appearasaneffect in theoperator. Finally, atomsof theform � â Ï 7 areaddedby
anactionif the 8 th conditionaleffect in the Ü th operatoris blockedby someeffectcondition.Using
thesenew atoms,wecouldtranslatetheabove operatorto!L>âä) N$���8+H+.-`���i[>����-����8[]6 V +.-4� ��-53*���4-�6B�+10 � ��2 � ��0���2`6 V +.- � ��- 3 ���4-H6B�+.-`�����4-�6 V +1� â Ï � 6B�+\[ � �i[]6 V +1� â Ï � 6B�+104�����90H6 V +1� â Ï � 6B�+12]�����92v6 V +1�`â Ï � 6B�� V � å <5� 3 �I+.- 3 6B�� V +1�;:XÏ 7�� 6 0(< �)ZÜ.6Q6>P�A
Let =�� Üe�>8]� be a function that returns- å or -53 , if - or �4- , respectively, is the effect of the 8 th
conditionaleffect in the Ü th operator. Assumingnow that the atomsfrom ��� aresetaccordingto
their intendedsemanticsandthat thepreviousoperatordeletedall atomsfrom �7å=<W�435< 6

, the
following testoperatorcheckswhethertheoriginaloperatorwouldhaveledto aninconsistentresult:

test ) ?Õ���A@�+>�9� â Ï 7����9=8� Üi�>8]�e6 V 	�0(� â Ï 7�� 6�BDC A
Whenever we have �9� â Ï 7 , it meansthe 8 th conditionaleffect in the Ü th operator(which mustbethe
previously executedoperator)wasnot blocked. If in additionto that theeffect of this conditional
effect wasnot activated,i.e., �9=8� Üi�>8]� is true,we would have ���$D�� post��LB�.���) � �$D�� post��LB�.� in the
original formalism.For thisreason,weforcetheillegalstate.Conversely, if either � â Ï 7 is truefor allÜ and 8 or if it is falsefor one 8 , but =�� Üe�>8]� is true,we would have ���$D�� post��LQ�.�¦) � �$D8� post��LB�.�
in theoriginal formalismanddonotneedto forcetheillegal state.

Wenow couldforce,by usingsomeextra literals,thataftereachoperator
!L{â thetestoperatoris

applied.Thiswouldresultin acompilationschemethatpreservesplansizeonly linearly. However,
it is possibleto dobetterthanthat.Thekey ideais to mergethetestoperatorfor the Ü th stepinto the
operatorof stepÜE��Ý .
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Lemma 7 ç S ësì is polynomial-timecompilableto ç S ì preservingplansizeexactly.

Proof. Let
· )äN�¸&�i¹��tº9P be a ç S ësì -instancewith ¸~)äN$�¬�t©¼P . Without lossof generality, we

assumethatthepostconditionsof operatorsL â �1© have thefollowing form:

post��L â �´),+\� â Ï � VGF â Ï � �gAgAgA:�i� â Ï :�Ú VHF â Ï :�Úz6B�
with � â Ï 7 Y �� and

F â Ï 7²�I�� .
First,we introduceanumberof new setsof symbolsthatarepairwisedisjointanddisjoint from� : � � ) +.- � 0@-=�/�¦6B��JI å ) +.-KI å 0z-3�/�¦6B�� �å ) +.- �å 0z-3�/�¦6B�� I 3 ) +.- I 3 0z-3�/�¦6B�� �3 ) +.- �3 0z-3�/�¦6B�6 I ) +1�KIâ Ï 7 0 for the 8 th conditionaleffectof L â 6B�6 � ) +1� �â Ï 7 0 for the 8 th conditionaleffectof L â 6BA

For a given setof literals � Y �� , � � denotesthesetof primedliterals, i.e., � � )à+.- � 0i-^�Z�76¦<+>�4-`�*0"�$�4- �W�ü�76 and the function C���Ll� denotesthe successorfunction modulo 2, i.e., C]�M�v�=)�M�N��Ý\�DOQPSRUT . Further, thefunctions=WV for ��)�ã��:Ý shallbefunctionsfrom
6 V to �JV å <9�JV3 such

that = V � Üe�>8]�´) # [ Vå �/� V å if ��� â Ï 7 V [B��� post��L â ���[ V3 �/� V 3 if ���(â Ï 7 V �8[B��� post��L>â���A
Now let postV ��L â � for �Ç)�ã��:Ý bedefinedasfollows

postV ��L â �*)±+\�/<?'(���´�2� V +.-���-`����- V å 6²0@-3�/�²�\��� V -%��� post��L â �e6&<+\�/<?'(���´�2� V +>�4-���-`����- V 3 6¬0 -3�W�¬�\��� V �"- ��� post��L>â$�e6B�
let blockV ��L â � for ��)�ã��:Ý bedefinedas

blockV ��L â �()�+Q+\[��i[{� 6 V � Vâ Ï 7 0Q��� â Ï 7 VXF â Ï 7{��� post��L â ���\�$�*[Q�7�5� â Ï 7>6&<+Q+>�8[��i[ � 6 V �WVâ Ï 7 0���� â Ï 7 VXF â Ï 7\�&� post��L â ���i[«�3� â Ï 7>6B�
andlet testV bedefinedas�	Y{C1� V ),+Q+>�D� ��Z V\[â Ï 7 ���9= ��Z V\[ � Üi�>8]�e6 V 	�0]� ��Z V\[â Ï 7 � 6 ��Z V\[ 6BA
Further, let Á � , Á � , and � befreshsymbolsnot appearingin �¶<3� � <=�JV å <3�JV3 < 6 V . Now we can
definethepairof compiledoperatorsL Vâ ( �Ç)�ã��:Ý ) correspondingto theoriginaloperatorL â �W© :L Vâ )ON pre��L â �H<=+\Á V 6B� postV ��L â �%< blockV ��L â �%< testV <+>� V +>�*Á/V]���^�`�iÁ ��Z V\[b6Q67<+>� V � V å <9� V 3 �J+1= V � Üi�>8]�e6Q6X<+>� V +1�KV:;Ï 7 � 6 V¬0]< �)�Ü.6Q6&<+>� V �´� ��Z V\[å <5�(� ��Z V\[3 <5� 6 ��Z V\[ 6BA
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This pair of compiledoperatorsachievesthe intendedeffectsandkeepstrack of fully known
atomsusingpostV , checkswhich conditionaleffectsareblocked usingblockV , testswhetherthe
executionof the previous operatorsatisfiedthe condition ���$D�� post��LB�.�¶) � �$D�� post��LB�.� using
testV , andsetupthe bookkeepingatomsfor the next step. Using the atoms Á/V , it is enforcedthat
executingandtestingis mergedby parallelizingthe teston step Ü andexecutionof step Ü9�ÈÝ . In
orderto checktheexecutionof thelaststep,weneedanextracheckingstep:

L Vÿ )ON +\Á V 6B� testV <=+>� V +\�`���8Á V 6Q6>P�A
Now wecanspecifyacompilationschemeû from ç S ësì to ç S ì asfollows:

ý>þ���¸´� ) N\�§<9���s<9� I å <5�¦�å <5� I 3 <9�¦�3 < 6 I < 6 ��<=+\�`�iÁ I �iÁ{�g6B�_ +\L Iâ �iL �â 0tL â �1©?6�<=+\L Iÿ �iL �ÿ 6>P��ý â ��¸´� ) +>�^�4�iÁ/IB���8Á � 6&<9�(�JI å <5�(� �å <5�´�JI3 <3�(� �3 <5� 6 I(<9� 6 � �ý>ÿB��¸´� ) +\�v6B�� â �$�¬�i¹\� ) $&%�� � ��¹\�%<�$&%�� � ù � +.- � 0 -3�=�¬�t+.-����"-H6J�?¹«�)±µ]6>���� ÿ �$�¬�tº5�Æ) º/A
Theschemeû obviouslysatisfiesconditions(2), i.e.,thatthestate-translationfunctionsaremodular,
and(3), i.e.,thatthecompilationfunctionshavepolynomiallysizedresults.Further, all thefunctions
canbecomputedin polynomialtime,and �Ç� · � is a ç S ì -instance.

AssumeD Y �� . Thenit is obviousthat� â.�$�¬��¨;!t�]�$D��\N�L>â P.�.�5�1� ��¶< 
 � � �*)�¨X!Ä�]�,�zâ.�$�²��D(�H<9ý>âb��¸´���\N�L Iâ P.�5�1� ��¶< 
 � � ���
provided ¨;!t�]�$D��\N�L â P.���0 ) 	 . In case ¨;!t�]�$D��\N�L â P.�F0 ) 	 , either ¨;!t�]�,� â �$�¬��D(�&<�ý â ��¸����\N�L Iâ P.�¶0 )	 or �M�$D�� post��L â �.�Ê�) � �$D�� post��L â �.� . In the latter case,the applicationof any operatorto¨;!t�]�,� â �$�¬��D(���\N�L Iâ P.� leadsto aninconsistentstatebecauseof theconditionaleffectsin test� , which
is partof all postconditionsof operatorsapplicablein this state.Additionally, thesameis true for
therelationbetween�zâb�$�¬��¨X!Ä�]�$D��\N�L>â.�iL 7 �.� and ¨;!Ä�]�,�zâi�$�¬��D(�H<?ý>â.��¸´���\N�L Iâ �iL]�7 P.� .

Let À � )~N�L � � �gAgAgA\�iL �Å P denoteasequenceof operatorscorrespondingto asequenceof operatorsÀÊ)~N�L � �gAgAgA:�iL>ÅvP . Usinginductionon theplanlength,it canbeeasilyshown thatÀ is aplanfor
·

if f À �a` LAVÿ is aplanfor �Ç� · � .
Further, sinceany plansolvingtheinstance�Ç� · � musthave LAVÿ asthelastoperator, it follows that

thereexistsaplanfor
·

if f thereexistsaplanfor �Ç� · � .
Fromthatit follows immediatelythat û is apolynomial-timecompilationschemefrom ç S ësì to ç S ì
preservingplansizeexactly, whichprovestheclaim.

Having proved that ç S ësì canbecompiledto ç S ì preservingplansizeexactly, it seemsworth
notingthatthis resultdependson thesemanticschosenfor executingconditionaloperatorson par-
tial statespecifications.For example,if we useanalternative semanticsthatdeletesall the literals
in �7� � �$D�� post��LB�.���Z�M�$D�� post��LB�.� provided

� �$D�� post��LB�.� is consistent,thenthereexistsproba-
bly only a compilationschemethat preservesplan sizelinearly. If we usea semanticswherethe
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resultingstatespecificationis legalwhentheapplicationof all state-transformationfunctionsleads
to a theorythatcanberepresentedasa setof literals, it seemsunlikely that thereexistsa scheme
thatpreservesplansizepolynomially. Thereasonfor this pessimisticconjectureis thatunderthis
semanticsit appearsto be coNP-hardto determinewhetherthe statespecificationresultingfrom
applyinga ç S ëBì -operatoris legal.

As a secondstepin showing thatpartialstatespecificationsandliteralscanbecompiledaway,
we show thatwe cancompile ç S ì to ç ì . Thekey ideain theproof is thesameasin theproof of
Theorem6. Wereplaceeachnegative literal �4- by anew atom

!- . In orderto detectinconsistencies
introducedby conditionaleffects, we add to eachpostconditionconditionaleffects of the form+.-�� !-%6 V 	 . Further, to checkthatthelastoperatorin aplandoesnot introduceany inconsistencies,
we forcetheapplicationof a “checking”operatorthatcontainsthesameconditionaleffects.

Lemma 8 ç S ì is polynomial-timecompilableto ç ì preservingplansizeexactly.

Proof. Let
· ) N�¸&�i¹��tº9P be a ç S ì -instancewith ¸Ì) N$�¬�t©¼P . Since

·
is a ç S ì -instance,the

postconditionsof all operatorsL��1© have thefollowing form:

post��LB�()È+\� � VXb � �gAgAgA\�i� : VXb : 6B�
with �^7B� b 7 Y �� .

As in theproofof Theorem6,
!� shallbeadisjointcopy of � , and "9� is thesetof atomswhere

eachnegative literal �4- is replacedby theatom
!- . Now let cpost��LQ� bethefollowing setcpost��LB�()È+ "?�^7 V �'" b 7�<5�)"5� b 7\�(0����97 VXb 7{��� post��LB�e6BA

Further, let consbethesetof conditionaleffects

cons ),+Q+.-�� !-H6 V 	�0@-3�/�¬6B�
let � beanatomnotappearingin � , let

!L be!L�)~N'" pre��LB����cpost��LB�H< cons<=+>� V �9�v6>P��
let

!©O)È+ !LM0tL��1©?6 , andlet theoperatorL>ÿ be

L>ÿ¬)~N$��� cons<=+>� V �`6>P�A
Thenwecanspecifya compilationschemeû from ç S ì to ç ì asfollows:

ý>þQ��¸´� ) N$�¶< !�¶<3+\�v6B� !©�<=+\L>ÿQ6>P��ý â ��¸´� ) +>�^�`6B�ý>ÿs��¸´� ) +\�v6B�� â �$�¬�i¹\� ) "?¹(<5�d"5�8¹���zÿs�$�¬�tº5�Æ) "=º/A
Theschemeû obviously satisfiesconditions(2) and(3), all thefunctionscanbecomputedin poly-
nomialtime,and �Ç� · � is a ç ì -instance.
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AssumeD Y �� . Thenit is obviousthat� â �$�¬��¨«�$D��iLB�.�´)�¨«�,� â �$�¬��D(��� !LB��� provided ¨«�$D��iLB�¬�0 )³	«A
In casë«�$D��iLB�;0 )�	 , either ¨«�,� â �$�²��D(��� !LB�;0 )�	 or +.-�� !-%6 Y ¨«�,� â �$�¬��D(��� !LB� for some-=�/� . In the
lattercase,theapplicationof any operatorto ¨«�,� â �$�¬��D´��� !LB� leadsto an inconsistentstatebecause
of theconditionaleffectsin cons, which is partof all postconditions.

Let
!Àü)ÊN.- L � �gAgAgA:�/-L Å P denotea sequenceof operatorscorrespondingto a sequenceof operatorsÀÊ)~N�L � �gAgAgA:�iL>ÅvP . Usinginductionon theplanlength,it canbeeasilyshown thatÀ is aplanfor

·
if f

!À ` L>ÿ is aplanfor �¼� · � .
Further, sinceany plansolvingtheinstance�Ç� · � musthave L>ÿ asthelastoperator, it follows that

thereexistsaplanfor
·

if f thereexistsaplanfor �Ç� · � .
It followsthat û is polynomial-timecompilationschemefrom ç S ì to ç ì preservingplansizeexactly,
whichprovestheclaim.

Thisresultis,of course,notdependentonthesemanticsbecausebothformalismsdealonly with
completestatespecifications,andhencewealwayshave �M�$D�� post��LB�.�() � �$D�� post��LB�.� .
Theorem 9 ç S ësì , ç S ì , ç`ësì , and ç ì arepolynomial-timecompilableto each otherpreservingplan
sizeexactly.

Proof. ç S ëBì ���� ç ì follows from Lemma8, Lemma7 andProposition4. Using Propositions4
and5 andthefactthat ç ì�ó§ç S ì�ó§ç S ësì and ç ì�ó§ç`ëBì`ó§ç S ësì , theclaimfollows.

5. The Limits of Compilation whenPreserving Plan SizeLinearly

Theinterestingquestionis, of course,whetherthereareothercompilationschemespreservingplan
sizeexactly thanthosewe have identifiedsofar. As it turnsout, this is not thecase.We will prove
that for all pairsof formalismsfor which we have not identifieda compilationschemepreserving
plansizeexactly, suchacompilationschemeis impossibleevenif weallow for a linearincreaseof
theplansize. For somepairsof formalismswe areevenableto prove thata polynomialincrease
of theplansizewould not help in establishinga compilationscheme.Theseresultsare,however,
conditionalbasedonanassumptionthatis slightlystrongerthanthe eF�)gfhe assumption.A preview
of theresultsof thissectionis givenin Table1. Thesymbol ó meansthatthereexistsacompilation
schemebecausethefirst formalismis a specializationof thesecondone. In all theothercases,we
specifytheseparationandgive thetheoremnumberfor this result.

5.1 Conditional EffectsCannot beCompiled Away

First of all, we will prove that conditionaleffectscannotbe compiledaway. The deeperreason
for this is that with conditionaleffects,onecanindependentlydo a numberof thingsin parallel,
which is impossiblein formalismswithout conditionaleffects. If we consider, for example,the
operator m d{_za�c from Example1, it is clearthat it ”`propagates”'the truth valueof rsr]m and klu{h tohQj]k y>k _ba n�x and hBjsk klu>h n�x , respectively—providedthestatespecificationsatisfiestheprecondition.
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� � ç%í�ësì � ç S ësì � ç%í]ì ç%íQë ç%í � ç S ë ��� � �� � ��ji �� � �� �ç íQësì )
Cor. 15 Cor. 15 Cor. 12 Cor. 15 Cor. 15��ji ��ji ��4i� ç S ësìk� ó ) ó

Theo.11 Cor. 12 Cor. 12��ji ��ji ��ji ��4iç%ísì ó
Cor. 19

)
Cor. 12 Cor. 12 Cor. 19�� � �� � �� � �� �ç%íQë ó

Cor. 15 Theo.14
)

Cor. 15 Cor. 15�� i �� iç%í ó
Theo.18

ó ó )
Cor. 19� ç S ë � ó ó ó ó ó )

Table1: SeparationResults

It is obviouslypossibleto comeupwith asetof exponentiallymany operatorsthatcando thesame
thingin onestep.However, it is unclearhow to dothatwith lessthanexponentiallymany operators.
In fact,wewill show thatthis is impossible.

In orderto illustratethis point, let us generalizethe above example. We startwith a setof ß
propositionalatoms �&Å�) +.- � �gAgAgA:��-`Å`6 anda disjoint copy of this set: �mlÅ ) +.- lâ 0�- â �,��Åv6 .
Further, if D Y 
��Å , then Dnl shalldenotethecorrespondingsetof literalsover o� lÅ , i.e.,D l )È+.- lâ 0@- â �=D�6&<=+>�4- lâ 0g�4- â �/D�6BA
Considernow thefollowing ç S ësì domainstructure:� � Å ) ��Å²<5� lÅ �© � Å ) @*N$���t+.- â V - lâ ���"- â V �4- lâ 0@- â �W��Åv6>P B �¸ � Å ) N$� � Å �8© � Å P�A
Fromtheconstructionit follows thatfor all pairs ��¹��tº5� suchthat ¹ is aconsistentandcompleteset
over


��Å and º Y ¹1l , the instance
· )õN�¸ � Å`�i¹��tº5P hasa one-stepplan. Conversely, for all pairs��¹��tº9� with ºg� o� l �Y ¹1l , theredoesnotexist asolution.

Trying to definea ç í�ë domainstructurepolynomiallysizedin 0¾0 ¸ � Å 0¾0 with thesameproperty
seemsto beimpossible,evenif we allow for Á -stepplans.However, in trying to prove this, it turns
out thatanadditionalconditionon thestate-translationfunctionis needed.

We say that the state-translationfunctionsare local if f for all statespecificationsD and for� � �5� � )±µ wehave � â �$� � ��Dp� 
� � �q��� ÿs�$� � ��D�� 
� � �()±µ�A
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With locality asan additionalconditionon state-translationfunctionswe could easilyprove that
conditionaleffectscannotbe compiledaway. Insteadof doing so we will show, however, that it
is possibleto derive a weaker condition from the definition of compilationschemesthat will be
enoughto prove theimpossibilityresult.Thisweakerconditionis quasi-localityof state-translation
functionsrelative to a given setof symbols � , which in turn is basedon the notion of universal
literals. A literal

F
is calleda universal literal for givenstate-translationfunctionson � if f oneof

thefollowing conditionsis satisfied:

1. for all -3�=� :
F �p� â � +.-�6B�t+.-H6>� , or

2. for all -3�=� :
F �p� â � +.-�6B�t+>�4-H6>� , or

3. for all -3�=� :
F �p� â � +.-�6B�eµB� , or

4. for all -3�=� :
F �p�zÿs� +.-H6B�t+.-H6>� , or

5. for all -3�=� :
F �p�zÿs� +.-H6B�t+>�4-H6>� , or

6. for all -3�=� :
F �p�zÿs� +.-H6B�eµB� .

Let r denotethesetof universalliterals. Now we definequasi-locality of state-translationfunc-
tionsrelative to asetof propositionalatoms� andtheinducedsetof universalliterals r asfollows.
For eachD Y �� suchthat D��0 )³	 andfor all pairs � � ��� � Y � with � � �3� � )±µ , wehave� â �$� � ��D�� 
� � �s���zÿs�$� � ��D�� 
� � � Y rWA
In words,theonly non-localliteralsin quasi-localstate-translationfunctionsaretheuniversalliter-
als.

Lemma 10 For a givencompilationschemeûF)ÆN�ý>þ{�eý â �eý>ÿQ��� â ���zÿ>P and natural number ß , there
existsa setof atoms� Y � such that 0Ñ��0ut^ß and � â and � ÿ arequasi-localon � .

Proof. Let �Ä�t� � R;v bea function that hasasthe resulttheunionof all resultsfor all possible
translationsof a literal returnedby thestate-translationfunctions,i.e.,�g�l- �*)�� â � +.-H6B�t+.-H6>��<�� â � +.-H6B�t+>�"-H6>��<�� â � +.-H6B�eµB�.<� ÿs� +.-H6B�t+.-�6>�Õ<��zÿB� +.-H6B�t+>�4-H6>��<��zÿs� +.-H6B�eµB��A
Set w5)È� and rØ)±µ . Now wechooseaninfinite subsetw � of w suchthateither

1. for all -3�xw � , thereareonly finitely many otheratoms[��xw"� suchthat �,�g�l- �A�4�g��[Q�.�s�Ur �)±µ ,
or if suchaninfinite subsetof w doesnotexist,

2. w � hasauniversalliteral
F ���r andweset r?�`)
rÌ<=+ F 6 .

Note that suchan infinite subsetw � mustexist. The reasonis that someliteral
F ��yr must

occur for infinitely many atomsin � over w becausewe could not find an infinite subset
satisfyingcondition(1). Becausefor asingleatomthereareonlysixpossiblewaystogenerateF
, theremustexist aninfinite subsetsuchthat this literal occursin all of either ���v� +.-H6B�t+.-H6>� ,���v� +.-H6B�t+>�4-H6>� , or �z�v� +.-H6B�eµB� (for �?)�Üi�	� ) andin thissubset

F
is auniversalliteral.
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If we canpick a subsetsatisfyingthefirst condition,we canchoosefrom it a finite subset� with
any desiredcardinalitysuchthatthestate-translationfunctionsarequasi-localwith respectto � andr .

Otherwisewe repeattheselectionprocesswith w � and r � until condition(1) is satisfied.This
selectionprocesscan only be repeatedfinitely often becauseotherwisethereare someatoms-
suchthat �t�l- � hasaninfinite result,which is impossiblebecausethestate-translationfunctionsare
polynomial-timecomputableandcanthereforehave only finite results.

This demonstratesthat therealways exists a set of propositionalatomssuch that the state-
translationfunctionsarequasi-local.However, we might not beableto effectively determinethis
set.

Using this result,we arefinally able to prove the non-existenceof compilationschemesfor
compilingconditionaleffectsawaywhenpreservingplansizelinearly.

Theorem 11 ç S ësì cannotbecompiledto ç%í�ë preservingplansizelinearly.

Proof. Assumefor contradictionthat thereexistsa compilationschemeû from ç S ësì to ç%íQë pre-
servingplan size linearly, which compilesthe domainstructurȩ � Å definedabove into the ç%í�ë
domainstructure ý>þ���¸ � Å��´)±¸ �� Å )ON$� �� Å �t© � � Å P�A
Becauseof Lemma10 we canassumethat thesetof atoms� � Å is chosensuchthat thetranslation
functionsarequasi-localon thisset.

Let us now considerall initial statespecifications¹ that areconsistentandcompleteover � Å
anddonotcontainonly positive or only negative literals:

¹²�/R 
�KÒ �I+>��Å4���(��ÅK6BA
Obviously, thereare T Å �{T suchstatespecifications.By assumption,each ç%íQë instanceof the
following form N�¸ � � Å �5� â.�$� � Å �i¹\�H<?ý>âb��¸ � Å ���5� ÿ �$� Å �i¹ l �H<9ý ÿ ��¸ � Å �.P
hasa Á -stepplan.Sincethereareonly |��i0°©��� Å 0 i � different Á -stepplans,which is a numberpolyno-
mial in thesizeof ¸ � Å , thesameplan À is usedfor differentinitial states—provided ß is sufficiently
large.

Supposethattheplan À is usedfor thepairs ��¹t� � �tº¤� � ���\��¹t�� �tº¼�� � , which resultfrom ¹ � and ¹ � :¹ � � ) � â �$��Å4�i¹ � �H<9ý â ��¸ � ÅK�º � � ) � ÿ �$� Å �i¹ l � �%<9ý ÿ ��¸ � Å �¹ � � ) � â �$��Å4�i¹ � �H<9ý â ��¸ � ÅK�º � � ) �zÿs�$��Å`�i¹ l� �%<9ý>ÿs��¸ � ÅK�
Since ¹ � �)à¹ � , ¹ � and ¹ � mustdiffer on at leastoneatom,say - . Without lossof generalitywe
assume-3�3¹ � and �4-3�5¹ � . Since À is asuccessfulplanfrom ¹ � � to º � � andbecause� ÿ is modular,
it follows that ¨X!Ä�]��¹ � � �eÀÇ�h}±º � � }~�zÿs� +.- l 6B�t+.- l 6>��A
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Someof theliteralsin �zÿs� +.-Kl;6B�t+.-KlX6>� maybeaddedby operatorsin À but noneof theliterals
in � ÿs� +.- l 6B�t+.- l 6>� canbedeletedby anoperatorin À without reestablishingthis literal by another
operatorafter its deletion. BecauseÀ containsonly operatorswith unconditionaleffects, it adds
anddeletesthesameliteralsregardlessof theinitial state.

Let usnow assumethat thereexistsa literal
F ���zÿs� +.-Kl;6B�t+.-KlX6>� that is not addedby À . This

impliesthat
F �3¹t� � andwehave to distinguishthreecases:

1.
F �=ý â ��¸ � ÅK� , from whichweconcludethat

F �3¹t�� .
2.

F �p� â � +.-KlX6B�eµB� Y ¹t� � , whichalsoimpliesthat
F �3¹t�� .

3.
F ���zâ.� +\[s6B�i�&� with [^�) -Kl and �Ã�,+Q+\[s6B�t+>�*[s6B�eµ]6 . Becausewe assumedthat the state-
translationfunctionsarequasi-localon � � Å , F mustbea universalliteral. If

F
is universalfor� â , thenwe will have

F �I¹t�� becausethepossibleinitial statescontainpositive andnegative
literalsaswell asno literal for someelementsfrom � � Å . If

F
is universalfor � ÿ , it is present

in º¼� � andin º¼�� for thesamereason.Further, because
F

is not addedby À and À is a valid
planfrom ¹t�� to º¤�� , it mustalsobepartof of ¹t�� .

In otherwords,all literals
F ��� ÿs� +.-KlX6B�t+.-KlX6>� thatarenotaddedby À arealreadyin ¹t� � and ¹t�� .

Fromthatweconcludethat ¨;!Ä�]��¹ �� �eÀÇ��}y� ÿs� +.- l 6B�t+.- l 6>��A
Now let º � �� ) � ÿ �$� � Å ��+.- l 6B�i¹ l� �J+>�4- l 6>�H<9ý ÿ ��¸ � Å ���º � � �� ) º � �� <�� ÿs� +.- l 6B�t+.- l 6>�) �zÿs�$� � Å4�i¹ l� ��+>�"- l 67<=+.- l 6>�H<9ý>ÿB��¸ � Åv��A

Because�zÿ is modular, it is clear that º¼�� } º¼� �� and thereforë;!t�]��¹t�� �eÀÇ��} º¼� �� . BecauseÀ
achieves º¤� �� aswell as � ÿ � +.-KlX6B�t+.-KlX6>� , it follows that (againbecause� ÿ is modular), À achieves
also º � � �� .

Since N�¸ � Å �i¹ � �i¹ l� �Z+>�4-Kl;67</+.-El76>P doesnot have any plan,thereshouldnot beany planforN�¸ � � Å �i¹ � � �tº � � �� P . The fact that À is a plan for this instanceimplies that û cannotbe a compilation
scheme,which is thedesiredcontradiction.

UsingPropositions4 and5 aswell asTheorem9, this resultcanbegeneralizedasfollows (see
alsoTable1).

Corollary 12 ç%íQësì , ç%í]ì , and � ç S ësì � cannotbecompiledto ç%íQë or anyformalismspecializingç%í�ë
preservingplansizelinearly.

This answersthe questionof whethermorespaceefficient compilationschemesfrom ç S ì toç thantheoneproposedby GazenandKnoblock(1997)arepossible.Evenassumingunbounded
computationalresourcesfor thecompilationprocess,a morespaceefficient compilationschemeis
impossible—providedthatthecompilationshouldpreserve plansizelinearly.� If weallow polyno-
mially largerplans,thenefficientcompilationschemesarepossible(seeSection6).

8. This resultdemonstratesthat thechoiceof thesemanticscanbevery important. If we interpretconditionaleffects
sequentiallyasBrewkaandHertzberg (1993)do,thenthereexistsanstraightforwardcompilationschemepreserving
plansizeexactly.
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5.2 Non-Uniform Complexity Classes

In the next sectionwe make useof so-callednon-uniformcomplexity classes, which aredefined
usingadvice-takingmachines, in order to prove the impossibility of a compilationscheme.An
advice-takingTuring machine is a Turing machinewith anadviceoracle, which is a (not neces-
sarily recursive) function � from positive integersto bit strings.On input � , themachineloadsthe
bit string � �i0¾0 �"0¾0Ñ� andthencontinuesasusual.Notethattheoraclederivesits bit stringonly from the
lengthof theinputandnot from thecontentsof theinput. An adviceis saidto bepolynomial if the
oraclestring is polynomiallyboundedby the instancesize. Further, if � is a complexity classde-
finedin termsof resource-boundedmachines,e.g.,P or NP, then �J�]pBn�m � (alsocallednon-uniform
X) is the classof problemsthat canbe decidedon machineswith the sameresourceboundsand
polynomialadvice.

Becauseof theadviceoracle,theclassP/poly appearsto bemuchmorepowerful thanP. How-
ever, it seemsunlikely that P/poly containsall of NP. In fact, onecanprove that fJe Y es�]pBn�m �
implies certainrelationshipsbetweenuniform complexity classesthat arebelieved to be very un-
likely. For statingthis result,wefirst have to introducethepolynomialhierarchy.

Let X be a classof decisionproblems. Then e+� denotesthe classof decisionproblems �
thatcanbedecidedin polynomialtime by a deterministicTuring machinethat is allowed to usea
procedure—aso-calledoracle—for decidinga problem �Ø��� , wherebyexecutingtheprocedure
doesonly costconstanttime. Similarly, fJe � denotesthe classof decisionproblems� suchthat
thereis a nondeterministicTuring-machinethatsolvesall instancesof � in polynomialtime using
anoraclefor �~�p� . Basedon thesenotions,thesetsÀ � V , � � V , and

· � V aredefinedasfollows:�À � I ) � � I ) · � I )�eÕ�À � V å � ) e ���� �� � V å � ) fJe ���� �· � V å � ) ygn�fJe � � � A
Thus, � � � )gfhe and

· � � )�ygn�fJe . Thesetof all classesdefinedin thisway is calledthepolynomial
hierarchy, denotedby PH. Notethate^�F) �V�� I À � V ) �V�� I � � V ) �V�� I · � V Y e ­sek���D�"A
Furtherwehave, À � V Y � � V � · � V and � � V � · � V Y À V å � . As with otherclasses,it is unknown whether
theinclusionsbetweentheclassesareproper. However, it is stronglybelieved thatthis is thecase,
i.e., thatthehierarchyis truly infinite.

Basedon thefirm belief thatthepolynomialhierarchyis proper, theabove mentionedquestion
of whetherfJe Y eE�]pBn�m � canbeanswered.It hasbeenshown that fJe Y es�]pBn�m � would imply that
thepolynomialhierarchycollapsesonthesecondlevel (Karp& Lipton, 1982),i.e., � � � ) · � � . This,
however, is consideredto bequiteunlikely. Further, it hasbeenshown that fJe Y ygn�fhes�]pBn�m � orygn�fJe Y fJes�]pBn�m � implies that the polynomialhierarchycollapsesat the third level (Yap, 1983),
i.e., � � ¥ ) · � ¥ , which againis consideredto bevery unlikely. We will usetheseresultfor proving
that for somepairsof formalismsit is very unlikely that oneformalismcanbecompiledinto the
otherone.

9. Thesuper-script � is only usedto distinguishthesesetsfrom theanalogoussetsin theKleenehierarchy.
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5.3 On the Expressive Power of Partial StateSpecificationsand BooleanFormulae

In all the casesconsideredso far, operatorsover partial statespecificationscould be compiledto
operatorsover completestatespecifications,i.e., partial statespecificationsdid not add any ex-
pressiveness.This is no longertrue, however, if we alsoallow for arbitrarybooleanformulaein
preconditionsandeffect conditions. In this case,we candecidethe coNP-completeproblemof
whethera formulais a tautologyby decidingwhethera one-stepplanexists. Asking, for example,
if the ç íQë -instanceN$�²�t+]N��´�	�KPe6B�eµ��t+\�v6>P hasaplanis equivalentto askingwhether� is a tautology.

Let the one-stepplan existenceproblem (1-PLANEX) be the PLANEX problemrestrictedto
plans of size one. From the above it is evident that ç%íQëBì -1-PLANEX and ç%íQë -1-PLANEX are
coNP-hard. Let - be somefixed polynomial,thenthe polynomial stepplan-existenceproblem
(- -PLANEX) is the PLANEX problemrestrictedto plansthat have lengthboundedby -�� ßÕ� , if ß is
thesizeof theplanninginstance.As is easyto see,thisproblemis in NP for all formalismsexceptç%íQëBì and ç%íQë . Thereasonis thatafterguessinga sequenceof operatorsandstatespecificationsof
polynomialsize,onecanverify for eachstepin polynomialtime that thepreconditionis satisfied
by the currentstatespecificationandproducesthe next statespecification. Sincethereareonly
polynomiallymany steps,theoverall verificationtakesonly polynomialtime.

Proposition13 � -- -PLANEX canbesolvedin polynomialtimeon a nondeterministicTuring ma-
chinefor all formalismsdifferentfrom ç%í�ësì and ç%íQë .

Fromthefact that ç%í�ë -1-PLANEX is coNP-hardand,e.g., ç%ísì -p-PLANEX is in NP, it follows
almostimmediatelythat thereis no polynomial-timecompilationschemefrom ç íQë to ç í]ì that
preservesplan lengthpolynomially (if fheÊ�)àygn�fJe ). However, even if we allow for unbounded
computationalresourcesof thecompilationprocess,a proof techniquefirst usedby KautzandSel-
man(1992)canbeusedto show thatsucha compilationschemecannotexist (provided � � ¥ �) · � ¥ ).
Theorem 14 ç%íQë cannotbecompiledto ç%í]ì preservingplansizepolynomially, unless� � ¥ ) · � ¥ .
Proof. Let � beapropositionalformulaof size ß in conjunctive normalform with threeliteralsper
clause.As afirst step,weconstructfor eachß a ç%í�ë domainstructurȩ*Å with sizepolynomialin ß
andthefollowing properties.Unsatisfiabilityof anarbitrary3CNFformula � of size ß is equivalent
to Ý -stepplanexistencefor the ç%í�ë - Ý -PLANEX instanceN�¸8Å`�i¹1� �t+\�`6>P , where ¹1� canbecomputed
in polynomialtime from � .

Givena setof ß atoms,denotedby �ÕÅ , we definethesetof clauses�¼Å to bethesetcontaining
all clauseswith threeliterals that canbe built usingtheseatoms. The sizeof � Å is |�� ß ¥ � , i.e.,
polynomialin ß . Let �?Å bea setof new atoms-E��� Î.Ï � � Ï �¢¡�£ correspondingone-to-oneto theclauses
in �ÇÅ . Further, let ¤

Å�)¦¥§@9� F � 
 F � 
 F ¥ 
M- ��� Î.Ï � � Ï �¢¡¨£ �(0\+ F � � F � � F ¥ 6M���¼Å B A
Wenow constructa ç%í�ë domainstructurȩ8Å�)~N$��Åv�t©�ÅKP for all formulaeof size ß asfollows:

�&Å ) �ÕÅ²<��?Å²<=+\�v6B�©�Å ) +]N +>�
¤
Åv6B�t+\�v6>Pe6BA
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Let © beafunctionthatdeterminesfor all 3CNFformulae� , whichatomsin �?Å correspondto the
clausesin theformula, i.e., ©¤���*�()È+.- ��� Î.Ï � � Ï �¢¡�£ 0\+ F � � F � � F ¥ 6��3�(6BA
Now, theinitial statefor any particularformula � of size ß is computedasfollows:¹1��)��h©¤���*�H<1���?ÅM�~©¤���*�.�H<=+>�^�v6BA

Fromtheconstruction,it follows thatthereexistsa one-stepplanfor N$�&Å`�t©�Å`�i¹1�"�t+\�v6>P if f � is
unsatisfiable.

Let usnow assumethat thereexistsa compilationschemeû from ç%íQë to ç%í]ì preservingplan
sizepolynomially. Further, let usassumethat the ç%í�ë domainstructurȩ8Å is compiledto the ç%í]ì
domainstructurȩ*�Å )�N$���Å �t©��Å P . Using this compileddomainstructure,we can constructthe
following advice-takingTuringmachine.

On input of a formula � of size ß , we load the advice N�¸8�Å �eý â �$�&Å`�t©�Å����eý>ÿ]�$�&Å`�t©�Å��.P . This
adviceis polynomialbecausȩ8Å is polynomialin thesizeof � andacompilationschemegenerates
only polynomially largerdomainstructures.Because� â is a polynomial-timefunctionand ¹1� can
becomputedfrom � in polynomialtime,wecancompute¹ � )
� â.�$� Å �i¹ � �%<9ý>âb�$� Å �t© Å �
in polynomialtime. Also thegoalspecificationº � )ª� ÿ �$� Å �t+\�v6>�Õ<9ý ÿ �$� Å �t© Å �
canbecomputedin polynomialtime. Finally, we decidethe - -PLANEX problemon the resultingç%í]ì -instanceN�¸ �Å �i¹ � �tº � P . FromProposition13 we know thatthis canbedonein polynomialtime
onanondeterministicTuringmachine.

Becausedeciding - -PLANEX for N�¸ �Å �i¹ � �tº � P is equivalent to deciding Ý -PLANEX forN�¸8Å4�i¹1�"�t+\�v6>P , which is in turn equivalent to decidingunsatisfiabilityof � , it follows that we can
decideacoNP-completeproblemonanondeterministic,polynomialadvice-takingTuringmachine
in polynomialtime. From that it follows that ygn�fJe Y fhe5�]pBn�m � . Using Yap's (1983)result, the
claim follows.

UsingProposition4 andProposition5, theaboveresultgeneralizesasfollows(seealsoTable1).

Corollary 15 ç%íQësì and ç%í�ë cannotbecompiledto anyof theotherplanningformalismspreserving
plansizepolynomially, unless� � ¥ ) · � ¥ .

If werestricttheform of theformulae,however, wemaybeableto devisecompilationschemes
from ç%íQë to, e.g., ç%í . Reconsideringtheproof of the last theorem,it turnsout that it is essential
to usethenegationof a CNF formulaasa precondition.If we restrictourselvesto CNF formulae
in preconditions,it seemspossibleto move from partial to completestatedescriptionsusingideas
similar to theonesusedin theproofof Lemma7.

However, no such compilation schemewill work for ç%í�ësì . The reasonis the condition���$D�� post��LB�.�Ç) � �$D�� post��LB�.� in the definition of the function ¨ . If this conditionis not satis-
fied, the resultof the operatoris inconsistent.This conditioncould beeasilyemployed to reduce
unsatisfiabilityof CNF formulaeto 1-stepplanexistence,which enablesus to usethesametech-
niqueasin theproofof theabove theorem.

297



NEBEL

5.4 Cir cuit Complexity

For the next impossibility resultwe needthe notionsof booleancircuits and familiesof circuits.
A booleancircuit is a directed,acyclic graph «á)ä�'¬*��­«� , wherethe nodes¬ arecalledgates.
Eachgate 2§�
¬ hasa type ®�¯��K!��,2K�«��+>����
���
&�:Ý��iã�6�<F+1� � ��� � �gAgAgA26 . The gateswith ®�¯��K!��,2K���+sÝ��iã���� � ��� � �gAgAgA26 have in-degreezero,the gateswith ®�¯��K!��,2K�«�³+>��6 have in-degreeone,andthe
gateswith ®�¯��K!��,2K����+>
���
�6 have in-degreetwo. All gatesexceptonehave at leastoneoutgoing
edge.Thegatewith nooutgoingedgeis calledtheoutput gate. Thegateswith no incomingedges
arecalledtheinput gates. Thedepth of acircuit is thelengthof thelongestpathfrom aninputgate
to theoutputgate.Thesizeof acircuit is thenumberof gatesin thecircuit.

Given a valueassignmentto the variables+1� � ��� � �gAgAgA¾6 , the circuit computesthe valueof the
outputgatein theobviousway. For example,for � � )~Ý and � � )�ã wegetthevalue1 at theoutput
gateof thecircuit shown in Figure4.

° ±
� ���Î

Figure4: Exampleof abooleancircuit

Insteadof usingcircuits for computingbooleanfunctions,we canalsousethemfor accepting
words of length ß in +\ã��:Ý>6 ¿ . A word ² )H� � AgAgA¨�4ÅÈ�õ+\ã��:Ý>6 Å is now interpretedas a value
assignmentto the ß inputvariables� � �gAgAgA:���4Å of acircuit. Theword is acceptedif f theoutputgate
hasvalue1 for this word. In orderto dealwith wordsof differentlength,we needonecircuit for
eachpossiblelength.A family of circuits is aninfinite sequence© )O�'« I �(« � �gAgAgAw� , where «�Å hasß inputvariables.Thelanguageacceptedby suchafamily of circuitsis thesetof words ² suchthat«  Ñ  ³8 Ñ  accepts² .

Usually, oneconsidersso-calleduniform familiesof circuits,i.e.,circuitsthatcanbegenerated
onaTuringmachinewith a ´µPk¶(ß -spacebound.Sometimes,however, alsonon-uniformfamiliesare
interesting.For example,theclassof languagesacceptedby non-uniformfamiliesof polynomially-
sizedcircuitsis just theclassP/poly introducedin Section5.2.

Using restrictionson the size and depthof the circuits, we can now definenew complexity
classes,which in their uniform variantsare all subsetsof P. One classthat is important in the
following is the classof languagesacceptedby uniform familiesof circuits with polynomialsize
andlogarithmicdepth,namedNC � . Anotherclasswhich provesto be importantfor us is defined
in termsof non-standardcircuits,namelycircuitswith gatesthathaveunboundedfan-in. Insteadof
restrictingthein-degreeof eachgateto betwo atmaximum,wenow allow anunboundedin-degree.
Theclassof languagesacceptedby familiesof polynomiallysizedcircuitswith unboundedfan-in
andconstantdepthis calledAC I .
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From the definition, it follows almostimmediatelythat AC I Y NC � . Moreover, it hasbeen
shown thattherearesomelanguagesin NC � thatarenot in thenon-uniformvariantof AC I , which
impliesthatAC I �) NC � (Furst,Saxe,& Sipser, 1984).

5.5 BooleanFormulae Cannot beCompiled to Conditional Effects

As we have seenin Section5.3,Booleanformulaearequiteexpressive if they areusedin combi-
nationwith partial statespecifications.However, what if all statespecificationsarecomplete?In
this case,it seemsto bepossibleto simulatetheevaluationof CNF formulaeby usingconditional
effects.In fact,it is possibleto compilein polynomial-time,for example,ç%í to ç S ì preservingplan
sizelinearly, provided all formulaearein conjunctive normalform. Eachoperatorwould have to
besplit into two operators,onethatevaluatestheclausesof all theformulaein theoriginaloperator
andonethatcombinestheseevaluationsandtakestheappropriateactions,e.g.,asserting	 if the
preconditionis notsatisfied.Sequencingof thesepairsof operatorscanbeachievedby introducing
someextra literals.

Whatcanwe sayaboutthegeneralcase,however? Whentrying to simulatetheevaluationof
anarbitrarylogical formulausingconditionaleffects,it seemsto bethecasethatwe needasmany
operatorsasthenestingdepthof theformula,whichmeansthatwewouldneedplansthatcannotbe
boundedto beonly linearly longerthantheoriginalplans.

Wewill usetheresultssketchedin Section5.4to separateç%í and ç S ì . In orderto doso,let us
view domainstructureswith fixedsizeplansas“machines”thatacceptlanguages.For all words ²
consistingof ß bits, let ¸8Å«)ON$��Å²<=+\�`6B�t©«ÅvP�A
Assumethattheatomsin ��Å arenumberedfrom 1 to ß . Thena word ² consistingof ß bits could
beencodedby thesetof literals¹ ³ ),+.- â 0 if the Ü th bit of ² is Ý�6�<=+>�4- â 0 if the Ü th bit of ² is ãK6BA
Conversely, for aconsistentstatespecificationD�� 
��Å , let ² ¢ beawordsuchthatthe Ü th bit is 1 iff- â �/D .

We now saythat the ß -bit word ² is acceptedwith a one-stepor Á -stepplan by ¸8Å if f there
existsa one-stepor Á -stepplan,respectively, for theinstance· Å�)~N.N$��Å�<=+\�v6B�t©�ÅKP��i¹ ³ <=+>�^�v6B�t+\�`6>P�A
Similarly to familiesof circuits,we alsodefinefamiliesof domainstructures,·à)£��¸ I �e¸ � �gAgAgAÉ� .
Thelanguageacceptedby suchafamily with aone-step(or Á -step)planis thesetof wordsaccepted
usingthedomainstructurȩ8Å for wordsof length ß . Borrowing thenotionof uniformity aswell,
wesaythata family of domainstructuresis uniform if it canbegeneratedby a ´µPk¶´ß -spaceTuring
machine.

Papadimitriouhas pointed out that the languagesacceptedby uniform polynomially-sized
booleanexpressionsis identicalto NC � (Papadimitriou,1994,p. 386). As is easyto see,a fam-
ily of ç%í domainstructuresis nothingmorethana family of booleanexpressions,providedwe use
one-stepplansfor acceptance.

Proposition16 Theclassof languagesacceptedbyuniformfamiliesof ç%í domainstructuresusing
one-stepplanacceptanceis identicalto NC � .
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If we now have a closerlook at what thepower of Á -stepplanacceptancefor familiesof ç S ì
domainstructuresis, it turnsoutthatit is lesspowerful thanNC � . In orderto show that,wewill first
prove thefollowing lemmathatrelatesÁ -stepç S ì plansto circuitswith gatesof unboundedfan-in.

Lemma 17 Let ¸F)~N$�¬�t©¼P bea ç S ì domainstructure, let º Y �� , andlet À bea Á -stepplanover¸ . Thenthereexistsa polynomiallysizedbooleancircuit « with unboundedfan-inanddeptḩ>Á;��T
such that À is a plan for N�¸&�i¹��tº5P iff thecircuit « hasvalue1 for theinput ²º¹ .
Proof. The generalstructureof a circuit for a Á -step ç S ì plan is displayedin Figure5. For each

.
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Figure5: Circuit structureandgoaltestingfor a Á -stepç S ì plan

plan step(or level) 8 andeachatom - â , thereis a connection- 7 â . The connectionson level ã are
theinput gates,i.e., - Iâ )¦� â . Thegoaltestis performedby an 
 -gatethatchecksthatall thegoals
aretrueon level Á , in our caseº£)Ì+.- � ���4- � ��- Å 6 . Further, usingthe 
 -gate,it is checked thatno
inconsistency wasgeneratedwhenexecutingtheplan.

For eachplan step 8 , it mustbe computedwhetherthe preconditionis satisfiedandwhat the
resultof theconditionaleffectsare.Figure6 (a) displaysthepreconditiontestfor theprecondition+.- � ��- � ���4- ¥ 6 . If theconjunctionof thepreconditionliteralsis not true, 	 V becomestrue,which is
connectedto the 
 -gatein Figure5.

Without lossof generality(usinga polynomialtransformation),we assumethatall conditional
effectshave theform � VGF

. Whethertheeffect
F
is activatedon level 8 is computedby acircuit as

displayedin Figure6 (b), whichshows thecircuit for +.- � ���4- ¥ 6 V �4- â .
Finally, all activatedeffectsarecombinedby thecircuit shown in Figure6 (c). For all atoms- â ,

wecheckwhetherboth - â and �4- â have beenactivated,which wouldset 	ÁÀ true.This is againone
of theinputsof the 
 -gatein Figure5. If neither- â nor �4- â have beenactivated,thevalueof - â on
level 8N�±Ý is determinedby thevalueof - â on level 8 . Otherwisethevalueof - â on level 8Â�³Ý is
determinedby thevalueof -WÃ Ï 7â , i.e., theactivationvalueof thepositive effect - â on level 8 .

Thedepthsof thecircuitsin Figure6 (b) and(c) dominatethedepthof thecircuit necessaryto
representoneplanstepleadingto theconclusionthata planstepcanberepresentedusinga circuit
of depth7. Adding thedepthof thegoaltestingcircuit, theclaim follows.

Thelemmaimpliesthat ç S ì¬Á -stepplanacceptanceis indeedlesspowerful than ç%í 1-stepplan
acceptance,whichmeansthatacompilationschemefrom ç%í to ç S ì preservingplansizelinearly is
impossible.
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Figure6: Circuit structurefor preconditiontesting(a),conditionaleffects(b), andthecomputation
of effects(c) for ç S ì operators

Theorem 18 ç í �� i � , for all members � of the ç S ësì -class.

Proof. Weshow that ç%í1�� i ç S ì , from whichby Theorem9 andProposition4 theclaim follows.
Assumefor contradictionthat ç í � i ç S ì . Let ·Ø) ��¸ I �e¸ � �gAgAgAÉ� be a uniform family of ç í

domainstructuresand ·¬�`)Ê��¸8� I �e¸8� � �gAgAgAw� bethe ç S ì domainstructuresgeneratedby a compilation
schemeû that preserves plan size linearly. By Lemma17 we know that for each ç S ì domain
structurȩ �Å )~N$� �Å �t© �Å P andgivengoal º � wecangenerateapolynomiallysized,unboundedfan-
in circuit with depth ¸>Á���T thattestswhethera particularÁ -stepplanachievesthegoal. In orderto
decideÁ -stepplanexistence,wemusttest |��i0°© �Å 0 ie� differentplans,which is polynomialin thesize
of ¸8Å becauseû is a compilationscheme.For eachplan,we cangenerateonetestcircuit, andby
addinganother
 -gatewecandecideÁ -stepplanexistenceusingacircuit with deptḩ>ÁW��È andsize
polynomialin thesizeof ¸8Å . Further, sincethestate-translationfunctionsaremodular, theresults
of � â for fixed � canbe computedusingan additionallevel of gates.Sinceby Proposition16 all
languagesin NC � areacceptedby uniform familiesof ç%í domainstructuresusingone-stepplan
acceptance,ourassumptionç%íÉ� i ç S ì impliesthatwecanacceptall languagein NC � by (possibly
non-uniform)AC I circuits,which is impossibleby theresultof Furstandcolleagues(1984).

UsingthePropositions4 and5 again,wecangeneralizetheabove theoremasfollows.

Corollary 19 ç í]ì and ç í cannotbecompiledto � ç S ëBìA� or � ç S ë�� preservingplansizelinearly.

6. Compilability Preserving Plan SizePolynomially

As hasbeenshown in theprevioussection,only thecompilationschemesinducedby Propositions4
and5 andtheonesidentifiedin Section4 allow for compilationschemespreservingplansizeex-
actly. For all otherpairsof formalismswe wereableto rule out suchcompilationschemes—even

301



NEBEL

if we allow linear growth of the resultingplans. Nevertheless,theremight still be a chancefor
compilationschemespreservingplansizepolynomially. Having shown that ç%íQësì and ç%íQë cannot
becompiledto theotherformalismseven if theplancangrow polynomially, we maystill beable
to find compilationschemespreservingplansizepolynomially for the ç%íQësì / ç%í�ë pair andfor the
remainingformalisms.

A preview of the resultsof this sectionis given in Figure7. As it canbe seen,we areable

î`ï{ð>ñ
î ï�ñ

î òBñ î ò>ð î ïî ð>ñ

î ñ î ð î ò

î ò>ð�ñ î ï{ð

î
Figure7: Equivalenceclassesof planning formalismscreatedby polynomial-timecompilation

schemespreservingplan size polynomially. Compilationschemesconstructedin this
sectionareindicatedby dashedlines

to establishcompilationschemespreservingplansizepolynomiallyfor all pairsof formalismsfor
whichwehave notprovedtheimpossibilityof suchcompilationschemes.

6.1 Compiling Conditional EffectsAway for Partial StateSpecifications

Thefirst compilationschemewe will developis onefrom ç íQësì to ç íQë . As before,weassumethat
theconditionaleffectshave only singletoneffect sets.Further, sincewe canusearbitraryboolean
formulaein theeffectconditionsin ç íQësì , weassumethatthereisonlyonerulefor eacheffectliteral.
Usingasimplepolynomialtransformation,arbitrarysetsof operatorscanbebroughtinto this form.
This simplifiescheckingthe condition ���$D�� post��LB�.��) � �$D�� post��LB�.� considerably, becausenow
only onerulecanactivateaparticularliteral.
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In orderto simulatetheparallelbehavior of conditionaleffects,we have to breakthemup into
individual operatorsthatareexecutedsequentially. This meansthat for eachconditionaleffect of
anoperatorwe introducetwo new operators.Onesimulatesthesuccessfulapplicationof therule,
the otheronesimulatesthe “blocking” situationof the rule. At leastoneof theseoperatorsmust
be executedfor eachconditionaleffect in the original operator. This is somethingwe canforce
by additionalliterals thatareaddedto control theexecutionof operators.All in all this leadsto a
sequenceof operatorsthathaslengthboundedby thenumberof conditionaleffectsin theoriginal
operator.

If wewantto simulatetheparallelbehavior by asequenceof unconditionaloperators,theeffects
of the unconditionaloperatorsshouldnot directly influencethe statedescription,but the effect
shouldbe deferreduntil all operatorscorrespondingto the set of conditionaleffects have been
executed.For this reason,we will usea sequenceof “copying operators”which copy theactivated
effectsto thestatedescriptionafterall “conditionaloperators”havebeenexecuted.These“copying
operators”canalsobeusedto checkthatthesetof activatedeffectsis consistent.

Theorem 20 ç íQësì canbecompiledto ç íQë in polynomialtimepreservingplansizepolynomially.

Proof. Assumethat ¸�) N$�¬�t©¼P is the ç%íQëBì sourcedomainstructureandassumefurther, without
lossof generality(usingapolynomialtransformation),thatall operatorshave theform

L â )~N pre��L â ���t+{� â Ï � VXF â Ï � �gAgAgA\�e� â Ï :�Ú VGF â Ï :�Úz6>P��
with � â Ï 7��3� � ,

F â Ï 7����� , and
F â Ï 7«�) F â Ï V for ÜX�)¦� .

Let � å and � 3 bedisjointcopiesof � , whichareusedto recordtheactiveeffectsof conditional
effects,andlet � l be anotherdisjoint copy, which is usedto recordthat an active effect hasnot
beencopiedyet. Further, let �mÊJ),+.-4�*0zL«�W©?6 beanew setof atomscorrespondingone-to-oneto
theoperatorsin © andlet

6
beasetof symbolscorrespondingone-to-oneto all conditionaleffects

in © , i.e., 6 ),+1�4â Ï 7 0É����â Ï 7 VXF â Ï 7 �&� post��L>â@���iL{â8�1©?6BA
Finally, let Á bea freshatomnot appearingin ��<=� å </� 3 </� l <=�ºÊ thatsignalsthatcopying
the active effectsto thestatespecificationis in progress.Thesetof symbols � � for the compiled
domainstructureis then

� � )��F<9� å <5� 3 <5� l <9�mÊ¶< 6 </+\Á\6BA
For eachoperatorL â ��© , thecompilationschemeintroducesa numberof new operators.The

first operatorwe introduceis one which checkswhetherthe conditionaleffects of the previous
operatorshave all beenexecuted,no copying is in progressandthepreconditionis satisfied.If this
is thecase,theexecutionof theconditionaleffectsfor thisoperatoris started:

L preâ )~N pre��L{â$�H<5�´� Ê <=+>�8Á{6B�(+.- �bÚ 6&<3�(�7å?<5�(�43¼<5� 6 <3�(� l P�A
This operatorenablesall the“conditionaleffect operators.” For theactivatedeffects,we introduce
thefollowing operators:

LkË Ï â Ï 7â )~N +.-4�bÚ4
5� â Ï 7Q6B�*+1� â Ï 7>6&</+.- å ��- l 0z-?) F â Ï 7>67<=+.- 3 ��- l 0:�4-¤) F â Ï 7�6>P�A
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In words,if theeffect conditionis entailed,thentheactivatedpositive or negative effect aswell as
thefactthattherulehasbeentried is recorded.

Since there is at most one effect literal for eachconditional effect, a conditional effect is
“blocked” if the negation of the effect condition is entailedby the statespecification. For all
“blockedconditionaleffects”we introducethefollowing operators:L

±
Ï â Ï 7â )~N +.- �bÚ 
5�(��â Ï 7 6B�(+1�`â Ï 7 6>P�A

In orderto checkthatall conditionaleffectshave beentried(activatingthecorrespondingeffect
or notactivatingit becausetheconditionaleffect is blocked),thefollowing operatoris used:L Ãâ )ON +.-4�bÚb6�<=+1� â Ï 7�� 6 0���� â Ï 7 VGF â Ï 7\��� post��L â �e6B�(+\Á{6&<=+>�"-4�bÚb6>P�A
This operatorenablescopying of theactivatedeffectsto thestatespecification,which is achieved
with thefollowing setof operatorsfor eachatom-3�/� :L � å ) N +\Á>��- å ���4- 3 ��- l 6B�t+.-����"- l 6>P��L � 3 ) N +\Á>���4-"å���-53(��- l 6B�t+>�4-Õ���4- l 6>P��L � ¾ ) N +\Á>��- å ��- 3 ��- l 6B��	�P�A
Finally, we needanoperatorthat checksthat all possibleeffectshave beencopied. This operator
alsostartsthe“executioncycle” againby enablingtheexecutionof another“preconditionoperator:”L i )~N +\Á{67<3�(� l �8+>�*Á\6>P�A
Usingthesedefinitions,wecannow specifythesetof compiledoperators:© � )�+\L preâ �iL Ãâ 0ÄL â �1©?6&<+\L Ë Ï â Ï 7 0ÄL â �¶©?�\��� â Ï 7 VHF â Ï 7\��� post��L â �e67<+\L

±
Ï â Ï 7 0ÄL â �1©9�\��� â Ï 7 VXF â Ï 7\�&� post��L â �e6&<+\L � å �iL � 3 �iL � ¾ 0 -3�W�¦6�<+\LAit6BA

Basedon that,wespecifyacompilationschemeû¬)ON�ý>þ{�eý>âz�eý ÿ ��� âz��� ÿ P asfollows:ý>þ>��¸�� ) N$� � �t© � Pý>âb��¸�� ) �(�7å?<5�(�Á3Ç<9�´� l <3�(� Ê <5� 6 </+>�8Á{6B�ý>ÿs��¸�� ) �(�mÊ¶<3+>�*Á\6B�� â �$�²�i¹\� ) ¹���zÿs�$�¬�tº9��) º=A
Theschemeû obviously satisfiesconditions(2) and(3) for compilationschemesandall the func-
tionscanbecomputedin polynomialtime. Further, �¼� · � is a ç íQë -instanceif

·
is a ç í�ësì -instance.

Let now Dü� �� be a legal ç%í�ësì statespecificationandlet D � ) ¨«�$D��iL â � for someoperatorL>âX��© . Fromtheabove discussion,it is clearthat if D��¦�0 )Ã	 , thenthereexistsa sequenceÀ«� of
operatorsfrom © � consistingof L preâ , followedby operatorsof theform L Ë Ï â Ï 7â and L

±
Ï â Ï 7â followed

by theoperatorL Ãâ , followedin turnby operatorsL � � , followedfinally by theoperatorL i , suchthatD � )�¨;!t�]�$D5<9ý â ��¸´���eÀ � �s�F��¬A
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Conversely, if D8�%0 )�	 , thentheredoesnotexist any planthattransforms¨«�$D5<9ý>âb��¸´���iL preâ �
into a legal statespecificationthatcontains�8Á and �4-4�bÚ .

Usinginductionon theplanlength,it follows from theargumentsabove thatthereexistsaplanÀ for
·

if f thereexistsa plan À«� for �Ç� · � andfor every suchplanwe have 0¾0 À«�@0¾0vÂÊ0¾0 À30¾0 ª �MÈÁ�T <=� , with < beingthe maximumnumberof conditionaleffects in operatorsof © . Hence û is a
polynomial-timecompilationschemepreservingplansizepolynomially.

An immediateconsequenceof thistheoremis that ç%í�ësì and ç%íQë form anequivalenceclasswith
respectto compilabilitypreservingplansizepolynomially.

Corollary 21 ç%íQësì and ç%í�ë are polynomial-timecompilableto each other preservingplan size
polynomially.

Further, weknow from Corollary15 thatthisclasscannotbecomelarger.
As in thecaseof compiling ç S ësì to ç S ì , however, theresultdependson thesemanticschosen

for executingconditionaleffectsover partial statespecifications.If we usethealternative seman-
tics wheretheresultingstatespecificationis legal whentheapplicationof all state-transformation
functionsleadsto atheorythatcanberepresentedasasetof literals,it seemslikely thatthereexists
anotherschemethatpreservesplansizepolynomially. However, if weusethealternative semantics
thatdeletesall theliteralsin �;� � �$D�� post��LB�.�(�I���$D�� post��LB�.� if

� �$D�� post��LB� is consistent,thenit
appearsto be very unlikely that we areableto identify a compilationschemethat preservesplan
sizepolynomially.

6.2 Compiling Conditional EffectsAway for CompleteStateSpecifications

Thenext compilationschemecompilesç%í]ì to ç%í and ç S ì to ç S . Sincewedealwith completestate
specification,we do not have to take careof thecondition �M�$D8� post��LB�.�M) � �$D8� post��LB�.� , which
is alwaystrue for completestates.This makesthe compilationschemesomewhat simpler. Sinceç S doesnot allow for generalbooleanformulae,theschemebecomesa little bit moredifficult. In
general,however, the compilationschemewe will specify is very similar to the onegiven in the
proofof Theorem20.

Theorem 22 ç%í]ì canbecompiledto ç%í and ç S ì canbecompiledto ç S in polynomialtimepre-
servingplansizepolynomially.

Proof. As in the proof of Theorem20, we assumethat ¸Ê) N$�¬�t©¼P is the ( ç%í]ì or ç S ì ) source
domainstructure.Further, weassumethatall operatorshave theformL â )~N pre��L â ���t+ U â Ï � VXF â Ï � �gAgAgA\� U â Ï :�Ú VXF â Ï :�Úb6>P��
with

F â Ï 7M� �� and
U â Ï 7 Y � � if ¸ is a ç%í]ì structureor

U â Ï 7 Y �� if ¸ is a ç S ì structure.Thismeans
thatwedonotassumetheeffectsto beuniquefor eachconditionaleffect.

In addition,we assumethesamesetsymbolsfor thecompileddomainstructureasin theproof
of Theorem20: � � )��F<9� å <5� 3 <5� l <9�mÊ¶< 6 </+\Á\6BA
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For eachoperatorL â �¶© , we introducetheoperatorsL preâ , L Ãâ , L � å , L � 3 , L � ¾ , and L i asin theproofof
Theorem20. In addition,thefollowing operatorsareneeded:

LkË Ï â Ï 7â ) N +.-4�bÚb6&< U â Ï 7>�*+1� â Ï 7Q6�<=+.- å ��- l 0@-?) F â Ï 7�6&<=+.- 3 ��- l 0:�4-¤) F â Ï 7�6>P��L
±
Ï â Ï 7eÏ :â ) N +.-4�bÚb6&</+>�*� â Ï 7eÏ :�0t� â Ï 7eÏ :�� U â Ï 7�6B�*+1� â Ï 7>6>P�A

Thecompiledsetof operators©�� containsall of theabove operatorsandthecompilationschemeis
identicalto theschemepresentedin theproof of Theorem20. This meansthattheonly significant
differenceto thecompilationschemepresentedin theproof of Theorem20 is theoperatorschemeL
±
Ï â Ï 7eÏ :â which testsfor eachrule whetherit containsaneffect conditionthatblockstherule. Since

we have completestatespecifications,every conditionaleffect is eitheractivatedor blocked, and
the � â Ï 7 's areusedto recordthattheexecutionof eachconditionaleffecthasbeentried.

Using now similar argumentsas in the proof of Theorem20, it follows that this compilation
schemeis indeedaschemethatleadsto theclaimmadein thetheorem.

It follows that ç ísì and ç í areequivalentwith respectto � �� andall formalismsin � ç S ësì � and� ç S ë � areequivalentwith respectto � �� . Thesetwo setscouldbemergedinto oneequivalenceclass,
providedweareableto prove that,e.g., ç%í canbecompiledto ç S .

6.3 Compiling BooleanFormulae Away

In Section5.5weshowedthatit is impossibleto compilebooleanformulaeto conditionaleffectsif
plansareonlyallowedto grow linearly. However, wealsosketchedalreadytheideaof acompilation
schemethatpreservesplansizepolynomially. Herewewill now show thatwecancompileboolean
formulaeto ç S , which is expressively equivalent to basicSTRIPS, i.e., we cancompileboolean
formulaeawaycompletely.

Theorem 23 ç%í is polynomial-timecompilableto ç S preservingplansizepolynomially.

Proof. Assumethat ¸F)ON$�¬�t©¼P is a ç í domainstructure.Furtherassumewithoutlossof generality
thatall operatorsL â �1© areof theform L â )ON�� â �i� â P , with � â Y �� and � â �=� � (i.e.,wehave just
oneformulaasthepreconditioninsteadof asetof formulae).

Let �mÌ and � � Ì be two new setsof atomscorrespondingone-to-oneto all sub-formulaeoc-
curring in preconditionsof operatorsin © . Thesenew atomsaredenotedby [\Í and [>�Í for the
sub-formulaÎ . Atomsof theform [{�Í areusedto recordthat thetruth-valueof thesub-formulaÎ
hasbeencomputedandtheatomsof theform [\Í areusedto storethecomputedtruth-value.

For eachoperatorL â )~N�� â �i� â P , wewill have in thetargetoperatorsetthefollowing operator:

L �â )ON +\[��QÚ.�i[ ��BÚ 6B�i� â <5�(� � Ì P�A
Thesetof all operatorsgeneratedin this way is denotedby © � .

Further, for eachatom-3�/� , we introducethefollowing two operators:

L å� ) N +.-�6B�*+\[ �� �i[ � 6>P��L 3� ) N +>�"-H6B�*+\[ �� ���8[ � 6>P�A
Thesetof operatorsgeneratedin thisway is denotedby © � .
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For eachsub-formulaoccurringin preconditionsof © of theform Î�)§Î � 
pÎ � thefollowing
operatorsareintroduced:

L åÍ ) N +\[ �Í Î �i[ �Í � �i[\Í Î �i[\Í � 6B�t+\[ �Í �i[\ÍÕ6>P��L 3 �Í ) N +\[ �Í Î ���*[\Í Î 6B�t+\[ �Í ���8[\ÍH6>P��L 3 �Í ) N +\[ �Í � ���*[\Í � 6B�t+\[ �Í ���8[\ÍH6>P�A
For sub-formulaeÎJ)ªÎ � 
�Î � , thefollowing operatorsareintroduced:

L å �Í ) N +\[ �Í Î �i[\Í Î 6B�t+\[ �Í �i[\ÍÕ6>P��L å �Í ) N +\[ �Í � �i[\Í � 6B�t+\[ �Í �i[\ÍÕ6>P��L 3Í ) N +\[ �Í Î �i[ �Í � ���8[\Í Î ���8[1Í � 6B�t+\[ �Í ���*[\ÍH6>P�A
Finally, for ÎJ)��^Ï , wehave thefollowing operators:

L åÍ ) N +\[ �Ð ���8[ Ð 6B�t+\[ �Í �i[\Í�6>P��L 3Í ) N +\[ �Ð �i[ Ð 6B�t+\[ �Í ���8[\Í�6>P�A
Thesetof operatorsgeneratedby sub-formulaeis denotedby ©ÉÌ .

Now wecanspecifythecompilationschemeû :
ý>þ���¸´��) N$�§<9�mÌ9<5� � Ì �8© � </© � </©UÌ*P��ý â ��¸´��) �´� � Ì �ý>ÿB��¸´��) �´� � Ì �� â �$�¬�i¹\��) ¹��� ÿs�$�²�tº9��) º/A

Fromtheconstructionit is obviousthatall thefunctionsarepolynomial-timecomputable,that
thestate-translationfunctionsaremodular, that the inducedfunction � is a reduction,andthat for
every plan À for a sourceplanninginstance

·
thereexistsa plan À«� for �Ç� · � suchthat 0¾0 À«�@0¾0�Â0¾0 À30¾0 ª �,<Ñ�^Ý\� , with < beingthemaximumnumberof sub-formulaeof preconditionsin © . From

that,theclaimfollows.

Theremight be the questionwhethercompiling booleanformulaeaway could be donemore
efficiently. Usingtheresultthatbooleanexpressionscanbeevaluatedby circuitswith logarithmic
depth,this shouldbe indeedpossible.However, we aresatisfiedherewith the resultthat thereis
a compilationschemepreservingplan size polynomially at all. This result togetherwith Theo-
rem22 settlesthequestionfor compilationschemespreservingplansizepolynomiallyfor all pairs
of formalisms.

Corollary 24 All formalisms� with � ó�ç S ësì or � ó�ç%í]ì are polynomial-timecompilableto
each otherpreservingplansizepolynomially.

307



NEBEL

6.4 Parallel ExecutionModelsand the Feasibility of Compilation SchemesPreserving Plan
SizePolynomially

While compilationschemesthatpreserve plansizeexactlyor linearlyseemto beof immediateuse,
a polynomialgrowth of theplanappearsto beof little practicalinterest.Consideringthepractical
experiencethat planningalgorithmscanroughly be characterizedby their propertyof how many
stepsthey can plan without gettingcaughtby the combinatorialexplosionand the fact that this
numberis significantlysmallerthan100,polynomialgrowth doesnotseemto makemuchsense.

If we take GRAPHPLAN (Blum & Furst,1997)into considerationagain—theplanningsystem
thatmotivatedourinvestigationin thefirst place—itturnsoutthatthissystemallowsfor theparallel
executionof actions.Althoughparallelexecutionmight seemto addto thepower of theplanning
systemconsiderably, it doesnot affect our resultsat all. If a sequentialplancansolve a planning
instancewith ß steps,aparallelplanwill alsoneedat leastß actions.Nevertheless,althoughthesize
of a plan(measuredin thenumberof operations)might bethesame,thenumberof timestepsmay
beconsiderablysmaller—which might allow for a moreefficient generationof theplan. Having a
look at thecompilationschemethatcompilesconditionaleffectsaway, it seemsto bethecasethat
a largenumberof generatedactionscouldbeexecutedin parallel—inparticularthoseactionsthat
simulatetheconditionaleffects.

However, thesemanticsof parallelexecutionin GRAPHPLAN is quiterestrictive. If oneaction
addsor deletesanatomthat a secondactionaddsor deletesor if oneactiondeletesan atomthat
a secondactionhasin its precondition,then thesetwo actionscannotbe executedin parallel in
GRAPHPLAN. With this restriction,it seemsto be impossibleto compileconditionaleffectsaway
preservingthenumberof time stepsin a plan. However, a compilationschemethatpreservesthe
numberof time stepslinearly seemsto be possible. Insteadof sucha compilationscheme,the
approachessofareitherusedanexponentialtranslation(Gazen& Knoblock,1997)or modifiedthe
GRAPHPLAN-algorithmin orderto handleconditionaleffects(Andersonetal.,1998;Koehleretal.,
1997;Kambhampatietal., 1997).Thesemodificationsinvolve changesin thesemanticsof parallel
executionaswell aschangesin thesearchprocedure.While all theseimplementationsarecompared
with thestraightforward translationGazenandKnoblock(1997)used,it would alsobe interesting
to comparethemwith a compilationschemebasedon the ideasspelledout in Theorem22 asthe
baseline.

7. Summary and Discussion

Motivatedby therecentapproachesto extendtheGRAPHPLAN algorithm(Blum & Furst,1997)to
dealwith more expressiveplanningformalisms(Andersonet al., 1998;Gazen& Knoblock,1997;
Kambhampatiet al., 1997;Koehleret al., 1997),we asked what the termexpressivepowercould
meanin this context. Onereasonableintuition seemsto be that the term expressivepowerrefers
to how conciselydomainstructuresandthe correspondingplanscanbe expressed.Basedon this
intuitionandinspiredby recentapproachesin theareaof knowledgecompilation(Gogicetal.,1995;
Cadoliet al., 1996;Cadoli& Donini, 1997),we introducedthenotionof compilability in orderto
measurethe relative expressivenessof planningformalisms. The basicideais that a compilation
schemecanonly transformthe domainstructure,i.e., the symbolsetandthe operators,while the
initial stateandthegoalspecificationarenot transformed—modulosomesmallchangesnecessary
for technicalreasons.Further, we distinguishcompilationschemesaccordingto whethertheplan
in thetargetformalismhasthesamesize(upto anadditiveconstant),asizeboundedlinearlyby the
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sizeof theplan in thesourceformalism,or a sizeboundedpolynomiallyby theoriginal planning
instanceandtheoriginalplan.

Although the compilability framework appearsto be a straightforward and intuitive tool for
measuringthe expressivenessof planningformalisms,it is possibleto comeup with alternative
measures.Bäckstr̈om (1995),for instance,proposedto useESP-reductions, which arepolynomial
many-onereductionson planningproblemsthatpreserve theplansizeexactly. However, requiring
that the transformationshouldbe polynomial-timecomputableseemsto be overly restrictive. In
particular, if wewantto prove thatoneformalismis notasexpressive asanotherone,wehadbetter
proven that thereexists no compilationschemeregardlessof how muchcomputationalresources
the compilationprocessmay need. Furthermore,thereappearto be severetechnicalproblemsto
usingBäckstr̈om's (1995) framework for proving negative results. On the otherhand,all of the
positive resultsreportedby Bäckstr̈om areachievable in the compilationframework becausethe
transformationsheusedarein factcompilationschemes.Takingall this together, it appearsto be
thecasethatthecompilationframework is superiorfrom anintuitive andtechnicalpointof view.

Anotherapproachto judgingtheexpressivenessof planningformalismshasbeenproposedby
Erol andcolleagues(1994,1996).They measuretheexpressivenessof planningformalismsaccord-
ing to thesetof plansaplanninginstancecanhave. While thisapproachcontrastshierarchical task
networkplanningnicely with STRIPS-planning, it doesnot helpusin makingdistinctionsbetween
theformalismsin the ç -family.

The compilability framework is mainly a theoreticaltool to measurehow conciselydomain
structuresand planscan be expressed.However, it also appearsto be a good measureof how
difficult planningbecomeswhena new languagefeatureis added. Polynomial-timecompilation
schemesthat preserve the plan sizelinearly indicatethat it is easyto integratethe featurethat is
compiledaway. Onecaneitherusethecompilationschemeasis or mimic thecompilationscheme
by extendingthe planningalgorithm. If only a polynomial-timecompilationschemeleadingto a
polynomialgrowth of the plan is possible,then this is an indicationthat addingthe new feature
requiresmostprobablya significantextensionof the planningalgorithm. If even a compilation
schemepreservingplansizepolynomiallycanbe ruled out, thenthereis mostprobablya serious
problemintegratingthenew feature.

Using this framework, we analyzeda large family of planningformalismsrangingfrom basic
STRIPS to formalismswith conditionaleffects,booleanformulae,andincompletestatespecifica-
tions. The mostsurprisingresultof this analysisis that we areableto comeup with a complete
classification. For eachpair of formalisms,we were either able to constructa polynomial-time
compilationschemewith therequiredsizeboundontheresultingplansor wecouldprove thatcom-
pilation schemesareimpossible—even if thecomputationalresourcesfor thecompilationprocess
areunbounded.In particular, weshowedfor theformalismsconsideredin thispaper:»

incompletestatespecificationsandliteralsin preconditionscanbecompiledto basicSTRIPS

preservingplansizeexactly,»
incompletestatespecificationsandliteralsin preconditionsandeffectconditionscanbecom-
piledawaypreservingplansizeexactly, if wehave alreadyconditionaleffects,»
andtherearenoothercompilationschemespreservingplansizelinearlyexceptthoseimplied
by thespecializationrelationshipandthosedescribedabove.
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If we allow for polynomialgrowth of the plansin the target formalism, thenall formalismsnot
containingincompletestatespecificationsandbooleanformulaearecompilableto eachother. In-
completestatespecificationstogetherwith booleanformulae,however, seemto addsignificantly
to the expressivenessof a planningformalism,sincethesecannotbe compiledaway even when
allowing for polynomialgrowth of theplanandunboundedresourcesin thecompilationprocess.

It shouldbe noted,however, that someof theseresultshold only if we usethe semanticsfor
conditionaleffectsoverpartialstatespecificationsasspelledout in Section2.1.For othersemantics,
wemaygetslightly differentresultsconcerningthecompilabilityof conditionaleffectsoverpartial
states.

Onequestiononemayaskis whathappensif we considerformalismswith booleanformulae
that aresyntacticallyrestricted. As indicatedat variousplacesin the paper, restrictedformulae,
suchasCNF or DNF formulae,cansometimesbeeasilycompiledaway. However, therearealso
caseswhenthis is impossible.For example,it canbeshown thatCNFformulaecannotbecompiled
to basicSTRIPS preservingplan sizelinearly (Nebel,1999),which confirmsBäckstr̈om's (1995)
conjecturethatCNF-formulaein preconditionsaddto theexpressive power of basicSTRIPS.

Anotherquestionis how reasonableour restrictionsona compilationschemeare.In particular,
onemaywantto know whethernon-modularstate-translationfunctionscouldleadto morepowerful
compilationschemes.First of all, requiringthat thestate-translationfunctionsaremodularseems
to be quite weakconsideringthe fact that a compilationschemeshouldonly be concernedwith
the domainstructureandthat the initial stateandgoal specificationshouldnot be transformedat
all. Secondly, consideringthefactthatthestate-translationfunctionsdonotdependon theoperator
set,morecomplicatedfunctionsseemto beuseless.Froma moretechnicalpoint of view, we need
modularityin orderto provethatconditionaleffectsandbooleanformulaecannotbecompiledaway
preservingplansizelinearly. For theconditionaleffects,modularityor a similar conditionseems
to be crucial. For the caseof booleanformulae,we could weaken the conditionto the point that
we requireonly that state-translationfunctionsarecomputableby circuits of constantdepth—or
somethingsimilar. In any case,theadditionalfreedomonegetsfrom non-modularstate-translation
functionsdoesnot seemto be of any help becausethesefunctionsdo not take the operatorsinto
account.Nevertheless,it seemsto beaninterestingtheoreticalproblemto prove thatmorepowerful
state-translationfunctionsdonotaddto thepower of compilationschemes.

Although the paperis mainly theoretical,it was inspiredby the recentapproachesto extend
the GRAPHPLAN algorithmto handlemorepowerful planningformalismscontainingconditional
effects. So,whataretheanswerswe cangive to openproblemsin thefield of planningalgorithm
design?First of all, GazenandKnoblock's (1997)approachto compilingconditionaleffectsaway
is optimal if we do not want to allow plangrowth morethanby a constantfactor. Secondly, all of
theotherapproaches(Andersonet al., 1998;Kambhampatiet al., 1997;Koehleret al., 1997)that
modify the GRAPHPLAN algorithmareusinga strategy similar to a polynomial-timecompilation
schemepreservingplansizepolynomially. For this reason,theseapproachesshouldbecompared
to a “pure compilationapproach”usingthe ideasfrom the compilationschemedevelopedin the
proof of Theorem22 asthe baseline. Thirdly, allowing for unrestrictedbooleanformulaeadds
againa level of expressivity becausethey cannotbecompiledaway with lineargrowth of theplan
size. In fact, approachessuchasthe oneby Andersonandcolleagues(1998)simply expandthe
formulaeto DNF acceptingan exponentialblow-up. Again, we cannotdo betterthanthat if plan
sizeshouldbepreserved linearly. Fourthly, if we want to addpartialstatespecificationson top of
generalbooleanformulae,thiswouldamountto anincreaseof expressivity thatis muchlargerthan
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addingconditionaleffectsor generalformulaeto basicSTRIPS, becausein thiscasethereis noway
to compilethisawayevenif weallow for polynomialplangrowth.

Finally, onemaywonderhow ourresultsapplyto planningapproachesthatarebasedontranslat-
ing (bounded)planningproblemsto propositionallogic suchasSATPLAN (Kautz& Selman,1996)
or BLACKBOX (Kautz& Selman,1998).Sincetheentireanalysisof therelative expressivenessof
planningformalismsusestheassumptionthatwe compilefrom oneplanningformalismto another
planningformalism,theresultsdonot tell usanythingaboutthesizeof representationsif weswitch
to anotherformalism. In particular, it seemspossibleto find an encodingof (bounded)planning
problemswith conditionaloperatorsin propositionallogic which is asconciseasan encodingof
unconditionaloperators.Theonly adviceour resultsgive is thatsucha conciseencodingwill not
be foundby first translatingconditionalactionsto unconditionalactionsandthenusingthe“stan-
dard”encodingfor unconditionalactions(Kautz,McAllester, & Selman,1996)to generateboolean
formulae.However, addressingtheproblemof determiningtheconcisenessof representationin this
context appearsto beaninterestingandrelevanttopic for futureresearch.
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Appendix A: Symbol Index

Symbol Page Explanation0�L�0 292 cardinalityof aset0¾0 L]0¾0 277 sizeof aninstanceV
274 symbolusedin conditionaleffectsó 279 syntacticspecializationrelation� �Ò 282 compilability relationwith restriction� and Ó	 273 booleanconstantdenotingfalsity, alsodenoting

theillegal statespecification� 273 booleanconstantdenotingtruth� ��Ll� 295 advicefunction����L¾�\Ll� 275,275active effectsof anoperatorin astateor statespecification
AC I 298 complexity class« 298 booleancircuit© 298 family of booleancircuits
coNP 272 complexity class
coNP/poly295 non-uniformcoNP$&%��;�(��Ll� 284 closingasetof literalsw.r.t. �À 277 plan,i.e.,sequenceof operatorsÀ � â 295 complexity classin thepolynomialhierarchy� 295 instanceof a problem
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¹ 277 initial statedescriptionû 282 compilationscheme( )~N�ý>þ{�eý â �eý>ÿQ��� â ���zÿ>P )�Ç��Ll� 282 transformationinducedby compilationschemeý>þ\�eý â �eý>ÿ 282 componentsof acompilationschemeº 277 goalof aplanningtaskU
274 setof booleanformulaeÏÕ�e����Î 273 booleanformulaeF
287 literal�;� b 273 setsof literals� � 273 all booleanformulaethatuseatomsfrom �E¶�\GH��Ll� 274 setof all modelsof a theory

NC � 298 complexity class "!@#%��Ll� 273 negative literalsin asetof literals
NP 272 complexity class
NP/poly 295 non-uniformNPL 274 operator( )~N pre� postP )© 276 setof operators©�¿ 277 setof finite sequencesof operators-��i[���0���24��� 274 propositionalatoms� ��L¾�\Ll� 275 potentiallyactive effectsof anoperator

for agivenstatespecification
P 272 complexity class
P/poly 295 non-uniformP
PH 295 thepolynomialhierarchy���>����Ll� 273 positive literalsin asetof literals
PLANEX 279 planexistenceproblem
post 274 postconditionsof anoperator
pre 274 preconditionsof anoperator
PSPACE 272 complexity class·

277 planninginstance( )ON�¸&�i¹��tº9P )· � â 295 complexity classin thepolynomialhierarchy¨«��L¾�\Ll� 276 mapsastatespecificationandanoperatorto anew state¨;!t�]��L¾�\Ll� 277 extensionof ¨«��L¾�\Ll� to plansC 274 state(or truthassignment)D 274 statespecificationç 278 theSTRIPS planningformalismç S 278 STRIPS with literalsin preconditionsç%í 278 STRIPS with booleanformulaein preconditionsç`ë 278 STRIPS with incompletestatedescriptionsç ì 278 STRIPS with conditionaleffectsç;ÐÑÐÑÐ 278 STRIPS with combinationsof theabove extensions� ç S ësì � 283 equivalenceclassesinducedby ����� ç S ë � 283 equivalenceclassesinducedby � ��'(�	Ll� 273 all propositionalatomsusedin asetof literals� 273 countablyinfinite setof propositionalatoms
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� 273 finite subsetof ��� 273 setof literalsovers �� � â 295 complexity classin thepolynomialhierarchy� â ���zÿ 282 state-translationfunctionsin acompilationschemer 292 universalliterals² 298 awordover +\ã��:Ý>6t¿
X 295 somecomplexity class� , � 272 someplanningformalisms¸ 277 domainstructure( )ON$�¬�t©¼P )· 299 family of domainstructures
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