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Abstract

Robust Markov decision processes (MDPs) aim to find a policy that optimizes the
worst-case performance over an uncertainty set of MDPs. Existing studies mostly have
focused on the robust MDPs under the discounted reward criterion, leaving the ones under
the average-reward criterion largely unexplored. In this paper, we develop the first compre-
hensive and systematic study of robust average-reward MDPs, where the goal is to optimize
the long-term average performance under the worst case. Our contributions are four-folds:
(1) we prove the uniform convergence of the robust discounted value function to the ro-
bust average-reward function as the discount factor v goes to 1; (2) we derive the robust
average-reward Bellman equation, characterize the structure of its solution set, and prove
the equivalence between solving the robust Bellman equation and finding the optimal robust
policy; (3) we design robust dynamic programming algorithms, and theoretically charac-
terize their convergence to the optimal policy; and (4) we design two model-free algorithms
unitizing the multi-level Monte-Carlo approach, and prove their asymptotic convergence.

1. Introduction

The Markov decision process (MDP) is an effective mathematical tool for modeling sequen-
tial decision-making problems in stochastic environments (Derman, 1970; Puterman, 1994).
Solving an MDP problem entails finding an optimal policy that maximizes a cumulative
reward according to a given criterion. However, due to reasons including non-stationarity
of the environment, modeling error, exogenous perturbation, partial observability, and ad-
versarial attacks, a model mismatch exists between the assumed MDP model and the un-
derlying environment and can result in solution policies with poor performance. To solve
this issue, a framework of robust MDPs, e.g., (Bagnell et al., 2001; Nilim & El Ghaoui,
2004; Iyengar, 2005), has been proposed. Rather than adopting a fixed MDP model, in
robust MDP, one seeks to optimize the worst-case performance over an uncertainty set of
possible MDP models. The solution provides performance guarantees for all MDP models
in the uncertainty set, and is thus robust to the model mismatch.

Robust MDPs falling under different reward optimality criteria are fundamentally differ-
ent. In robust discounted MDPs, the goal is to find a policy that maximizes the cumulative
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discounted reward in the worst case, where the reward received diminishes exponentially
over time. Much of the prior work in the robust setting has focused on the discounted
reward criterion (see Sec. 1.2). Although discounted MDPs induce an elegant contractive
Bellman operator which is mathematically convenient, the policy obtained may have a poor
long-term performance when a system operates for an extended period of time. When the
discount factor is close to 1, the agent may prefer to compare policies on the basis of their
average expected reward instead of their expected total discounted reward, e.g., queue-
ing control, inventory management in supply chains, scheduling automatic guided vehicles
and applications in communication networks (Kober et al., 2013). Therefore, it is of great
importance to optimize the long-term average performance of a system, especially in the
present of environment uncertainty or model mismatch.

Nevertheless, robust MDPs under the average-reward criterion are largely understudied.
Compared to the discounted reward, the average-reward depends on the limiting behavior
of the underlying stochastic process and is markedly more intricate. A recognized instance
of such intricacy concerns the one-to-one correspondence between the stationary policies
and the limit points of state-action frequencies, which while true for discounted MDPs,
breaks down under the average-reward criterion even in the non-robust setting except in
some very special cases (Puterman, 1994; Atia et al., 2021). This is largely due to the
dependence on the necessary conditions for establishing a contraction in average-reward
settings on the graph structure of the MDP, versus the discounted-reward setting where
it simply suffices to have a discount factor that is strictly less than one (Kazemi, Perez,
Somenzi, Soudjani, Trivedi, & Velasquez, 2022). Heretofore, only a handful of studies
have considered average-reward MDPs in the robust setting. The first work by (Tewari
& Bartlett, 2007) considers robust average-reward MDPs under a specific finite interval
uncertainty set, but their method is not easily applicable to other uncertainty sets. More
recently, (Lim et al., 2013) proposed an algorithm for robust average-reward MDPs under
the ¢1 uncertainty set, and in (Grand-Clément & Petrik, 2023), a characterization of the
similarity between the optimal robust policy for average-reward and discounted reward
MDPs is studied for a class of uncertainty models. Beyond these works, however, obtaining
fundamental characterizations of the problem and convergence guarantees remains elusive.

On the other hand, model-free approaches for robust MDPs, even for the discounted
reward setting, are still far from well-established. Recent work (Roy et al., 2017) developed
the first model-free algorithm for robust discounted RL, where they develop a relaxation
to the uncertainty set which can be over-pessimistic due to the deviation from the nominal
kernel. Moreover, a strong assumption is made on the discount factor in order to guarantee
the convergence. To solve these issues, recent works (Wang & Zou, 2021; Liu et al., 2022;
Liang et al., 2023; Wang et al., 2023) developed robust Q-learning algorithm for various
uncertainty sets with convergence guarantee and sample complexity analyses. However,
these approaches are for the discounted reward setting, and there is still a gap in developing
model-free approaches for the average-reward setting.

1.1 Challenges and Contributions

In this paper, we derive characterizations of robust average-reward MDPs with general
uncertainty sets, and develop model-based and model-free approaches with provable the-
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oretical guarantees. Our approach is fundamentally different from prior work on robust
discounted MDPs, and robust and non-robust average-reward MDPs. In particular, the key
challenges and the main contributions are summarized below.

We characterize the limiting behavior of robust discounted value function
as the discount factor v — 1. For the standard non-robust MDP and for a fixed
transition kernel, the discounted non-robust value function converges to the average-reward
non-robust value function as v — 1 (Puterman, 1994). However, in the robust setting, we
need to consider the worst-case limiting behavior under all possible transition kernels in
the uncertainty set. Hence, the previous point-wise convergence result (Puterman, 1994)
cannot be directly applied. In (Tewari & Bartlett, 2007), a finite interval uncertainty set
is studied, where due to its special structure, the number of possible worst-case transition
kernels of robust discounted MDPs is finite, and hence the order of min (over transition
kernel) and lim,_,; can be exchanged, and therefore, the robust discounted value function
converges to the robust average-reward value function. This result, however, does not
hold for general uncertainty sets investigated in this paper. We first prove the uniform
convergence of discounted non-robust value function to average-reward w.r.t. the transition
kernels and policies. Based on this uniform convergence, we show the convergence of the
robust discounted value function to the robust average-reward. This uniform convergence
result is the first in the literature and is of key importance to motivate our algorithm design
and to guarantee convergence to the optimal robust policy in the average-reward setting.

We design algorithms for robust policy evaluation and optimal control based
on the limit method. Based on the uniform convergence, we then use robust discounted
MDPs to approximate robust average-reward MDPs. We show that when v is large, any
optimal policy of the robust discounted MDP is also an optimal policy of the robust average-
reward, and hence solves the robust optimal control problem in the average-reward setting.
This result is similar to the Blackwell optimality (Blackwell, 1962; Hordijk & Yushkevich,
2002) for the non-robust setting. However, our proof is fundamentally different. Technically,
the proof in (Blackwell, 1962; Hordijk & Yushkevich, 2002) is based on the fact that the
difference between the discounted value functions of two policies is a rational function of
the discount factor, which has a finite number of zeros. However, in the robust setting
with a general uncertainty set, the difference is no longer a rational function due to the
min over the transition kernel. We construct a novel proof based on the limiting behavior
of robust discounted MDPs, and show that the (optimal) robust discounted value function
converges to the (optimal) robust average-reward as v — 1. Motivated by these insights, we
then design our algorithms by applying a sequence of robust discounted Bellman operators
with an increasing discount factor. We prove that our method can (i) evaluate the robust
average-reward for a given policy and (ii) find the optimal robust value function and, in
turn, the optimal robust policy for general uncertainty sets.

We derive the robust average-reward Bellman equation and design a direct
model-based algorithm with convergence guarantee. The fundamental structure of
MDPs is usually characterized by a bootstrap-type equation, namely, the Bellman equation,
which reveals the relation among the value function, reward function, and the transition
kernels. It is of great importance in value-based approaches, since finding the optimal policy
and solving the Bellman equation are equivalent. We derive a robust Bellman equation for
robust average-reward MDPs, and show that the pair of robust relative value functions

721



WANG, VELASQUEZ, ATIA, PRATER-BENNETTE, ZOU

and robust average-reward is a solution to the robust Bellman equation under the average-
reward setting. We further prove the equivalence between finding its solution and optimizing
the robust average-reward. We then design a robust value iteration method that provably
converges to the solution of the robust Bellman equation, i.e., solves the optimal policy for
the robust average-reward MDP problem.

We design model-free algorithms for robust policy evaluation and optimal
control. We then design model-free algorithms for robust average-reward RL. The major
challenges are two-fold: 1) Constructing an unbiased estimator of the robust Bellman opera-
tor that captures the worst-case performance using the samples from the nominal transition
kernel; and 2) Deriving the convergence of the stochastic algorithms. Regarding the first
problem, one plausible approach is to define the estimator using the empirical transition
kernel. However, due to the non-linear dependence of the robust Bellman operator on the
nominal transition kernel, this plug-in estimator is biased. We hence employ the multi-
level Monte-Carlo method (Blanchet & Glynn, 2015) and construct unbiased estimators.
We then utilize them to design robust RVI TD and ()-learning algorithms. We leverage
the stochastic approximation approach and the characterization of the Bellman equation
to show the global asymptotic stability of our algorithms and further derive the conver-
gence of our stochastic algorithms. Specifically, robust RVI TD converges to the worst-case
average-reward; and for the robust RVI @)-learning, the greedy policy w.r.t. the @-function
converges to an optimal robust policy.

1.2 Related Work

Robust discounted MDPs. Model-based methods for robust discounted MDPs were
studied in (Iyengar, 2005; Nilim & El Ghaoui, 2004; Bagnell et al., 2001; Satia & Lave Jr,
1973; Wiesemann et al., 2013; Lim & Autef, 2019; Xu & Mannor, 2010; Yu & Xu, 2015;
Lim et al., 2013; Tamar et al., 2014), where the uncertainty set is assumed to be known,
and the problem can be solved using robust dynamic programming. Later, the studies were
generalized to the model-free setting where stochastic samples from the nominal MDP of the
uncertainty set are available in an online fashion (Roy et al., 2017; Badrinath & Kalathil,
2021; Wang & Zou, 2021, 2022; Tessler et al., 2019) and an offline fashion (Zhou et al., 2021;
Yang et al., 2022; Panaganti & Kalathil, 2022; Goyal & Grand-Clement, 2018; Kaufman
& Schaefer, 2013; Ho et al., 2018, 2021; Si et al., 2020). There are also empirical studies
on robust RL, e.g., (Vinitsky et al., 2020; Pinto et al., 2017; Abdullah et al., 2019; Hou
et al., 2020; Rajeswaran et al., 2017; Huang et al., 2017; Kos & Song, 2017; Lin et al., 2017;
Pattanaik et al., 2018; Mandlekar et al., 2017). For discounted MDPs, the robust Bellman
operator is a contraction, based on which robust dynamic programming and value-based
methods can be designed. In this paper, we focus on robust average-reward MDPs, where
the robust Bellman operator for average-reward MDPs is not a contraction, and its fixed
point may not be unique. Moreover, the average-reward setting depends on the limiting
behavior of the underlying stochastic process, which is thus more intricate.

Robust average-reward MDPs. Studies on robust average-reward MDPs are quite lim-
ited in the literature. Robust average-reward MDPs under a specific finite interval uncer-
tainty set was studied in (Tewari & Bartlett, 2007), where the authors showed the existence
of a robust Blackwell optimality constant, i.e., there exists some § € [0,1), such that the
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optimal robust policy for the robust average-reward MDP exists and remains unchanged for
the robust discounted reward ones with any discount factor v € [§,1). However, this result
depends on the structure of the uncertainty set, where the number of possible worst-case
transition kernels is assumed finite. Under the similar assumptions, a recent work (Grand-
Clément & Petrik, 2023) derived a lower bound on the robust Blackwell optimality constant
9; Under a similar polytopic assumption, (Chatterjee et al., 2023) design a policy iteration
algorithm with convergence and computational complexity analysis. For more general un-
certainty sets, the studies of robust average-reward MDPs, are not well-explored. Another
work (Lim et al., 2013) designed a model-free algorithm for a specific ¢;-norm uncertainty
set and characterized its regret bound. However, their method also relies on the structure
of the ¢1-norm uncertainty set, and may not be generalizable to other types of uncertainty
sets. In this paper, our results can be applied to various types of uncertainty sets, and thus
is more general.

Non-robust average-reward MDPs. Early contributions to non-robust average-reward
MDPs include a fundamental characterization of the problem and model-based methods
(Puterman, 1994; Bertsekas, 2011). Model-free methods in the tabular setting, e.g., RVI
Q-learning (Abounadi et al., 2001) and differential @Q-learning (Wan et al., 2021; Wan &
Sutton, 2022), were developed recently and are both shown to converge to the optimal
average-reward. There is also work on average-reward RL with function approximation,
e.g., (Zhang et al., 2021b; Tsitsiklis & Van Roy, 1999; Zhang et al., 2021a; Yu & Bertsekas,
2009). In this paper, we focus on the robust setting, where the key challenge lies in the
non-linearity of the robust average-reward Bellman equation, whereas it is linear in the
non-robust setting.

2. Preliminaries and Problem Model

In this section, we introduce some preliminaries on discounted MDPs, average-reward
MDPs, and robust MDPs.

Discounted MDPs. A discounted MDP (S, A, P,r,~) is specified by: a finite state space
S, a finite action space A, a transition kernel P = {p? € A(S),a € A, s € S}!, where p?
is the distribution of the next state over S upon taking action a in state s (with p?
denoting the probability of transitioning to s'), a reward function r : & x A — [0, 1], and
a discount factor v € [0,1). At each time step ¢, the agent at state s; takes an action ay,
the environment then transitions to the next state s;11 according to pg!, and produces a
reward signal (s, a¢) € [0,1] to the agent. In this paper, we also write r, = 7(s¢, a¢) for
convenience.

A stationary policy? 7 : S — A(A) is a distribution over A for any given state s, and
the agent takes action a at state s with probability 7(a|s). The discounted value function of
a stationary policy 7 starting from s € S is defined as the expected discounted cumulative
reward by following policy m: V{&_(s) ZEp D207 S0 = s].

Average-Reward MDPs. Different from discounted MDPs, average-reward MDPs do
not discount the reward over time, and consider the behavior of the underlying Markov

1. A(S): the (|S] — 1)-dimensional probability simplex on S.
2. In this paper, we focus on the stationary policies. The studies under the history-dependent policies are
left for future exploration.
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process under the steady-state distribution. More specifically, under a specific transition
kernel P, the average-reward of a policy 7 starting from s € § is defined as

1 n—1
T
gB(5)  Jim Ep |3 nish = . )
which we also refer to in this paper as the average-reward value function for convenience.
The average reward Value function can also be equivalently written as follows: gg =
limy, o0 = D4 1(F’”) Tx = PTrq, where (P™)s v = >, m(als s)p§ ¢ and r,,( ) =Y, w(als)r(s,a)
are the transition matrix and reward function induced by 7, and PT £ limy, 00 = >3 (Pt
is the limit matrix of P7.
In the average-reward setting, we also define the following relative value function
o
VE() £ Bep| S B)Ish =5 @
t=0
which is the cumulative difference over time between the reward and the average value gg.
It has been shown that (Puterman, 1994): Vi = Hpr,, where HE £ (I —P™+PT)~}(I—PT)
is defined as the deviation matrix of P”.
The relationship between the average-reward and the relative value functions can be
characterized by the following Bellman equation (Puterman, 1994):

VE(s) = Br|r(s. )~ 8(5) + X pd VE (). 3)
s'eS
Robust discounted and average-reward MDPs. For robust MDPs, the transition
kernel is not fixed but belongs to some uncertainty set P. After the agent takes an action,
the environment transits to the next state according to an arbitrary transition kernel P € P.
In this paper, we focus on the (s, a)-rectangular uncertainty set (Nilim & El Ghaoui, 2004;
Iyengar, 2005), ie., P = @, , Ps, where Py C A(S). We note that there are also studies
on relaxing the (s, a)—rectangular uncertainty set to s-rectangular uncertainty set, which is
not the focus of this paper.
Under the robust setting, we consider the worst-case performance over the uncertainty
set of MDPs. More specifically, the robust discounted value function of a policy 7 for a
discounted MDP is defined as

Vﬁﬁ( 5) = mmE,rp [ny | So = s] . (4)

t=0

In this paper, we focus on the following worst-case average-reward for a policy =:

n—1
1
g5(s) £ min lim E; p [n Zrt]SQ = s] , (5)

PEP n—o0
t=0

to which, for convenience, we refer as the robust average-reward value function?.

3. Here we consider the worst case performance among the stationary model, i.e., the transition kernels are
identical at each time step. However, as shown later in this paper, the worst case performance under
the dynamic uncertain model is the same as the one under the stationary model. Hence it is sufficient
to consider the stationary model.
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For robust discounted MDPs, it has been shown that the robust discounted value func-
tion is the unique fixed-point of the robust discounted Bellman operator (Nilim & El Ghaoui,
2004; Iyengar, 2005; Puterman, 1994):

T.V(s) £ w(als) (r(s,a) +yopg(V)), (6)
acA

where opa (V') = minyepa p' V is the support function of V on P2. Based on the contrac-
tion of T, robust dynamic programming approaches, e.g., robust value iteration, can be
designed (Nilim & El Ghaoui, 2004; Iyengar, 2005) (see Appendix B for a review of these
methods). However, there is no such contraction result for robust average-reward MDPs.
In this paper, our goal is to find a policy that optimizes the robust average-reward value
function:

meaﬁ(g%(s), for any s € S, (7)

where II is the set of all stationary policies, and we denote by gh(s) = max, gj(s) the
optimal robust average-reward.

3. Limit Approach

We first take a limit approach to solve the problem of robust average-reward MDPs in (7).
It is known that under the non-robust setting, for any fixed m and P, the discounted value
function converges to the average-reward value function as the discount factor v approaches
1 (Puterman, 1994), i.e.,

lim (1= )V, = g5. (8)
Note that the term (1 — ) is necessary to ensure the finiteness of the limit, otherwise
Ve, 2 ooify = 1.

We take a similar idea, and show that the same result holds in the robust case: lim,_,1(1—
V)Vgﬁ = g7 under a mild assumption. This result further enables us to draw numerous char-
acterizations of the fundamental structure of the robust MDPs under the average-reward
setting. Moreover, we design algorithms (Algorithms 1 and 2) to solve robust MDPs under
the average-reward criterion based on this result, and further prove its convergence and
optimality.

3.1 Uniform Convergence of Robust Discounted Value Functions

In this section, we first show that the convergence lim,_,1(1 — V)VF?, y = gp is uniform on
the set II x P. In studies of average-reward MDPs, it is usually the case that a certain class
of MDPs is considered, e.g., unichain and communicating (Wei et al., 2020; Zhang & Ross,
2021; Chen et al., 2022; Wan et al., 2021). In this paper, we focus on the unichain setting
to highlight the major technical novelty to achieve robustness.

Assumption 1. For any s € S,a € A, the uncertainty set P® is a compact subset of A(S).
And for any m € I, P € P, the induced MDP is a unichain.
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The first part of Assumption 1 amounts to assuming that the uncertainty set is closed.
We remark that many standard uncertainty sets satisfy this assumption, e.g., those defined
by e-contamination (Huber, 1965), finite interval (Tewari & Bartlett, 2007), total-variation
(Rahimian et al., 2022) and KL-divergence (Hu & Hong, 2013). The unichain assumption
is also widely used in studies of average-reward MDPs; e.g., (Puterman, 1994; Wan et al.,
2021; Zhang & Ross, 2021; Lan, 2020; Zhang et al., 2021b). Also, it is worth noting that
under the unichain assumption, the average-reward is identical for every starting state, i.e.,
9B (s1) = g5(s2),Vs1,s2 € S (Bertsekas, 2011).

Remark 1. The results in this section actually only require the uniform boundedness of
|HE||,Vm € II,P € P (Lemma 4 in the appendiz). Assumption 1 is one sufficient condition.

In (Puterman, 1994), the convergence lim,_(1 — ’y)VPTt . = gp for a fixed policy 7
and a fixed transition kernel P (non-robust setting) is point-wise. However, such point-
wise convergence does not provide any convergence guarantee on the robust discounted
value function, as the robust value function measures the worst-case performance over the
uncertainty set and the order of lim and min may not be exchangeable in general. In the
following theorem, we prove the uniform convergence of the discounted value function under
the foregoing assumption.

Theorem 1 (Uniform convergence). Under Assumption 1, the discounted value function
converges uniformly to the average-reward value function on Il X P as v — 1, i.e.,
lim (1 — )V, = gp uniformly on 11 x P. 9)
y—1 ’
With uniform convergence in Theorem 1, the order of the limit v — 1 and minp can be

interchanged. Then, the following convergence of the robust discounted value function can
be established.

Theorem 2. The robust discounted value function in (4) converges to the robust average-
reward uniformly on II:
lim (1 —y)Vp , = gp uniformly on IL (10)
y—1 ’

We note that the convergence can also be derived under some other assumptions or for
specific uncertainty sets. For example, a similar convergence result is shown in (Tewari &
Bartlett, 2007) for a special uncertainty set of finite interval type. This result is further
generalized in (Grand-Clément & Petrik, 2023; Goyal & Grand-Clement, 2018), where
the convergence is obtained under the assumption that the number of the possible worst-
case transition kernels is finite, i.e., {P € P : gf = g5} is a finite set for any policy 7.
Besides the finite interval uncertainty set, it is shown that the uncertainty sets defined by
l,-norm (Grand-Clément & Petrik, 2023; Goyal & Grand-Clement, 2018) also satisfy this
assumption. Under this assumption, the lim and max are interchangeable and hence the
convergence can be obtained. Our Theorem 2 holds for general compact uncertainty sets.
Moreover, it is worth highlighting that our proof technique is fundamentally different from

4. During the preparation of our manuscript, a recent work (Grand-Clement, Petrik, & Vieille, 2023)
develops a similar result without the unichian assumption.
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the one in (Tewari & Bartlett, 2007; Grand-Clément & Petrik, 2023), where the worst-case
transition kernels are from a finite set, i.e., Vg, = minpesp V@ - for a finite set M C P.
This hence implies the interchangeability of lim and min. However, for general uncertainty
sets, the number of worst-case transition kernels may not be finite. We demonstrate the
interchangeability via our uniform convergence result in Theorem 1.

The preceding uniform convergence result enables us to exchange the order of the op-
erators lim, .1, minpep and maxrer;. This connects robust MDPs under the discounted
reward with average-reward settings. In the following theorem, we show that we can also
restrict ourselves to deterministic polices when optimizing the robust MDPs under the
average-reward criterion.

Theorem 3. (Deterministic Optimality) There exists a deterministic optimal robust policy,
i.e., dm € Ilp, such that g% = gp.

The uniform convergence result in Theorem 2 motivates the use of robust discounted
MDPs with v+ — 1 to approximate robust average-reward MDPs, which we refer to as
the limit method. As discussed in (Blackwell, 1962; Hordijk & Yushkevich, 2002), the
average-reward criterion is insensitive and under selective since it is only interested in the
performance under the steady-state distribution. For example, two policies providing re-
wards: 1004+0+0+--- and 0+ 0+ 0+ --- are equally good/bad. For the non-robust
setting, a more sensitive term of optimality was introduced by Blackwell (Blackwell, 1962).
More specifically, a policy is said to be Blackwell optimal if it optimizes the discounted
value function for any discount factor v € (9,1) for some § € (0,1). Together with (8),
the optimal policy obtained by taking v — 1 is optimal not only for the average-reward
criterion, but also for the discounted criterion with large ~. Intuitively, it is optimal under
the average-reward setting, and is sensitive to early rewards.

Following a similar idea, we justify that the optimal robust policy for the robust average-
reward MDPs is also sensitive to early rewards. Denote by II}, the set of all the de-
terministic optimal policies for robust average-reward (proved to exist in Lemma 9), i.e.

Iy ={recllp: g} =gp}.

Theorem 4 (Blackwell optimality). There exists 0 < § < 1, such that for any v > J, the
deterministic optimal robust policy for robust discounted value function Vgﬁ 1s also optimal
under the average-reward criterion. Moreover, when 117}, is a singleton, there exists a unique
Blackwell optimal policy.

This result implies that the optimal robust policy for average-reward MDPs has an
additional advantage that the policy it finds not only optimizes the average-reward in steady
state, but also is sensitive to early rewards.

It is worth highlighting the distinction of our results from the technique used in the
proof of Blackwell optimality (Blackwell, 1962). In the non-robust setting, the existence
of a stationary Blackwell optimal policy is proved via contradiction, where a difference
function of two policies m and v: fr,(y) = Ve, — Vg, is used in the proof. It was shown
by contradiction that f has infinitely many zeros, which however contradicts with the fact
that f is a rational function of v with a finite number of zeros. A similar technique was
also used in (Tewari & Bartlett, 2007) for the finite interval uncertainty set. Specifically, in
(Tewari & Bartlett, 2007), it was shown that the worst-case transition kernels for any m,~y
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are from a finite set M, hence fr,(7) £ minpe VE., — minper VP, can also be shown
to be a rational function with a finite number of zeroes. For a general uncertainty set P,
the difference function fr (), however, may not be rational. This makes the method in
(Blackwell, 1962; Tewari & Bartlett, 2007) inapplicable to our problem.

3.2 Limit Method: Robust Value Iteration

Results in Section 3.1 play a fundamental role in developing the limit method for robust
average-reward MDPs, and are of key importance to motivate the design of the following two
algorithms. The basic idea is to apply a sequence of robust discounted Bellman operators
on an arbitrary initialization while increasing the discount factor at a certain rate.

We first consider the robust policy evaluation problem, which aims to estimate the robust
average-reward g7 for a fixed policy 7. This problem for robust discounted MDPs is well
studied in the literature. However, results for robust average-reward MDPs are quite limited
except for the one in (Tewari & Bartlett, 2007; Goyal & Grand-Clement, 2018) for specific
uncertainty sets. We present a robust value iteration (robust VI) algorithm for evaluating
the robust average-reward with general uncertainty sets in Algorithm 1. At each time step

Algorithm 1 Robust VI: Policy Evaluation
Input: m, Vp(s) =0,Vs, T
1: fort=0,1,....,7—1do

. t+1
2 M

3 for all s € S do

4: Vit1(s) < Ex[(1 = y)r(s, A) +yopa(Vi)] = Ex[(1 — y)r(s, A) + v minpepa (PV2)]
5 end for

6: end for

7: return Vp

t, the discount factor ; is set to be ii—%, which converges to 1 as t — oco. Subsequently,

a robust Bellman operator w.r.t discount factor ~; is applied on the current estimate V; of
the robust discounted value function (1 — *yt)ng. As the discount factor approaches 1,
the estimated robust discounted value function converges to the robust average-reward g3
by Theorem 2. The following result shows that the output of Algorithm 1 converges to the
robust average-reward.

Theorem 5. Algorithm 1 converges to the robust average-reward, i.e., imr_,o V1 = gp.

Besides the robust policy evaluation problem, it is also of great practical importance
to find an optimal policy that maximizes the worst-case average-reward, i.e., to solve (7).
Based on a similar idea as the one of Algorithm 1, we extend our limit approach to solve
the robust optimal control problem in Algorithm 2.
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Algorithm 2 Robust VI: Optimal Control
Input: Vj(s) =0,Vs, T

1: fort=0,1,....,T—1do

2 %
for all s € S do

Vi (s) < max {(1 = 3)r(s,a) + wops (Vi) }

3

4

5 end for

6: end for

7: for s € S do

8 mr(s) < argmaxaeca {(1 —)r(s, a) + ’YtUPg(VT)}
9: end for

10: return Vp, wp

The discount factor 7 is set similarly as in Algorithm 1, and a one-step robust discounted
Bellman operator (for optimal control) w.r.t. - is applied to the current estimate V;. The
following theorem establishes that Vp in Algorithm 2 converges to the optimal robust value
function, and hence can find the optimal robust policy.

Theorem 6. The output Vi in Algorithm 2 converges to the optimal robust average-reward
gp; e, Vr — gp as T — oo.

4. Direct Approach

The limit approach in Section 3 is based on the uniform convergence of the robust discounted
value function, and uses discounted MDPs to approximate average-reward MDPs. In this
section, we develop a direct approach to solving the robust average-reward MDPs that does
not adopt discounted MDPs as intermediate steps.

4.1 Robust Bellman Equation

One of the most important results which enable the dynamic programming approach for
solving MDPs is the Bellman equation. Such results have been generalized to robust dis-
counted MDPs (Nilim & El Ghaoui, 2004; Iyengar, 2005), and we develop an analog result
for robust average-reward MDPs as follows.

We first generalize the relative value function in (2) to the robust relative value func-
tion. The robust relative value function measures the difference between the worst-case
cumulative reward and the worst-case average-reward for a policy .

Definition 1. The robust relative value function is defined as
o0
VE(s)£ min E, [ (re — gp)|So = 5], (11)
P nE@tZOP mr tzzg P
where g} is the worst-case average-reward defined in (5).

We further introduce several notations. For V € RIS!, denote by Py (s,a) £ arg min,epa pV
and let Py = {Py(s,a),s € S,a € A}. Moreover, denote the set of the worst-case transition
kernels by QF, i.e., Qf = {P € P: gf =g} }.
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Theorem 7. For any 7, (V5,9%) is a solution to the following robust Bellman equation:

V(s)+g=> nals) (r(s,a) + ope(V)) ,Vs. (12)

a

Moreover, if (g,V') is a solution to it, then
° 1)g=gp;
e 2)Py € Q7;
e 3)V = Vg, + ce for some c € R, where e denotes the vector (1,1,...,1) € RISl

It can be seen that the robust Bellman equation for average-reward MDPs has a similar
structure to the one for discounted MDPs in (6) except for a discount factor. This actually
reveals a fundamental difference between the robust Bellman operator of the discounted
MDPs and the average-reward ones. For a discounted MDP, its robust Bellman operator
is a contraction with constant v (Nilim & El Ghaoui, 2004; Iyengar, 2005), and hence the
fixed point is unique. Based on this, the robust value function can be found by recursively
applying the robust Bellman operator (see Appendix B for a review). In sharp contrast,
in the average-reward setting, the robust Bellman operator is not necessarily a contraction,
and the fixed point may not be unique. Therefore, repeatedly applying the robust Bellman
operator in the average-reward setting may not even converge, which underscores that the
two problem settings are fundamentally different.

The second part of Theorem 7 provides a characterization of the solutions to the Bellman
equation, where we show that for any solution (g, V') to (12), the transition kernel Py, € QF,
i.e., it is a worst-case transition kernel for g7. This result also distinguishes the structure
of the robust Bellman equation from the non-robust one. Under the non-robust setting, the
solution set to the Bellman equation can be written as {(g5, VZ +ce) : ¢ € R}. The solution
is uniquely determined by the transition kernel (up to some constant vector ce). In contrast,
in the robust setting, the robust Bellman equation is no longer linear. Any solution V to
(12) is a relative value function w.r.t. some worst-case transition kernel P € QF (up to some
additive constant vector), i.e., V. € {VF +ce : P € QF,c € R}. A natural question that
arises is whether, for any P € QF, (9%, V{) is a solution to (12)? Lemma 1 refutes this.

Lemma 1. There exists a robust MDP such that for some P € QF, (9%, V) is not a
solution to (12).

Lemma 1 implies that the solution set to (12) is a subset of {VF' +ce,P € QF,c € R}.
Note that an explicit characterization of the solution set to (12) is challenging due to its
non-linear structure; however, result 3 in Theorem 7 suffices to establish the convergence of
our model-free algorithms (shown later in Section 5).

Theorem 7 characterizes the robust average-reward for a fixed policy m, which plays an
essential role in policy evaluation problems, i.e., to estimate the robust average-reward for .
To find the optimal robust policy, we similarly derive the following optimality condition for
robust average-reward MDPs. It is generally useful to consider the action-value functions
in optimal control problems, hence we consider a Q-function @ : S x A — R, and define
Vo(s) = max, Q(s,a),Vs € S.
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Theorem 8 (Optimal robust Bellman equation). If (g,Q) is a solution to the optimal
robust Bellman equation

Q(s,a) =r(s,a) — g+ opa(Vg), Vs, a, (13)
then
° 1) g=gp;
e 2) the greedy policy w.r.t. Q: mg(s) = argmax, Q(s,a) is an optimal robust policy;
o 3) Vo =V5? +ce for some P € Q5% ceR.

Note that the theorem is presented using the action-value function @Q; Similar results
can be easily adapted using the V function as follows.

Corollary 1. For any (g,V') that is a solution to

max {r(s,a) =g+ opa(V) = V(s)} =0,Vs, (14)
g = gp- If we further set

7(s) = arg max {r(s,a) +opa(V)},Vs €8, (15)
then ©* is an optimal robust policy.

According to Theorem 8, finding a solution to (13) is sufficient to get the optimal robust
average-reward and to derive the optimal robust policy. Similarly to Theorem 7, we omit
the explicated study and characterization of the solution set to (13), but the above results
are sufficient for the convergence proof of our direct methods and algorithms.

Results in this section provide a comprehensive characterization of the fundamental
structure of robust MDPs under the average-reward criterion, and indicates the equivalence
between solving them and find the solutions to the robust Bellman equations. However, as
discussed, the solution set to the robust Bellman equations can be complicated, and are not
straightforward to solve. In the next section, we develop a model-based algorithm to solve
the equations and find the optimal robust policy.

4.2 Direct Method: Robust Relative Value Iteration

In the following, we generalize the RVI approach to the robust setting, and design a robust
RVI algorithm in Algorithm 3. We will further show that the output of this algorithm
converges to a solution to (14), and further the optimal policy could be obtained by (15).

Here, sp denotes the span semi-norm: sp(w) = max, w(s) —mins w(s), and f : RIS - R
is an offset function introduced to stabilize the algorithm updating. We adopt the following
assumption from (Puterman, 1994).

Assumption 2. f : RISl — R is L;-Lipschitz and satisfies f(e) = 1, f(z + ce) = f(x) +
¢, flex) = cf(z), Ve € R.
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Algorithm 3 Robust RVI
Input: Vp, €
1 wo + Vo — f(Vo)

2: while sp(w; — wyy1) > € do

3 for all s € S do

4 Vig1(s) < maxy(r(s,a) + opa(wy))
: wit1(8) = Viga(s) = f(Visa)

6 end for

7: end while

8: return wy, Vi

Assumption 2 can be easily satisfied, e.g., f(V') = V(sg) for some reference state sy € S,
or f(V) = Zj;/‘(s) (Abounadi et al., 2001). Compared with the discounted setting, f is
critical here. As we discussed above, in the average-reward setting, the solution to the
Bellman equation V + ce can be arbitrarily large because ¢ can be any real number. This
may lead to a non-convergent sequence V,, (see, e.g., Example 8.5.2 of (Puterman, 1994)).
Hence, a function f is introduced to ”offset” V,, and keep the iterates stable.

Different from Algorithm 2, in Algorithm 3, we do not apply the robust discounted
Bellman operator. The method directly solves the robust optimal control problem for
average-reward robust MDPs. We note that in the previous studies of non-robust average-
reward, a stronger assumption is made to guarantee the convergence of the non-robust
relative value iteration (see, e.g., (Puterman, 1994)). However, it can be weakened using
the aperiodic transform technique. In this paper, we further generalize such technique to
the robust setting, and show the convergence of our robust RVI under Assumption 1.

In the following theorem, we show that our Algorithm 3 converges to a solution of (14).
Then according to Theorem 8, the optimal robust policy can be obtained by setting =
according to (15) from the limit of the algorithm.

Theorem 9. (wy, Vi) converges to a solution (w, V') to (14) as € — 0.

Remark 2. In this section, we present the robust RVI algorithm for the robust optimal
control problem, and its asymptotic convergence and optimality guarantee. A robust RVI
algorithm for robust policy evaluation can be similarly designed by replacing the max in line
4, Algorithm 3 with an expectation w.r.t. w. The convergence results in Theorem 9 can
also be similarly derived. Our algorithms are expected to converge linearly, as we show in
Theorem 9 that it is a multi-step contraction. However, the exact number of steps and the
contraction coefficients are involved dependent on the underlying MDP, and hence we leave
the exact characterization of its convergence rate as a future research interest.

5. Model-Free Approaches for Robust Average-Reward MDPs

In the previous sections, we developed the fundamental characterizations of the robust
average-reward MDPs and designed two algorithms under the model-based setting, where
we assume full knowledge of the uncertainty set P. However, in practice the learner may
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not know exactly the nominal MDP and thus the uncertainty set, instead, it can obtain
samples from the nominal MDP.

A natural idea for the model-free setting is to replace the robust Bellman operators in
Algorithms 2 and 3 using some estimators obtained from the samples. However, such an
extension is not straightforward due to two reasons: 1) The convergence results above are not
guaranteed with stochastic estimators; 2) the construction of an unbiased estimator can be
difficult, due to the distribution shift between the nominal kernel and the worst-case kernel.
In this section, we first construct unbiased estimators of the robust Bellman operator for five
uncertainty set models, including the contamination model, the total variation model, the
Chi-square model, the KL-divergence model, and the Wasserstein distance model. We then
design stochastic algorithms using these unbiased estimators and show their convergence.

5.1 Robust RVI TD for Policy Evaluation

In this section, we first study the problem of robust policy evaluation, which aims to estimate
the robust average-reward g7 for a fixed policy 7.

For technical convenience, we make the following assumption to guarantee that the
average-reward is independent of the initial state (Abounadi et al., 2001; Wan et al., 2021;
Zhang et al., 2021a; Zhang & Ross, 2021; Chen et al., 2022).

Assumption 3. The Markov chain induced by 7 is a unichain for all P € P.

Note that this assumption is weaker than Assumption 1, which is because the policy
evaluation problem only considers a fixed policy. In general, the average-reward depends
on the initial state. For example, imagine a policy that induces a multichain in an MDP
with two closed communicating classes. A learning algorithm would be able to learn the
average-reward for each communicating class; however, the average-rewards for the two
classes may be different. To remove this complexity, it is common and convenient to rule
out this possibility. Under Assumption 3, the average-reward w.r.t. any P € P is identical
for any start state, i.e., g5(s) = g5(s'), Vs, s’ € S.

Motivated by the robust Bellman equation in (12), we propose a model-free robust RVI
TD algorithm in Algorithm 4, where T is some estimator of the robust Bellman operator
and will be discussed later.

Algorithm 4 Robust RVI TD
Input: Vp,a,,n=0,1,.... N —1
1: forn=0,1,.... N —1do
2: for all s € S do

3: Vis1(s) < Viu(s) + an(TViu(s) — f(Vi) = Viu(s))
4:  end for
5: end for

Note that (12) can be written as V' = TV —g, where T is the robust average-reward Bell-
man operator. Since in the model-free setting P is unknown, in Algorithm 4, we construct
TV as an estimate of TV satisfying

E[TV] =TV, Var[TV(s)]<C(1+|V]|?), (16)
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for some constant C' > 0. In this paper, if not specified, || - || denotes the infinity norm
I lloo- A

It is challenging to construct such T as T is non-linear in the nominal transition kernel
from which samples are generated. In Section 5.3, we will present in detail how to construct
such T for various uncertainty set models.

We then assume the Robbins-Monro condition on the stepsize, and further show the
convergence of robust RVI TD.

Assumption 4. The stepsize {a, }72 satisfies the Robbins-Monro condition, i.e., > oy =

o 2
00, Y oy < 00.

Theorem 10 (Convergence of robust RVI TD). Under Assumptions 2, 3, 4, and if T
satisfies (16), then almost surely, (f(Vy,),Vyn) converges to a solution to (12) which may
depend on the initialization.

The result implies that f(V,,) — g% a.s., which means our robust RVI TD converges
to the worst-case average-reward for the given policy w. Our robust RVI TD algorithm is
hence shown to converge to a solution to (12), which solves the problem under the model-free
setting.

To show the convergence of the stochastic model-free algorithm, we utilize the stochas-
tic approximation approach. We study the associated ODE of the algorithm, tackle the
stochastic noise and show the algorithm converge to the equilibrium of the ODE. As we
discussed after Theorem 7, result 3 of Theorem 7 is crucial to the convergence proof of
Theorem 10. Specifically, it is necessary in order to characterize the equilibrium of the
associated ODE, and thus the limit of the iterates f(V;) — ¢%.

Remark 3. Although our algorithm is presented in a synchronous fashion, the similar
convergence result is also expected to hold for asynchronous version of algorithm, under
the assumption that all state-action pairs are visited for infinite number of times. Such an
extension is standard, see, e.g., (Wan et al., 2021).

5.2 Robust RVI @-Learning for Control

In this section, we aim to find the optimal robust policy under the model-free setting, i.e.,
find 7* = arg max, g7.

Inspired by the model-based methods and the previous section, We hence present the
following model-free robust RVI @Q-learning algorithm.

Algorithm 5 Robust RVI Q-learning
Input: Qg, oy,
1: forn=0,...,N —1do
2: forallseS,ae Ado
3: QnJrl(sa a) A Qn(57 a) + O‘n(I:IQn(Sa (I) - f(Qn) - Qn(sa a))
4: end for
5: end for

Similar to the robust RVI TD algorithm, denote the optima} robust Bellman operator
by HQ(s,a) £ r(s,a) + opa(Vg), and we construct an estimate H such that for some finite
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constant C,
E[HQ] = HQ, Var[HQ(s,a)] < (1 +[|Q|). (17)

In Section 5.3, we will present in detail how to construct such H for various uncertainty set
models.

The following theorem shows the convergence of the robust RVI @-learning to the opti-
mal robust average-reward g5 and the optimal robust policy 7*.

Theorem 11 (Convergence of robust RVI @Q-learning). Under Assumptions 1, 2, 4, and
if H satisfies (17), then almost surely, (f(Qn),Qn) converges to a solution to (13), i.e.,
f(Qn) converges to g5, and the greedy policy mg, (s) = argmax, Q,(s,a) converges to an
optimal robust average-reward T*.

The above results imply that our robust RVI ()-learning algorithm finds the optimal
robust average-reward function and the optimal robust policy, under the model-free setting.
The proof technique is similar to the one of Theorem 10, where we first characterize the
equilibrium of the associated ODE, and prove the global stability and convergence of our
algorithm.

5.3 Construction of Estimated Operator: Case Studies

In the previous two sections, we showed that if an unbiased estimator with bounded variance
is available for the robust Bellman operator, then both robust algorithms proposed converge
to the optimum. In this section, we present the design of these estimators for various
uncertainty set models.

The major challenge in designing the estimated operators satisfying (16) and (17) lies in
estimating the support function opa (V') using samples from the nominal transition kernel
P¢, which in general is different from the worst-case transition kernel. The function opa (V')
is non-linear in the nominal kernel, which makes it challenging to construct such an estima-
tor. For instance, the most widely-used MLE plugging-in estimator is shown to be biased.
If we use the empirical transition kernel P as the centroid to construct an uncertainty set
P, then the estimator is biased: Elopa (V)] # opa (V).

To solve this issue, we hence utilize the multi-level Monte-Carlo approach (Blanchet
& Glynn, 2015), and construct an unbiased estimator for several widely-used non-linear
uncertainty models including the total variation model, the Chi-square model, the KL-
divergence model, and the Wasserstein distance model. We show that our estimators are
unbiased and have bounded variance in the following theorem. We will present the design
in later sections.

Theorem 12. For each uncertainty set, denote its corresponding estimators by T and H
as in Sections 5.3.1 and 5.3.2. Then, there exists some constant C, such that (16) and (17)
hold.

In the following sections, we construct an operator gpa to estimate the support function
opa, Vs € §,a € Afor each uncertainty set. We further define the estimated robust Bellman

operators as TV (s) £ . w(a|s)(r(s,a) + opa(V)) and HQ(s,a) £ r(s,a) + apa(VQ).
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5.3.1 LINEAR MODEL: CONTAMINATION UNCERTAINTY SET

The (-contamination uncertainty set is P¢ = {(1—()P?+(q: ¢ € ¢((S)}, where 0 < ( < 11is
the radius. Under this uncertainty set, the support function can be computed as opa (V) =
(1 = ¢)P?V 4 ¢ ming V/(s), and this is linear in the nominal transition kernel P?. We hence
use the transition to the subsequent state to construct our estimator:

g (V) = (1= V() + (min V(z), (18)

where s’ is a subsequent state sample after (s, a).

5.3.2 NON-LINEAR MODELS

Unlike the contamination model, most uncertainty sets result in a non-linear support func-
tion of the nominal transition kernel. We will employ the approach of multi-level Monte-
Carlo which is widely used in quantile estimation under stochastic environments (Blanchet
& Glynn, 2015; Blanchet et al., 2019; Wang & Wang, 2022) to construct an unbiased
estimator with bounded variance.

For any s, a, we first generate N according to a geometric distribution with parameter
¥ € (0,1). Then, we take action a at state s for 2V*! times, and observe r(s,a) and
the subsequent state {s/},i = 1,...,28¥"1. We divide these 2¥*1 samples into two groups:
samples with odd indices, and samples with even indices. We then individually calculate
the empirical distribution of s’ using the even-index samples, odd-index ones, all the sam-
ples, and the first sample: Isg]]::f—i-l = 2%212:1 1y, ﬁZ:J(\DTH = QLN 21251 1y IS‘L;NH =

gN+1 5a,l . .- .
2N—1+1 Yo 1y, Pi ~N+1 = Lg. Then, we use these estimated transition kernels as nomi-

A

nal kernels to construct four estimated uncertainty sets ’ng; 11 73;’](\,3 410 P Nt 73?}{[ 41 The
multi-level estimator is then defined as

(V) + , (19)

Gpa(V) 2 0pa,

where py = ¥(1 — ¥)V and

0 Aa,E (V) + 0'755,,0 (V)
AN(V) é 0_7311 (V) _ s,N+1 s,N+1

s, N+1 2

We note that in previous results of the multi-level Monte-Carlo estimator (Blanchet &
Glynn, 2015; Blanchet et al., 2019; Wang & Wang, 2022), several assumptions are needed
to show that the estimator is unbiased. These assumptions, however, do not hold in our
cases. For example, the function op (V) is not continuously differentiable. Hence, their
analysis cannot be directly applied here.

We then present four examples of non-linear uncertainty sets. Under each example, a
solution to the support function op (V) is given, and by plugging it into (19) the unbiased
estimator can then be constructed. More details can be found in Section H and Section 1.

Total Variation Uncertainty Set. The total variation uncertainty set is P¢ = {q €
A(|S]) = $llg—P4l1 < ¢}, and the support function can be computed using its dual function
(Iyengar, 2005):

opg (V) = max (PY(V — ) — (Span(V — u)). (20)
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Chi-square Uncertainty Set. The Chi-square uncertainty set is P? = {q € A(|S]) :
2
d.(P¢,q) < (}, where dc(q,p) =, %. Its support function can be computed using
its dual function (Iyengar, 2005):

opg (V) = max (PL(V — ) — /(Varpg (V = u)). (21)

Kullback—Leibler (KL) Divergence Uncertainty Set. The KL-divergence between

two distributions p, ¢ is defined as Dgir(qllp) = >, q(s)log %, and the uncertainty set
defined via KL divergence is

P ={q: Drr(q||P) <(},Vs € S,a € A. (22)

Its support function can be efficiently solved using the duality result in (Hu & Hong, 2013):
opa(V) = — m>116 <Ca + alog (Epg [e%D) : (23)
s L

The above estimator for the KL-divergence uncertainty set has also been developed in
(Liu et al., 2022) for robust discounted MDPs. Its extension to our average-reward setting
is similar.

Wasserstein Distance Uncertainty Sets. Consider the metric space (S,d) by
defining some distance metric d. For some parameter [ € [1,00) and two distributions
p,q € A(S), define the I-Wasserstein distance between them as W(q,p) = inf,cp(p.q) ]|,
where TI'(p,q) denotes the distributions over S x § with marginal distributions p, ¢, and
Il = (Exyympu [d(X, Y)l])l/l. The Wasserstein distance uncertainty set is then defined
as

Pg ={a € A(S]) : Wi(P§,q) < (- (24)

To solve the support function w.r.t. the Wasserstein distance set, we first prove the following
duality lemma.

Lemma 2. It holds that

opa(V) = igl()) (—)\Cl + Epa [irylf (V(y) + Ad(S, y)l)]> . (25)

Thus, the support function can be solved using its dual form, and the estimator can
then be constructed following (19).

Remark 4. We note that in the construction of MLMC estimators for the non-linear
uncertainty sets, we do not need to estimate and store any transition models. When updating
asynchronously, we only need a memory space of |S| X |A| to store the nominal kernel of
the specific state-action pair, instead of the whole model. From this aspect, we refer to our
algorithms with MLMC' estimators as model-free approaches. It is left for further exploration
of model-free algorithms with less memory space.
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6. Numerical Results

In this section, we numerically verify our theoretical results. We aim to verify two aspects
of our methods: the convergence of the algorithms, and the robustness of them. Additional
experiments can be found in Appendix A.

6.1 Convergence of Robust RVI TD and @-Learning

We first verify the convergence of our robust RVI TD and ()-learning algorithms under a
Garnet problem G(30,20) (Archibald et al., 1995). The problem can be characterized as a
MDP (30,20, P, r), where there are 30 states and 20 actions. The nominal transition kernel
P={P% seS,aec A} is randomly generated by a normal distribution: P¢ ~ N (1,0%) and
then normalized. The reward function r(s,a) ~ N (1, u%), where u?, 0% ~ Uniform|0, 100].
We set the radius of the uncertainty set ¢ = 0.4, a,, = 0.01, f(V) = ZS‘;(S) and f(Q) =

%. We show the results under the Chi-square and Wasserstein Distance models.

The results under the other three uncertainty sets are presented in Appendix A.

For policy evaluation, we evaluate the robust average-reward of the uniform policy
m(als) = |7%| We implement our robust RVI TD algorithm under different uncertainty
models. We run the algorithm independently for 30 times and plot the average value of
f(V) over all 30 trajectories. We also plot the 95th and 5th percentiles of the 30 curves as
the upper and lower envelopes of the curves. To compare, we plot the true robust average-
reward computed using the model-based robust value iteration method. It can be seen from
the results in Figure 1 that our robust RVI TD algorithm converges to the true robust
average-reward value.

Chi-Square Model Wasserstein Distance Model
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Figure 1: Robust RVI TD Algorithm.

We then consider policy optimization. We run our robust RVI Q-learning independently
for 30 times. The curves in Figure 2 show the average value of f(Q) over 30 trajectories,
and the upper/lower envelopes are the 95/5 percentiles. We also plot the optimal robust
average-reward g computed by the model-based RVI method. Our robust RVI Q-learning
converges to the optimal robust average-reward g3 under each uncertainty set, which verifies
our theoretical results.
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Figure 2: Robust RVI @-Learning Algorithm.

6.2 Robustness of Our Robust Approaches

In this section, we aim to demonstrate the robustness of our approaches, including both
model-based and model-free ones. We first compare our model-based approaches with the
non-robust model-based ones under the Garnet problem (Archibald et al., 1995). Then we
verify the robustness of our model-free robust RVI @-learning under two problems, namely,
the Recycling Robot and the inventory control problem.

6.2.1 ROBUSTNESS OF MODEL-BASED APPROACHES

We study several commonly used uncertainty set models, including contamination model,
Kullback-Lerbler (KL) divergence, and total-variation defined model. As can be observed
from Algorithm 1, 2, and 3 for different uncertainty sets, the only difference lies in how the
support function opa (V) is calculated. In the sequel, we discuss how to efficiently calculate
the support function for various uncertainty sets.

We numerically compare our robust (relative) value iteration v.s. non-robust (relative)
value iteration methods on different uncertainty sets. Our experiments are based on the
same Garnet problem G(20,40) considered in 6.1, with the same nominal transition kernel,
reward functions, and uncertainty set structures. We run different algorithms, i.e., (robust)
value iteration and (robust) relative value iteration, and obtain the greedy policies at each
time step. Then, we use robust average-reward policy evaluation (Algorithm 1) to evaluate
the robust average-reward of these policies. We plot the robust average-reward against the
number of iterations.

Contamination model. Our experimental results under the contamination model are
shown in Figure 3.

Total variation. Our experimental results under the total variation model are shown in
Figure 4.

Kullback-Lerbler (KL) divergence. Our experimental results under the KL-divergence
model are shown in Figure 5.

It can be seen that our robust methods can obtain policies that achieve higher worst-
case rewards. Also, both our limit-based robust value iteration and our direct method of
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robust relative value iteration converge to the optimal robust policies, which validates our
theoretical results.

6.2.2 ROBUSTNESS OF MODEL-FREE APPROACH: RECYCLING ROBOT

We first consider the recycling robot problem (Example 3.3 (Sutton & Barto, 2018)). A
mobile robot running on a rechargeable battery aims to collect empty soda cans. It has
2 battery levels: & = {low and high}. The robot can either 1) search for empty cans; 2)
remain stationary and wait for someone to bring it a can; or 3) go back to its home base
to recharge, i.e., A = {wait, search, recharge}. Under low (high) battery level, the robot
finds an empty can with probabilities « (), and remains at the same battery level. If the
robot goes out to search but finds nothing, it will run out of its battery and can only be
carried back by humans. The reward of finding a can is set to be +5, the reward of finding
nothing and running out of battery is —5, and r = 0 for waiting. More details can be found
in (Sutton & Barto, 2018).

In this experiment, the uncertainty lies in the probabilities «, 8 of finding an empty can
if the robot chooses the action ‘search’. We set ( = 0.4 and implement our algorithms and
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Figure 5: Comparison on KL-divergence model with R = 0.8.

vanilla @-learning under the nominal environment (o = 8 = 0.5) with stepsize 0.01. To
show the difference among the policies that the algorithms learned, we plot the difference
of @ values at low battery level in Figure 6a. The results showed the average value of the
difference between the Q-function among 10 independent experiments. In the low battery
level, the robust algorithms find conservative policies that choose to wait instead of search,
whereas the vanilla @-learning finds a policy that chooses to search.

To test the robustness of the obtained policies, we evaluate the average reward of the
learned policies in perturbed environments. Specifically, let  denote the amplitude of the
perturbation. Then, we calculate the exact robust average reward functions of the two
policies over the testing uncertainty set (0.5 — x,0.5 + x) using the model-based approach
Alg 1, and plot them in Figure 6b. It can be seen that when the perturbation is small, the
true worst-case kernels (w.r.t. ¢ during training) are far from the testing environment, and
hence the vanilla ()-learning has a higher reward; however, as the perturbation level becomes
larger, the testing environment gets closer to the worst-case kernels, and then our robust
algorithms perform better. It can be seen that the performance of Q-learning decreases
rapidly while our robust algorithm is stable and outperforms the non-robust )-learning.
This implies that our algorithm is robust to the model uncertainty.

6.2.3 ROBUSTNESS OF MODEL-FREE APPROACH: INVENTORY CONTROL PROBLEM

We now consider the supply chain problem (Giannoccaro & Pontrandolfo, 2002; Kemmer
et al., 2018; Liu et al., 2022). At the beginning of each month, the manager of a warehouse
inspects the current inventory of a product. Based on the current stock, the manager
decides whether or not to order additional stock from a supplier. During this month, if
the customer demand is satisfied, the warehouse can make a sale and obtain profits; but if
not, the warehouse will obtain a penalty associated with being unable to satisfy customer
demand for the product. The warehouse also needs to pay the holding cost for the remaining
stock and new items ordered. The goal is to maximize the average profit.

We let s; denote the inventory at the beginning of the t-th month, D; be a random
demand during this month, and a; be the number of units ordered by the manager. We
assume that D, follows some distribution and is independent over time. When the agent

741



WANG, VELASQUEZ, ATIA, PRATER-BENNETTE, ZOU

- Recycling Robot Recycling Robot

<

e 2.0 e Q-Learning

8 Ar\] ﬂ_ﬁ i kg Mr . Robust RVI Q-Learning

n f T s 7]

d i RN L B Y

i W A g iy

? —— Q-Learning o > \/

= ol Colntamination g 004

‘S | —— Chi-Square o

= —— Total Variation <>£ 0.5

= 2 —— KL-Divergence

o Wasserstein Distance -1

SO R o o o 0 »

Number of iteration Perturbation of environment

(a) Q(low,wait)-Q(low,search) (b) Perturbed environment

Figure 6: Recycling Robot.

takes action a;, the order cost is a;, and the holding cost is 3 - (s; + a;). If the demand
D; < s;+ay, then selling the item brings 5- Dy in total; but if the demand D; > sy + ay, then
there will not be any sale and a penalty of —15 will be received. We set S = {0,1,...,16}
and A = {0, ..., 8}.

We first set ¢ = 0.4 and oy = 0.01, and implement our algorithms and vanilla )-learning
under the nominal environment where D; ~ Uniform(0, 16) is generated following the
uniform distribution. To verify the robustness, we test the obtained policies under different
perturbed environments. More specifically, we perturb the distribution of the demand to
Dy ~ U 1), where
IS|-2
2

1 — .
o b5, if € {m,m+ 1},
U ) = { 3,02

IGE else.

The results are plotted in Figure 7. We first fix m = 0 and plot the performance under
different values of b in Figure 7a, then we fix b = 0.25 and plot the performance under
different values of m in Figure 7b.

As the results show, when b is small, i.e., the perturbation of the environment is small,
the non-robust Q-learning obtains higher reward than our robust methods; as b becomes
larger, the performance of the non-robust method decreases rapidly, while our robust meth-
ods are more robust and outperform the non-robust one. When b is fixed, our robust
methods outperform the non-robust )-learning, which also demonstrates the robustness of
our methods.

7. Conclusion

In this paper, we investigated the problem of robust MDPs under the average-reward cri-
terion. We first developed the fundamental characterization of their structures using two
approaches: the limit approach and the direct one. We first established uniform conver-
gence of the discounted value function to average-reward and showed the common properties
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shared by robust MDPs under both reward criteria. We then designed a direct approach
for robust average-reward MDPs, where we derived the robust Bellman equation for robust
average-reward MDPs. Based on these results, we further designed two model-based algo-
rithms, robust VI and robust RVI, with convergence and robustness guarantees. We then
generalized such approaches to the model-free setting, where we constructed an unbiased
estimator of the robust Bellman operator and proposed robust RVI TD and Q-learning
algorithms, and further theoretically proved their convergence and optimality.
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Appendix A. Additional Experiments

In this section, we first show the additional experiments on the Garnet problem in Section
6.1. Then, we further verify our theoretical results using some additional experiments.
A.1 Garnet Problem

We first verify the convergence of our robust RVI TD and robust RVI Q-learning under the
Garnet problem with the same setting as in Section 6.1. Our results show that both our al-
gorithms converge to the (optimal) robust average-reward under the other three uncertainty
sets.

Contamination Model Total Variation Model KL-Divergence Model

| —— Robust Average Reward
‘ Robust RVI TD

<21 || —— Robust Average Reward
| Robust RVI TD
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Figure 8: Robust RVI TD Algorithm under Garnet Problem.
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Figure 9: Robust RVI @Q-Learning Algorithm under Garnet Problem.
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A.2 Frozen-Lake Problem
We first verify our robust RVI TD algorithm and robust RVI @-learning under the Frozen-

Lake environment of OpenAl (Brockman et al., 2016).

We set the uncertainty radius

¢ = 0.4, ap, = 0.01 and plot the (optimal) robust average-reward computed using model-
based methods as the baseline. We evaluate the uniform policy for the policy evaluation
problem, plot the average value of f(V;) of 30 trajectories and plot the 95/5 percentile as
the upper/lower envelope. For the optimal control problem, we plot the average value of

f(Qy) of 30 trajectories and plot the 95/5 percentile as the upper/lower envelope.

results show that both algorithms converge to the (optimal) robust average-reward.
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Figure 10: Robust RVI TD Algorithm under Frozen-Lake environment.
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A.3 Robustness of Robust RVI ()-Learning

We further use the simple, yet widely-used problem, referred to as the one-loop task problem
(Panaganti & Kalathil, 2022), to verify the robustness of our robust RVI @-learning. This
environment is widely used to demonstrate that robust methods can learn different optimal
polices from the non-robust methods, which are more robust to model uncertainty. The
one-loop MDP contains 2 states s, s, and 2 actions a, a, indicating going left or right.

The nominal environment is shown in the left of Figure 12, where at state s1, going left
and right will result in a transition to s; or s; and at sg, going left and right will result in

a;,0 a;, 0 a,,r‘ 9
@ Q 32

Figure 12: One-Loop Task.

a transition to s or so.

We implement our robust RVI @-learning and vanilla non-robust ()-learning as the
baseline in this environment. At each time step ¢, we plot the difference between Q¢(s1,a;)
and Q¢(s1,a,) in Figure 13a. If Q¢(s1,a;) — Q¢(s1,a,) < 0, the greedy policy will be going
right; and if Q¢(s1,a;) — Q¢(s1,a,) > 0, the policy will be going left. As the results show,
the vanilla Q-learning will finally learn a policy 7(s1) = a,, while our algorithms learn a
policy 7(s1) = a;.

To verify the robustness of our method, we test the learned policies under a perturbed
testing environment, shown on the right of Figure 12. We plot the average-reward of policies
7 under this perturbed environment. The results are shown in Figure 13b.
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Figure 13: One-Loop Task.
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As the results show, our robust RVI Q-learning learns a more robust policy under the
nominal environment, which obtains a higher reward in the perturbed environment; whereas
the non-robust Q-learning learns a policy that is optimal w.r.t. the nominal environment,
but less robust when the environment is perturbed. This verifies that our algorithm is more
robust than the vanilla method.

Appendix B. Review of Robust Discounted MDPs

In this section, we provide a brief review on the existing methods and results for robust
discounted MDPs.

B.1 Robust Policy Evaluation

We first consider the robust policy evaluation problem, where we aim to estimate the robust
value function Vgﬁ for any policy w. It has been shown that the robust Bellman operator
T is a y-contraction, and the robust value function Vg ., is its unique fixed-point. Hence by
recursively applying the robust Bellman operator, we can find the robust discounted value
function (Nilim & El Ghaoui, 2004; Iyengar, 2005).

Algorithm 6 Policy evaluation for robust discounted MDPs
Input: =, Vy, T

1: fort=0,1,....,7—1do
2 for all s € S do
3 Vir1(s) < Ex[r(s, A) + yopa(Vy)]
4: end for
5
6

: end for
: return Vp

B.2 Robust Optimal Control

Another important problem in robust MDP is finding the optimal policy that maximizes
the robust discounted value function:

7" = argmax Vp .. (26)

A robust value iteration approach is developed in (Nilim & El Ghaoui, 2004; Iyengar, 2005)
as follows.

Algorithm 7 Optimal Control for robust discounted MDPs
Input: Vy, T

1: fort=0,1,....,T—1do
2 for all s € S do
3 Vir1(s) < max, {r(s,a) + yope (V) }
4: end for
5
6
7

: end for
: 7 (s) < argmaxg {r(s,a) +yopa(Vr)} , Vs
: return 7
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Appendix C. Equivalence between Time-Varying and Stationary Models

We first provide an equivalence result between time-varying and stationary transition kernel
models under stationary policies, which is an analog result to the one for robust discounted
MDPs (Iyengar, 2005; Nilim & El Ghaoui, 2004). This result will be used in our following
proofs.

Recall the definitions of the robust discounted value function and worst-case average-
reward in (4),(5), the worst-case is taken w.r.t. x = (Po,P1...) € Q> P, therefore, the
transition kernel at each time step could be different. This model is referred to as the
time-varying transition kernel model (as in (Iyengar, 2005; Nilim & El Ghaoui, 2004)).
Another commonly used setting is that the transition kernels at different time steps are
the same, which is referred to as the stationary model (Iyengar, 2005; Nilim & El Ghaoui,
2004). In this paper, we use the following notations to distinguish the two models. By
Ep]-], we denote the expectation when the transition kernels at all time steps are the same,
P, i.e., the stationary model. We also denote by gf(s) 2 limy oo Ep » [% Z?:_()l Tt}So = s]
and VJ’V(S) £ Ep, [Z?io 'ytrt}So = s] being the expected average-reward and expected
discounted value function under the stationary model P. By E,[-], we denote the expectation
when the transition kernel at time ¢ is Py, i.e., the time-varying model.

For the discounted setting, it has been shown in (Nilim & El Ghaoui, 2004) that for a
stationary policy 7, any v € [0,1), and any s € S,

T _ : t _
Vpﬁ(s) = negig}PEﬂﬁ [gfy r¢|So = s]

oo
Z '7'%\5’0 =3
t=0

=minE 27
min B (27)

In the following theorem, we prove an analog of (27) for robust average-reward MDPs
that if we consider stationary policies, then the robust average-reward problem with the
time-varying model can be equivalently solved by a stationary model.

Specifically, we define the worst-case average-reward for the stationary transition kernel
model as follows:

min lim E
PeP n—oo P

1 n—1
nZ?ﬂngS] : (28)

t=0

Recall the worst-case average-reward for the time-varying model in (5). We will show that
for any stationary policy, (5) can be equivalently solved by solving (28).

Theorem 13. Consider an arbitrary stationary policy w. Then, the worst-case average-
reward under the time-varying model is the same as the one under the stationary model:

1n—1
Z(s)= min lim E,. . |— r¢|So = s
9p(s) RE@ g P 1200 K, [n; /S0 ]
1n—1
:F%%JEEOE"“ n;rt}&):s (29)
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Similar result also holds for the robust relative value function:

T L : E s —
Vp (S) - négtl?oPEﬁm |: +=0 (Tt - 973)|S0 B S:|
= Ep » — 935)|So = s|. 30
= e LEO:(n 350 =3 (30)

Proof. From the robust Bellman equation in Theorem 7 °, we have that

VB(s) + 9p = Y m(als) (r(s,a) + ops(VB)) . (31)

a

Denote by arg minyepa(p) VA = p2%, and denote by P™ £ {p? : s € S,a € A}. It then
follows that

VE(s) = 3 nlals) (s, = g5 + 752 (V)

_Z (als) — gp) +Z (als)Ep= [V (S1)|S0 = s, Ao = a
= Z (als) — gp) + Epr £ [V (51)|S0 = s]
= Z (a|s) —gp) + Epr - [Zﬂ(a|51)(?”(51,a) —gp)|So = s}
+Epr s [ZW(@ISOUP;I (TS
= 37 el )5,6) = 65)-+ B 11 = G315 =]+ B o (VIS0 =5
= 3 wlal)ir(s,) ~ gF) + B [7‘1 7|50 = ] B, [@g‘;fvmso - }

= IEP#J o — gp + 71— gp|lSo = s} + Epr [V5 (52)]S0 = 5]

—Bera | S (- )l (32
L t=0
By the definition, the following always hold:
min E, - (re — gp)|So = 3] < minEp . { (re — gp)|So = s] . (33)
KEQRy>o P LZ:% ¢ PeP tzzg [

5. The proof of Theorem 7 is independent of Theorem 13 and does not rely on the results to be shown here.
6. We pick one arbitrarily if there are multiple minimizers.
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This hence implies that a stationary transition kernel sequence x = (P™,P™,...) is one of
the worst-case transition kernels for V5. Therefore, (30) can be proved.

Consider the transition kernel P". We denote its non-robust average-reward and the
non-robust relative value function by gg, and Vg.. By the non-robust Bellman equation
(Sutton & Barto, 2018), we have that

VE-(s) =) m(als)(r(s,a) = gf=) + Epr 2 [VE-(S1)]s]. (34)

a

On the other hand, the robust Bellman equation shows that

VB (s) = Vi=(s) = Y _ m(als)(r(s,a) = gp) + Epr [V (S1)]s]. (35)

a

These two equations imply that g, = gp., and hence the stationary kernel (P™,P™,...) is
also a worst-case kernel of robust average-reward in the time-varying setting. This proves
(29). O

Appendix D. Limit Approach
D.1 Proof of Theorem 1

In the proof, unless otherwise specified, we denote by ||v|| the lo, norm of a vector v, and for a

matrix A, we denote by || A|| its matrix norm induced by lo norm, i.e., || A|| = sup,cpd %.
Lemma 3. [Theorem 8.2.3 in (Puterman, 1994)] For any P, ~, 7,
1
VB, =———9p thp+ fp(7) (36)

P,'Y 1_7

where g = Hpre, and f3(7) = 2 3202, (<1)" (452)" ()™ 1rs.

Following Proposition 8.4.6 in (Puterman, 1994), we can show the following lemma.

Lemma 4. HJ is continuous on Il x P. If I and P are compact, |HF| is uniformly
bounded on I x P, i.e., there exists a constant h, such that |HF|| < h for any 7, P.

S (1 (
n=1

N n
> <

Clearly SZ,(P,v) = f5(v) and limy_,0c SK (P, y) = SZ (P,~) for any specific 7, P.

For simplicity, denote by

n
) (HE)™ s,

2=

L—v
SL(P.7) =
(P.7) -
1— n "
ST (P.7) & 7”) (HE)" 1, (37)

= |~

Lemma 5. There exists 6 € (0,1), such that
lim ST (P,v) = SL(P,7) (38)
N—o0

uniformly on II x P x [4,1].
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Proof. Note that ||HJ|| < h, hence there exists J, s.t.

1_
T(shgk:<1 (39)

for some constant k. Then for any v > ¢,

1—7 1-6
h < h<k. 4
—h<—5th< (10)
Moreover, note that
1 1-— " 1/1-— " hk™
e (20) @] <D (2) e <M ea,
gl g T\ 0

which is because | A+B|| < ||A[|+]|B]| for induced ls norm, ||Az|| < ||A||||lz] and ||rz]le < 1.
Note that

- h k
M, =2 " 42
2 M =51, 42)
n=1
hence by Weierstrass M-test (Rudin, 2022), S}, (P,~) uniformly converges to ST (P,v) on
I x P x [4,1]. O

Lemma 6. There exists a uniform constant L, such that

[SN(P,71) = SN (P, 72)ll < Ly — 2l (43)
fO?" any N: T, P771772 € [57 1]

Proof. We first show that yST(P,~) = SN (—~1)" (1777)” (HE)" "y, £ TT(P,) is uni-

formly Lipschitz w.r.t. the I, norm, i.e.,

ITx(P,v1) — TR (P,y2) |l < 11 — 72l (44)

for any N, 7, P,v1,72 € [0, 1] and some constant .

Clearly, it can be shown by verifying VI (P,~) is uniformly bounded for any =, N, P
or 7.

First, it can be shown that

N n—1
1— —1
VIE(P.y) = 3 (1) (”) gy, (45)
n=1 v v
and moreover
Y- \"
VTR P <3 (,Y) Lt ey, (46)
n=1
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Note that
N n
1-— 1-— 1
- Dintr) =3 n <7> — 2,

then, we can show that

-+

N —1 N
:Zn<1_’y>n 1hn+1_zn<1—7)n1hn+2
2 2

n=1 v v n=1 Y Y
Lo 1—’7N1 N+2 - -7 " 1
Y v Y 2 Y Y
1 21— 1

§7h2+% . 1—
v ¥y 1-="h
h? h?1—~ 1

=2t h—1=
SN e 1—7”h

Hence, we have that

1 h?  h%1-— 1
IVTZ&(P,V)IISIN(V)<<+2 Ih 1)

T1-h Py

L Lok
T 1-k\6% 021-k)’
which implies a uniform bound on |[VTF (P, )]
Now, we have that

|SJ7\FI(P7’71) - S%(Pﬁzﬂ
— TE(P,m) — TH(P,
Y172 V2

v 1-—

<

To show ||T%(P,~)| is uniformly bounded, we have that

(52 o

(1 _FY)nhn—&-l
1 v

k" h

1T (P, )l

IN

1= 10=

IN

n

WE

1
L

3
I

IN
>
—
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Then, it follows that

— T% (P —T%(P
_ ‘ Y2 ’YlT]\r[(P’%) + ~(P,7) ~(Psv2)
Y172 Y2

(L, k N 1 1 (h? N h? k | |

=\ Te1—k\e? T21-k)) T

2 Lim — 7l (52)
where L = (%h& + %ﬁ <§—j + g—;ﬁ)) is a universal constant that does not depend
on N,P,m or ~. ]

Lemma 7. S7_(P, ) uniformly converges asy — 1 on IIxP. Also, ST (P,~) is L-Lipschitz
for any v > 4: for any w, P and any 1,72 € (0,1].

15% (P, 71) = S5 (P,y2)ll < Ly — 7al- (53)
Proof. From Lemma 5, for any e, there exists IV, such that for any n > N, 7, P, v > ¢,
15%(P,v) = S5(P,y) <e. (54)
Thus for any 1,72 € (0, 1],

155 (Ps71) = 5% (P72l

< 1S%(Pyv1) = Sa(Poy)ll + 157 (P, v1) = SE(P )l + 1157 (P, v2) — SE(P,22) |
<2+ |55 (P, 71) = Si(Py )l

<2e+ Ly — 72, (55)

where the last step is from Lemma 6.
Thus, for any e, there exists w = max {J, 1 — €}, such that for any v;,v2 > w,

155 (Piy1) = S5 (P.y2)ll < (2+ L)e, (56)

and hence by Cauchy’s criterion we conclude that SZ (P, ) converges uniformly on II x P.
On the other hand, since (55) holds for any e, it implies that

155 (P, 71) =SS (P,y2) |l < Lyt — 7l (57)
which completes the proof. O

We now prove Theorem 1. For any P, 7, we have that

T 1 s s T
Ve, = T, +hp + B (7). (58)

It then follows that

(L=—Ve,=9p+ (1 —7)hp + (1 —7)fe(7) (59)
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Clearly (1 —y)hf — 0 uniformly on II x P because ||hf| = ||[HErx|| < h is uniformly
bounded. Then,

(1 =y)fF (1) = (1 —92) f6 ()]l
(1 =~y)fE () — (A=) fe ()l + 11 =) fE(re) — (1 —2) f6 ()
(1 =)Ly = el + 1fE(v2)lllv1 — a2l (60)

For any w, P,y > ¢,

<
<

n=1
s%l_% L/
Y 1—Th
h k
<
— 01—k
£ cs. (61)

Hence, (1 —~)f5(v) — 0 uniformly on II x P due to the fact that ||fZ ()| is uniformly
bounded for any m,y > 6, P.

Then we have that limy1(1 — )Vg, = g§ uniformly on P x II. This completes the
proof of Theorem 1.

D.2 Proof of Theorem 2
We first show a lemma which allows us to interchange the order of lim and max.

Lemma 8. If a function f(x,y) converges uniformly to F(x) on X asy — yo, then

max lim f(z,y) = lim max f(z,y). (62)

T Y—Yo Y—yo

Proof. For each f(z,y), denote by argmax, f(z,y) = xy, and hence f(z,,y) > f(x,y) for
any x,y. Also denote by argmax, F/(z) = 2/. Now because f(x,y) uniformly converges to
F(z), then for any e, there exists ¢’, such that V|y — yo| < ¢,

[f(z,y) — F(z)| <€ (63)
for any x. Now consider |f(zy,y) — F(2')] for |y — yo| < ¢'. If f(xy,y) — F(z’) > 0, then
|f(2y,y) = F(a)] = fay,y) = Fa') = f(2y,y) = Flay) + Flay) - F@@') < (64)
On the other hand if f(z,,y) — F(z') <0, then

f(2y,y) = F(a)] = F(2) = f(zy,y) = F(&') = f(&",y) + f(2',y) = flay,y) <e (65)
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Hence, we showed that for any €, there exists ¢’, such that V|y — yo| < ¢,

£y ) — F(a)| = |max f(z,y) — max F(z)| < e, (66)
and hence

Jim max f(z,y) = max F(x) = max lim f(z,y), (67)
and this completes the proof. O

Then, we show that the robust discounted value function converges uniformly to the
robust average-reward as the discounted factor approaches 1.

Theorem 14 (Restatement of Theorem 2). The robust discounted value function converges
uniformly to the robust average-reward on 11:

lim(1 —~)Vp ., = gp. (68)

y—1

Proof. Due to Theorem 13, for any stationary policy 7, ¢g7(s) = minpep g5 (s) under the
stationary model. Hence from the uniform convergence in Theorem 1, we first show the
following:

g5 = min g7

PcP
= min lim (1 — ) V&
min lim (1 — )V,
@ tim min(1 —)Vg
1 PeP 7
— 1i _ U
= lim(1-)VZ,, (69)

where (a) is because Lemma 8. Moreover, note that lim,,1(1 —v)Vg, = g uniformly on
ITx P, hence the convergence in (69) is also uniform on II. Thus, we complete the proof. [

D.3 Proof of Theorem 5

Theorem 15 (Restatement of Theorem 5). Vi generated by Algorithm 1 converges to the
robust average-reward g as T — oo.

Proof. From discounted robust Bellman equation (Nilim & El Ghaoui, 2004), it can be
shown that

(1= 1)VB,, = (L =) Y w(als)(r(s, a) +wope (VB ,,)- (70)

a
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Then we can show that for any s € S,

[Vira(s) = (L= ye4) VP 5, (8)]

= [Vira(s) = (1 =7) VP, (s) + (1 =)V 5, (s) — (1 = ve42)V5 5, (8] (71)
<IA=7)VE 5, (8) = (1= 740)VE s (8)] + Vi1 (5) = (1 =7)Vp 5, (5)]

=|(1 %)Vp () = (L=741)VP ., ()]

( (1 = 70)r(s, @) + ope (Vi) — <<1—%>r<s,a>mapg((l—%)v&%)))\

=101~ %)Vﬁ%(S) — (U =4)Vp o, (8)] +

5 (el (e (V) = 2me (1 = 90V5.) )

a

> w(ab (o790 = ama((1 = 20VE )|
(72)

= (1 =7)VP 5, (8) = (1= 71)VB 5, (8)] + 7t

If we denote by A; = ||V; — (1 — V)VP ., |loos then
Agta (73)

<@ =)VAy, = (1= 11V 4, oo + 7 max { Y mlals)|ope (Vi) = ope((1 = 1) VE.,,)

a

It can be easily verified that opa(V') is a 1-Lipschitz function, thus the second term in
(73) can be further bounded as

> _m(als)

< D wlals)[Vi = (1 =)V, lloo

opa(Vy) —opa((1 = v)Vp )

= Vi = A =)Vp 5, lloo; (74)
and hence
A1 < 1 =7V, — (L= 210)VE 4, oo +7eAs (75)
Recall that
(1—=7)Vp e =(1—%) mln Ve, e (76)

Let sf = argmax; |(1 — Y)VE A, (8) = (1 = v4+1)Vp .., (s)[. Then it follows that

(L= A0V, = (L= ) VB e = (L= 00V, (55) = (L= ) VB 51D (7T)
Note that from (Nilim & El Ghaoui, 2004; Iyengar, 2005), for any stationary policy
m, there exists a stationary model P such that Vgﬁ(s) =Epx| > o're|So = s} = Ve,
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Hence in the following, for each ~;, we denote the worst-case transition kernel of ng by
P;.
IF (1= )V, (5) 2 (1= 701) VB, (57), then

(L =)Vp,, (st) = (1 = ve) VP o, (57)]

= min(1 = 3V, (55) — min(l = 3V, (57)

= (]‘ - ryt)vlg;,’yt (S;’;) - (]' - ’7t+1)V|§1+17%+1 (S;‘;)
= (]‘ - /yt)vlgl;,’yt (S:fk) - (]‘ - /Yt)vlgl;+1,’yt (S:) + (1 - ’Yt)vlgl;+1,’yt (S;,k) - (]‘ - fyt+1)vlg1;g+1,’yt+1 (S:)

< (1= VB 057 = (1= 000 VE, s, (57)
SHA=7)VB L — L= 4) VB ey Ml (78)
where (a) is due to (1 —y)Vg,  (sf) = minp(1 —)VE (s7) < (L —=7)VE,,, ., (s7)-
Now, according to Lemma 3,
(L =)VE 1 e = 9Py + (L= 20)hp,, + (L =7 fF,, (70), (79)
(= %+0)VE, s = 9Py T (A= 0)hp, + (1 =) B, (1) (80)

Hence, for any 4 > 4, (78) can be further bounded as

||(1 - ’Yt)vlgl;_;rl,’yt - (1 - ’Yt+1)VFZ;+17,-yt+1 ||OO
= ||(’Yt+1 — ’}/t)hgt+1 + (]. - 'Yt)fgt+1 (’Yt) - (1 - ’7t+1)f|§rt+1 (’7t+1)||oo
< (Vg1 — ’Yt)”thl oo + ||f|§t+1 () — fgtﬂ(%-ﬁ-l)Hoo + ‘|%+1fgt+1(%+1) o %fgwrl(’yt)”oo

(a)
< (w1 — ) + L(verr — v) + [t fe,,, (vern) — we /8, () lloo

< A1 — ) + Lverr — ) + v 8, (V1) — 1 8, (7)o
+ v S8, () = /8, () lloo

< h(verr — ) + L1 — ) + vl B, (vern) — £B,, () lloo + 111B,, (V) lloo (Vi1 — 1)

b

< (h+L+vuL+ sup 18 (V) loo) (Vi1 — 72)
7r7 7’Y

< K(vi41 —m), (81)

—
=

where (a) is from Lemma 7 for any v; > 6, ¢ is defined in (61) and K £ h + 2L + cf is a
uniform constant; And (b) is from Lemma 7.

Similarly, the inequality also holds for the case when (1—y)Vp | (s7) < (1=v+1)V5 ,,,, (s7)-
Thus we have that for any ¢ such that v; > 6,

App1 < K(vep1 — 7)) + ey, (82)

where K is a uniform constant.
Following Lemma 8 from (Tewari & Bartlett, 2007), we have that A; — 0. Note that

Vi = gplloc <[V = (1 =90)VE 5, lloe + (1 =) VP, = 9Pllc0 = Be +[[(1 = 7) VP, — 970
(83)
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Together with Theorem 2, we further have that
Jim [[Vi — 9Bl = 0, (54)

which completes the proof.

D.4 Proof of Theorem 6
Note that the optimal robust average-reward is defined as
gp(s) = max gp(s). (85)
We further define
* A T
Vp () = max Vp A (8). (86)

Theorem 16 (Restatement of Theorem 6). Vi generated by Algorithm 2 converges to the
optimal robust average-reward gy as T — oo.

Proof. Firstly, from the uniform convergence in Theorem 2, it can be shown that

Jim (1 —=9)Vp ., = 9p- (87)
We then show that for any s € S,
Vir1(s) = (1 =741)Vp ., ()]
< Viga(s) = (L =9)Vp o, () + (1 = %) Vp 5, (s) = (1 = 141)Vp 5, ()]

(@) * %
= [ =7)Vp 5, (s) = (1 = 741)Vp 5, (5)]

[ (0= 305, 0) 4 20 (1) ) = ma (1= 20r(50) + 29w (1 = 3075, )|
<=V (5) — (L 7es) Vs (5]
+ max

(1 =)r(s; @) +wope (Vi) = (1 =70)r(s, @) + vope (1= 7)Vp )| (88)

where (a) is because the optimal robust Bellman equation, and the last inequality is from
the fact that | max, f(x) — max, g(z)| < max, |f(z) — g(z)|.
Hence (88) can be further bounded as

Vit1(s) = (1 = 741)Vp 54, (5))]

. (89)

S| =90)Vp o, (8) = (L= Y1) Vp gy, ()] + e max |opa (Vi) — ope (1 = 70)Vp o)

If we denote by Ay = ||V, — (1 — Y)Vp -, llocs then

(90)

Apr1 < [T =2)Vpq, = (1 =241 Vp o, lloo + e max |ope (Vi) — ope (1 = %) Vp 5,)
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Since the support function opa (V') is 1-Lipschitz, then it can be shown that for any s, a,

opa(Vi) —ope (L = 9)Vp 4 )| < Ve — (1 = 7)Vp ,, lloo- (91)
Hence

At—&-l < H(l - 'Vt)V;,Wz - (1 - 7t+1)v7;7’7t+1 HOO + A (92)

Similar to (81) in Theorem 5, we can show that

I =) VP = (U =240 Vp oy lloo < Kl = 41, (93)

and similar to Lemma 8 from (Tewari & Bartlett, 2007),

t—o0
Moreover, note that
Vi = gplloc
<IVi= (1 =7)Vpylloe + 1L =7)Vp , — 9P lloo
= At + [|(1=7)Vp 4, — 9plloc; (95)
which together with (87) implies that
Vi — gpllec — 0, (96)
and hence it completes the proof.
O

Lemma 9. There exists a deterministic optimal policy, i.e., In* € Ilp, s.t. g;r; =gp =
maXyell §p-
D.5 Proof of Lemma 9

Lemma 10. (Restatement of Lemma 9). There exists a deterministic optimal policy, i.e.,
dr* e Illp, s.t. g7’§* = gp = MaXycq §p-

Proof. Assume that there is no deterministic optimal robust policy, i.e., there exists a
strictly random policy 7, € II, such that for any deterministic policy = € Ilp,

9% > 9p- (97)
According to Theorem 2, we have that
4 _ Tr — Tr
lim (1= )V57, = g5, (98)
: . T T
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Since there are only finite number of deterministic policies, there exists § < 1, such that for
any v > 4,

Vil > Vp .,V €llp. (100)

This implies that for v > ¢, the random policy 7, is better than all the deterministic policies,
i.e.,

Vpr, > max |7 (101)

However, Theorem 3.1 of (Iyengar, 2005) implies that there exists deterministic optimal
robust policy, i.e.,

max Vj

=max V5., > VI 102
nellp 2 well Py = "Py ( )

which contradicts to (101). Hence it implies that there exists a deterministic optimal robust
policy, and completes the proof. ]

D.6 Proof of Theorem 4

Theorem 17 (Restatement of Theorem 4). There exists 0 < § < 1, such that for any
v > 0§, a deterministic optimal robust policy for robust discounted value function V;ﬂ 18
also an optimal policy for robust average-reward, i.e.,

VB = Vb, (103)

Moreover, when argmax,cyp gp s a singleton, there exists a unique Blackwell optimal
policy.

Proof. According to Lemma 9, there exists 7* € II” such that
gp=g5. (104)

Assume the robust average-reward of all deterministic policies are sorted in a descending
order:

Gp=9p =0 =..=gp" >gp >..> gy (105)

for all nf,m; € 1P, and we define II* = {7} : i = 1,...,m}. Denote by d = g;? - 97
From Theorem 2, we know that for any = € II”,

lim (1 — ) VE., = g (106)

y—1

Because the set IT” is finite, for any € < g, there exists ¢’ < 1, such that for any v > ¢', 7}
and 7,

|(1 - ’7) 7;27 - g:/k)| <¢, (107)
(1=NVpl, — g5 | <e (108)
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It hence implies that
(L= VR = (d=26) + (1 =)V > (L= y)Vi (109)
and
™ e
VP»’Y = VP?W' (110)
Note that from Theorem 3.1 in (Iyengar, 2005), i.e., max, cyp V3 ~ = Vp_,, we have that

for any 7, there exists a deterministic policy = € II”, such that VP = VP Together with
(110), it implies that all the possible optimal robust polices of V79 belong to {7}, .m0},
Le., the set II*. Hence, there exists ; € II*, such that

7'('
Vpl, = max Vg =Vp . 111
P,y rellD Py ( )
For the second part, when the optimal robust policy of robust average-reward is unique,
e., II* = {7*}. Then from the results above, there exists ¢’, such that for any v > §’,
Vg; >Vg, for any 7* # 7 € II”, and hence 7* is the optimal policy for discounted robust
MDPs, which is the unique Blackwell optimal policy.

O]
Appendix E. Direct Approach
Recall that
VE(s) 2 min En,n[ (re — g3)|S0 = s}, (112)
4 KER >0 P ; 4 |
where
1 n—1
T— min lim E.. |- Sp = 113
P negtlgopnl—{go ' n;m 0=9 (113)

We first show that the robust relative function is always finite.

Lemma 11. For any w, V5 is finite.

Proof. According to Theorem 13, V5 = minpcp VE' = minpep Ep - [Zzo(n — g%)] . Note

that V7 can be rewritten as

- 00
T . .
VE =minEpr| > (r—gp)
- 1=0
r n
: T
= pigBec | Jim 3005

- t=0
- n

: T T
—glelgEPn nlggo t*O(rt gp + 9p 979)}

: _ iy T ™
= minEp nlggo (Rn — ngp + ngp ngp)] , (114)

761



WANG, VELASQUEZ, ATIA, PRATER-BENNETTE, ZOU

where R, = ;" ;7. Note that for any P € P and n, ng§ > ng}, hence

lim (R, — ngp + ngp —ngp) > lim (R, — ngp), (115)
n—oo

n—o0

and thus the lower bound of V7 can be derived as follows,

o)
VI > inE . T
# 2 piges | =)

=min V&
PeP

= min Hjir;. 116
IPIIEI% pTr ( )
which is finite due to the fact that Hf is continuous on the compact set P.
From Theorem 13, we denote the stationary worst-case transition kernel of g7 by Pg.
Then the upper bound of V7 can be bounded by noting that

Vi =minEp , {Z(n - ggg)]

PeP —
< Ep,x [Z(Tt - ggg)}
=0
— Vg, (117)

which is also finite and P, denotes the worst-case transition kernel of ¢g7. Hence we show
that V7 is finite for any m and hence complete the proof. O

After showing that the robust relative value function is well-defined, we show the fol-
lowing robust Bellman equation for average-reward robust MDPs.

Theorem 18 (Restatement of Theorem 7). For any s and 7, (V5,g%) is a solution to the
following robust Bellman equation:

V(s)+g= nlals) (r(s.a) + ops (V). (118)

a

And if (g, V) is a solution to the robust Bellman equation

V(s) =Y m(als)(r(s,a) — g+ ope(V)), Vs, (119)

a
then 1) g = g%; 2) Py € QF; 3) V.=V + ce for some c € R.

Proof. We first show the first part. From the definition,

VT(' — 3 EHW — gr S = s 120
0= g e | 3= s = 2
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hence

V5(s) = min
P (3) dn

Ex Z;(Ttg%g)}so = S}

= min [E, |:To—g73 +Z g»;r;)‘S():S]
t=1

KEQy>o P
= min Zﬂ(a]s)r(s, a) —gp +Eux [Z(T’t - g%)\So = 3]

REQ0 P a t=1
:Zw(a|s) (r(s,a) —gp)+ min Zw( /E,ﬂr[z —9p)|S1 —3]

a H€®t>0 a,s’ t=1

=Y w(als) (r(s,a) - gp)

+ . . /Enﬂ- S —

B e, Bl 5| 2 ) {Z - o3 =4

=Y 7(als) (r(s,a) — gp)
* F’I?é% Z ﬂ(a‘s)(PO)Z’S, n=(P17~I-%i€n®t21 P {Em7r [Z(Tt - 977;)‘51 - Sl] }

a,s’

=3 wlals) r(5,0) = 9) + Somlals) i, p2 VB ()

= Z (als) —gp) +)_mlals)ops (VB)
= Z (als) (r(s,a) — g + opa(VE)) . (121)

This hence completes the proof.
We then show the second part. 1). The robust Bellman equation in (119) can be
rewritten as

g+ V(s)—rr(s) =op,(V),Vs € S. (122)

From the definition, it follows that

op, (V)= _m(als) ngga PoV. (123)

Hence, for any transition kernel P = (P%) € @, , P

g+ V(s) = re(s) = > _w(als)PLV <0,Vs. (124)

a
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It can be further rewritten in matrix form as:
ge <ot (P = 1)V, (125)

where P™ is the state transition matrix induced by 7 and P, i.e., the s-th row of P™ is

> w(als)Pe. (126)

a

Note that P™ has non-negative components since it is a transition matrix. Multiplying by
P™ on both sides, we have that

PTge = ge < PTrr + PT(PT = 1)V,
ge < (P™)rr + (PT)*(P™ = 1)V,

ge < (P Ly + (PO Y(P™ — I)V. (127)

Now, by summing up all these inequalities in (125) and (127), we have that

n—1
nge <> (P")ire + (P = 1)V, (128)
=0

and hence,

ge < " . (129)

Let n — oo, and we have that

n—1 i
o (PT) PO -1V
ge < lim M—I— lim u
n—o00 n n—o0 n
= gpe, (130)

where the last inequality is from the definition of g§ and the fact that lim, (FO)"=DV _

n
0. Hence, g < gp for any P € ®, , Ps.
Consider the worst-case transition kernel Py of V. The robust Bellman equation can
be equivalently rewritten as

ge=r—V +PyV. (131)

This means that (g, V') is a solution to the non-robust Bellman equation for transition kernel
Py and policy m:

re=r—Y +PyY. (132)
Thus, by Thm 8.2.6 from (Puterman, 1994),

9=0p, (133)
V = Vg, + ce, for some c € R. (134)
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However, note that

by =9 = gp=milge < gp,, (135)
thus,
9p, =9 = 9p- (136)
2). From (136),
9Py, = 9p - (137)

It then follows from the definition of Q7 that Py € QF.
3). Since (g, V) is a solution to the non-robust Bellman equation

ze=r—Y + PTY, (138)
the claim then follows from Theorem 8.2.6 in (Puterman, 1994). O

Theorem 19. [Restatement of Theorem 8] If (g,Q) is a solution to the optimal robust
Bellman equation

Q(s,a) =r(s,a) — g+ opa(Vg), Vs, a, (139)

then 1) g = gj; 2) the greedy policy w.r.t. Q: mg(s) = argmax, Q(s,a) is an optimal robust
policy; 3) Vg = V;Q + ce for some P € QgQ,c e R.

Proof. In this proof, for two vectors v,w € R™, v > w denotes that v(s) > w(s) entry-wise.
Taking the maximum on both sides of (139) w.r.t. a, we have that

max Q(s,a) = max{r(s,a) — g+ opa(Vg)}, Vs € S. (140)
This is equivalent to
Vo(s) = max{r(s,a) — g+ opa(Vg)},Vs € S, (141)

and hence (g, V) is a solution to (141). We hence only need to show the conclusion for any
solution (g, V') to (141).

Let B(g,V)(s) £ max, {r(s,a) — g+ opa(V) — V(s)}. Since (g, V) is a solution to (14),
hence for any a € A and any s € S,

r(s,a) —g+opa(V) = V(s) <0, (142)

from which it follows that for any policy ,
9(s) = rr(s) + Y _m(als)opa(V) = V(s) £ re(s) + Y w(als)(pd) 'V = V(s),  (143)

A

where 7(s) £ 3, m(als)r(s,a), p? £ arg minpepa p'V,and Py = {p?:s€S,ac A}. We
also denotes the state transition matrix induced by = and Py by PY;.
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Using these notations, and rewrite (143), we have that
gl >r.+ (P, —I)V. (144)

Since the inequality in (144) holds entry-wise, all entries of P{, are positive, then by
multiplying both sides of (144) by PY,, we have that

g1 = gP%1 > Plr, + PE(PT — I)V. (145)

Multiplying the both sides of (145) by P{,, and repeatedly doing that, we have that

g1 > (PT)’rx + (PH)*(PT — 1)V, (146)
: : (147)
g1 > (PT)" 're + (PY)"(PT, — DV. (148)

Summing up these inequalities from (144) to (148), we have that
ngl > (I+Py + ...+ (PP)" Dre + (L + Py + ... + (PT)" H(PT — 1)V, (149)

and from which, it follows that

1 1
g1 = (I 4P +...+ (PT)" Yy + ~(I+Ph+ .+ (PT)" Y (PF — 1)V
1 1
= E(I + P+ 4+ (PE)" Yy + E((P’{,)” — V. (150)

It can be easily verified that lim, o 2 ((PT)" — I)V = 0, and hence it implies that

1
g1 > lim —(I 4+ Py + ...+ (P})" Yra
n—oo N
1 n
= i B3 or
=0
= 937‘;1
> gp1. (151)

Since (151) holds for any policy m, it follows that g > g5. On the other hand, since B(g, V) =
0, there exists a policy 7 such that

gl =r.+ (P}, = 1)V, (152)

where r;, P, are similarly defined as for 7. From Theorem 13, there exists a stationary

transition kernel P, such that g5 = g5 . We denote the state transition matrix induced

by 7 and P7 , by P7. Then because Pj, is the worst-case transition of V, it follows that
Py V <PTV. (153)
Thus

gl <r.+ (PT—I)V. (154)
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Similarly, we have that
g1 < (PTY "l + (PT)TH(PT = 1)V, (155)
for j = 2,...,n. Summing these inequalities together we have that

ngl < (I+P7 4 .o (PT)" e 4 (14 P74 4 (PT)" ) (PT)" " (PT — )V

=T +P + ...+ P Hr, + (P = 1V. (156)
Hence
1 n
g1 < lim —Ep - [E%?"t} =gp; 1 =9pl < gpl. (157)
t=

Thus g = g5. This hence proves (1).
To prove (2), note that for any stationary policy 7, we denote by

op=(V) £ (Y w(als)opa (V), ..., Y w(alss))op

a a

V)

s

being a vector in RI°l. Then (15) is equivalent to
Trx + 0pes (V) = max {re +op=(V)}. (158)

Hence,
Trs — g+ ope (V) =V = max {re —g+op=(V) - V}. (159)
Since (g, V') is a solution to (14), it follows that

Tae — g+ Opee (V) =V =0, (160)
According to the robust Bellman equation (12), (g% , VA ) is a solution to (160). Thus from

Theorem 19, gg = gp, and hence 7* is an optimal robust policy.
To prove (3), recall that Vg(s) = max, Q(s,a). It can be also written as

Vo(s) =Y mo(als)Q(s,a). (161)

Here, we slightly abuse the notation of mg, and use 7g(s) and mg(als) interchangeably.
Then, the optimal robust Bellman equation in (140) can be rewritten as

Qs mq(s) = rlsmg(e)) ~ 9+ 0ot ( X malal Q) ). (162)

Moreover, if we denote by W (s) = Q(s,a) = Q(s,mg(s)) = max, Q(s,a), then the equation
above is equivalent to

W(s) = S molals)(r(s,a) — g + ops (W)). (163)
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Therefore, (W, g) is a solution to the robust Bellman equation for the policy mg in Theorem
7. By Theorem 7, we have that

9=9p" (164)
W =V5? + ce, (165)

for some P € QEQ and ¢ € R.

Combining this with the claim (1) implies that 7 is an optimal robust policy. Claims
(2) and (3) are thus proved. O

Theorem 20 (Restatement of Theorem 9). (wr, V;) in Algorithm 3 converges to a solution

of (14).

Before showing this theorem, we first present the robust aperiodic transform in the next
lemma.

Lemma 12. (Robust Aperiodic Transform) Assume a robust MDP (S, A, P,r) satisfies
Assumption 1. Construct another uncertainty set as follows:

Po={P?=(1—7)P?411,:P%c P},

where T € (0,1). Then the optimal robust policies for both robust MDPs are the same.
Proof. The result can be straightforwardly derived by the following claim: for any 7 and
PeP,gp= g;

Note that the discounted value function V', = (I — vP™)~1r,. Hence we have that
= (I =P
= (I —~((1- T)P’r + TI))*1
(1 =7m)I (1 =7)PT)~!

- 1_1mv;;1(17?. (166)
Moreover, by noting 1 — 71(1;;) 117%, we have
0V, = 1
B 11—_ T’ny Vl: =
= (1 — ’Yl(l_:_;)) VI;’,VIQT:) (167)
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Now set v — 1 on both sides, we have that

. . (1 —7)
T =1 1—VTF =1 j A Su—a | AL =g 168
gp = lim (1 —~)Vg = lim ( T ) p =) = 9P, (168)
where the last equation is from the fact that v — 1 implies 71@7:;) — 1, and hence proves

the claim and the lemma. O

The reason we apply such a robust aperiodic transform is that the modified transi-
tion kernel is always aperiodic (since P7(s|s), (P™)?(s|s) > 0,Vs). Hence Assumption 1 is
equivalent to the following strong assumption:

Assumption 5. There exists a positive integer J such that for any P = {p? € A(S)} € P
and any stationary deterministic policy w, there exists k > 0 and a state s € S, such that
(P™))ps > k,Vx € S.

This assumption is shown to be equivalent to assuming each transition kernel in the
uncertainty set can induce a unichain and aperiodic Markov chain under any determinisit
policy (Bertsekas, 2011). Under the robust aperiodic transform, the modified uncertainty
set hence satisfy this assumption. Without loss of generality, we prove the convergence
under this assumption.

Proof. We first denote the update operator as

Lu(s) & mgx(’r(s, a) + opa(v)). (169)

Now, consider sp(Lv—Lu). Denote by § £ arg max(Lv(s)—Lu(s)) and 3 £ arg ming(Lv(s)—
Lu(s)). Also denote by a, £ arg max,(r($,a) +ops(v)) and ay £ argmax,(r(3, a) +ope(u))
Then

Lv(8) — Lu($) = max(r(3,a) + ops (v)) — mgx(r(s’, a) + ope(u))

e (0) — (r(5, 02) + oo (1)
<r($ ay) + opav (v) — (r($,ay) + o pav (u))
= opo (v) — opav (u)
£ (pe") o — () T, (170)

where p§""’ = argmin,cpev p' v and p3*" = argmin,cpeo p'u. Thus (170) can be further
bounded as

< (5" (v = ). (171)
Similarly,

Lo(3) — Lu(3) > (p?") " (v — u). (172)
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Thus
sp(Lv — Lu) < (p3*") (v —u) — (p3*") T (v — w). (173)
Now denote by v — u 2 (z1, 23, .., ), p2" = (p1, .., pn) and p*" = (qi, .., gn). Further

denote by b; £ min{p;, ¢;} Then
Zpil“i - Z qiTi
=1 =1
= Z(pi —bi)zi — Y (g — bi)s

Z ; — b)) max{x;} — Z ; — b;) min{x; }

n

= ;(m —bi)s <an )= (g - bi)> min{z;}

=1 =1

_ (1 . g bz) (). (174)

Thus we showed that
sp(Lv — Lu) < (1 - Z bZ-) sp(v — ). (175)
i=1

Now from Assumption 1, and following Theorem 8.5.3 from (Puterman, 1994), it can be
shown that there exists 1 > A > 0, such that for any a, u, v,

PINIE=DN (176)
=1

Further, following Theorem 8.5.2 in (Puterman, 1994), it can be shown that L is a J-step
contraction operator for some integer J, i.e.,

sp(L7v — L7u) < (1 — N)sp(v — u). (177)

Then, it can be shown that the relative value iteration converges to a solution of the
optimal equation similar to the relative value iteration for non-robust MDPs under the
average-reward criterion (Theorem 8.5.7 in (Puterman, 1994), Section 1.6.4 in(Sigaud &
Buffet, 2013)), and hence (wy, V;) converges to a solution to (14) as € — 0. O

Appendix F. Robust RVI TD Method for Policy Evaluation

We define the following notation:

re(s) £ mlals)r(s,a),



ROBUST AVERAGE-REWARD REINFORCEMENT LEARNING

F.1 Proof of Lemma 1

We construct the following example.

Example 1. Consider an MDP with 3 states (1,2,3) and only one action a, and set a (s,a)-
rectangular uncertainty set P = P{ Q Ps Q P¢ where P{ = {P$,,P%,}, P$ = {(0,0,1)"}
and P§ = {(0,1,0)"}, where P§, = (0,1,0)",P$, = (0,0,1)". Hence, the uncertainty
set contains two transition kernels P = {P1,P2}. The reward of each state is set to be
r = (r1,72,73). The only stationary policy 7 in this example is 7(i) = a, Vi.

Note that this robust MDP is a unichain and hence satisfies Assumption 3 with gg (1) =
95,(2) = 9p,(3), 95, (1) = 95, (2) = gp,(3)-

Under both transition kernels Py, Py, the average-reward are identical: g5 = gp, =
0.572 + 0.573. Hence, both Pq, Py are the worst-case transition kernels.

According to Section A.5 of (Puterman, 1994), the relative value functions w.r.t. Py, Py
can be computed as

Ve =1(r —lr —§7“ 17“ —17’ —17“ —1—17" !
Pr = \ M1 g2 e g2 T e T2 T s )

3 1 1 1 1 11\'
42 4Ty 4ty

Ve, = (7“1 — =T — —T3,—T2 T3, =< T2+ T3

When r3 > ro, only V{ is the solution to (12); and when ry > r3, only Vg, is the solution
o (12). Hence, this proves Lemma 1 and implies that not any relative value function w.r.t.
a worst-case transition kernel is a solution to (12).

F.2 Proof of Theorem 10

Theorem 21. (Restatement of Theorem 10) Under Assumptions 3,2,4, (f(Vy), Vn) con-
verges to a (possible sample path dependent) solution to (12) a.s..

We first show the stability of the robust RVI TD algorithm in the following lemma.

Lemma 13. Algorithm 4 remains bounded during the update, i.e.,

sup [|[ V|| < 00, a.s.. (178)
n

Proof. Denote by

h(V)Err+op(V)— f(V)e—V. (179)
Then the update of robust RVI TD can be rewritten as

Vi1 = Vo + an(h(Vy) + My1), (180)

where M, 1 £ TV, — 1y — op(V) is the noise term.
Further, define the limit function he:

hao(V) 2 Tim MUY

c—00 C

(181)
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Then, from opa(cV) = copa(V) and f(cV) = cf(V), it follows that

hoo(V) = lim =+ op(V) = f(V)e =V = ap(V) = f(V)e = V. (182)

According to Section 2.1 and Section 3.2 of (Borkar, 2009), it suffices to verify the
following assumptions:

(1). h is Lipschitz;

(2). Stepsize o, satisfies Assumption 4;

(3). Denoting by F,, the o-algebra generated by Vy, My, ..., M, then E[M, 1|F,] = 0,
E[|| M1 Fn] < K(1 4 [|Vi]|?) for some constant K > 0.

(4). hoo has the origin as its unique globally asymptotically stable equilibrium.

First, note that

[(V1) = h(V2)]|

> m(als)(ope (Vi) = opa(Va)) = (f(V1) = f(V2)) = (Va(s) — Va(s))

a
< max{
S

Y wlals)(ops (Vi) = opa(Va) |+ (f (Vi) = F(V2)l +1(Va(s) Vz(S))I}
< (24 Lg)Vi = V2, (183)

= Imax
S

a

where the last inequality follows from the fact that the support function op(-) is 1-Lipschitz
and the assumptions on f in Assumption 2. Thus, A is Lipschitz, which verifies (1).

It is straightforward that (3) is satisfied if [TV, |F,] = rr+0p(V,) and Var[TV,|F,] <
K(1+|V,||?). As discussed in Section 5.1, we assume the existence of an unbiased estimator
T with bounded variance here, and we will construct the estimator in Section 5.3.

Then, it suffices to verify condition (4), i.e., to show that the ODE

(t) = hoo(2(1)) (184)
has 0 as its unique globally asymptotically stable equilibrium.
Define an operator To(V)(s) = >, m(a|s)opa(V). Then, any equilibrium W of (184)
satisfies

To(W) — f(W)e — W = 0. (185)

This equation can be further rewritten as a set of equations:

(186)

W =To(W) — ge,
g=fW).

The equation in (186) is the robust Bellman equation for a zero-reward robust MDP. Hence,
from Theorem 7, any solution (g, W) to (186) satisfies

= gp, W = Vg + ce, (187)
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where V' is the relative value function w.r.t. some worst-case transition kernel P (i.e.,
gp = minpep gf), and some ¢ € R.
Hence, any equilibrium of (184) satisfies

W = V& + ce, f(W) = g5. (188)

However, note that this robust Bellman equation is for a zero-reward robust MDP, hence
for any P,

T—1
. Tt
gF = lim Ep | > —| =0, (189)
—00 pa T
Ve =Ep [ (re — gE)] =0, (190)
t=0

thus g% = 0 and W = ce for some ¢ € R. From (188), it follows that f(W) = f(ce) = 0, for
any equilibrium W. From Assumption 2, we have that f(ce) = cf(e) = ¢ = 0. This further
implies that

W = VE + ce =0, (191)

Thus, the only equilibrium of (184) is 0.
We then show that 0 is globally asymptotically stable. Recall that the zero-reward
robust Bellman operator

ToV(s) = Y m(als)(ops(V)). (192)

We further introduce two operators:

oV E TV — f(V)e, (193)
ToV £ ToV — ghe. (194)
Note that in the zero-reward robust MDP, g7, = 0 and Ty = Tp, but we introduce this
notation for future use.
Consider the ODEs w.r.t. these two operators:
i =Ty —x, (195)
y=Toy—y. (196)
First, it can be easily shown that both T}, and T, are Lipschitz with constants 1+ L ¢ and
1, respectively. Hence, both two ODEs are well-posed. Also, it can be seen that (195) is
the same as the ODE in (184).
Since the second equation (196) is a non-expansion (Lipschitz with parameter no larger

than 1), Theorem 3.1 of (Borkar & Soumyanatha, 1997) implies that any solution y(¢) to
(196) converges to the set of equilibrium points, i.e.,

y(t) — {W W= TOW} ,@.S.. (197)
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Similar to the discussion for Ty, our Theorem 7 implies that the set of equilibrium points
of (196) is {W = ce : ¢ € R}. Hence, for any solution y(t) to (196), y(t) — ce for some
constant k that may depend on the initial value of y(t).

Now, consider the solution x(¢) to (195). According to Lemma 20 (note that Ty here is
a special case of T in Lemma 20 with » = 0), if the solutions z(¢), y(¢) have the same initial
value z(0) = y(0), then

z(t) = y(t) + r(t)e, (198)
where 7(t) is a solution to 7(t) = —r(t) + g% — f(y(t)),r(0) = 0.

Note that the solution 7(t) with 7(0) = 0 can be written as

r(t) = /0 e~ (g5 — [(y(s)))ds (199)

by variation of constants formula (Abounadi et al., 2001). If we denote the limit of y(t) by
y* = ce, then limy_, r(t) = 9% — f(y*) (Lemma B.4 in (Wan et al., 2021), Theorem 3.4 in
(Abounadi et al., 2001)). Hence, x(t) = y(t) + r(t)e converges to y* + (g% — f(y*))e, i.e.,

z(t) = ce — f(ce)e = 0. (200)

Hence, any solution z(t) to (195) converges to 0, which is its unique equilibrium. This
thus implies that 0 is the unique globally asymptotically stable equilibrium. Together with
Theorem 3.7 in (Borkar, 2009), it further implies the boundedness of V;,, which completes
the proof. O

We can readily prove Theorem 21.
Proof. In Lemma 13, we have shown that

sup [|[ V|| < 00, a.s.. (201)
n

Thus, we have verified that conditions (A1-A3) and (A5) in (Borkar, 2009) are satisfied.
Lemma 2.1 in (Borkar, 2009) thus implies that it suffices to study the solution to the ODE

z(t) = h(x(t)).
For the robust Bellman operator TV = r, + op(V), define

TV £ TV — f(V)e, (202)
TV 2 TV — ghe. (203)

From Lemma 20, we know that if z(¢), y(¢) are the solutions to equations

=Tz -z, (204)
j=Ty—y, (205)

with the same initial value z(0) = y(0), then

z(t) = y(t) + r(t)e, (206)
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where r(t) satisfies

r(t) = —r(t) +gp — f(y(1)),7(0) = 0. (207)

Thus, by the variation of constants formula,
t
)= [ e gp = fue)as (208)

Note that T is also non-expansive, hence y(t) converges to some equilibrium of (205) (The-
orem 3.1 of (Borkar & Soumyanatha, 1997)). The set of equilibrium points of (205) can be
characterized as

{w:tw-w}
={W: W =TW — gre}
= {W :Wi(s) = Zw(a\s)(r(s,a) —gp +opa(W)),Vs € S} . (209)

a

From Theorem 7, any equilibrium of (205) can be rewritten as
W = Vg + ce, for some P € Q7,c € R. (210)
Thus, y(t) converges to an equilibrium denoted by y*:
y(t) — y* 2 V& + c*e, for some P* € Qg,c* €R. (211)

Similar to Lemma 13, it can be showed that r(t) — g% — f(y*) (Lemma B.4 in (Wan et al.,
2021), Theorem 3.4 in (Abounadi et al., 2001)). This further implies that

z(t) =y + (9p — f(y"))e = VB + (" +9p — f(y"))e, (212)

and we denote m* = c*+g% — f(y*). Moreover, since f is continuous (because it is Lipschitz),
we have that

f(@(t)) = f(VE + (" +9p = F(y"))e)
= (V) + " +9p = Fy)
= f(VB) + " +gp — f(VB- +CTe)
= f(VE) + " +gp = f(VE) = ¢

= gp. (213)
Hence, we show that

z(t) = Vi +m’e, (214)
fx(t)) = gp. (215)

Following Lemma 2.1 from (Borkar, 2009), we conclude that a.s.,
Vo, — Vi +m’e, (216)
fF(Va) = gp, (217)
which completes the proof. ]
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Appendix G. Robust RVI ()-Learning
G.1 Proof of Theorem 11

Lemma 14. If H satisfies that for any Q,s € S,a € A, E[ﬂQ(s,a)] = HQ(s,a) and
Var(HQ(s,a)) < C(1 + ||Q||?) for some constant C, then under Assumptions 2, 1 and 4,

Algorithm 5 remains bounded during the update almost surely, i.e.,

sup ||Qn|| < 00, a.s.. (218)

Proof. Denote by
hMQ) & rr+op(Vg) — f(Q)e — Q. (219)
Then, the update of robust RVI @Q-learning can be rewritten as

Qn-i—l = Qn + an(h(Qn) + Mn+1)7 (220)

where M, 1 £ ﬂQn —rx —op(Vg) is the noise term.
Further, define the limit function he:

hoo(@) £ lim h(CQ).

c—00 c

(221)

Then, note that opa(Veg) = opa(cVy) = copa(Vg) for ¢ > 0 and f(cQ) = cf(Q). It then
follows that

hoo(Q) = lim ™+ 0p(V) — f(Q)e = Q = op(Vo) — f(Q)e — Q. (222)

c—00 C

Similar to the proof of Theorem 13, it suffices to verify the following conditions:

(1). h is Lipschitz;

(2). Stepsize o, satisfies Assumption 4;

(3). E[Mp41|Fn] =0, and E[||My,11]1?|Fn] < K(1 + ||Qn||?) for some constant K.

(4). hoo has the origin as its unique globally asymptotically stable equilibrium.
Clearly, (2) and (3) can be verified similarly to Theorem 13. We then verify (1) and (4).
Firstly, it can be shown that

[h(Q1)(s;a) — h(Q2)(s, a)|

= |ops (Vau) = £(Q1) = Qu(s,a) — ope (Vo,) — f(Q2) — Qa(s, a)|

< |opa(Vo,) — ope (Vo,)| + 1£(Q1) — f(Q2)| + |Q1(s, a) — Qa(s,a)|

<[V, = Vull + LfllQ1 — Q2| + [[@1 — Q2]

<2+ Lp)|@1 — Q2] (223)

where the last inequality is from the fact that ||V, — Vi, || < [|@1 — Q2]|. This implies that
h is Lipschitz.
To verify (4), note that the stability equation is

X(t) = hoo(X (1)) = op(Vx (1)) = f(X(t))e = X(t), (224)
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where Vx (t) is a |S|-dimensional vector with Vx (¢)(s) = max, X (t)(s,a).
Any equilibrium @ of the stability equation (224) satisfies that

Q(37a) = UP;?(VQ) - f(Q)ev (225)

which can be viewed as an optimal robust Bellman equation (13) with zero reward. Hence,
by Theorem 19, it implies that

f(@)=gp =0, (226)
Vo = Va9 + ce for some P € Qg9 c € R. (227)
In the zero-reward MDP, we have that V& = 0 for any =, P, thus Vg(s) = max, Q(s,a) = ¢

for any s € S.
Note that from (225), @ satisfies that

Q(s,a) = ope(Vg) = opg(ce) = c. (228)
Since f(Q) = 0, it implies that
f(Q) = f(ce) =c=0. (229)
Therefore,
¢=0, (230)
Q=0. (231)

Thus, 0 is the unique equilibrium of the stability equation.
We then show that 0 is globally asymptotically stable. Define the zero-reward optimal
robust Bellman operator

HoQ(s,a) = opa(Vg), (232)

and further introduce two operators
0Q(s,a) = opa (Vo) — f(Q), (233)
HoQ(s,a) = opa(Vg) — gp. (234)

It is straightforward to verify that Hy is non-expansive. Hence by (Borkar & Soumyanatha,
1997), the solution y(t) to equation

j=Hoy —y (235)
converges to the set of equilibrium points
{(W:W(s,a) = opa(Viw) — gp},a.s.. (236)

This again can be viewed as an optimal robust Bellman equation with zero-reward. Hence,
any equilibrium W of (235) satisfies

max W (s,a) = ¢,Vs. (237)
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This together with (236) further implies that the equilibrium W of (235) satisfies
W(s,a) = opa(Viv) = opa(ce) = c, (238)

and hence y(t) converges to {ce : ¢ € R}. We denote its limit by y* = c*e.

Lemma 25 implies the solution z(t) to the ODE & = H{(z) — x can be decomposed as
x(t) = y(t) + r(t)e, where r(t) satisfies 7(t) = —r(t) + gp — f(y(t)),r(0) = 0.

Then, similar to Lemma 13, Lemma B.4 in (Wan et al., 2021) and Theorem 3.4 in
(Abounadi et al., 2001), it can be shown that () — g5 — f(y(t)) = —c*. Hence,

z(t) — 0, (239)

which proves the asymptotic stability.

Thus, we conclude that 0 is the unique globally asymptotically stable equilibrium of
the stability equation, which implies the boundedness of {Q,} together with results from
Section 2.1 and 3.2 from (Borkar, 2009). O

Theorem 22 (Restatement of Theorem 11). The sequence {Q,} generated by Algorithm 5
converges to a solution Q* to the optimal robust Bellman equation a.s., and f(Qy) converges
to the optimal robust average-reward gy a.s..

Proof. According to Lemma 1 from (Borkar, 2009) and Theorem 3.5 from (Abounadi et al.,
2001), the sequence {@,} converge to the same limit as the solution z(¢) to the ODE
# = Hx — x. Hence the proof can be completed by showing convergence of x(t) and
f(2(1)).

For the optimal robust Bellman operator,

HQ(s,0) = r(s,0) + opa (Vo). (240)
define two operators
H'Q 2 HQ — f(Q)e, (241)
HQ 2 HQ — gpe. (242)

From Lemma 25, we know that if z(¢), y(¢) are the solutions to equations

i—=Hz -z, (243)
y=Hy—y, (244)

with the same initial value 2(0) = y(0), then
z(t) = y(t) +r(t)e, (245)
where 7(t) satisfies

r(t) = —r(t) +gp — f(y(1)),7(0) = 0. (246)
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It can be easily verified that H is non-expansive. Hence y(t) converges to the set of
equilibrium points of of (244) (Theorem 3.1 of (Borkar & Soumyanatha, 1997)), which can
be characterized as

{w:aw —w}
={W: : W =HW — gpe}
={W:W(s,a) =r(s,a) — gp + ops(Viw),Vs,a} . (247)

From Theorem 19, any equilibrium W satisfies
Viv = V@V + ce, for some P € Qg7 ,ceR, (248)

and myy is robust optimal. We denote the limit of y(t) by W*.
Similar to (212) to (216), it can be shown that r(t) — g5 — f(W*). This further implies
that

z(t) = W* + (g5 — fF(W*))e & W* + me, (249)

where m* = g5, — f(W*). Note that W* 4 m*e is a solution to the optimal robust Bell-
man equation, hence z(t) converges to a solution to (13). Moreover, since f is continuous
(because it is Lipschitz), we have that

Ja(t)) = FW* +m"e)
— FOW*) + gp — FOW™)
— g5 (250)

This completes the proof. ]

Appendix H. Case Studies for Robust RVI TD

In this section, we provide the proof of the first part of Theorem 12, i.e., that T is unbiased
and has bounded variance under each uncertainty model.

We first show a lemma, by which the problem can be reduced to investigating whether
opa is unbiased and has bounded variance.

Lemma 15. If
E[@'ng] = Opg (V),VS, a, (251)

and moreover, there exists a constant C, such that

Var(6paV) < C(1+ |V|?), Vs, a, (252)

then
E[TV (s)] = TV (s), Vs, (253)

and
Var(TV (s)) < JA|C(L + ||V |?), Vs. (254)
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Proof. From the definition, TV (s) = 3, w(als)(r(s,a) + opaV). Thus,

E(TV(s) = E [Z (als)(r(s,0) + 5y V)
—Z (als)(r(s,a) + E[gpaV])

= Z (als)(r(s,a) + opa(V)) = TV (s), (255)

which shows that T is unbiased. On the other hand, we have that

r 2
Var(TV (s)) = E (Zw(a|s)(r(s, a) + 6paV) — E[Z m(als)(r(s,a) + GpaV) }

a

=E

-<[(>

> w(als)(6peV) — E[&pgv]>2]
(a)

<E[Za7r(a| )(6paV —E[6paV] 2]

a

= ZW(CL‘S)E[ O"Pav E O"]Dav 2:|

E?

2
r(s,a) + opaV) — Zﬂ' als)(r(s,a —l—E[apaV]) }

< Z m(als)Var(GpaV)
< [AlCA+ VP, (256)
where (a) is because (E[X])? < E[X?], which completes the proof. O

This lemma implies that to prove Theorem 12, it suffices to show that pa is unbiased
and has bounded variance.

H.1 Contamination Uncertainty Set

Theorem 23. T defined in (18) is unbiased and has bounded variance.

Proof. First, note that

Vn+1(s) = Vn(s) + Ozn(T’(S, a) + ((1 - C)Vn(sl) + Crr%pln Vn($) - f(vn) - Vn(s))
= Vo(s) + an(TVi(s) — f(Vi) — Va(s) + Mn(s)), (257)

where

My(s) = r(s,a) + (1 = OVu(s') + Cmin V, (z) — TVa(s), (258)
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and
TV, (s) = Zﬂ(a|s)< Z P2 o Va(s") + Cmin Vi (z )> (259)

Thus,
E[M,(s)] = E[r(s, a)+ (1= QVu(s) + Cmin Vn(x)]

_ Za:”(“|s) (T( Z P{ s Va(s') + (min V. (z ))
_ za:w(a‘s) (r( ZP“ V(') + ¢min V,, (2 )>
_ Za:ﬂ(a|s) (T( ZP“ Val(s') + Cmin V;, (2 ))>

=0. (260)

Hence, the operator is unbiased.
We also have that

E[| My (s)%] = E[(r(s, a) + (1= QVa(s") + (min V() — TWS)) T

<2E [(r(s, a) + (1= ¢)Va(s') + Cmin VA:):))T + 2E[(TV,(s))?]

a

—~
Na

< 8+ 8||Va?
<8(L+[[Val), (261)

where (a) is from the fact that E[((1 — {)Vi(s') + ¢ min, Vn(x)) | = E[|(1 = Vals ’) +
<

ﬁmﬁnx V()] < E[(|(1 = OVi(s)| + [¢ming Vo(2)))*] < E[((1 = OlVall + (CIIVal)?]
Vi, 2,

The proof is completed. O
H.2 Total Variation Uncertainty Set
The estimator under the total variation uncertainty set can be written as
X An(V)
ope (V) = max (PO (V = ) = (Span(V = p)) + — (262)
where
An(V) = max (PL 1 (V = p) = ¢Span(V = )
1 20,0
— g max Py (V=) — ¢Span(V — )
1 Na,E
— g mas (P (V — ) = (Span(V — ). (263)
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Theorem 24. The estimated operator Gpe defined in (262) is unbiased, i.e.,

E[6ps V] = opg (V). (264)
Proof. First, denote the dual function (20) by g¢:
Jea(n) = PLV — ) = ¢Span(V - p), (265)
and denote its optimal solution by ,u;/,a:
fq = arg max (PL(V = 1) = (Span(V — p)). (266)
Then, the support function opa (V) = gXa(uXa). Similarly, define the empirical function
9San+1(1) = Pyaa (V= ) — (Span(V — p), (267)
Bran410(0) = PLives (V = ) = (Span(V — ) (268)
9% aN+1,5(1) = PUN 1 (V = 1) = (Span(V — p), (269)
and their optimal solutions are denoted by /LS’(LN_H, “Xa,NJrLO’ N;/,a,NH,E' We have that

Blin: V] = B mag (P4 oV = ) = GSpan(V = ) + =200

ANW)]

Bl o(1Yao)] + E[
PN

- An(V)
N
~ Blat o) + 3 o8 = =Xy — ]
o PN
0
= E[g30,0(tt5.0,0)] + Y E[An(V)]
n=0
= E[g;fa,o (H}e{a,O)]
o) \% \4 14 \%
g (n )ty (n )
+ Z E |:g;/7'a7n+1(uga7n+1) . s,a,n+1,0\”s,a,n+1,0 5 s,a,n+1,E\Ms an+1,E
n=0
)
= ]E[g;fa,o (N}e{a,O)] + Z E |:g;{a,n+1(ru’;/,a,n+1) - g;{a,n (N;{a,n)] ’ (270)
n=0

where the last inequality is from Lemma 21. The last equation can be further rewritten as

(o)
~ \%4 \%4 \%4 \% \%4 \%4
E[J'ng] = E[Qs,a,O(Ms,a,O)] + Z E |:gs,a,n+1(:us,a,n+1) - gs,a,n(us,a,n):|
n=0
. \%4 \%
= nh—>120 E |:gs,a,n (lus,a,n):| : (271)
To show that 6pa is unbiased, it suffices to prove that

lim E[gsv,a,n(usv,a,n)} = 95.a(1150)- (272)
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For any arbitrary i.i.d. samples {X;} and its corresponding function g;/,am, together with
Lemma 22, we have that

198 0 (s am) — o (1180l

— |0§ max Gaalpt) Ogugfaﬁv”eg;/ﬂv”(“”

= 0cnZEX e 1950 (1) = Gy.an ()]

= oD oV )~ (Span(V =) = Pen(V = ) + (Span(V — u)|

= o< By PoV 1) Pen(V — 1)

< e max NV = ullPS = Pealh

< 3|VIIPS = PSlh- .

Thus, by Hoeffding’s inequality and Theorem 3.7 from (Liu et al., 2022),

S)2/x
EllgYan (1) — ¥alu¥)l] < 31V Ll , (274)

which implies that

nh—>nolo E |:g;/,va,n (MZa,n):| = g;{a(lu’;/,a)’ (275)
completing the proof. O

Theorem 25. The estimated operator Gpa defined in (262) has bounded variance, i.e., there
exists a constant Cy, such that

Var(6pa V') < (1 + 18(1 4 2¢)* + 2Cy) ||V || (276)
Proof. Similar to Theorem 24, we have that

Var(& a
S

E[(6p \)/ %] — opa(V)?
[ (sotiteo) + 25 ] 4 opevy
E[ 2

)]+
<gsa0 Msao )2] +2E[<A];]E[V> } + (opa(V))?
(A
p

| /\

| /\

)
< (A +18(1L+20H |V + 2 3 w (277)
i=0 !
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where the last inequality is from Lemma 22. For any n > 1, we have that

Ys,a,n (:U’s,a,n) -

(
(ool an) -

\% \% \% \%4
gs,a,n,E(lus,a,n,E) + gs,a,n,O (lus,a,n,O) ) 2:|
2

9y o) + 9¥a(uls) — 5

\% \% \% \%4
gs,a,n,E (Hs,a,n,E) + gs,a,n,O(u‘s,a,n,O) ) 2:|
\% \% 14 \%4
< 2E[(gs,a,n(us,a,n) - gs,a(/’bs,a))z]

1% Vv Vv v
+ 2E (g;/:a(luza) _ gs7a7n7E(l/L5,a7n7E) ;—gs’a’n’O('uS,a,n7O) > 2:|

(@)
2E[( 9s ,a, n(lus ,a n) g;{a(lu}s/,a))g] + QE[(gXa,n—l(:uX,a,n—l) - g;/,a(usv,a))2]

< B||VIPE[|IPS — Pe, 17 + BIIVIPE[IPS — P11, (278)
where (a) is due to Lemma 21 and the last inequality follows a similar argument to (273).

Note that p, = ¥(1—W¥)" for ¥ € (0,0.5), thus similar to Theorem 3.7 of (Liu et al., 2022),
we can show that there exists a constant Cj, such that

- E[(Ai(V))?]

. < Co| V| (279)

1=0

Thus,

Var(6pa V) < (1+18(1 + 20)?) ||V +2Co||V||* = (1 + 18(1 + 2¢)* +2Co) [ V||* . (280)

O
H.3 Chi-Square Uncertainty Set
The estimator under the Chi-square uncertainty set can be written as
GpaV = I}LlaX (PS’N+1(V — ) — \/CVarng:}VH(V — )
An(V
+ ﬁ, (281)
PN
where
AN(V) = max (Bpa [V = p] = [CVarg, (V= )
1
~ g (g, IV sl = [Vargug (V=)
1
2 I;I}g(}){ (EP(SZ 1€+1 V' =ul- \/CVarPa 1€+1 V- ,u))
Theorem 26. The estimated operator defined in (281) is unbiased, i.e.,
Elops V] = ops (V). (282)
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Proof. Denote the dual function (21) by g:

9a(i) = PUV — ) — /¢ Varps (V — ), (283)

and denote its optimal solution by ,u;/,a:
fiq = arg max (P(V' — 1) — \/CVareg (V — ). (284)

Then, the support function ops (V) = g4 a(us ). Similarly, define the empirical function

gKa,N—&-l(:u’) - Ps N+1 \/CVSIPS N+1 V - H)a (285)
5a,O

gZa,N—i—l,O(M) Ps,N—|—1 \/Cvarpz J?IJrl V - :u)v (286)
Na,E

Gran+1.e(0) = PON g (V=) = [CVarger (V= p), (287)

and their optimal solutions are denoted by MZ&NH, “Za,N+1,0’ MX%NH’E. We have that
ElopaV]

= E[930,0(1e.a0)] +E [AN(V)]

PN

- An(V)
N
— Blat ()] + 3 pV =z | Xy
— PN
n=0
00
= E[g;{a,O(uga,O)] + Z E[A
n=0
= E[g;{a,()(:u’;/,a,O)]
00 \% \%4 14 4
g I ) 170(/-1/ 9 ) 170) +g 'y 17E(//L 1y 17E)
+ Z E |:g;{a,n+1(uxa,n+1) — Znt s 2 s i
n=0
00
= E[g;{a,()(:u’;/,a,O)] + Z E |:g;/,a,n+1(ug/:a,n+l) - g;{a,n(:u’;/,a,n):| ) (288)
n=0

where the last inequality is from Lemma 21. The last equation can be further rewritten as

[e'e)

~ \% \%4 \%4 \% \%4 \%4

E[O-’ng] = E[gs,a,O(Ms,a,O)] + Z E |:gs,a,n+1(us,a,n+1) - gs,a,n(”s,a,n):|
n=0

= 11_)11’1 E |:g}e/,a,n(uza,n):| . (289)

To show that 6pa is unbiased, it suffices to prove that

n—oo

lim E[gsv,a,n(usv,a,n)} = gy a(1a)- (290)
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For any arbitrary i.i.d. samples {X;} and its corresponding function g;/,am, together with
Lemma 23, we have that

\% \%
|g;/,a,n (lus,a,n) - g;{a (lus,a)|

v 1%
Locu 1 508~ o B Inen W)
< \%
S o X 1950 (1) = 95.am (1)
= PL(V — ) — P, /S Varpg (V) - g, V-
= oen e | PV ( CVarpe (V= 1) = [(Varg, u))'

< max IP“V—M)—lsé‘,n(V—u)\

T 0<usVH|Vile ®
(V/eVares(V =)~ [eVarg, V=3

max
0<pusV+(V]le

—
S]
N

< vV — pa _ |Sa
Varpg (V' — p) = (Varg, (V.= p)l, 291
ogugfaﬁwne \/K arpg ( RS arps,n( 0] (291)

where (a) is due to |\/z — /y| < \/|x — y|. Note that for any distribution p, ¢ € A(|S|) and
any random variable X,

|Vary[X] — Vary[X]| = |EP[X2] - Ep[X]2 - Eq[Xz] + Eq[X]2|
< |Ep[X?) = Eq[X?)] + |(Ep[X] + Eg[X])(Ep[X] — Eq[X))]
< sup |X?[[|p — glli + 2(sup [X])?[lp — ql|1- (292)

Hence,

JIcVares (V= ) = CVarg, (V= )] < \/3¢IV = pll2IPe = Peli. (299)

Thus, by Hoeffding’s inequality and Theorem 3.7 from (Liu et al., 2022),

S 3C|S|2/m
B9 (1) — 9 Y1) < 3V (’ LT '2‘f> S e

which implies that

nILrI;o E |:g;/,a,n (/ﬂs{a,n):| = g;/,a(uga% (295)

which completes the proof. O

Theorem 27. The estimated operator 6pa defined in (281) has bounded variance, i.e., there
exists a constant Cy, such that

Var(gpa V) < (1+ 18(1 + v/2¢)? + 2Co) |V || (296)
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Proof. We have that
Var(& Pa

E[(6p: ‘)f |~ ope (V)2
B[ (o) A];]S/))Z]Jr((fpg(v))z
2K

[(gsaO Msao )2] —I—QEKA]V(V))T + (UP;?(V))Q

PN

< (141801 + VIO V]2 423 HEAV) ], (207)
i=0 v

| /\

| /\

where the last inequality is from Lemma 23. For any n > 1, we have that

\%4 \%4 %4 \%4
14 ( Vv ) - gS,a,n7E(/‘Ls7a7n,E) + gsaawn’o (M87a7n70) > 2:|

=K |:<gs,a,n Hs.am 2

1% \% \%4 \% \%
gs,a,n(ﬂs,a,n) - gs,a(:us,a) + gs,a(:us,a) -

%4 \%4 \% \%4
gs,a,n,E (Ns,a,n,E) + gs,a,n,O(rus,a,n,O) > 2:|
2

< 2E[(gs,a,n(us,a,n) - gs,a(us,a))Q]
1% e Vv v
+2E |: g;/a('u;/a) _ 957G7N,E(M8,a7n,E) + gs,a,n7O(M57a7n70) > 2:|

' 2

(@)
= 2E[(g;{a,n(uza,n) - gXa(MXa))Q] + QE[(gXa,n—l(Mza,n—l) - g;{(l(u;{(l))2]

< 18(1+ V3O IVIPE[IPE — Peullf + IPE = PSul]
+18(1+ /30 [VIPE[|PE — PE,, 1[I + [IPS = PL,,allhl, (298)

where (a) is due to Lemma 21 and the last inequality follows a similar argument to (291).

Note that p, = ¥(1 —¥)" for ¥ € (0,1 — g) Thus, similar to Theorem 3.7 of (Liu et al.,
2022), we can show that there exists a constant Cj, such that

L E[(A(V))?
s BV v (209)
i=0 i
Thus,
Var(6pa V) < (14 18(1+ /20)?) V]2 +2Co||[V[|? = (1 + 18(1 + 1/2¢)* + 2Co) |V ||
(300)
O

H.4 KL-Divergence Uncertainty Sets

The estimator under the KL-Divergence uncertainty set can be written as

—V(sh) A
UpaV— —mm (Ca—l—alog( ot )) —1—];;;/),

787



WANG, VELASQUEZ, ATIA, PRATER-BENNETTE, ZOU

where

An(V) = —min (Ca + alog (

a>0

wal))

+ 5 min (Catalog (Bpag [7]))
21;1218 0] aog PaO
1 .
+ g min (¢a+alog (B [e%])). (301)

Theorem 28. (Liu et al., 2022) The estimated operator 6pa is unbiased and has bounded
variance, i.e., there exists a constant Cy, such that Var(6psV) < Co(1+ ||V ||?).

H.5 Wasserstein Distance Uncertainty Sets

To study the support function w.r.t. this uncertainty model, we first introduce some nota-
tion.

Definition 2. For any function f: Z2 — R, A > 0 and x € Z, define the reqularization
operator

@(\,2) £ inf Mz ) + /(). (302)

The growth rate k of function f and any distribution q over Z is defined as
Kkq = inf <)\ >0: Z O\ x) > —oo>. (303)
zeZ

Lemma 16. (Gao & Kleywegt, 2023) Consider the distributional robust optimization of a
function f:

inf  Epqlf(x)], 304
Wia:p)<¢ o/ (@) (304)
and define its dual problem as
!
sup(—A¢ + Zp mf (f(y) + Ad(z,y)")). (305)
220 z€EZ

If K, < 00, then the strong duality holds, i.e.,

wynE_ Banglf( )]—iglg )\ClJr;p ) inf (f(y) + Ad(,)")). (306)

We first verify that this strong duality holds for our support function.

Lemma 17. (Restatement of (25)) It holds that

opa(V) = sup < A+ Z pe mf ) + A\d(z, y)’)>. (307)

A>0
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Proof. In our case, the regularization operator is

O\, ) = in‘fs()\d(s, )+ V(s)). (308)
se
Note that for any A > 0,
> P(x)®( => Pz ) inf (Ad(s )+ V(s)) > —||V]|| > —oo. (309)
z€S zeS
Hence, the growth rate xpa = 0 < oco. Thus, the strong duality holds. O

Then, the estimator under the Wasserstein distance uncertainty set can be constructed

as
6paV £ sup < — X inf(V(y) + Ad(s), y)l)) + anlV) +7(s,a), (310)
A>0 Y PN
where
An(V)
= sup ( A+ Eg. [inf(V(y) + Ad(S, y)l)D
)‘20 s,N+1 i

— sup ( A+ Epao [inf(V(y) + Ad(S,y)’)D
)\20 s,N+1 Yy

—sup< A + Ego.m

)\20 s,N+1

[inf(V(y) + Ad(S, y)l)] ) .

y
Theorem 29. The estimated operator defined in (310) is unbiased, i.e.,
E[paV] = opa(V). (311)
Proof. Denote the dual function (25) by ¢:
0¥u(0) = AL+ Espe [inf (V (2) + M(S, 2)1), (312)
and denote its optimal solution by )\Xa:

vV _l a' 1
A, = arg s (= AC+ Bgups 10 (V) + 2(5,2))] ). (313)

Then, the support function opa(V) = g4 a()\v ). Similarly, define the empirical function

\%4 |4 \%4 : : 14 14 |4
Is.a.N+129s.a.N+1,0 Is.a N+1.E> and denote their optimal solutions by )\S’a,NH, )\S%NH’O, /\s,a,N+1,E‘
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We have that
El6paV]

— Elg, o\ o)l + E[

e

—Elg a0 (W ao)l + 3 p(N = n)E [A;jfvv)w - n]
n=0

= Elg7a,0(Ma0)] + i E[An]

n=0
=E [gZa,O ()‘Ka,(] )]

\% 14 \% \%
> Y % gs,a,nJrl,O()\s,a,nJrl,O) + gs,a,nJrl,E()\s,a,nJrl,E)
=+ ZE gs,a,n+1()‘s,a,n+1) - 9

n=0

= E[gXa,O()‘Za,O)] + Z E |:g;{a,n+1()‘}s/,va,n+1) - g}e/,a,n(AZa,n):| ’ (314)

n=0

where the last inequality is from Lemma 21. The last equation can be further rewritten as

00
E[OA-’P? V] = E[gXa,O(AsV,a,O)] + Z E [g;{a,n-l—l()‘;/,a,n—&—l) - g;/,a,n()‘;/,a,n)]

n=0
n—00

= lim E[g;{a,n()‘;{a,n)} : (315)

To show that 6pa is unbiased, it suffices to prove that

lim E [g;{a,n(AZa,n)} = g;fa()‘;/,a)' (316)

n—oo

For any arbitrary i.i.d. samples {X;} and its corresponding function g;fam, together with
Lemma 24, we have that

\% \% \% \%4
|gs,a,n()‘s,a,n) - gs,a(As,a) ’

Vv |4

= \) — A

|0<§riam 9s.a(A) e samn(M)]

A Cl == Cl

< maéx ‘g;{a()‘) - g;{a,n()‘)‘

og,\g%
_ . AN N : l
—0<§n<a2>|<‘7w Es~pglinf (V(2) + Ad(S,2))] — Eg po [inf(V(2) + Ad(S,2)")]

- <
< max [[P¢—P2 |1 sup ([V(z)+ Ad(S,)'])

09\3% T z,8e8

2Dl a Da

< (14 25 Jvies - Bz, 17)
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where the last inequality is from the bound on A and D is the diameter of the metric space

. C]_l%)y Hoeffding’s inequality and similar to the previous proofs, we have that
Bl V) — o001 < (14 22 ) (ELXT )y, 318)
which implies that
i B0l = a0 (319)
This completes the proof. O

Theorem 30. The estimated operator Gpa defined in (310) has bounded variance, i.e., there
exists a constant Cy, such that

Var(6paV) < (3 +2Co)||V|*. (320)
Proof. We first have that

Var(GpaV)
= E[(6paV)?] — opa(V)?

< E[(g;{wo()\;/,a,o) + AZ](VV))T + (opa(V))?

<2E Kgxa,o(AZ,amﬂ + 2EKAN(V)>2] + (opg (V)

PN

<42y HAVT (321)

i

where the last inequality is from Lemma 23. For any n > 1, we have that

v v \% v
Vv ( v ) _ gs,am,E()\s,a,n,E) + gs,a,n,O()\s,a,n,O)>2:|

S,a,n 9

9y anNean) = 95a(ALa) + Yo (W) —

< QE[(Q ,a,n(AZa n) 9s a()‘v )) ]

\%4 Vv \% \%
gs,a,n,E()‘s,a,n,E) + gs,a,n,O(As,a,n,O) ) 2:|
2

AV +4v AV 2
+ QE[(Q;/Q()\ZQ) gs,a,n,E( s,a,n,E) > gs,a,n,O( s,a,n,O)) :|
(a)
= QE[(gXa,n()\}s/a n) gs a()\V ))2] + 2E[(g;{a7n—l()‘;{a,n—1) gsa()‘v )) ]
2D! «_pa oD\ 2 o
< 2(1+ 3 ) IVIPE[IPE — P2, [I7) +2<1 + d) IVIPE[Pe — P2, 2], (322)
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where (a) is due to Lemma 21 and the last inequality follows a similar argument to (318).
Note that p, = U(1—¥)" for ¥ € (0,0.5), thus similar to Theorem 3.7 of (Liu et al., 2022),
we can show that there exists a constant Cy, such that

L E[(A;(V))?
s BT o v (323)
i=0 v
Thus, we have that
Var(6pa V) < 3||V[|? 4+ 2Co|[V||? = (3 + 2Co) |V || (324)

O]

Appendix I. Case Studies for Robust RVI ()-Learning

In this section, we provide the proof of the second part of Theorem 12, i.e., H is bounded
and unbiased under each uncertainty model. We note that the proofs in this part can be
easily derived by following the ones in Section H.

We first prove a lemma necessary to the proofs in this section.

Lemma 18. It holds that

Vell < eIl (325)
Proof. From the definition of Vi, we have that
[Vall = max Vo (s)| = max | max Q(s. )] £ Q(s",a*)|. (326)
Clearly, |Q(s*,a*)| < max, 4 |Q(s,a)|, hence
Vell < lleQll (327)
[

Similar to Section H, the propositions of H can be reduced to the ones of Opa.

Lemma 19. If E[6p.V] = opa(V), and moreover there exists a constant C, such that for
any s,a, Var(6p.V) < C(1+ ||[V|?), then E[HQ(s,a)] = HQ(s,a), and Var(HQ(s,a)) <
Ca+QI*).
Proof. First, we have that

E[HQ(s,a)] = E[r(s,a) + opaVo(s)] = r(s,a) + opa (V) = HQ(s, a). (328)

For boundedness, note that

Var(HQ(s,a)) = E|(HQ(s, a) — HQ(s, a))?

E[(6p:Va(s) — opz(Vo))]
CA+IVol?)
Ca+QIP), (329)

where the last inequality is from Lemma 18. O

<
<
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This implies that the problem is reduced to verifying whether 6pa is unbiased and has
bounded variance, which is identical to the results in Section H. We thus omit the proofs
for this part.

Appendix J. Technical Lemmas

Lemma 20. For a robust Bellman operator T, define

TV 2TV — f(V)e, (330)
TV 2 TV — ghe. (331)

Assume that x(t),y(t) are the solutions to equations

=Tz -z, (332)
j=Ty—y, (333)

with the same initial value 2(0) = y(0) = xo. Then,
2(t) = y(t) + r(t)e, (334)
where r(t) satisfies
H(t) = —r(t) +9p — f(y(t)). (335)

Proof. Note that T'V = TV + (9% — f(V))e, then from the variation of constants formula,
we have that

o(t) = zoe ! + / te_(t_s)’i‘(x(s))ds + ( /0 t e~ =) (g7 — f(:c(s)))ds) e (336)

0

y(t) = zpe —l—/o eI (y(s))ds. (337)

Hence, the maximal and minimal components of z(t) — y(t) can be bounded as:

max(as(t) = (D) < [ ¢ max(Dia(s) - Tlal)ds + [ e Igh — fals),
min(e(0)~ i) 2 [ ¢ min(Ea(s) — Tl + [ ¢ g~ slalo)ds
This hence implies that
Spana(t) ~y(0) < [ ¢ ISpan(D(a(s)) ~ Tlo(o)))ds
< [ e Ispanats) — y(s)s. (338)

where the last inequality is because T is non-expansive w.r.t. the span semi-norm.
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Gronwall’s inequality implies that Span(z(t) —y(t)) < 0- f e~ (t=9)ds = 0 for any ¢ > 0.
However, since Span is non-negative, then Span( (t) — y(t)) = 0. Hence, we have that
x(t) = y(t) + r(t)e for some r(t) satisfying r(0) = 0.
Also note that the differential of r(¢) can be written as
Ft)e = (1) — g0
= Ta(t) + (9p — f(z(t)))e — x(t) — Ty(t) +y(t)
= (=r(®) +9p = f(y(®)))e, (339)

where the last equation is because

Ta(t) = T(y(t) + r(t)e) = T(y(t) + r(t)e, (340)
f(a(t)) = fly(t) +rt)e) = fy(t) +r(t). (341)
This completes the proof. ]

Lemma 21. For any function g : A(|S|) — R, assume there are 2"+ i.i.d. samples
X; ~ q. Denote the empirical distributions from samples {X; :i=1,...,2" "} {Xo; 1 :i =
17 o) 2n}7 {XQI ti= 17 seey 2n} b?/ dn+17 Qn+1,07(jn+1,E' Th'en;

El9(Gn+1,0)] = Elg(dnt1,2)] = E[g(qn)]- (342)
Proof. Note that

2n
Zz‘:l 1x,, 1=

Gnt1,0(8) = ==~ (343)
hence,
Elg(Gn11.0)] = > 9(P)P(Gn+1.0 = p)
p=(p1,---,0|s5]) EA(IS])
n 2n
— P Z?:l 1X2i—1231 o Zi:l 1X2i—1:S|5‘ .
= > o =1, o =pis||a ) 9(p),

p=(p1,---,p|5))EA(S])
(344)

where 2"p; € N and Zl 1 pi = 1. On the other hand,

E[g(gn)] = > 9(p)P(dn = p)
p=(P1,--Ps))EA(|S])
2" 2"
— Z P(Zl—l Xz 1 :pl . 1 $|'S‘ :p‘5|
p=(p1,--ps))EA(|S])

Note that X; are i.i.d., hence,

n 2’)1
P Z?:l 1x,=s, _ Zi:l 1Xl:SISI _
omn Loeees on Pis||4
n 2"
_ I[]) lel 1X2i—1:51 _ zz:l 1X27;_1:S‘s‘ .
- on =P1- on =Pis||q)-
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Thus,

Elg(dn+1.0)] = Elg(gn)]- (346)
Similarly, E[g(Gn+1,r)] = E[g(¢n)] and hence it completes the proof. O

Lemma 22. Under the total variation uncertainty model, the optimal solution and optimal
value for g;{a,g;{awﬂ, gga7N+17E,gXa7N+1,o are bounded. Specifically,

[y s e N415 HaaN+1.8 Peant1.o <V + [V]|e, (347)
i alls Nyt s 18 0 v, B e w101l < 21V (348)
1950 (1) |5 1980801 (e, v1) | < 31420V,

|9Xa,N+1,E(NXa,N+1,E)|a fgga,NH,o(MZa,NH,o)\ <3(1420) V|- (349)

Proof. First we show the bounds on the optimal solutions. If we denote the minimal entry
of V by w: w = min, V (s), then W £ V — we > 0. Note that,

jlyg = arg max (PS(W — ) — (Span(W — u))

= argmax (—w + P{(V — ) - (Span(V' — ), (350)

which is because Span(V + ke) = Span(V) and P¢(V + ke) = k + P2V. Hence, pulY, = p¥,.
Moreover note that W > 0, hence u}fa is bounded: ugffl < W, this further implies that

kol = el < W < 2VJ. (351)

The bounds on ,ul,/a Nils ,ul,/a N4+1.03 u;/a N+1.E can be similarly derived.
We then consider the optimal value. Note that,

g;{a(/*j’;/,a) = PZ(V - iuga) - Cspa’n(v - M}s{a)
< VIF+ llidall + < max(V(7) — pea(@)) +¢| min(V (i) — Hea(i))]

<3|V + 261V + [lesall)
<31+ 20V (352)
On the other hand,
9va(pla) > g¥,(0) = PV — (Span(V) = P2V — ¢ max V (i) + { min V (3). (353)

Denote the maximal and minimal entries of V' by V(M) and V(m), then we have that
PV — (max V(i) + ¢ min V()
=D _PLV(@) = V(M) +(V(m)

= —|[VII =2¢lV1l, (354)
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where the last inequality is from |V|| > V(i) > —||V|| for any entry 7. Thus, combining
(353) and (354) implies that

~(1+ 20Vl < g3a(psq) < 3(1+20)V]. (355)

SN \% \%4 \%4 \% \%4 \%4
Slmllarly, the bounds on gs,a,NJrl (Ms,a,N+1 ) ’ gs,a,N+1,0 (Ms,a,N+1,O)7 gs,a,NJrl,E(:u’s,a,NJrl,E) can
be derived. O

Lemma 23. Under the chi-square uncertainty model, the optimal solution and optimal
value for g;{a,g!’awﬂ, g;fa’N+l7E,gZa7N+1’O are bounded. Specifically,

MZQ?MZ&,N-FI’MZ(Z,N—FI,E’ MZa,N—&—LO <V +|[V]e, (356)

e alls Ny a1 s e v, e 1 11,0l < 201V, (357)

198 (1) 1198 a1 (oo 1)) < 3(1+ /20 V]], (358)

198 0 n-+1.0 (e n+1.0) s 1950 N1, 8 (0 n1,8)| < 3(1+V/20)V]]. (359)

Proof. First, we show the bounds on the optimal solutions. If we denote the minimal entry
of V by w: w = ming V(s), then W £ V — we > 0. Note that,

W _ a _ _ @ —
Hao = arg max (PL(W — p) \/CVarPS(W 1)

= arg max (—w+ PV —p) —/¢Varpa (V — ), (360)

which is because Varps(V — pu — we) = Varpa (V — p) + Varpe (we) — 2Covpa (V' — p, we) =
Varpa (V' — p). Hence um = ,uy’a. Moreover note that W > 0, hence ugffl is bounded:
ugf/a < W, this further implies that

ligall = lligall < 1W< 2]VI. (361)

The bounds on ,u,;/a N4l ,u,;/a N41.0> u;/a Ni1.g can be similarly derived.
We then consider the optimal value. Note that,

10Ya (1Y) = [PV = nlly) = (/¢ Varpe (V — )]

VI + Nugall +4/2¢1V = ¥l

<3|V VAUV + gl

<3(1+ 3OV (362)
Similarly, the bounds on gxa7N+1(MXa7N+l), gga,N+1,0(/‘}s/,a,N+1,0)’ meNH’E(MZa’NHyE) can
be derived. n

Lemma 24. Under the Wasserstein distance uncertainty model, the optimal solution and
optimal value for g;fa,meNH,gXG’NH’E,meNH,O are bounded. Specifically,

2|V
)‘Zw )‘Ka,rm )‘Xa,n,Oa )\Za,n,E < Cl ’ (363)
‘g;/,a()‘;fa)‘7 |g}9{a,n()‘;{a,n)’7 ‘g;{a,n,O()‘;/,a,n,O”? |g;{a,n,E(>‘Za,n,E)‘ < HVH (364)
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Proof. First, we show the bounds on the optimal solutions. Denote the optimal solution
to maxy>o gxa()\) by )\ga. Moreover, for each state y € S and any A > 0, denote s§ =

arg minges{\d(x,y)! + V(x)}. Hence,
9%a(A) = =X +Egopa [Ad(S, s3)! + V(s3))]. (365)
Moreover, note that gKa(/\Za) = maxy>o g;{a(/\), hence,

Mol + Esaps [\ ad(S, 5%y ) + V(s3y )] 2 944(0) = Eswpe[V(s5)] = min V(z), (366)

where the last equation is due to the fact that sj = arg minges{V (z)} = min, V(z). Now
consider the inner problem Eg.pe[AY,d(S, sf\y )+ V(sfv )]. Note that,

Esps[Aad(S, 53y ) + V(s3y )]

= PLe(Aad(@, 5y )+ V(siv,))

(g Z P‘;’m ()\Xad(x, CL‘)l + V(x))
— Epu V(S)] (367)

where (a) is because si, = argminges{A},d(z,y)" + V(y)} and hence A, d(z,s%, ) +

V(siy ) < AV d(z,2) + V().
Combine (366) and (367), then we further have that

min V(z) < “AraC H Esope [N 0d(S, 83y )+ V(shy )] < Ao+ Epa[V(S)].  (368)
This implies that
Epg [V (8)] — min, V(z) _ 2|V

)‘Xa < . Cl — Cl ’ (369)
and hence )‘Ka is bounded.
On the other hand, note that g, (AY,) = opa[V(S5)], hence,
1950 (M) < V- (370)
Same bound can be similarly derived for
)‘Kaﬂw )‘Xa,n,Ov AZa,n,E'? g;{a,n()‘;/,a,n)? gZa,n,O()‘}e/,a,n,O)7 g;{a,n,E()‘;/,a,n,E)'
O

Lemma 25. For an optimal robust Bellman operator: HQ(s,a) = r(s,a)+opa(Vg), define

H'Q £ HQ - f(Q)e, (371)
HQ 2 HQ — gre. (372)
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Assume that x(t),y(t) are the solutions to equations
i=Hzx—x, (373)
j=Hy—y, (374)

with the same initial value x(0) = y(0). Then z(t) = y(t) + r(t)e, where r(t) satisfies
() = =r(t) + gp — fy(?)).
Proof. The proof follows exactly that of Lemma 20 if we show that H is non-expansion

w.r.t. the span semi-norm.
It can be shown that

Span(H(Q1) — H(Q2)) < Span(Vg, — Vo,)- (375)
Let
s = arg max{max Q1 (i, a) — max Qa(i,a)}, (376)
t = arg m:in{mj?x Q1(i,a) — m:ax Q2(i,a)}. (377)
Then,

Span(Vg, — Vig,) = (méiX Qi(s,a) — max Q2(s,a)) — (maax Q1(t,a) — max Q2(t,a))

< Q1(s,as) — Q2(s,as) — (Q1(t, ar) — Q2(t, ar))
§ H;%X(Ql(wv b) - Q2(x7 b)) - Iglgl(Ql(:m b) - Q2($, b))

= Span(Q1 — Q2). (378)

where a; = arg max, Q1(S5, a) and a; = argmax, Q2(t,a). This completes the proof. O
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