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Abstract

The recentapproache®f extendingthe GRAPHPLAN algorithmto handlemore expressie
planningformalismsraisethe questionof whatthe formal meaningof “expressie power” is. We
formalize the intuition that expressie power is a measureof how conciselyplanningdomains
and planscanbe expressedn a particularformalismby introducingthe notion of “compilation
schemes’betweenplanningformalisms. Using this notion, we analyzethe expressienessof a
large family of propositionablanningformalismsrangingfrom basicsTrIPS to aformalismwith
conditionaleffects, partial statespecificationsand propositionalformulaein the preconditions.
Oneof the resultsis that conditionaleffects cannotbe compiledaway if plan size shouldgrow
only linearly but canbe compiledaway if we allow for polynomialgrowth of the resultingplans.
Thisresultconfirmsthattherecentlyproposedxtensiondo the GRAPHPLAN algorithmconcerning
conditionaleffectsareoptimalwith respecto the“compilability” framewnork. Anotherresultis that
generalpropositionaformulaecannotbe compiledinto conditionaleffectsif the plansizeshould
be preseredlinearly. Thisimpliesthatallowing generalpropositionaformulaein preconditions
andeffect conditionsaddsanotherevel of difficulty in generatinga plan.

1. Intr oduction

GRAPHPLAN (Blum & Furst,1997)and sATPLAN (Kautz & Selman,1996)are amongthe most
efficient planning systemsnowvadays. However, it is generallyfelt that the planningformalism
supportedby thesesystemsnamely propositionalbasicsTriIPs (Fikes & Nilsson,1971),is not
expressiveenough.For this reasonmuchresearcheffort (Anderson Smith,& Weld, 1998;Gazen
& Knoblock,1997;KambhampatiParker, & Lambrecht,1997;Koehler Nebel,Hoffmann,& Di-
mopoulos,1997) hasbeendevotedin extendingGRAPHPLAN in orderto handlemore powerful
planningformalismssuchasabL (Pednault1989).

Thereappeargo be a consensusn how muchexpressivepoweris addedby a particularlan-
guagefeature.For example,everybodyseemso agreethataddingnegative preconditiongloesnot
addvery muchto the expressie power of basicsTripPs, whereagonditionaleffectsareconsidered
asa significantincreasein expressie powver (Andersonet al., 1998; Gazen& Knoblock, 1997;
Kambhampatetal., 1997;Koehleretal., 1997).However, it is unclearhow to measurehe expres-
sive paowver in amoreformalway. Relatedo this problemis the questionof whether‘compilation”
approacheto extendthe expressienesf a planningformalismareoptimal. For example,Gazen
andKnoblock (1997)proposea particularmethodof compiling operatorsvith conditionaleffects
into basicsTRIPS operators.This method,however, resultsin exponentiallylarger operatorsets.
While mostpeople(Andersonet al., 1998; Kambhampatetal., 1997; Koehleret al., 1997)agree
that we cannotdo betterthanthat, nobodyhasproven yet that a more space-dicient methodis
impossible.
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In orderto addresghe problemof measuringhe relative expressie power of planningfor-
malisms we startwith the intuition thata formalism X’ is at leastas expressiveasanotherformal-
ism ) if planningdomainsandthe correspondinglansin formalism)’ canbe conciselyexpressed
in theformalismX'. This, atleast,seemgo be the underlyingintuition whenexpressie power is
discussedh the planningliterature.

Backstdm (1995) proposedto measurehe expressienessof planningformalismsusing his
ESP-eductions Thesereductionsare, roughly speaking,polynomial mary-one reduction$ on
planninginstanceghat do not chang the plan length Using this notion, he shaved that all of
the propositionalvariantsof basic STRIPS not containingconditionaleffects or arbitrary logical
formulaecanbe consideredas expressiely equivalent. However, taking our point of view, ESP-
reductionsaretoo restrictive for two reasonsFirstly, plansmusthave identicalsize while we might
want to allow a moderategronth. Secondly requiringthat the transformationcan be computed
in polynomialtime is overly restrictive. If we askfor how conciselysomethingcanbe expressed
this doesnot necessarilyimply that thereexists a polynomial-timetransformation. In fact, one
formalismmight be asexpressie asanotherone, but the mappingbetweerthe formalismsmight
not be computableat all. This, at least,seemgo be the usualassumptiormadewhenthe term
expressivepoweris discussedBaadey 1990; Cadoli, Donini, Liberatore,& Schaerf,1996; Erol,
Hendler & Nau,1996;Gogic,Kautz,Papadimitriou& Selman,1995).

Inspiredby recentapproacheso measurehe expressienesof knovledgerepresentatiofor-
malisms(Cadoli et al., 1996; Gogic et al., 1995), we proposeto addresshe questionsof how
expressie a planningformalismis by usingthe notion of compilingoneplanningformalisminto
anothemne.A compilationschemdrom oneplanningformalismto anothediffersfrom a polyno-
mial mary-onereductionin thatit is not requiredthatthe compilationis carriedoutin polynomial
time. However, the resultshouldbe expressiblen polynomialspace.Furthermoreijt is required
that the operatorsof the planninginstancecan be translatedwithout consideringthe initial state
andthe goal. While this restrictionmight soundunnecessarilyestrictive, it turnsout thatexisting
practicalapproacheso compilation(Gazen& Knoblock,1997)aswell astheoreticalapproaches
(Backstbm, 1995)consideionly structuedtransformationgvherethe operatorsanbetransformed
independentlyfrom the initial stateandthe goal description. From a technicalpoint of view this
restrictionguaranteethatcompilationsarenon-triial. If theentireinstancecouldbetransformed,
acompilationschemecoulddecidethe existenceof a planfor the sourceinstanceandthengenerate
a small solution-preservingnstancein the target formalism, which would leadto the unintuitive
conclusiorthatall planningformalismshave the sameexpressie power.

As mentionedn thebegginning,notonly thespacdakenup by thedomainstructures important,
but alsothe spaceusedby the plans. For this reasonwe distinguishbetweercompilationschemes
in whetherthey presere plansizeexactly, linearly, or polynomially

Using the notion of compilability we analyzea wide rangeof propositionalplanning for-
malisms,rangingfrom basic STRIPS to a planningformalism containingconditional effects ar-
bitrary booleanformulae andpartial statespecifications As one of the results,we identify two
eguvalenceclasse®f planningformalismswith respecto polynomial-timecompilability preserv-
ing plansizeexactly This meansthat addinga languagefeatureto a formalismwithout leaving
the classdoesnot increasehe expressie powver and shouldnot affect the principal efficiency of

1. We assumehat the readerhasa basicknowledge of compleity theory (Garey & Johnson1979; Papadimitriou,
1994),andis familiar with the notion of polynomialmany-oneeductionsandthe compleity classes?, NP, coNP,
andPSPACE. All othernotionswill beintroducedn the papewhenneeded.
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the planningmethod. However, we also provide resultsthat sepaate planningformalismsusing
resultsfrom computationatompleity theoryon circuit compleity and non-uniformcomplexity

classes.Suchseparatiorresultsindicatethat addinga particularlanguagedeatureaddsto the ex-

pressie power andto the difficulty of integratingthe featureinto an existing planningalgorithm.
For example we prove thatconditionaleffectscannotbe compiledaway andthatboolearformulae
cannotbecompiledinto conditionaleffects—preidedthe plansin thetargetformalismareallowed
to grow only linearly.

Thisanswerghequestiorposedn thebeaginning. Thecompilationapproactproposedy Gazen
andKnoblock(1997)cannotbe morespaceefficient, evenif we allow for lineargrowth of theplans
in the target formalism? Allowing for polynomialgrowth of the plans,however, the compilation
schemecanbemorespaceefficient. Interestinglyit seemgo bethe casethatacompilationscheme
thatallows for polynomiallylarger plansis similar to theimplementatiorof conditionaleffectsin
the PP system(Koehleret al., 1997), Kambhampatandcolleagues(1997)planningsystem,and
Andersomandcolleagues(1998)planningsystem.

Therestof the paperis structuredasfollows. In Section2, we introducethe rangeof proposi-
tional planningformalismsanalyzedn this papertogethemwith generaterminologyanddefinitions.
Basedon that, we introducethe notion of compilability betweerplanningformalismsin Section3.
In Section4 we presentpolynomial-timecompilationschemedbetweendifferentformalismsthat
presere the plansizeexactly, demonstratinghattheseformalismsare of identicalexpressieness.
For all of theremainingcasesye prove in Section5 thattherecannotbe ary compilationscheme
preservingplan size linearly, even if thereare no boundson the computationakesourceof the
compilationprocess.In Section6 we reconsiderthe questionof identical expressienesshy us-
ing compilationschemeghatallow for polynomialgrowth of the plans. Finally, in Section7 we
summarizeanddiscusgheresults.

2. Propositional Planning Formalisms

First, we will definea very generalpropositionalplanningformalism, which appearsalmostas
expressie asthepropositionalvariantof ADL (Pednault1989). This formalismallows for arbitrary
boolearformulaeaspreconditionsgonditionaleffectsandpartialstatespecificationsSubsequently
we will specializehis formalismby imposingdifferentsyntacticrestrictions.

2.1 A General Propositional Planning Formalism

Let 3 be the countablyinfinite setof propositional atoms or propositional variables. Finite
subsetof X aredenotedby X. Further $ is definedto be the setconsistingof the constantsT
(denaotingtruth) and 1. (denotingfalsity) as well as atomsand negatedatoms,i.e., the literals,
over ¥. Thelanguageof propositional logic over the logical connecties A, vV, and - andthe
propositionalatomsy: is denotedby Lyx.. A clauseis a disjunctionof literals. Further we saythat
aformulay € Ly is in conjunctive normal form (CNF)if it is a conjunctionof clauses.It is in
disjunctive normal form (DNF) if it is a disjunctionof conjunctionof literals.

Givenasetof literals L, by pos(L) we referto thepositive literals in L, by neg(L) wereferto
thenegative literals in L, andby o (L) to theatomsusedin L, i.e.,o (L) ={p € Z|pe€ Lor—p €

2. Note that Gazenand Knoblock's (1997) translationschemealso generateplanningoperatorshat dependon the
initial stateandthe goaldescription.However, theseoperatorsimply codethe initial stateandthe goaldescription
anddo nothingelse.For this reasonye canignorethemhere.
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L}. Further we define—L to betheelement-wisenegationof L, i.e.,
~L={p[-pel}u{-plpeL}

A states is atruth-assignmenrfor theatomsin . In thefollowing, we alsoidentify a statewith
thesetof atomsthataretruein this state.A statespecificationS is asubsebdf i, i.e.,it isalogical
theoryconsistingof literalsonly. It is calledconsistentiff it doesnotcontaincomplementariterals
or L. In generala statespecificatiordescribesnary statesnamelyall thosethatsatisfy S, which
aredenotedby Mod(S). Only in casethatS is complete i.e.,for eachp € ¥ we have eitherp € S
or —p € S, S haspreciselyonemodel,namelypos(S). By akusingnotation,we will referto the
inconsistentstatespecificatiorby |, whichis the“illegal” statespecification

Operators arepairso = (pre, pos). We usethe notationpre(o) andpos{o) to referto thefirst
andsecondpart of an operatoro, respectiely. The precondition pre is an elementof 242, i.e.,
it is a setof propositionafformulae. The setpost which is the setof postconditions consistsof
conditional effects eachhaving theform

'= L,

wheretheelementof I' C Ly arecalledeffect conditions andthe elementof L C 3 arecalled
effects If " or L aresingletonsets,e.g.,{p} = {¢}, we often omit the curly bracletsandwrite
p=4q.

Examplel In order to illustrate the various notions,we will useas a running exampleplanning
problemsconnectedwith the productionof camear-ready manuscriptsfrom IAIEX source files—
somevhatsimplified,of course Asthesetof atomsy, we choosethefollowing set:

¥ = {tex, aux, dvi, log, ps, bib, bbl, blg, ind, idx, ilg
dvi_ind_ok, dvi_cite_ok}.

Thesegropositionalatomshavethefollowingintendedneaning Theatomsin thefirstline represent
the presencef the correspondindiles,andthe atomsin the secondine signifythattheindex and
citationsare correctin thedvi-file Basedon that, we definethefollowing opemtors: bibtex, latex,

makeindex. Thefirst of theseopemtors is very simple The preconditionfor its executionis that
a bib- and an aux-file exist. After the successfuexecution,a bbl- and a blg-file will havebeen
produced:

bibtex = <{aux, bib}, {T = {bbl, blg}}>.
Themakeindex opeiator is similar:
makeindex =({idx}, {T = {ind, lg}} ).
Finally, the latex opemtor is a bit more complicated Asa preconditionit needgshe presencef the

tex-file and it producesasits effectaux-, idx-, dvi, andlog-files unconditionally In addition, we
knowthatthe citationswill be correctif a bbl-file is presentandthattheindex will be correctif an
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ind-file is present:
latex = < tex},
T = {aux,idx,dvi, log},
bbl = dvi_cite_ok,

—bbl = —dvi_cite_ok,
ind = dvi_ind_ok,

—ind = —|dvi_ind_ok}>.

The semanticof operatords given by state-tansitionfunctions i.e., mappingsrom stateso
statesGivenastates anda setof postconditiongpost A(s, pos denotegheactive effectsin s:

A(s,posh = | J{L | (T = L) € post s |=T}.

Thestate-transition function 6, inducedby the operator is definedasfollows:

6,: 2> 5 2%
s — —neg(A(s,pos(o))) U pos(A(s,posto))) if s = pre(o) and
0,(s) = A(s,posto)) [~ L
undefined otherwise

In words,if thepreconditiorof theoperatoiis satisfiedn states andtheactive effectsareconsistent,
thenstates is mappedao the states’ which differsfrom s in thatthe truth valuesof activeefiects
areforcedto becomeruefor positive effectsandforcedto becomealsefor negative effects. If the
preconditionis not satisfiedor the setof active effectsis inconsistentthe resultof the functionis
undefined.

In theplanningformalismitself, we do notwork on statesout on statespecificationslin general,
this canleadto semantigproblems.By restrictingoursehesto statespecificationghat are setsof
literals,however, thesyntactiomanipulation®f the statespecificationganbedefinedn away such
thatthey aresoundin Lifschitz' (1986)sense.

Similarly to the active effectswith respecto stateswe definea correspondindgunction with
respecto statespecifications:

A(S,posy = | {L | (T = L) € post S |=T}.
Further we definethe potentially active effectsasfollows:

P(S,posh = | J A(s,pos}.
sES

If for a statespecificationS andanoperatoro = (pre, pos), we have A(S,pos) # P(S,posd,>

it meanghatthe statespecificatiorresultingfrom the applicationof the state-transitioriunctions
mightnot berepresentablasatheoryconsistingof literalsonly. For this reasonye considersuch
an operatorapplicationasillegal, resultingin the illegal statespecificationl.. We could be more
liberal atthis pointandconsidermnoperatorapplicationto a statespecificatioronly asillegal if the
setof stategesultingfrom applyingthestate-transitiofunctionscoulddefinitelynotberepresented

3. Notethatthis canonly happerif the statespecificationis incomplete.
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as a theory consistingof literals only. Alternatively, we could considerall atomsmentionedin
P(S,posh — A(S,pos) as“unsafe” after the applicationof the operatorand deletethe literals
—(P(S, posy— A(S, posh) from thestatespecificationput considetheresultingstatespecification
still as“legal” if P(S, pos) is consistent.Sincetheredoesnot seemto exist a standardnodelfor
the executionof conditionaleffectsin the presencef partial statespecificationsye adoptthefirst
alternatve asonearbitrarychoice. It shouldbe noted,however, thatthis decisioninfluencessome
of theresultswe presenbelow.

Similarly to the rule that A(S, pos) # P(S,pos) leadsto anillegal statespecificationwe
requirethatif the preconditionis not satisfiedby all statesn Mod(S) or if the statespecification
is alreadyinconsistenttheresultof applyingo to S resultsin L. Thisleadsto the definitionof the
function R, which definesthe outcomeof applyingan operatoro from the setof operatorsO to a
statespecification:

R: 2°x0—2”

(S — —A(S,pos{o)) U A(S,posto)) if S~ L and

S = pre(o) and
A(S,pos(o)) = L and

R(S,0) = ¢ A(S, pos(0))=P(S, pos{o0))

| L otherwise

Example2 Usingthepropositionalatomsandopemtors fromExamplel, weassumehefollowing
two state specificationsS; = {tex,ind}, and Sy = {tex,ind, bbl,big}. If we try to apply the
opelator latex to S;, wenoticethatthis resultsin 1 because

A(Sy,posilatex)) = {aux, idx,dvi, log, dvi_ind_ok},
P(Si,pos(latex)) = A(Si,pos(latex)) U {dvi_cite_ok, ~dvi_cite_ok},

i.e., we have A(Sy, pos{latex)) # P(S1,pos{latex)). On the other hand, we can apply bibtex
successfullyo S;: R(Si, bibtex) = S,.

It is easily verified that the syntacticoperationon a statespecificationusing the function R
correspond$o statetransitionson the statesdescribedy the specification.

Proposition1 LetS bea statespecificationg beanopeiator, andé, betheinducedstate-tansition
function.If R(S,0) [~ L, then

Mod(R(S,0)) = {s"| s' = 6,(s),s E= S}
If R(S,0) = L, theneither
1. Mod(S) =0, or
2. there are two statess;, sy € Mod(S) sud that A(s1, pos{o)) # A(s2,pos{o)), or

3. ther existsa states € Mod(.S) sud thatf,(s) is undefined.
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In otherwords,wheneer R(S, o) resultsin a “legal” specificationthis specificatiordescribeghe
stateghatresultfrom the applicationof the state-transitiotiunction 8, to the stateghatsatisfythe
original statespecificationS. Furtherif R(S, o) isillegal,therearegoodreasongor it.
A planning instanceis atuple
II=(g1IG),

where

e = = (3, O) isthedomain structur e consistingof afinite setof propositionabatomsY:. anda
finite setof operatord,

e IC $ is theinitial statespecification and
e GC3Sis the goal specification*

Whenwe talk aboutthe sizeof an instance symbolically||II
of a (reasonableg¢ncodingof theinstance.

In the following, we usethe notationO* to referto the set of finite sequencef operators.
ElementsA of O* arecalledplans. Then||A|| denoteshe size of the plan, i.e., the numberof
operatorsn A. We saythatA is a c-stepplan if ||A|| < ¢. Theresultof applyingA to a state
specificationsS is recursvely definedasfollows:

|, in thefollowing, we meanthe size

Res: 2§ x O* = 2§
Res(S,()) = S
Res(S,(01,09,...,0,)) = Res(R(S,01),{02,...,04))

A sequencef operatorsA is saidto beaplan for IT or a solution of TT iff
1. Res(I,A) = L and
2. Res(I,A) = G.

Example3 Let ¥ and O be the propositionalatomsand opeiators introducedin Examplel and
considerthe following planninginstance: II = ((X, O), {tex, bib, =ind}, {dvi, dvi_cite_ok}). In
words, givena latex soucefile (tex) anda bibliographydatabasgbib), wewantto geneate a dvi
file (dvi) sudh thatthe citationsin this file are correct (dvi_cite_ok). Furthermoe, we do not know
anythingaboutthe existenceof a bbl-file or aux-fileetc.,but we knowthatthere is no index file yet
(-ind). Theplan A = (bibtex, latex) is a solutionof IT becauseheplan doesnotresultin anillegal
statespecificatiomandtheresultingstatespecificatiorentailsdvi anddvi_cite_ok.

Planssatisfying(1) and(2) abore are“sound’ In orderto statethis moreprecisely we extend
thenotionof statetransitionfunctionsfor operatorgo statetransitionfunctionsfor plans.Let8x be
thestatetransitionfunctioncorrespondingo the compositionof primitive state-transitioriunctions
inducedby theoperatorsn A = (o1, ...,0,),i.€.,

0(01,...,on) = 001 0...0 00na

4. We could have beenmore liberal requiringthat G C Lx. We have not donethatin orderto allow for a “fair”
comparisorwith restrictedplanningformalisms.

277



NEBEL

suchthatf,, . ., (s) is definediff 6, . (s) is definedfor every i, 1 < i < n. Using this
notion,onecaneasilyprove—usinginductionover theplanlength—thatary planfor aninstancdl
is soundin Lifschitz' (1986)sensei.e., correspondso the applicationof statetransitionfunctions
to theinitial states.

Proposition2 LetIl = (E,1I, G) bea planninginstanceand A = (oy,. .., 0,) bean elemenif
O*. If Res(I,A) is consistentthen

Mod(Res(I,A)) = {s' | s' = 0a(s),s =1}.
If Res(I,A) isinconsistenttheneither
1. Mod(I) =0, or

2. ther existsa (possiblyempty)prefix (o1,...,0;) (0 < 7 < n — 1) of A sud that S =
Res(I, (o1, . ..,0;)) andeither

(a) there aretwo statess;, so € Mod(S) sud that A(sq, pos{o;+1)) # A(s2,p0os(0i41)),
or
(b) ther existsa states € Mod(S) sut thaté,,, (s) is undefined.

2.2 A Family of Propositional Planning Formalisms

The propositionalvariantof standardsTrips (Fikes& Nilsson,1971),which we will alsocall S

in whatfollows, is a planningformalismthatrequirescompletestatespecificationsunconditional
effects and propositionalatomsas formulaein the preconditionlists. Lessrestrictve planning
formalismscanhave thefollowing additionalfeatures:

Incomplete state specifications(Z): The statespecificationsnaynotbecomplete.
Conditional Effects (C): Effectscanbeconditional.
Literals asformulae (£): Theformulaein preconditionsandeffect conditionscanbeliterals.

Booleanformulae (B): The formulae in preconditionsand effect conditions can be arbitrary
booleanformulae.

Thesexxtensionganalsobecombined Wewill usecombinationf lettersto referto suchmultiple
extensionsFor instanceS, refersto theformalismS extendedby literalsin the preconditiorlists,
Szc refersto theformalismallowing for incompletestatespecificationgindconditionaleffects,and
Spze, finally, refersto thegeneraplanningformalismintroducedn Section2.1.

Example4 Whenweconsidertheplanninginstancell fromExample3, it becomesuidkly obvious
that this instancehasbeenexpressedusingS.z¢. Theinitial statespecifications incomplete the
opeiator latex containsconditionaleffectsandnegativeliteralsin someeffectconditions.However,

wedo notneedgenerl Booleanformulaeto expresstheinstance
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Spzc
Scze Sne SBz
Szc Sce Scz Sg

Figurel: Planningformalismspartially orderedby syntacticrestrictions

Figurel displaysthe partial orderon propositionaplanningformalismsdefinedin thisway. In
thesequelve saythat X is a specializationof ), written X C Y, iff X isidenticalto ) or belov
Y in thediagramdepictingthe partialorder

Comparingthis setof planningformalismswith the oneBackstbm (1995)analyzed, oneno-
ticesthatdespitesmalldifferencesn the presentatiomf the planningformalisms:

e S isthesameascommorpropositionalstrips (cpPs),
e S, isthesameaspropositionalstripswith negativegoals(pPsN), and

e S,z isthesameasgroundTweak(GT).

2.3 The Computational Complexity of Planning in the S-Family

While onewould expectthat planningin S is mucheasierthanplanningin Sgz¢, it turnsout that
thisis notthe case provided onetakesa computationatompleity perspectie.

In analyzingthe computationatompleity of planningin differentformalismswe consideras
usualthe problemof decidingwhetherthereexistsa plan for agiveninstance—thglan existence
problem (PLANEX). We will usea prefix referringto the planningformalismif we considerthe
existenceproblemin a particularplanningformalism.

Theorem 3 X-PLANEX is PSPACE-completdor all X withS C X C Sgzc.

5. We do not considemplanningformalismsidenticalto the sast formalism(Backstbm & Nebel,1995),sincewe do
notallow for multi-valuedstatevariables.
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Proof. PSPACE-hardnessf S-PLANEX follows from aresultby Bylander(1994,Corollary 3.2).

Membershipof Sgzc-PLANEX in PSPACE follows becauseve could, stepby step,guessa
sequencef operatorsyerifying at eachstepthatthe operatorapplicationleadsto alegal follow up
statespecificatiorandthatthe lastoperatorapplicationleadsto a statespecificatiorthatentailsthe
goalspecificationFor eachstep thisverificationcanbecarriedoutin polynomialspace Thereason
for thisis thatall the conditionsin the definitionof R areverifiedby polynomiallymary callsto an
NP-oracle. Therefore Spze canbe decidedon a non-deterministienachinein polynomialspace,
henceit isamemberf PSPACE.

Fromthatit follows thattheplanexistenceproblemfor all formalismsthatarein expressieness
betweenS andSzz¢c—includingbothformalisms—isPSPACE-complete. u

3. Expressvenessand Compilability betweenPlanning Formalisms

Although thereis no differencein the computationacompleity betweenthe formalismsin the
Snzc-family, theremight neverthelesdeadifferencein how conciselyplanningdomainsandplans
canbe expressedlIn orderto investigatethis questionwe introducethe notion of compilingplan-
ning formalisms.

3.1 Compiling Planning Formalisms

As mentionedn thelntroductionwewill considemplanningformalismX’ asexpressiveasanother
formalism) if planningdomainsand plansformulatedin formalism)’ are conciselyexpressible
in X. We formalize this intuition by making use of what we call compilationschemes which
are solutionpreservingmappingswith polynomiallysizedresultsfrom ) domainstructurego X
domainstructures. While we restrictthe size of the resultof a compilationschemewe do not
requireary boundson the computationatesourcegor the compilation. In fact, for measuringhe
expressibility it isirrelevantwhethethemappings polynomial-timecomputableexponential-time
computablepr evennon-recursie. At least,this seemgo betheideawhenthe notionof expressive
poweris discussedn similar contexts (Baader 1990; Erol etal., 1996;Gogicetal., 1995; Cadoli
etal., 1996). If we wantto usesuchcompilationschemesn practice,they shouldbe reasonably
efficient, of course. However, if we wantto prove thatoneformalismis strictly more expressive
thananotherone, we have to prove thatthereis no compilationschemeregardlessof hov mary
computationatesourcesucha compilationschemeanightuse.

Sofar, compilationschemegestrictonly the size of domainstructures.However, whenmea-
suringexpressie power, the size of the generateglansshouldalsoplay a role. In Backstbm's
ESP-reduction$§1995),the plan sizemustbeidentical. Similarly, the translationfrom Sz¢ to S¢
proposedoy Gazenand Knoblock (1997) seemdo have asanimplicit prerequisitehat the plan
lengthin thetarget formalismshouldbe almostthe same.Whencomparingthe expressienessof
differentplanningformalisms we might, however, be preparedo acceptsomegrowth of the plans
in thetargetformalism.For instancewe mayaccep@anadditionalconstanhumberof operatorsor
we may evenbe satisfiedf the planin thetamgetformalismis linearly or polynomiallylarger This
leadsto the schematiictureof compilationschemessdisplayedn Figure?2.

Although Figure 2 gives a good picture of the compilationframevork, it is not completely
accurateFirstof all, acompilationschemamay introducesomeauxiliary propositionalatomsthat
areusedto controlthe executionof newly introducedoperators.Theseatomsshouldmostlikely
have aninitial valueand may appeaiin the goal specificationof planninginstancesn the tamget
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= Y A
‘ / Planning
compi- I G | \
lation \ 1 |
= X .‘ N \
Planning | |

Figure2: Thecompilationframevork

formalism.We will assumehatthe compilationschemdakescareof this andaddssomeliteralsto
theinitial stateandgoalspecifications.

Additionally, sometranslation®f the initial stateandgoal specificationsnay be necessaryif
we wantto compilea formalismthat permitsfor literalsin preconditionsandgoalsto onethatre-
guiresatoms,sometrivial translationsarenecessarySimilarly, if we wantto compileaformalism
thatpermitsusto usepartial statespecificatiorto a formalismthatrequirescompletestatespecifi-
cations,a translationof theinitial statespecificationis necessaryHowever, suchstatetranslation
functionsshouldbe very limited. They shoulddependonly on the setof symbolsin the source
formalism,shouldbe “context-independet;” i.e., thetranslationof a literal in a statespecification
shouldnotdependon thewhole specificationandthey shouldbe efficiently computable.

While the compilationframework is a theoreticaltool to measureexpressieness,it has, of
course,practicalrelevance. Let us assumehat we have a reasonablyfast planningsystemfor a
planningformalism X andwe wantto adda new featureto X’ resultingin formalism). If we
cancomeup with aneficientcompilationschemdrom ) to X, this meanswve caneasilyintegrate
the new feature—eitheby usingthe compilationschemeor by modifying the planningalgorithm
minimally. If no compilationschemesxists, we probablywould have problemsintegratingthis fea-
ture. Finally, if only computationallyexpensve compilationschemesxist, we have aninteresting
situation. In this case the off-line compilationcostsmay be high. However, sincethe compiled
domainstructurecanbeusedfor differentinitial andgoalstatespecificationsthe high off-line costs
may be compensatetdy the efficiengy gain resultingfrom usingthe X planningalgorithm$ As
it turns, however, this situationdoesnot arisein analyzingcompilability betweenthe Siz¢ for-

malisms.Eitherwe canidentify a polynomial-timecompilationschemeor we areableto prove that
no compilationschemeexists.

6. Thismeanghatcompilationscheme$etweerplanningformalismsaresimilarto knovledgecompilationgCadoli&
Donini, 1997),wherethefixedpartof acomputationaproblemis thedomainstructureandthe variablepartconsists
of theinitial stateandgoal specificationsThe maindifferenceto the knovledgecompilationframework is thatwe

alsotake the (size of the) resultinto account. In otherwordswe compile function problemsinsteadof decision
problems.
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3.2 Compilation Schemes

Assumeatupleof functionsf = (fe, fi, fg, ti, t4) thatinducea function ' from X-instancedI =
(5,1, G) to Y-instanced”(II) asfollows:

If thefollowing threeconditionsaresatisfiedwe call f acompilation schemefrom X to Y-
1. thereexistsaplanfor IT iff thereexistsa planfor F(II);

2. the state-translation functions ¢; andt¢, aremodular, i.e.,for ¥ = 3; U3y, S C $, and
S = L, thefunctionst, (for z = i, g) satisfy

(5, 8) = t:(£1,8 N 1) Ute(Te, S N 5y),
andthey arepolynomial-timecomputable;
3. andthesizeof theresultsof f, f;, andf, is polynomialin thesizeof thearguments.

Condition (1) statesthat the function F' inducedby the compilationschemef is solution-
preserving.Condition(2) stategequirement®n the on-line state-tanslationfunctions Theresult
of thesefunctionsshouldbe computableslement-wiseprovided the statespecificationis consis-
tent. Consideringhe factthatthesefunctionsdependonly on the original setof symbolsandthe
statespecificationthis requirementoesnot seento bevery restrictve. Sincethe state-translation
functionsare on-line functions,we alsorequirethat the resultshouldbe efficiently computabl€.
Finally, condition(3) formalizestheideathatf is a compilation.For a compilationit is muchmore
importantthattheresultcanbeconciselyrepresentedi.e.,in polynomialspacethanthatthecompi-
lation processs fast. Neverthelesswe arealsointerestedn efficientcompilationschemesWe say
thatf is a polynomial-time compilation schemef f¢, f;, and f, arepolynomial-timecomputable
functions.

In additionto the resourcerequirement®on the compilationprocesswe will distinguishbe-
tweendifferentcompilationschemesccordingto the effectson the size of the planssolving the
instancen thetamgetformalism. If acompilationschemef hasthe propertythatfor every plan A
solvinganinstancell thereexists a plan A’ solving F(II) suchthat||A’|| < [|A|| + & for some
positive integerconstantk, f is acompilation schemepresewing plan sizeexactly (upto additive
constants)If ||A’|| < ¢ x ||A|| + & for positive integer constants: andk, thenf is a compilation
schemepresewing plan sizelinearly, andif ||A’|| < p(||A]],||II||) for somepolynomialp, thenf
is a compilation schemepresewing plan sizepolynomially. More generally we saythata plan-
ning formalismX is compilable to formalism)’ (in polynomialtime, preservingplansizeexactly,
linearly, or polynomially),if thereexistsa compilationschemewith the appropriatgropertiesWe
write X <* Y in caseX is compilableto Y or X =Y if the compilationcanbe donein polyno-
mial time. Thesuperscriptz canbel, ¢, or p dependingnwhethertheschemepreseresplansize
exactly, linearly plan,or polynomially respectiely.

As is easyto see all the notionsof compilability introducedabove arereflexive andtransitive.

7. Althoughit is hardto imaginea modularstate-translatiofiunction thatis not polynomialtime computable some
pathologicaFunctioncould,e.g.,outputtranslationghathave exponentialsizein the encodingof the symbols.
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Proposition4 Therelations<* and =p are transitiveandreflive

Furthermorejt is obvious that when moving upwardsin the diagramdisplayedin Figure 1,
thereis alwaysa polynomial-timecompilationschemepreservingplan sizeexactly. If ; denotes
the projectionto thei-th amumentand() the functionthatreturnsalwaysthe emptyset,the generic
compilationschemdor moving upwardsin thepartialorderis f = (1,0, 0, w2, 72).

Proposition5 If X C Y, thenX <1 V.

4. Compilability Presewning Plan SizeExactly

Proposition5 leadsto the questionof whetherthere exist other compilationschemeghanthose
implied by the specializatiorrelation. Becausef Proposition5 andPropositiord, we do not have
to find compilationschemedor every pair of formalisms.It suficesto prove that X’ is compilable
to ), in orderto arrive at the conclusionthatall formalismsthatarebelov X arecompilableto
andformalismsabore ).

A preview of theresultsof this sectionis givenin Figure3. We will establisitwo equivalence
classesuchthatall memberof eachclassarecompilableto eachotherpreservinglansizeexactly.
Thesetwo equivalenceclassewill be calledS,z- andSzz¢-class,in symbols[S.z] and [Sczc],
namingthematftertheir respectie largestelements.

Figure3: Equivalenceclassesof planning formalismscreatedby polynomial-time compilation
schemegreservingplansizeexactly
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4.1 Planning Formalismswithout Conditional Effects and BooleanFormulae

First,wewill shav thattheformalismsanalyzedy Backstbm (1995),namely S.z, S;, andS are
polynomial-timecompilableinto eachotherpreservingplansizeexactly. In fact,afourth classcan
beaddedo this set,namely Sz, which lies betweenS,7 andS.

In otherwords, usingthe notion of compilability, we get the sameequialenceclassaswith
Backstbm's ESP-reductionsHaving a closerlook at the proofsin Backstbm's (1995) paperre-
vealsthatthisis not surprisingat all becausehe ESP-reductionke usedcould be reformulatedas
compilationschemesSincehe useda quitedifferentnotation,we will neverthelesgprove this claim
from first principles.

Thekey ideain compiling planningformalismswith literalsto formalismsthatallow for atoms
onlyisto considep and—p asdifferentatomsin thenew formallsm For this purposeweintroduce
L= {p|p € £}, i.e.,adisjointcopy of £. Furtherif L C 3, then~ L is asetwhereeachnegative
literal —p in L isreplacedy p, i.e.,

L {peS|pel}u{pes|-pel} LKL,
] L otherwise.

Using ¥ U & asthe new setof atoms,onecantranslatestatespecificationsand preconditionsas-
ily. In the postconditionsve have to malke surethatthe intendedsemanticss taken careof, i.e.,
wheneer p is addedp mustbedeletedandviceversa

Finally, we have to dealwith the problemof partial statespecifications. However, this not
a problemwhenall effects are unconditionaland the preconditionscontainonly atoms. In this
casewe cansafelyassumehatall atomswith unknavn truth-value arefalsewithout changinghe
outcomeof the applicationof anoperatorLet CWAyx (L) denotethe completion of L with respect
to3, i.e.,

CWAs(L)={-p|peX,pg L} UL.

Using this function, we cantransforma partial statespecificationinto a completespecification
withoutchanginghe outcomej.e., we getthe sameplans.

Theorem6 S.z, Sz, S¢, andS are polynomial-timecompilableto ead otherpreservingplan size
exactly

Proof. SinceS C SzC Sz andS C S¢ C S, it follows from Propositiongt and5 thatwe only
have to shaw thatS.7 j:}, S in orderto prove theclaim.
LetIl = (E,I, G) beaSz-instancewith £ = (X, O). We translateeachoperatoro € O into
theoperator
o = (~pre(o), ~pos{o) U - ~—-pos(o)).
The setof all suchoperatorss denotecby O. Now we candefinethe compilationschemef =
(fe, fir fg- tis ty) asfollows:

fe(E) = (2UXx, O),
fi(B) = 0,
fg(E) = 0,
t(5,I) = CWAy 5(~I),
t,(5,G) = ~G.
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Theschemd obviously satisfiesconditions(2) and(3), all the functionscanbe computedn poly-
nomialtime, and F'(II) is a S-instance.
Let S C 3. Thenit is obviousthat

ti(za R(Sa 0)) = R(ti(z, S)a 6/)

Let A = (01, -..,0,) denotea sequencef operatorscorrespondindo a sequencef operators
A = {o0y,...,0,). Usinginductionon planlength,it is easyto shav that

A is aplanfor IT iff A isaplanfor F(II),

i.e., condition(1) on compilationschemess alsosatisfied. This meansf is in facta compilation
scheme.Further sincethe plan size doesnot change the compilationschemepreseres plan size
exactly. Finally, becausall functionsin f canbe computedn time polynomialin theiraguments,
f is a polynomial-timecompilationscheme. u

Oneview onthisresultis thatit doesnot matterwhetheyfrom anexpressiity pointof view, we
allow for atomsonly or for literalsandit doesnot matterwhethemnwe have completeor partialstate
specification—praided propositionaformulaeandconditionaleffectsarenot allowed.

4.2 Planning Formalismswith Conditional Effects but without BooleanFormulae

Interestingly the view spelledout above generalizego the casewhereconditionaleffectsare al-
lowed. Also in this caseit doesnot matterwhetheronly atomsor also literals are allowed and
whetherwe have partial or completestatespecifications.In proving that, however, therearetwo
additionalcomplications. Firstly, one mustcompile conditionaleffects over partial statespecifi-
cationsto conditionaleffects over completestatespecifications. This is a problembecausehe
condition A(S, pos{o)) = P(S, pos{o)) in the definition of the function R mustbe tested. Sec-
ondly, whencompiling a formalismwith literalsinto a formalismthat allows for atomsonly, the
condition A(S, pos(o)) %~ L in thedefinitionof R mustbetaken careof. For this reasonwe will
prove thisresultin two steps.

As afirst step,we shaw thatS,z¢ canbe compiledto S;¢. The problemin specifyingsucha
compilationschemas thatthe executionof anoperatolo on a partialstatespecificatioreadsto the
illegal stateif A(S,pos{o)) # P(S, posto)).

Whenconsideringour runningexample(Ex. 1), thingsare quite obvious. Whena statespec-
ification doesnot containthe literal or the negation of the literal thatis mentionedin the effect
condition,thentheillegal statespecificatiorresults. For example,if a statespecificationrdoesnei-
ther containbbl nor —bbl, thenthe resultof executinglatex is 1. In the generalcase,however,
thingsarelessstraightforvard becauseffect literals canbe producedy morethanoneconditional
rule andan effect conditioncanconsistof morethanoneliteral.

Assumingwithout loss of generality(using a polynomialtransformationXhat the effectsare
all singletonsets,we have to checkthe following condition. Either one of the conditionaleffects
with the sameeffect literal is activated—i.e. the effect conditionis entailedby the partial state—
or all of the conditionaleffectswith the sameeffect literal areblodked i.e., eacheffect condition
containsa literal thatis inconsistentvith the statespecificationlf thisis true,theoriginal operator
satisfiesA (S, pos(o)) = P(S, pos{o)), otherwisethe resultingstatespecifications inconsistent.
For example,consideithefollowing S;z¢ operator:

o = (T,{{p,~q} = {-p},{u,v} = {-p}})
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Theapplicationof this operatorsatisfies4 (.S, pos{o)) = P(S, pos{o)) iff either
1. p and—gq aretruein the statespecificationpr
2. u andv aretruein the statespecificationpr
3. oneof p and—q is falseandoneof v andv is false.

In all othercaseswe get A(S, posto)) # P(S,pos{o)) andtheresultis theillegal state.In order
to testfor this conditionin aformalismwith completestatesve introducefour new setsof atoms:

¥ o= {plpent,
2y = {p+|pei}
- = {p-lpez}
T = {z;;|forthejth conditionaleffectof o;}.

Theatomyp' is trueif eitherp or —p is partof the original partial statespecification.The atom
p+ Is settrue by anoperatorif oneof the conditionaleffectsaddsp or if p doesnot appearasan
effectin theoperator Theatomp_ is settrueby anoperatoiif oneof the conditionaleffectsdeletes
p or if —p doesnotappearasaneffectin the operator Finally, atomsof theform z; ; areaddedoy
anactionif the jth conditionaleffectin theith operatoiis blocked by someeffect condition.Using
thesenew atomswe couldtranslatehe above operatoito

0; = <Ta {{plaql’pa _'q} = {p’,p,,ﬁp}’
{U’Ia v',u,v} = {plap—a _'p}a
{plaﬁp} = {3:2',1}’

{qlaq} = {:L'i,l}a

{ula ﬁ’u'} = {xi,Q}a

{v', v} = {zi2},

T = E+ sz — {p,},

T = {zn; €T |m#i}l}).

Let v(i,j) be a functionthatreturnsp or p_, if p or —p, respectiely, is the effect of the jth
conditionaleffect in the ith operator Assumingnow thatthe atomsfrom X’ are setaccordingto
their intendedsemanticsandthatthe previous operatordeletedall atomsfrom ¥, U ¥_ U T, the
following testoperatoichecksvhethertheoriginal operatomwould have led to aninconsistentesult:

test = <T, {{—!.’Ei’j,—!’u(i,j)} = 1| Zij € T}>

Wheneer we have —z; ;, it meanghe jth conditionaleffectin theith operatorwhich mustbethe
previously executedoperator)wasnot blocked. If in additionto thatthe effect of this conditional
effectwasnotactivated,i.e., —v (3, j) is true,we would have A(S, pos{o)) # P(S, pos(o)) in the
originalformalism.For thisreasonye forcetheillegal state.Conversely if eitherz; ; is truefor all
i andj orif it is falsefor onej, but v(i, ) is true,we would have A(S, pos{o)) = P(S, pos{(o))
in the original formalismanddo not needto forcetheillegal state.

We now couldforce, by usingsomeextra literals, thataftereachoperatoro; thetestoperatolis
applied.Thiswould resultin acompilationschemeahatpreseresplansizeonly linearly. However,
it is possibleto do betterthanthat. Thekey ideais to meigethetestoperatoifor theith stepinto the
operatorof stepi + 1.
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Lemma?7 S,zc is polynomial-timecompilableto S.¢ preservingplan sizeexactly

Proof. LetIl = (E,I,G) beaSgzc-instancewith 2 = (X, O). Without lossof generality we
assumehatthe postcondition®f operators); € O have thefollowing form:

pOS(OZ’) = {Lz’,l = li,l) ... aLi,mi = li,mi}a

with Z; ; C £ andl; ; € 3.
First,weintroducea numberof new setsof symbolsthatarepairwisedisjointanddisjointfrom

3
¥ = {p'lpex},
2 = (Pl lpesy,
Syo= {pilpesy,
20 = {°lpesy,
sto= {p'lpes},
T = {7, |forthejth conditionaleffectof o;},
T' = {az;,|forthejth conditionaleffectof o;}.

For a given setof literals L C $, L' denoteghe setof primedliterals,i.e., L' = {p' |p € L} U
{=p' | (-p) € L} andthe function s(-) denotesthe successofunction modulo2, i.e., s(k) =
(k + 1) mod 2. Further thefunctionsv* for k = 0, 1 shallbefunctionsfrom T* to £¥ U ©* such
that

’Uk(i j) = qff_ S Elj_ if (Li,j = q) € pos{o;),
’ q’i exk if (Li,j = —|q) € pOS(OZ’).

Now let post (o;) for & = 0, 1 bedefinedasfollows

post(o;) = {LUc(L') = {p,p',pk } | p € =, (L = p) € pos(o;)} U
{LUo(L') = {-p,p,p*} |p € &, (L = -p) € posto;)},

let blodk*(o;) for k = 0,1 bedefinedas

b|0d<k(0 ) =1{{q,d'} = a: (L ij = lij) € pos{o;), (—q) € L;;} U
{{_'q, } = ‘T 1,J | (LZ,J = lz,]) € pOS(Oi)aq € Li,j}7
andlet test bedefinedas
test® = {{~a{%), ~o*® (i, )} = 1| 2] € TO)}.

Further letc!, ¢?, andg befreshsymbolsnotappearingn £ U %' U % U £F U T*. Now we can
definethe pair of compiledoperators¥ (k = 0,1) correspondingo the original operatoro; € O:

= (pre(o;) U {c*}, post (0;) U blod* (0;) U test U
{T = {-c, —|g,c5(’“)}} U
{T:>Zk uzk — {v*@E,5)} U
{T={zk  exk|m#£i}}u
(T = -x ) U =5 ® sy,
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This pair of compiledoperatorsachiares the intendedeffects andkeepstrack of fully known
atomsusing post, checkswhich conditionaleffects are blocked using blod*, testswhetherthe
executionof the previous operatorsatisfiedthe condition A(S, pos{o)) = P(S,pos{o)) using
tesf, andsetupthe bookkeepingatomsfor the next step. Using the atomsc*, it is enforcedthat
executingandtestingis meigedby parallelizingthe teston step: andexecutionof stepi + 1. In
orderto checkthe executionof thelaststep,we needanextra checkingstep:

olgc = ({F}, test U{T = {g,~cF}}).

Now we canspecifya compilationschemef from Szz¢ to Sz¢ asfollows:

feB) = (TuzuxfustustusturluTrtu{g, '},
U{of, 0t | o; € O} U {og, 05 }),
fi®) = {~g,&~'yu-2% u-2Lu-22 u-2L U0 U
fe(E) = {g},
ti(2,I) = CWAs(I)U CWAs:({p'|p € X, {p,—p} NI +#0D}),
t,(2,G) = G.

Thescheme obviously satisfieconditiong2), i.e., thatthestate-translatiofunctionsaremodular
and(3),i.e.,thatthecompilationfunctionshave polynomiallysizedresults.Further all thefunctions
canbecomputedn polynomialtime,and F'(IT) is aSc-instance.

AssumeS C 3. Thenit is obviousthat

t:(S, Res (S, (0:))) N (S UT') = Res(t:(, 5) U fi(8), (o)) N (EU ),

provided Res(S, (0;)) £ L. In caseRes(S,{0;)) E L, either Res(t;(%,S) U fi(E),(0?)) E
1 or A(S,pos{o;)) # P(S,pos{(o;)). In the latter case,the applicationof ary operatorto
Res(t;(%,9), (0?)) leadsto aninconsistenstatebecausef the conditionaleffectsin test, which
is partof all postcondition®f operatorsaapplicablein this state. Additionally, the sameis true for
therelationbetweeny; (5, Res(S, (0i, 0;)) andRes(t;(%, S) U fi(E), (0}, 0})).

LetA’ = (o), ..., 0,) denoteasequencef operatorsorrespondingo asequencef operators
A = (o1,...,0,). Usinginductionon the planlength,it canbeeasilyshavn that

A is aplanfor IT iff A/; o’gc is aplanfor F(II).
Further sinceary plansolvingtheinstanceF'(II) musthave o’gC asthelastoperatorit follows that
thereexistsa planfor II iff thereexistsa planfor F'(II).

Fromthatit follows immediatelythatf is a polynomial-timecompilationschemdrom Sz to S¢
preservingplansizeexactly, which provestheclaim. u

Having provedthatS.z¢ canbe compiledto Sq¢ preservingplan sizeexactly, it seemsworth
notingthatthis resultdepend®n the semanticehoserfor executingconditionaloperatoron par
tial statespecificationsFor example,if we usean alternatve semanticghatdeletesall theliterals
in =(P(S,posto)) — A(S, pos{o)) provided P(S, pos{o)) is consistentthenthereexists proba-
bly only a compilationschemehat preseresplansizelinearly. If we usea semanticsvherethe
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resultingstatespecificatioris legal whenthe applicationof all state-transformatiofunctionsleads
to atheorythatcanberepresentedsa setof literals, it seemsaunlikely thatthereexistsa scheme
that preseresplansize polynomially Thereasorfor this pessimisticconjecturds thatunderthis
semanticst appeargo be coNP-hardto determinewhetherthe statespecificatiorresultingfrom
applyinga S.zc-operatoris legal.

As a secondstepin shaving thatpartial statespecificationsandliterals canbe compiledaway,
we shav thatwe cancompileS.¢ to S¢. Thekey ideain the proofis the sameasin the proof of
Theoremb. We replacesachngyative literal —p by anew atomp. In orderto detectinconsistencies
introducedby conditional effects, we add to eachpostconditionconditional effects of the form
{p,p} = L. Furtherto checkthatthelastoperatoin aplandoesnotintroduceary inconsistencies,
we forcetheapplicationof a“checking” operatoithatcontainghe sameconditionaleffects.

Lemma8 Sg¢ is polynomial-timecompilableto S¢ preservingplan sizeexactly

Proof. LetIl = (=,1I,G) bea Scc-instancewith 2 = (X, 0). Sincell is a Sg¢-instance the
postcondition®f all operators € O have thefollowing form:

post{o) = {L1 = Ki,...,Ly = Kn},

with L;, K; C 5.
As in theproofof Theorens, & shallbeadisjointcopy of &, and~ L is thesetof atomswhere

eachngyative literal —p is replacedoy theatomp. Now let pos(o) bethefollowing set
pos(o) = {~I; = (~K; U= ~=K;) | (I; = K;) € posto)}.
Further let consbethe setof conditionaleffects
cons= {{p,p} = L|p € X},
let g beanatomnotappearingn ¥, let o be
& = (~pre(o), posto) U consu {T = —g}),
letO = {5| 0 € O}, andlet theoperator, be
0 = (T,consU{T = g}).

Thenwe canspecifya compilationschemef from S;¢ to S¢ asfollows:

feE) = (SuZu{g}, OU{oy}),
fz(E) = {_‘Q}a

fo(E) = {g},

t(5,I) = ~IU-~-I,

(2, G) = ~G.

The schemd obviously satisfiesconditions(2) and(3), all the functionscanbe computedn poly-
nomialtime,and F(II) is a S¢-instance.
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AssumeS C 5. Thenit is obviousthat
t;(X, R(S,0)) = R(t;(%,S),0), providedR(S,0) j= L.

In caseR(S,0) = L, eitherR(¢;(2, S),0) = L or{p,p} C R(t;(%, S),0) for somep € X. In the
latter case the applicationof ary operatorto R(¢;(%, S), 0) leadsto aninconsistenstatebecause
of the conditionaleffectsin cons whichis partof all postconditions.

LetA = (o1,...,0,) denotea sequencef operatorcorrespondingo a sequencef operators
A = {0y, ...,0,). Usinginductionon theplanlength,it canbeeasilyshavn that

A is aplanfor II iff A; og4 is aplanfor F'(IT).
Further sinceary plansolvingtheinstanceF'(II) musthave o, asthelastoperatorit follows that
thereexistsa planfor IT iff thereexistsa planfor F'(II).

It followsthatf is polynomial-timecompilationschemdrom S.¢ to S¢ preservinglansizeexactly,
which pravestheclaim. u

Thisresultis, of coursenotdependenbnthesemantichecauséothformalismsdealonly with
completestatespecificationsandhencewe alwayshave A(S, pos{o)) = P(S, pos{(o)).

Theorem9 Srzc, See, Sze, andSe are polynomial-timecompilableto eat otherpreservingplan
sizeexactly

Proof. Sczc j}, Sc follows from Lemmag8, Lemma7 and Propositiond4. Using Propositions4
and5 andthefactthatSe C Szc T Spzec andSe C Sz¢C Seze, theclaimfollows. u

5. The Limits of Compilation when Presewning Plan SizeLinearly

Theinterestingguestionis, of coursewhetherthereareothercompilationschemegreservinglan
sizeexactly thanthosewe have identifiedsofar. Asit turnsout, thisis notthe case.We will prove
thatfor all pairsof formalismsfor which we have notidentifieda compilationschemepreserving
plansizeexactly, sucha compilationschemeas impossibleavenif we allow for alinearincreaseof
the plansize. For somepairsof formalismswe are even ableto prove thata polynomialincrease
of the plan sizewould not helpin establishinga compilationscheme.Theseresultsare, however,
conditionalbasednanassumptiomnhatis slightly strongethantheP # NP assumptionA preview
of theresultsof this sectionis givenin Tablel. ThesymbolC meanghatthereexistsacompilation
schemebecausehe first formalismis a specializatiorof the secondone. In all the othercaseswe
specifythe separatiorandgive thetheoremnumberfor this result.

5.1 Conditional Effects Cannot be Compiled Away

First of all, we will prove that conditionaleffects cannotbe compiledaway. The deepereason
for this is that with conditionaleffects, one canindependentiydo a numberof thingsin parallel,
which is impossiblein formalismswithout conditionaleffects. If we consider for example,the
operatorlatex from Examplel, it is clearthatit ""propagates™the truth value of bbl andind to
dvi_cite_ok anddvi_ind_ok, respectiely—provided the statespecificatiorsatisfieghe precondition.
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<* | Spre | [Sczc] Sne Sz Si [Scz]
yad 2P 2° yad 2P
Spzc =
Cor. 15 Cor. 15 Cor.12 | Cor. 15| Cor. 15
ya ya ya
[Scze] | C = C
Theo.11 | Cor. 12 | Cor. 12
ya ya ya ya
Sne C =
Cor. 19 Cor.12 | Cor. 12 | Cor. 19
yad yad yad yad
SBT C =
Cor. 15 | Theo.14 Cor. 15| Cor. 15
2° 2°
Sp c E c =
Theo.18 Cor. 19
[Scz] c c E c c =

Tablel: SeparatiorResults

It is obviously possibleto comeup with a setof exponentiallymary operatorghatcandothesame
thingin onestep.However, it is unclearow to dothatwith lessthanexponentiallymary operators.
In fact,wewill shaw thatthisis impossible.

In orderto illustratethis point, let us generalizehe abore example. We startwith a setof n
propositionalatomsy,, = {pi,...,p,} anda disjoint copy of this set: ©# = {pf | pi € By}

—

Furtherif S C 2/3; thenS# shalldenotethe correspondingetof IiteralsoverE#, i.e.,
§* = {pf |pi € S} U {-pf | -pi € S}.
Considemow thefollowing Syz¢ domainstructure:
S = SaUSH,
Oz, = {(T,{pi = pl,-pi =l |pi€ En})},
Bon = (Zon, O2n)-

Fromtheconstructionit follows thatfor all pairs(I, G) suchthatlI is a consistenandcompleteset
overi; andG C I#, theinstancdl = (E,,,I, G) hasa one-stegplan. Corversely for all pairs
(I,G) withG N o# Z I#, theredoesnot exist a solution.

Trying to definea Spz domainstructurepolynomially sizedin ||Z2, || with the sameproperty
seemgo beimpossible gvenif we allow for c-stepplans.However, in trying to prove this, it turns
outthatanadditionalconditionon the state-translatiofunctionis needed.

We say that the state-translatiofiunctionsare local iff for all statespecificationsS and for
31 N3y = 0 wehave

£:(31, 5N E1) Nty(S2, SN Ty) = 0.
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With locality asan additionalcondition on state-translatiofiunctionswe could easily prove that
conditionaleffects cannotbe compiledaway. Insteadof doing sowe will shav, however, thatit
is possibleto derive a wealer conditionfrom the definition of compilationschemeghat will be
enoughto prove theimpossibilityresult. This wealer conditionis quasi-localityof state-translation
functionsrelative to a given setof symbolsy, which in turn is basedon the notion of univesal
literals. A literal is calleda universalliteral for given state-translatiofunctionson X iff oneof
thefollowing conditionsis satisfied:

1. forallp € 3: 1 € t;({p}, {p}), or
2. forallp € £: 1 € t;({p},{—-p}), or
3. forallp € =: 1 € t;({p},0), or

4. forallp € £:1 € ty({p},{p}), or
5. forallp € ¥: 1 € t,({p}, {—-p}), or
6. forallp € ¥: 1 € t,({p},0).

Let U denotethe setof universalliterals. Now we definequasi-locality of state-translatiofunc-
tionsrelative to a setof propositionaktomsy andtheinducedsetof universalliteralsU asfollows.
ForeachS C ¥ suchthatS [~ L andfor all pairsX;, ¥, C ¥ with £, N X, = (§, we have

ti(21, S NE1) Nt,(Se, SN Ty) C UL

In words,the only non-localliteralsin quasi-locaktate-translatiofunctionsarethe universalliter-
als.

Lemma 10 For a givencompilationschemef = (fe, f;, fq,ti,ty) and natural numbern, there
existsa setof atomsy: C ¥ sudi that || > n andt; andt, are quasi-localon X.

Proof. Let#: X — 2% bea functionthat hasasthe resultthe union of all resultsfor all possible
translationof aliteral returnedby the state-translatiofunctionsii.e.,

t(p) = t:i({p}, {p}) Vt:({p}, {-p}) Ut:({p}, O)U
to({r}, {p}) Uty({p}, {-p}) Uty({p},0).

SetS = ¥ andU = (. Now we chooseaninfinite subses’ of S suchthateither

1. forall p € S', thereareonly finitely mary otheratomsg € S’ suchthat(¢(p) Nt(q)) — U # 0,
or if suchaninfinite subsebf S doesnotexist,

2. S' hasauniversalliterall ¢ U andwe setU’ = U U {i}.

Note that suchaninfinite subsetS’ mustexist. The reasonis thatsomeliteral I ¢ U must
occur for infinitely mary atomsin ¢ over S becausewve could not find an infinite subset
satisfyingcondition(1). Becausdor asingleatomthereareonly six possiblevaysto generate
[, theremustexist aninfinite subsesuchthatthis literal occursin all of eithert, ({p}, {p}).
tz({p}, {—-p}), ortz({p}, 0) (for z = i, g) andin this subsef is auniversalliteral.
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If we canpick a subsetsatisfyingthe first condition,we canchoosefrom it a finite subsef with
ary desiredcardinalitysuchthatthe state-translatiofunctionsarequasi-localwith respecto > and
U.

Otherwisewe repeatthe selectionprocesswith S’ andU’ until condition(1) is satisfied.This
selectionprocesscan only be repeatedinitely often becausetherwisethere are someatomsp
suchthatt(p) hasaninfinite result,which is impossiblebecausehe state-translatiofunctionsare
polynomial-timecomputableandcanthereforehave only finite results.

This demonstrateshat there always exists a set of propositionalatomssuchthat the state-
translationfunctionsare quasi-local. However, we might not be ableto effectively determinethis
set. n

Using this result, we arefinally ableto prove the non-istenceof compilationschemedor
compilingconditionaleffectsaway whenpreservinglansizelinearly.

Theorem 11 S;7¢ cannotbecompiledto Szz preservingplan sizelinearly.

Proof. Assumefor contradictionthatthereexists a compilationschemef from S;z¢ to Sz pre-
servingplan size linearly, which compilesthe domainstructure=,,, definedabove into the Sz
domainstructure
Becausef Lemmal0 we canassuméhatthe setof atomsXy, is chosensuchthatthetranslation
functionsarequasi-locabn this set.

Let usnow considerall initial statespecificationd thatare consistenand completeover %,
anddo not containonly positive or only negatie literals:

Ie2 —{%,,-%,}.

Obviously, thereare2™ — 2 suchstatespecifications.By assumptiongachSzz instanceof the
following form

<E,2n7 ti(EZTLaI) U fl(EQTl)a tg(znal#) U fg(EZn»

hasa c-stepplan. Sincethereareonly O(|O5,,|¢) differentc-stepplans,whichis anumbermolyno-
mial in thesizeof =,,,, thesameplan A is usedfor differentinitial states—praidedn is suficiently
large.

SupposehattheplanA is usedfor thepairs(I}, G!), (I;, G5), whichresultfrom I; andIs:

I, = t(Z0,T) U fi(Eon)
Gl = t
I, = t
GIQ = tg(znaI#)Ufg(EZn)

Sincel; # I, I} andI, mustdiffer on at leastoneatom,sayp. Withoutlossof generalitywe
assume € I, and—p € I,. SinceA is asuccessfuplanfrom I’ to G| andbecause, is modular
it follows that

Res(Ill’A) 2 Gll 2 tg({p#}a {p#})'
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Someof theliteralsin ¢,({p*}, {p*}) maybeaddedby operatorsn A but noneof theliterals
int,({p*}, {p*}) canbedeletecby anoperatorin A withoutreestablishinghis literal by another
operatorafter its deletion. BecauseA containsonly operatorswith unconditionaleffects, it adds
anddeleteghe samditeralsregardles®f theinitial state.

Let usnow assumehatthereexistsaliteral I € t,({p*}, {p*}) thatis notaddedby A. This
impliesthat! € I} andwe have to distinguishthreecases:

1. I € fi(Eqy), fromwhichwe concludethat! € I,.
2. 1 € t;({p*},0) C I}, whichalsoimpliesthat € Ij.

3.1 € ti({g}, L) with ¢ # p* andL € {{q},{—q},0}. Becausave assumedhatthe state-
translationfunctionsarequasi-locabn 5, [ mustbea universalliteral. If [ is universalfor
t;, thenwe will have | € T, becausehe possibleinitial statescontainpositve andnegative
literalsaswell asno literal for someelementdrom Xo,. If 1 is universalfor ¢4, it is present
in G} andin G, for the samereason.Further becausé is notaddedby A andA is avalid
planfrom I, to G, it mustalsobe partof of I,,.

In otherwords,all literals? € t,({p*}, {p*}) thatarenotaddedby A arealreadyin I; andI.
Fromthatwe concludethat

Res(Iy, A) D t,({p"}, {p*}).
Now let

GIZI = t9(22n - {p#}’I%éle - {_'p#}) U fg(EZn)a
Gy = Gyut,({p"},{p*})
= 1y(Son, I — {-p#} U{p#}) U f,(Ean)-

Because, is modular it is clearthat G, O G4 andthereforeRes(I5, A) O GY. BecauseA
achizes G} aswell ast,({p*}, {p*}), it follows that (againbecause, is modular),A achiees
alsoGY'.

Since(Zgy, Io, I# — {-p#*} U {p#}) doesnot have ary plan,thereshouldnot beary planfor
(25,.15, GY'). ThefactthatA is a planfor this instanceimplies thatf cannotbe a compilation
schemewhichis thedesiredcontradiction. L

Using Propositiongt and5 aswell asTheorenmd, thisresultcanbe generalizedsfollows (see
alsoTablel).

Corollary 12 Sgzc, Spe, and[Szz¢] cannotbecompiledto Sgz or anyformalismspecializingSgz
preservingplan sizelinearly.

This answerghe questionof whethermore spaceefficient compilationschemegrom S, to
S thanthe oneproposedyy GazenandKnoblock (1997)arepossible.Evenassuminginbounded
computationatesourcegor the compilationprocessa morespaceefficient compilationschemes
impossible—preided thatthe compilationshouldpresere plansizelinearly® If we allow polyno-
mially larger plans,thenefficient compilationschemesirepossibleseeSectiont).

8. This resultdemonstratethatthe choiceof the semanticxanbe very important. If we interpretconditionaleffects
sequentiallyasBrewka andHertzbeg (1993)do, thenthereexistsanstraightforvard compilationschemepreserving
plansizeexactly.
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5.2 Non-Uniform Complexity Classes

In the next sectionwe make useof so-callednon-uniformcompleity classeswhich are defined
usingadvice-takingmadines in orderto prove the impossibility of a compilationscheme. An
advice-taking Turing machineis a Turing machinewith anadvice oracle, whichis a (not neces-
sarily recursve) functiona from positive integersto bit strings.Oninput 7, the machineloadsthe
bit stringa(||Z||) andthencontinuesasusual.Notethattheoraclederiesits bit stringonly from the
lengthof theinputandnotfrom the contentf theinput. An adviceis saidto be polynomial if the
oraclestringis polynomially boundedby theinstancesize. Further if X is a compl«ity classde-
finedin termsof resource-boundedachinese.qg.,P or NP, thenX/poly (alsocallednon-uniform
X) is the classof problemsthat canbe decidedon machineswith the sameresourceboundsand
polynomialadvice.

Becausef theadviceoracle theclassP/poly appearso be muchmorepowerful thanP. How-
ever, it seemaunlikely that P/poly containsall of NP. In fact, onecanprove thatNP C P/poly
implies certainrelationshipsetweenuniform compleity classeghat arebelieved to be very un-
likely. For statingthis result,we first have to introducethe polynomialhierarchy.

Let X be a classof decisionproblems. Then PX denotesthe classof decisionproblemsP
thatcanbe decidedin polynomialtime by a deterministicTuring machinethatis allowedto usea
procedure—ao0-calledoracle—for decidinga problem@ € X, wherebyexecutingthe procedure
doesonly costconstantime. Similarly, NP* denoteshe classof decisionproblemsP suchthat
thereis a nondeterministiduring-machinghatsolvesall instance®f P in polynomialtime using
anoraclefor @ € X. Basedonthesenotions thesetsA?, £¢  andIl? aredefinedasfollows:?

Al = TP =T = P,

p _ p=
Ay, = P,
P
SPo1 = NP,
p
I, = coNP>.

Thus, X! = NP andII} = coNP. Thesetof all classeslefinedin thisway is calledthe polynomial
hierarchy, denotedby PH. Notethat

PH=JA? = |J =% = | I? C PSPACE.
k>0 k>0 k>0

Furtherwe have, A? C ¥ NTIF and>}, IT¥ C A, 4. As with otherclassesit is unknavn whether
theinclusionsbetweerthe classesareproper However, it is stronglybelieved thatthisis the case,
i.e., thatthe hierarchyis truly infinite.

Basedon thefirm beliefthatthe polynomialhierarchyis proper the abose mentionedjuestion
of whetherNP C P/poly canbeansweredlIt hasbeenshavn thatNP C P/poly wouldimply that
thepolynomialhierarchy collapseonthesecondevel (Karp & Lipton, 1982),i.e., %5 = T15. This,
however, is consideredo be quite unlikely. Further it hasbeenshavn thatNP C coNP/poly or
coNP C NP/poly implies thatthe polynomialhierarchycollapsesat the third level (Yap, 1983),
i.e., X5 = I, which againis consideredo be very unlikely. We will usetheseresultfor proving
thatfor somepairsof formalismsit is very unlikely that oneformalismcanbe compiledinto the
otherone.

9. Thesuperscriptp is only usedto distinguishthesesetsfrom theanalogousetsin the Kleenehierarchy
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5.3 On the Expressve Power of Partial State Specificationsand BooleanFormulae

In all the casesconsideredso far, operatorsover partial statespecificationsould be compiledto
operatorsover completestatespecificationsj.e., partial statespecificationgdid not add ary ex-
pressieness.This is no longertrue, however, if we alsoallow for arbitrarybooleanformulaein
preconditionsand effect conditions. In this case,we candecidethe coNP-completeproblemof
whethera formulais atautologyby decidingwhethera one-steplan exists. Asking, for example,
if theSpz-instanceX, {{(p,9)}, 0, {g}) hasaplanis equivalentto askingwhetheryp is a tautology

Let the one-stepplan existenceproblem (1-PLANEX) be the PLANEX problemrestrictedto
plansof size one. From the abore it is evident that Sgzc-1-PLANEX and Sgz-1-PLANEX are
coNP-hard. Let p be somefixed polynomial,thenthe polynomial step plan-existenceproblem
(p-PLANEX) is the PLANEX problemrestrictedto plansthathave lengthboundedby p(n), if n is
thesizeof the planninginstance As is easyto see this problemis in NP for all formalismsexcept
Spzc andSgz. Thereasoris thatafterguessinga sequencef operatorsandstatespecification®f
polynomialsize,one canverify for eachstepin polynomialtime thatthe preconditionis satisfied
by the currentstatespecificationand produceshe next statespecification. Sincethereare only
polynomiallymary stepsthe overall verificationtakesonly polynomialtime.

Proposition 13 X-p-PLANEX canbesolvedin polynomialtime on a nondeterministiduring ma-
chinefor all formalismdifferentfromSzzc andSgz.

FromthefactthatSpz-1-PLANEX is cONP-hardand,e.g.,Ssc-p-PLANEX is in NP, it follows
almostimmediatelythat thereis no polynomial-timecompilationschemefrom Spz to S that
preseres plan lengthpolynomially (if NP # coNP). However, evenif we allow for unbounded
computationatesource®f the compilationprocessa prooftechniqudirst usedby KautzandSel-
man(1992)canbe usedto shav thatsucha compilationschemeannotexist (provided 2% # I1%).

Theorem 14 Sgz cannotbe compiledto Sg¢ preservingplan sizepolynomially unlesseh = T1%.

Proof. Let ¢ beapropositionaformulaof sizen in conjunctve normalform with threeliteralsper
clause As afirst step,we construcfor eachn a Sz domainstructure=,, with sizepolynomialin n
andthefollowing propertiesUnsatisfiabilityof anarbitrary3CNFformulay of sizen is equivalent
to 1-stepplanexistencefor the Spz-1-PLANEX instance(=,, L., {g}), wherel, canbe computed
in polynomialtime from .

Givenasetof n atoms,denotediy P,,, we definethe setof clausesA,, to bethesetcontaining
all clauseswith threeliterals that canbe built usingtheseatoms. The sizeof A, is O(n?), i.e.,
polynomialin n. Let D,, be asetof new atomspy;, ;, 1,1 correspondingne-to-oneo the clauses
in A,,. Furtherlet

o, = /\{ (L VI VI3V Py i0sy) [ {10213} € An}-
Wenow construct Spz domainstructureS, = (X, 0,) for all formulaeof sizen asfollows:

En = PnUD’nU{g}a
On = {{~®a}.{gh}.
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Let C beafunctionthatdeterminegor all 3CNFformulaey, whichatomsin D,, correspondo the
clausesn theformula, i.e.,

Clp) = {Ppu1 o5} | {11:12,13} € 9}

Now, theinitial statefor ary particularformulay of sizen is computedasfollows:
I, = =C(p) U (Dn — C(p)) U{~g}-

Fromtheconstructionijt follows thatthereexistsa one-stegplanfor (£,,, 0y, I,,{g}) iff ¢ is
unsatisfiable.

Let usnow assumehatthereexists a compilationscheme from Sz to Sge preservingplan
sizepolynomially Further let usassumeéhatthe Szz domainstructure=,, is compiledto the Sz¢
domainstructure=!, = (X!, 0!). Using this compileddomainstructure,we can constructthe
following advice-takingruring machine.

On input of a formula ¢ of sizen, we load the advice (27, fi(X,, On), f¢(Xr, 0r)). This
adviceis polynomialbecausé&,, is polynomialin thesizeof ¢ anda compilationschemegenerates
only polynomially larger domainstructures.Becausé; is a polynomial-timefunctionandI,, can
be computedrom ¢ in polynomialtime, we cancompute

II — tz(E'Ila Itp) U fl(zna On)
in polynomialtime. Also the goalspecification

G' = tg(zna {9}) U fg(zna On)

canbe computedn polynomialtime. Finally, we decidethe p-PLANEX problemon the resulting
Spc-instance(=! . T', G'). From Proposition13 we know thatthis canbedonein polynomialtime
onanondeterministi@uringmachine.

Becausedeciding p-PLANEX for (=!,1',G’) is equvalent to deciding 1-PLANEX for
(En,I,,{g}), whichis in turn equialentto decidingunsatisfiabilityof ¢, it follows thatwe can
decidea coNP-completeproblemon anondeterministicpolynomialadvice-takingruring machine
in polynomialtime. Fromthatit follows thatcoNP C NP/poly. Using Yap's (1983)result,the
claimfollows. u

UsingPropositiord andPropositiorb, theabove resultgeneralizeasfollows (seealsoTablel).

Corollary 15 Sgz¢ andSpz cannotbecompiledo anyoftheotherplanningformalismgreserving
plansizepolynomially unless = T15.

If we restricttheform of theformulae however, we maybeableto devise compilationschemes
from Spz to, e.g.,Sz. Reconsideringhe proof of the lasttheoremiit turnsout thatit is essential
to usethe nggationof a CNF formulaasa precondition.If we restrictoursehesto CNF formulae
in preconditionsjt seemsossibleto move from partialto completestatedescriptionaisingideas
similarto the onesusedin the proof of Lemma?.

However, no such compilation schemewill work for Sgze. The reasonis the condition
A(S,post{o)) = P(S,pos(o)) in the definition of the function R. If this conditionis not satis-
fied, theresultof the operatoris inconsistent.This conditioncould be easilyemplgred to reduce
unsatisfiabilityof CNF formulaeto 1-stepplan existence which enableausto usethe sametech-
niqueasin the proof of theabove theorem.
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5.4 Circuit Complexity

For the next impossibility resultwe needthe notionsof booleancircuits and families of circuits

A booleancircuit is a directed,agyclic graphC = (V, E), wherethe nodesV arecalledgates

Eachgatev € V hasatype type(v) € {—,V,A,1,0} U {z1, z2,...}. Thegateswith type(v) €

{1,0,z1,z9,...} have in-degreezero, the gateswith type(v) € {=} have in-degreeone,andthe
gateswith type(v) € {A,V} have in-dggreetwo. All gatesexceptonehave atleastoneoutgoing
edge.Thegatewith no outgoingedgeis calledthe output gate Thegateswith noincomingedges
arecalledtheinput gates Thedepth of acircuitis thelengthof thelongestpathfrom aninputgate
to theoutputgate.Thesizeof a circuit is thenumberof gatesn thecircuit.

Given a valueassignmento the variables{z1, zo, ...}, the circuit computeghe value of the
outputgatein theobviousway. For examplefor z; = 1 andzy = 0 we getthevaluel attheoutput
gateof thecircuit shavn in Figure4.

z1 z2

Figure4: Exampleof aboolearcircuit

Insteadof usingcircuitsfor computingbooleanfunctions,we canalsousethemfor accepting
words of lengthn in {0,1}*. Awordw = z;...z, € {0,1}" is now interpretedas a value
assignmento then inputvariablesry, . . . , z,, of acircuit. Theword is acceptediff the outputgate
hasvalue 1 for this word. In orderto dealwith wordsof differentlength,we needonecircuit for
eachpossibldength.A family of circuits is aninfinite sequenc& = (Cy, C4, . ..), whereC,, has
n inputvariables.Thelanguagecceptedby sucha family of circuitsis the setof wordsw suchthat
C\|w|| @cceptsv.

Usually oneconsiderso-calleduniform familiesof circuits,i.e., circuitsthatcanbegenerated
onaTuringmachinewith alog n-spacdound.Sometimeshowever, alsonon-uniformfamiliesare
interesting.For example the classof languagesicceptedby non-uniformfamiliesof polynomially-
sizedcircuitsis justtheclassP/poly introducedn Section5.2.

Using restrictionson the size and depthof the circuits, we can now definenen compleity
classeswhich in their uniform variantsare all subsetsof P. One classthat is importantin the
following is the classof languagescceptedy uniform families of circuits with polynomialsize
andlogarithmicdepth,namedNC!. Anotherclasswhich provesto be importantfor usis defined
in termsof non-standardircuits,namelycircuitswith gateshathave unboundedan-in. Insteadof
restrictingthein-degreeof eachgateto betwo atmaximum,we now allow anunboundedh-degree.
The classof languagescceptedy familiesof polynomially sizedcircuitswith unboundedan-in
andconstantlepthis called ACP.
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From the definition, it follows almostimmediatelythat AC® C NC!. Moreover, it hasbeen
shawn thattherearesomelanguagesn NC' thatarenotin the non-uniformvariantof AC?, which
impliesthat AC® # NC' (Furst,Saxe, & Sipser1984).

5.5 BooleanFormulae Cannot be Compiled to Conditional Effects

As we have seenin Section5.3, Booleanformulaeare quite expressie if they areusedin combi-
nationwith partial statespecifications.However, whatif all statespecificationsare complete?In
this case,t seemdo be possibleto simulatethe evaluationof CNF formulaeby usingconditional
effects.In fact,it is possibleo compilein polynomial-time for example Si to S¢ preservinglan
sizelinearly, provided all formulaearein conjunctve normalform. Eachoperatorwould have to
be splitinto two operatorspnethatevaluateghe clausef all theformulaein theoriginal operator
andonethatcombinegheseevaluationsandtakesthe appropriateactions,e.g.,assertingl if the
preconditions not satisfied. Sequencingf thesepairsof operatorcanbe achiezed by introducing
someextralliterals.

What canwe sayaboutthe generalcase hovever? Whentrying to simulatethe evaluationof
anarbitrarylogical formulausingconditionaleffects,it seemdo bethe casethatwe needasmary
operatorsasthenestingdepthof theformula,which meanghatwe would needplansthatcannotbe
boundedo beonly linearly longerthantheoriginal plans.

We will usetheresultssketchedn Section5.4to separat&i andS,¢. In orderto do so,let us
view domainstructureswith fixedsize plansas“machines”thatacceptianguageskor all wordsw
consistingof n bits, let

En = (Z,U{g}, On).

Assumethattheatomsin 3, arenumberedrom 1 to n. Thenaword w consistingof » bits could
be encodedy thesetof literals

I, = {p: | if theith bit of wis 1} U {~p; | if theith bit of w is 0}.

Corversely for a consistenstatespecificationS € fl\n letwg beaword suchthattheith bit is 1 iff
p; €8.

We now saythatthe n-bit word w is acceptedwith a one-stepor c-stepplan by =, iff there
existsa one-stepor c-stepplan,respectiely, for theinstance

I, = <<En U {g}a On)alw U {ﬁg}a {g}>

Similarly to familiesof circuits, we alsodefinefamiliesof domainstructuresE = (5, =1, . . .).
Thelanguagecceptedy suchafamily with aone-stegor c-step)planis thesetof wordsaccepted
usingthe domainstructurez,, for wordsof lengthn. Borrowing the notion of uniformity aswell,
we saythatafamily of domainstructuress uniform if it canbegeneratedby alog n-spaceruring
machine.

Papadimitriou has pointed out that the languagesacceptedby uniform polynomially-sized
booleanexpressionds identicalto NC! (Papadimitriou,1994, p. 386). As is easyto see,a fam-
ily of Sp domainstructuress nothingmorethanafamily of booleanexpressionsprovidedwe use
one-steplansfor acceptance.

Proposition 16 Theclassof languayesacceptedy uniformfamiliesof Sz domainstructuesusing
one-steplan acceptancés identicalto NC'.
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If we now have a closerlook at whatthe power of c-stepplanacceptancéor familiesof S¢¢
domainstructuress, it turnsoutthatit is lesspowerful thanNC!. In orderto shav that,wewill first
prove thefollowing lemmathatrelatesc-stepS,¢ plansto circuitswith gatesof unboundedan-in.

Lemmal7 LetE = (3, O) beaS,¢ domainstructue, let G C f], andlet A bea c-stepplanover
=. Thenthere existsa polynomiallysizedoooleancircuit C with unboundedan-inanddepth7¢+ 2
sud that A is a planfor (£, 1, G) iff thecircuit C hasvaluel for theinputwy.

Proof. The generalstructureof a circuit for a c-stepScc planis displayedin Figure5. For each

Figureb: Circuit structureandgoaltestingfor a c-stepS,c plan

plan step(or level) j andeachatomp;, thereis a connectiorp{. The connectionsn level 0 are
theinputgatesj.e.,p! = z;. Thegoaltestis performedby an A-gatethatchecksthatall thegoals
aretrueon level ¢, in our caseG = {p1, —p2,pn}. Further usingthe v-gate,it is checledthatno
inconsisteng wasgenerateadvhenexecutingtheplan.

For eachplan stepj, it mustbe computedwhetherthe preconditionis satisfiedand what the
resultof the conditionaleffectsare. Figure6 (a) displaysthe preconditiontestfor the precondition
{p1,p2, p3}. If theconjunctionof the preconditiorliteralsis nottrue, L, becomedrue,whichis
connectedo the v-gatein Figure5.

Without lossof generality(usinga polynomialtransformation)ywe assumehatall conditional
effectshave theform L = [. Whethertheeffect! is actvatedonlevel j is computedy acircuit as
displayedn Figure6 (b), which shavs thecircuit for {p1, =ps} = —p;.

Finally, all activatedeffectsarecombinedby thecircuit shavn in Figure6 (c). For all atomsp;,
we checkwhetherbothp; and—p; have beenactivated,which would set L, true. Thisis againone
of theinputsof the V-gatein Figure5. If neitherp; nor —p; have beenactivated,thevalueof p; on
level j + 1 is determinedy thevalueof p; onlevel j. Otherwisethevalueof p; onlevel j + 1 is
determinedy thevalueof p;”, i.e., theactvationvalueof thepositive effectp; onlevel j.

Thedepthsof the circuitsin Figure6 (b) and(c) dominatethe depthof the circuit necessaryo
represenbneplanstepleadingto the conclusionthata planstepcanberepresentedsinga circuit
of depth7. Adding thedepthof the goaltestingcircuit, the claim follows. u

ThelemmaimpliesthatS.¢ c-stepplanacceptances indeedesspowerful thanSg 1-stepplan
acceptanceyhich meanghata compilationschemdrom Sz to S¢ preservinglansizelinearlyis
impossible.
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»,  py P P, Py Py

@) (b)

Figure6: Circuit structurefor preconditiorntesting(a), conditionaleffects(b), andthe computation
of effects(c) for S.¢ operators

Theorem 18 Sz A¢ X, for all membes X' of the Sz¢-class.

Proof. We shav thatSz A€ S, from which by Theorem9 andPropositiord the claim follows.
Assumefor contradictionthatSg <¢ Sgc. Let E = (Ey, Zq,...) beauniform family of Sz
domainstructuresndZ' = (Ej, 2/, ...) betheS,¢ domainstructuregeneratedy a compilation
schemef that preseres plan size linearly By Lemmal7 we know that for eachS,c domain
structure=], = (X!, Ol ) andgivengoal G’ we cangenerate polynomiallysized,unboundedan-
in circuit with depth7c¢ + 2 thattestswhethera particularc-stepplanachieresthegoal. In orderto
decidec-stepplanexistencewe musttestO(| O/, |¢) differentplans,whichis polynomialin thesize
of =,, becausd is a compilationscheme.For eachplan, we cangeneratenetestcircuit, and by
addinganothen/-gatewe candecidec-stepplanexistenceusinga circuit with depth7c+ 3 andsize
polynomialin the sizeof =,,. Further sincethe state-translatiofunctionsaremodulay theresults
of ¢; for fixed X canbe computedusingan additionallevel of gates. Sinceby Propositionl6 all
languagesn NC! are acceptedy uniform familiesof Sz domainstructuresusingone-stegplan
acceptancegurassumptiorsz <¢ S;¢ impliesthatwe canacceptll languagen NC! by (possibly
non-uniform)AC? circuits,which is impossibleby theresultof Furstandcolleague$1984). u

Usingthe Propositiongl and5 again,we cangeneralizéhe abose theoremasfollows.

Corollary 19 Spc andSg cannotbe compiledto [Scz¢] or [Scz] preservingplan sizelinearly.

6. Compilability Presewing Plan SizePolynomially

As hasbeenshavn in the previoussectiononly the compilationschemeinducedby Propositiongt
and5 andthe onesidentifiedin Section4 allow for compilationschemegpreservingplan size ex-
actly. For all otherpairsof formalismswe wereableto rule out suchcompilationschemes—an
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if we allow linear grownth of the resultingplans. Neverthelesstheremight still be a chancefor
compilationschemegpreservingplan size polynomially Having shovn thatSpz¢ andSgz cannot
be compiledto the otherformalismsevenif the plancangrow polynomially we maystill be able
to find compilationschemesgpreservingplan size polynomially for the Spz¢/Spz pair andfor the
remainingformalisms.

A preview of the resultsof this sectionis givenin Figure7. As it canbe seen,we areable

Figure7: Equivalenceclassesof planning formalismscreatedby polynomial-time compilation
schemegreservingplan size polynomially Compilationschemesonstructedn this
sectionareindicatedby dashedines

to establishcompilationschemegpreservingplan size polynomiallyfor all pairsof formalismsfor
which we have not provedtheimpossibility of suchcompilationschemes.

6.1 Compiling Conditional Effects Away for Partial State Specifications

Thefirst compilationschemeve will developis onefrom Siz¢ to Spz. As before,we assumehat
the conditionaleffectshave only singletoneffect sets. Further sincewe canusearbitraryboolean
formulaein theeffectconditionsn Szz¢, weassumehatthereis only onerulefor eacheffectliteral.
Usingasimplepolynomialtransformationarbitrarysetsof operatorcanbebroughtinto this form.
This simplifiescheckingthe condition A(S, pos{o)) = P(S, pos{o)) considerablybecausaowv
only onerule canactivatea particularliteral.
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In orderto simulatethe parallelbehaior of conditionaleffects,we have to breakthemup into
individual operatorghatare executedsequentially This meanghatfor eachconditionaleffect of
anoperatorwe introducetwo new operators.Onesimulateshe successfubpplicationof therule,
the otherone simulatesthe “blocking” situationof the rule. At leastone of theseoperatoranust
be executedfor eachconditionaleffect in the original operator This is somethingwe canforce
by additionalliterals thatareaddedto control the executionof operators.All in all this leadsto a
sequencef operatorghathaslengthboundedoy the numberof conditionaleffectsin the original
operator

If wewantto simulatetheparallelbehaior by asequencef unconditionabperatorstheeffects
of the unconditionaloperatorsshouldnot directly influencethe statedescription,but the effect
should be deferreduntil all operatorscorrespondingo the setof conditional effects have been
executed.For this reasonwe will usea sequencef “copying operators’which copy the activated
effectsto the statedescriptiorafterall “conditionaloperators’have beenexecuted.Thesé‘copying
operators’tanalsobeusedto checkthatthe setof activatedeffectsis consistent.

Theorem 20 Spz¢ canbecompiledio Sgz in polynomialtime preservingplan sizepolynomially

Proof. Assumethat= = (X, O) is the Sgz¢ sourcedomainstructureandassumeurther, without
lossof generality(usinga polynomialtransformation)thatall operatordave theform

0; = (preo;), {win = lits-- -, Pimi = limi})s

with ¢; ; € Lz, l;; € %, andl; j # 1 fori # k.

LetX, andX_ bedisjointcopiesof ¥, whichareusedto recordtheactve effectsof conditional
effects,andlet X be anotherdisjoint copy, which is usedto recordthat an active effect hasnot
beencopiedyet. Furtherlet o = {p, | 0 € O} beaneawn setof atomscorrespondingne-to-ongo
theoperatorsn O andlet Y beasetof symbolscorrespondingne-to-oneo all conditionaleffects
in O, i.e.,

T = {zi;|(pi; = li;) € posto;),0; € O}.

Finally, let c beafreshatomnotappearingn X U X, UX_ U X4 U X0 thatsignalsthatcopying
the active effectsto the statespecificationis in progress.The setof symbolsY’ for the compiled
domainstructures then

Y=NUZLUZ_UZgUZoUTU{c}.

For eachoperatoro; € O, thecompilationschemeantroducesa numberof newv operatorsThe
first operatorwe introduceis one which checkswhetherthe conditionaleffects of the previous
operatorshave all beenexecutedno copying is in progressaandthe preconditionis satisfied.If this
is the casethe executionof the conditionaleffectsfor this operatotis started:

oP"® = (pre(o;) U =50 U {=c}, {po,} U= U-% U=TU-u).

This operatorenablesall the “conditionaleffect operators. For the activatedeffects,we introduce
thefollowing operators:
4:>1i’j —

0; {po; A wijts {zij} U{p+ pg | p=1lij} U{p—,pg [~ =1lij}).
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In words, if the effect conditionis entailed thenthe activatedpositive or negative effect aswell as
thefactthattherule hasbeentriedis recorded.

Sincethereis at most one effect literal for eachconditional effect, a conditional effect is
“blocked” if the negation of the effect condition is entailedby the state specification. For all
“blocked conditionaleffects” we introducethe following operators:

Oz'_‘,w = <{po¢ A _'(Pi,]'}a {‘T%J}>

In orderto checkthatall conditionaleffectshave beerntried (activating the correspondingffect
or notactivatingit becausé¢he conditionaleffectis blocked), thefollowing operatoiis used:

0f = ({po;} U{mij € T | (pi; = lij) € posto;)}, {c} U{—po,})-

This operatorenablesopying of the activatedeffectsto the statespecificationwhich is achiered
with thefollowing setof operatordor eachatomp € X::

03_ = <{Cap+7_'p—7p#}7{pa _'p#}>7
011 = <{C, _'p+apfap#}7{_'p’ _'p#}>7
ozj_ = <{C,p+,p7,p#},l)-

Finally, we needan operatorthat checksthat all possibleeffectshave beencopied. This operator
alsostartsthe“executioncycle” againby enablingthe executionof anotherpreconditionoperator:”

0o° = ({c} U3y, {~c}).
Usingthesedefinitions,we cannow specifythe setof compiledoperators:
o' = {olpr?,‘of |o; € O} U
{077 | 0; € O, (pij = lij) € posto;)} U

{077 | 0; € O, (ij = lij) € posto;) } U
{of, ok, o [peT}U

{o°}.
Basedon that,we specifyacompilationschemef = (fe, fi, fg, i, t4) asfollows:
fe(B) = (2,0
fi(E) = —-¥4U-E_U-ExU-3oU-TU/{~c},
f4(B) = —¥oU{~c},
ti(za I) = Ia

t,(2,G) = G.

The schemef obviously satisfiesconditions(2) and(3) for compilationschemesndall the func-
tionscanbecomputedn polynomialtime. Further F(IT) is a Sgz-instancef II is a Spzc-instance.
Letnow S € & be alegal Spz¢ statespecificationandlet S’ = R(S, o;) for someoperator
o; € O. Fromthe above discussionit is clearthatif S’ [~ L, thenthereexistsa sequencé\’ of
operatordrom O’ consistingof OZP "€ followed by operatorf theform o, ando; " followed
by theoperatorof, followedin turn by operators?, followedfinally by the operator®, suchthat

$" = Res(SU fi(B), AN S.
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Converselyif S’ = L, thentheredoesnot exist ary planthattransforms

R(SU fi(2), o™

7

into alegal statespecificatiorthatcontains—c and—p,, .

Usinginductionon the planlength,it follows from theargumentsabove thatthereexistsa plan
A for II iff thereexistsaplan A’ for F(II) andfor every suchplanwe have ||A’|| < ||A]| x (3 +
2m), with m beingthe maximumnumberof conditionaleffectsin operatorsof O. Hencef is a
polynomial-timecompilationschemereservingplansizepolynomially u

An immediateconsequencef thistheorenis thatSzz¢c andSgz form anequivalenceclasswith
respecto compilability preservingplansizepolynomially

Corollary 21 Sgz¢ and Sz are polynomial-timecompilableto eat other preservingplan size
polynomially

Further we know from Corollary 15 thatthis classcannotbecomdarger

As in the caseof compilingS,z¢ to Sz¢, however, theresultdepend®n the semanticehosen
for executingconditionaleffects over partial statespecifications.If we usethe alternatve seman-
tics wherethe resultingstatespecifications legal whenthe applicationof all state-transformation
functionsleadsto atheorythatcanberepresentedsasetof literals,it seemdik ely thatthereexists
anotherschemehatpreseresplansizepolynomially However, if we usethealternatve semantics
thatdeletesall theliteralsin —( P (S, posto)) — A(S, pos{o)) if P(S,pos(o) is consistentthenit
appearso be very unlikely thatwe areableto identify a compilationschemethat preseres plan
sizepolynomially

6.2 Compiling Conditional Effects Away for Complete State Specifications

Thenext compilationschemeompilesSie to S andS.¢ to S;. Sincewe dealwith completestate
specificationwe do not have to take careof the condition A(S, pos{o)) = P(S,posto)), which
is alwaystrue for completestates. This makesthe compilationschemesomevhat simpler Since
S, doesnotallow for generabooleanformulae,the schemebecomes little bit moredifficult. In

general however, the compilationschemewe will specifyis very similar to the onegivenin the
proofof Theorem20.

Theorem 22 Sie canbe compiledto Sy and S canbe compiledto S, in polynomialtime pre-
servingplan sizepolynomially

Proof. As in the proof of Theorem20, we assumeahat= = (X, O) is the (Sgc or S¢) source
domainstructure Further we assumehatall operatordrave theform

0; = (pre(0;),{Ti1 = Lty Dimy = lim; 1),

with I; ; € 3 andl; ; C Ly if B isaSge structureor T; ; C 3 if 2 is aSge structure.This means
thatwe do notassumehe effectsto be uniquefor eachconditionaleffect.
In addition,we assumehe samesetsymbolsfor the compileddomainstructureasin the proof
of Theoren?20:
Y=SUZLUZ_UZgUZoUTYU{c}.

305



NEBEL

For eachoperator; € O, Weintroducetheoperators;?re, of, o, o, o' , ando® asin theproofof
Theorem20. In addition,thefollowing operatorsareneeded:

07" = ({po;}UTij, {zij} U{psspg |p=1li;} Ulp_,pg | —p = lij}),
0" = ({Po; } U{~0ijm | ijm € Tij}s {wij})-

Thecompiledsetof operator9D’ containsall of theabove operatorsandthe compilationschemes
identicalto the schemepresentedn the proof of Theorem20. This meanghatthe only significant
differenceto the compilationschemepresentedn the proof of Theorem20 is the operatorscheme
0;"""™ which testsfor eachrule whetherit containsan effect conditionthatblockstherule. Since
we have completestatespecificationsgvery conditionaleffect is eitheractivatedor blocked, and
thez; ;'s areusedto recordthatthe executionof eachconditionaleffect hasbeentried.

Using now similar agumentsasin the proof of Theorem?20, it follows that this compilation
schemas indeeda schemehatleadsto the claim madein thetheorem. n

It follows thatSze andSi areequivalentwith respecto = andall formalismsin [S;zz¢] and
[Scz] areequialentwith respecto <P. Thesetwo setscouldbemeigedinto oneequivalenceclass,
providedwe areableto prove that,e.g.,Sz canbecompiledto S,.

6.3 Compiling BooleanFormulae Away

In Section5.5we shavedthatit is impossibleto compileboolearformulaeto conditionaleffectsif
plansareonly allowedto grow linearly. However, we alsosketchedalreadytheideaof acompilation
schemahatpreseresplansizepolynomially Herewe will now shav thatwe cancompileboolean
formulaeto S, which is expressiely equivalentto basicsSTRIPS, i.e., we cancompile boolean
formulaeaway completely

Theorem 23 Sg is polynomial-timecompilableto S preservingplan sizepolynomially

Proof. AssumehatE = (X, O) is aSi domainstructure Furtherassumavithoutlossof generality
thatall operators); € O areof theform o; = (¢;, L;), with L; C ) andy; € Ly (i.e.,wehavejust
oneformulaasthe preconditiorinsteadof a setof formulae).

Let £y and X}, betwo new setsof atomscorrespondingne-to-oneto all sub-formulaeoc-
curring in preconditionsof operatorsn O. Thesenev atomsare denotedby ¢, and q;p for the
sub-formulay. Atoms of theform q;p areusedto recordthatthe truth-value of the sub-formulaz)
hasbeencomputecandtheatomsof theform ¢, areusedto storethe computedruth-value.

For eachoperatoro; = {p;, L;), we will have in thetargetoperatorsetthefollowing operator:

0; = <{q(,0i7q(’p¢}7Li U _'2(1/>-

Thesetof all operatorgeneratedh thisway is denotecby O'.
Further for eachatomp € X, we introducethefollowing two operators:

of = (o}, {@ o))
o, = {{-p}, {q, "o}

Thesetof operatorgeneratedh thisway is denotedby Ox..
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For eachsub-formulaoccurringin preconditionf O of theform ¢ = i, A 1, thefollowing
operatorsareintroduced:

01—};— = <{q:plaq:/;23qw1aqw2}a{q:paqw}>a
01;1 = <{Q1I/)1’ Gy }a {Q;/n _'qw}>7
01;2 = <{‘J:p2a Ty }a {qu, _'qw}>'

For sub-formulae) = 11 V 1, thefollowing operatorsareintroduced:

1
O;Z = <{q{1p17q1ﬁ1}3 {qfllpaq'tﬁ})a
0':/)’—2 = <{q'11/;27q¢2}7{q'l¢;7q¢}>7
01; = <{q'l(p1 3 q'l(p2a Gy ﬁQ’(ﬁz}a {q:jn _'qw}>

Finally, for ¢ = =, we have thefollowing operators:

0; = <{q"ya_'q’y}7{q'{/)7q1ﬁ}>a

oy = (& e} {ay: ~ay})-

Thesetof operatorgeneratedby sub-formulags denotedby Oy.
Now we canspecifythe compilationschemef:

fg(E) = <EUE\I;UE(1,, OIUOEUO\I;),
fl(E) = _'Z(Ih
fo(B) = -3y,
tz(zal) = Ia
1,(5,G) = G.

Fromthe constructionit is obviousthatall the functionsarepolynomial-timecomputablethat
the state-translatiofunctionsaremodular thatthe inducedfunction F' is a reduction,andthatfor
every plan A for a sourceplanninginstancell thereexistsa plan A’ for F(II) suchthat||A’|| <
[|Al] x (m + 1), with m beingthe maximumnumberof sub-formulaef preconditionsn O. From
that,theclaimfollows. ]

Theremight be the questionwhethercompiling booleanformulaeaway could be donemore
efficiently. Usingthe resultthatbooleanexpressionganbe evaluatedby circuitswith logarithmic
depth,this shouldbe indeedpossible. However, we are satisfiedherewith the resultthatthereis
a compilationschemepreservingplan size polynomially at all. This resulttogetherwith Theo-
rem 22 settleshe questionfor compilationschemegreservingplansizepolynomiallyfor all pairs
of formalisms.

Corollary 24 All formalismsX with X C S;z¢ or X C Spe are polynomial-timecompilableto
ead otherpreservingplan sizepolynomially
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6.4 Parallel Execution Models and the Feasibility of Compilation Schemed$resewring Plan
SizePolynomially

While compilationschemeshatpresere plansizeexactly or linearly seento be of immediateuse,
a polynomialgrowth of the planappeardo be of little practicalinterest.Consideringhe practical
experiencethat planningalgorithmscanroughly be characterizedby their propertyof how mary
stepsthey can plan without getting caughtby the combinatorialexplosion and the fact that this
numberis significantlysmallerthan100, polynomialgronth doesnot seenmto make muchsense.

If we take GRAPHPLAN (Blum & Furst,1997)into consideratioragain—theplanningsystem
thatmotivatedourinvestigatiorin thefirst place—itturnsoutthatthis systemallows for theparallel
executionof actions. Although parallelexecutionmight seemto addto the power of the planning
systemconsiderablyit doesnot affect our resultsat all. If a sequentiaplancansolve a planning
instancewith n stepsaparallelplanwill alsoneedatleastn actions.Neverthelessalthoughthesize
of aplan(measuredn the numberof operationsnight bethe samethe numberof time stepsmay
be considerablysmaller—which might allow for a moreefficient generatiorof the plan. Having a
look at the compilationschemehatcompilesconditionaleffectsaway;, it seemdo bethe casethat
alarge numberof generatedctionscould be executedin parallel—inparticularthoseactionsthat
simulatethe conditionaleffects.

However, the semanticof parallelexecutionin GRAPHPLAN is quite restrictve. If oneaction
addsor deletesanatomthat a secondactionaddsor deletesor if oneactiondeletesan atomthat
a secondaction hasin its precondition,thenthesetwo actionscannotbe executedin parallelin
GRAPHPLAN. With this restriction,it seemgo beimpossibleto compile conditionaleffectsaway
preservinghe numberof time stepsin a plan. However, a compilationschemehat preseresthe
numberof time stepslinearly seemsto be possible. Insteadof sucha compilationschemethe
approachesofar eitherusedanexponentiatranslationGazen& Knoblock,1997)or modifiedthe
GRAPHPLAN-algorithmin orderto handleconditionaleffects(Andersoretal., 1998;Koehleretal.,
1997;Kambhampatetal., 1997). Thesemaodificationgnvolve changesn the semantic®f parallel
executionaswell aschangedn thesearctprocedureWhile all theseémplementationarecompared
with the straightforvard translationGazenandKnoblock (1997)used,it would alsobe interesting
to comparethemwith a compilationschemebasedon the ideasspelledout in Theorem22 asthe
basdine.

7. Summary and Discussion

Motivatedby therecentapproacheto extendthe GRAPHPLAN algorithm(Blum & Furst,1997)to
dealwith more expressiveplanningformalisms(Andersonet al., 1998; Gazen& Knoblock,1997;
Kambhampatet al., 1997; Koehleret al., 1997),we asled what the term expressivepower could
meanin this context. Onereasonabléntuition seemdo be thatthe term expressivepowerrefers
to how conciselydomainstructuresandthe correspondinglanscanbe expressed.Basedon this
intuition andinspiredby recentapproachei theareaof knowledgecompilation(Gogicetal., 1995;
Cadolietal., 1996;Cadoli& Donini, 1997),we introducedthe notion of compilabilityin orderto
measurdhe relative expressienessof planningformalisms. The basicideais thata compilation
schemecanonly transformthe domainstructure,i.e., the symbolsetandthe operatorswhile the
initial stateandthe goalspecificatiorarenot transformed—modulsomesmallchangesecessary
for technicalreasons Further we distinguishcompilationschemesccordingto whetherthe plan
in thetamgetformalismhasthe samesize(upto anadditive constant)asizeboundedinearly by the
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sizeof the planin the sourceformalism,or a sizeboundedpolynomially by the original planning
instanceandthe original plan.

Although the compilability framevork appeargo be a straightforvard and intuitive tool for
measuringthe expressienessof planningformalisms,it is possibleto comeup with alternatve
measuresBackstdm (1995),for instance proposedo useESP-eductionswhich arepolynomial
mary-onereductionson planningproblemsthat presere the plansizeexactly. However, requiring
that the transformatiorshouldbe polynomial-timecomputableseemso be overly restrictve. In
particular if we wantto prove thatoneformalismis notasexpressie asanotherone,we hadbetter
proven that thereexists no compilationschemeregardlessof how much computationakesources
the compilationprocesamay need. Furthermorethereappearto be severetechnicalproblemsto
using Backstdm's (1995) framework for proving negative results. On the otherhand,all of the
positive resultsreportedby Backstbm are achievablein the compilationframevork becausehe
transformation$e usedarein factcompilationschemesTaking all this togethey it appeargo be
the casethatthe compilationframevork is superiorfrom anintuitive andtechnicalpoint of view.

Anotherapproacho judging the expressienessof planningformalismshasbeenproposedy
Erol andcolleague$1994,1996). They measuréhe expressienesof planningformalismsaccord-
ing to the setof plansa planninginstancecanhave. While this approactcontrastsierarchical task
networkplanningnicely with sTRIPs-planring, it doesnot helpusin makingdistinctionsbetween
theformalismsin the S-family.

The compilability framevork is mainly a theoreticaltool to measurehowv conciselydomain
structuresand plans can be expressed. However, it also appeargo be a good measureof how
difficult planningbecomesvhena new languagefeatureis added. Polynomial-timecompilation
schemeghat presere the plan sizelinearly indicatethat it is easyto integratethe featurethatis
compiledaway. Onecaneitherusethe compilationschemeasis or mimic the compilationscheme
by extendingthe planningalgorithm. If only a polynomial-timecompilationschemdeadingto a
polynomialgrowth of the planis possible thenthis is anindicationthat addingthe new feature
requiresmost probablya significantextensionof the planningalgorithm. If even a compilation
schemepreservingplan size polynomially canbe ruled out, thenthereis mostprobablya serious
problemintegratingthe new feature.

Using this frameavork, we analyzeda large family of planningformalismsrangingfrom basic
STRIPS to formalismswith conditionaleffects, booleanformulae,andincompletestatespecifica-
tions. The mostsurprisingresultof this analysisis that we are ableto comeup with a complete
classification. For eachpair of formalisms,we were either able to constructa polynomial-time
compilationschemewith therequiredsizeboundontheresultingplansor we could prove thatcom-
pilation schemesreimpossible—een if the computationatesourcegor the compilationprocess
areunboundedin particulay we shavedfor the formalismsconsideredn this paper:

e incompletestatespecificationgndliteralsin preconditionsanbe compiledto basicsTrIPS
preservingplansizeexactly,

¢ incompletestatespecificationgndliteralsin preconditionsandeffect conditionscanbecom-
piled away preservingplansizeexactly, if we have alreadyconditionaleffects,

e andtherearenoothercompilationschemegreservinglansizelinearly exceptthoseimplied
by thespecializatiorrelationshipandthosedescribedibore.
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If we allow for polynomial grownth of the plansin the tarmget formalism, thenall formalismsnot
containingincompletestatespecificationandbooleanformulaeare compilableto eachother In-
completestatespecificationgogetherwith booleanformulae,however, seemto add significantly
to the expressienessof a planningformalism, sincethesecannotbe compiledaway even when
allowing for polynomialgrowth of the planandunboundedesourcedn the compilationprocess.

It shouldbe noted,however, that someof theseresultshold only if we usethe semanticdor
conditionaleffectsover partialstatespecificationsisspelledoutin Section2.1. For othersemantics,
we maygetslightly differentresultsconcerninghe compilability of conditionaleffectsover partial
states.

Onequestiononemay askis whathappensf we considerformalismswith booleanformulae
that are syntacticallyrestricted. As indicatedat variousplacesin the papey restrictedformulae,
suchasCNF or DNF formulae,cansometimese easilycompiledaway. However, therearealso
casewhenthisis impossible For example,it canbe shavn that CNF formulaecannotbecompiled
to basicsTRIPS preservingplan sizelinearly (Nebel, 1999), which confirmsBackstbm's (1995)
conjecturehatCNF-formuladn preconditionsddto the expressie power of basicSTRIPS.

Anotherquestionis how reasonableur restrictionson a compilationschemeare. In particular
onemaywantto know whethemon-modulastate-translatiofunctionscouldleadto morepowerful
compilationschemesFirst of all, requiringthatthe state-translatiofunctionsare modularseems
to be quite weak consideringthe fact that a compilationschemeshouldonly be concernedwith
the domainstructureandthatthe initial stateand goal specificationshouldnot be transformecht
all. Secondlyconsideringhefactthatthe state-translatiofunctionsdo notdependntheoperator
set,morecomplicatedunctionsseemto be uselessFroma moretechnicalpoint of view, we need
modularityin orderto prove thatconditionaleffectsandboolearformulaecannotecompiledaway
preservingplansizelinearly For the conditionaleffects, modularityor a similar conditionseems
to be crucial. For the caseof booleanformulae,we could wealen the conditionto the point that
we requireonly that state-translatiofiunctionsare computableby circuits of constantdepth—or
somethingsimilar. In ary case theadditionalfreedomonegetsfrom non-modulasstate-translation
functionsdoesnot seemto be of ary help becausehesefunctionsdo not take the operatordanto
accountNeverthelessit seemgo beaninterestingheoreticaproblemto prove thatmorepowerful
state-translatiofunctionsdo notaddto the power of compilationschemes.

Although the paperis mainly theoretical,it wasinspiredby the recentapproacheso extend
the GRAPHPLAN algorithmto handlemore powerful planningformalismscontainingconditional
effects. So, whatarethe answersve cangive to openproblemsin thefield of planningalgorithm
design?First of all, GazenandKnoblock's (1997)approacho compilingconditionaleffectsaway
is optimalif we do notwantto allow plan grownth morethanby a constanfactor Secondlyall of
the otherapproachegAndersonet al., 1998; Kambhampatet al., 1997; Koehleret al., 1997)that
modify the GRAPHPLAN algorithmare usinga strat@y similar to a polynomial-timecompilation
schemepreservingplan size polynomially For this reasontheseapproacheshouldbe compared
to a “pure compilationapproach’usingthe ideasfrom the compilationschemedevelopedin the
proof of Theorem22 asthe baseline. Thirdly, allowing for unrestrictedbooleanformulaeadds
againa level of expressiity becausehey cannotbe compiledaway with linear gronth of the plan
size. In fact, approachesuchasthe oneby Andersonand colleagueg1998) simply expandthe
formulaeto DNF acceptingan exponentialblow-up. Again, we cannotdo betterthanthatif plan
sizeshouldbe presered linearly. Fourthly, if we wantto addpartial statespecification®n top of
generaboolearformulae thiswould amountto anincreasenf expressiity thatis muchlargerthan
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addingconditionaleffectsor generaformulaeto basicsTRIPS, becausén this casethereis noway
to compilethis away evenif we allow for polynomialplangrowth.

Finally, onemaywonderhow ourresultsapplyto planningapproachethatarebasedntranslat-
ing (boundedplanningproblemso propositionalogic suchassatpLAN (Kautz& Selman1996)
or BLACKBOX (Kautz& Selman,1998). Sincethe entireanalysisof the relative expressienesof
planningformalismsusesthe assumptiornthatwe compilefrom one planningformalismto another
planningformalism,theresultsdo nottell usarnything aboutthe sizeof representationi$ we switch
to anotherformalism. In particulay it seemspossibleto find an encodingof (bounded)planning
problemswith conditionaloperatorsin propositionallogic which is asconciseasan encodingof
unconditionaloperators.The only adviceour resultsgive is thatsucha conciseencodingwill not
be found by first translatingconditionalactionsto unconditionalactionsandthenusingthe “stan-
dard”encodingfor unconditionabctions(Kautz,McAllester & Selman]1996)to generatdoolean
formulae.However, addressinghe problemof determininghe concisenessf representatiom this
contt appeargo beaninterestingandrelevanttopic for futureresearch.
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Appendix A: SymbolIndex

Symbol Page Explanation

|| 292 cardinalityof aset

|- 277 sizeof aninstance

= 274 symbolusedin conditionaleffects

C 279 syntacticspecializatiorrelation

= 282 compilability relationwith restrictionz andy

1 273 booleanconstantenotingfalsity, alsodenoting
theillegal statespecification

T 273 booleanconstantenotingtruth

a(-) 295 advicefunction

A(-,-) 275, 27&ctve effectsof anoperatoiin a stateor statespecification

AC? 298 compleity class

C 298 boolearcircuit

C 298 family of boolearcircuits

CcONP 272 complity class

coNP/poly295 non-uniformcoNP
CWAs(-) 284 closingasetof literalsw.r.t. ¥

A 277 plan,i.e.,sequencef operators
AP 295 compleity classin the polynomialhierarchy
1 295 instanceof aproblem
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I 277 initial statedescription
f 282 compilationschem&= (f¢, fi, fg, ti, tg))
F() 282 transformatiorinducedby compilationscheme

fes fisfg 282  component®f acompilationscheme
G 277 goalof aplanningtask

r 274  setof boolearformulae
¥, 0,1 273 boolearformulae
l 287 literal
L K 273 setsof literals
Ly 273 all booleanformulaethatuseatomsfrom ¥
Mod(-) 274 setof all modelsof atheory
NC! 298 compleity class
neg(+) 273 negative literalsin asetof literals
NP 272 complity class
NP/poly 295 non-uniformNP
0 274 operator(= (pre, posh)
(0] 276 setof operators
o~ 277 setof finite sequencesf operators
p,q,u,v,x 274 propositionabtoms
P(-,-) 275 potentiallyactive effectsof anoperator
for agivenstatespecification
P 272 complity class
P/poly 295 non-uniformP
PH 295 thepolynomialhierarchy
pos(-) 273 positive literalsin asetof literals
PLANEX 279 planexistenceproblem
post 274  postcondition®f anoperator
pre 274 precondition®f anoperator
PSPACE 272 complity class
II 277 planninginstancg= (2,1, G))
P 295 complity classin the polynomialhierarchy
R(-,") 276 mapsa statespecificatiorandanoperatorto a new state
Res(-,-) 277 extensionof R(-,-) to plans
s 274  state(or truthassignment)
S 274  statespecification
) 278 thesTRIPS planningformalism
Se 278 sTRIPS with literalsin preconditions
Si 278 sTRIPS with boolearformulaein preconditions
St 278 STRIPS with incompletestatedescriptions
Se 278 sTRIPS with conditionaleffects
S. 278 sTRIPS with combination®f theabove extensions
[Sczc] 283 equialenceclassesnducedby <)
[Scz] 283 equivalenceclassesnducedby j},
o) 273  all propositionabtomsusedin a setof literals
b/ 273 countablyinfinite setof propositionabtoms
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by 273 finite subsebf X

) 273  setof literalsoverss

=P 295 compleity classin the polynomialhierarchy

ti g 282 state-translatiofunctionsin acompilationscheme
U 292 universalliterals

w 298 awordover{0,1}*

X 295 somecomplity class

X, ) 272 someplanningformalisms

=) 277 domainstructure(= (X, O))

= 299 family of domainstructures
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