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1 Introduction

Causal reasoning is a central topic for Al nowadays given the relevance of causal concepts such as causal
explanation for machine learning and causal responsibility for multi-agent theories and applications. It is an area
of research at the crossroad of different disciplines ranging from logic and philosophy to economics.

Two approaches to the formalization of causal reasoning should be distinguished. On the one hand, we have
the rule-based (or syntactic) approach whereby causal laws are seen as rules expressed in a given logical language,
such as propositional logic. This approach grounds on and is tightly interconnected with earlier work on non-
monotonic reasoning in the area of knowledge representation (Bochman 2003; Geffner 1990; Giunchiglia et al.
2004; Lifschitz 1997; McCain and Turner 1997). The recent work by Bochman, culminated in (Bochman 2021), is
representative of this approach. It relates the rule-based approach to the theory of counterfactuals (Bochman
2018b) and actual causality (Bochman 2018a).

On the other hand, we have the structural equation modeling (SEM) approach whereby the causal connections
between variables are expressed via a system of structural equations. Pearl’s work on causality (Pearl 2009) is
probably the most famous example. The SEM approach has been successfully applied to formalizing a wide variety
of concepts relevant to Al including actual causality (Beckers 2021; Beckers and Vennekens 2017; Halpern 2016,
2008), explanation (Halpern and Pearl 2005b; Woodward 2003; Woodward and Hitchcock 2003), responsibility
and blame (Alechina et al. 2017; Chockler and Halpern 2004; Halpern and Kleiman-Weiner 2018), discrimination
(Chockler and Halpern 2022) and harm (Beckers, Chockler, et al. 2024). The relationship between the rule-based
and the SEM approach was explored in (Bochman and Lifschitz 2015), where it was shown that structural equation
models are representable in the causal calculus introduced in (Bochman 2003; Giunchiglia et al. 2004). In the
general SEM setting, for every endogenous variable and for every value assignment for the other variables
(endogenous and exogenous ones), we must specify the value that the variable will take.
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13:2 « Lorini

In the present work, we introduce a novel rule-based semantics for representing causal information through
Boolean (or binary) variables, and use it to interpret a number of modal languages that support reasoning about
causality. We believe that restricting to causal reasoning with Boolean variables is interesting per se since it
covers, or at least is closely connected to, a variety of interesting models and concepts including propositional
opinion diffusion (Christoff and Grossi 2017; Grandi et al. 2015), binary neural networks and diagrams (Hubara
et al. 2016; Lewis 1986; Narodytska et al. 2018; Shi et al. 2020), and Boolean networks (Kauffman 1969). There is a
crucial difference between the standard semantics for modal logic relying on multi-relational Kripke structures
(Blackburn et al. 2001) and our semantics. In the standard Kripke semantics, the notion of possible state (or world)
in a model is undecomposed and accessibility relations between states are given as primitives. In our semantics, a
state is decomposed into two elements: i) a propositional valuation that represents the ontic component of the
state (i.e., how the state is), and ii) a set of rules in propositional form, viz. a causal base, that represents the causal
theory regulating the state (i.e., how the state could be). Moreover, various types of accessibility relation between
states can be directly computed from the causal bases. These include a causal compatibility relation (i.e., whether
two states share the same causal base), a causal compatibility post-intervention relation (i.e., whether two states
shares the same causal base after the execution of an intervention), and a causal comparative similarity relation
(i.e., whether a first state is at least as causally similar to a reference state as a second state). In a related work, we
explored a similar idea by replacing the extensional semantics of epistemic logic based on multi-relational Kripke
models with a succinct semantics using belief bases (Lorini 2019, 2018, 2020).

We will show that our rule-based semantics is useful both computionally and conceptually. On the computational
side, we will use it to provide a succinct formulation of model checking in which causal properties, expressed
by means of formulas of the modal languages we will introduce, are verified with respect to a finite state with
no need to specify the set of possible states and the accessibility relations. Indeed, as pointed out above, in
our semantics a state contains the sufficient information to compute ex post the set of possible states and the
accessibility relations that are needed to perform causal reasoning. This is particularly useful for automatic
verification of causal properties in concrete applications. On the conceptual side, by leveraging the concept of
causal base which is analogous to that of belief base, our rule-based semantics offers the right level of generality
to explore the intimate connection between causal reasoning and epistemic reasoning that, we believe, is difficult
to grasp using the structural equation modeling approach. In particular, we will use our semantics to elucidate
the relationship between causal counterfactual conditionals, belief revision and interventions.

The central concept underlying the modal languages introduced in this paper, and interpreted through the
rule-based semantics, is causal necessity. This concept traces back to Burks (Burks 1951), and earlier to Kant! and
Hume?. Burks appears to be the first to offer a modal-logical analysis of this notion, though the idea of treating
causal necessity as a modal concept was already suggested by Russell (Russell 1913). He distinguishes causal from
logical necessity, taking the latter to be stronger (that is, all logically necessary facts are also causally necessary),
a distinction that mirrors that between nomic and metaphysical necessity in philosophy (Kment 2014, Chapter 7).
Following Burks, we model causal necessity using an S5 modal operator. This operator identifies the facts that
hold true in all states causally compatible with the actual state, where a state S” is considered causally compatible
with the actual state S if they share the same causal base.

We distinguish plain causal necessity in Burks’ sense from causal necessity post-intervention. While plain causal
necessity captures causal necessity under the assumption that the causal information does not change, causal
necessity post-intervention captures causal necessity after an intervention has taken place, where an intervention
is a causal change operation (or event) that consists in fixing the value of a certain variable thereby making it
causally independent of the other variables. In this sense, causal necessity post-intervention has a conditional

1See (Friedman 2017).
2See (Stroud 1978).
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Fig. 1. Hot summer causal graph

reading: a given fact ¢ is said to be causally necessary post-intervention E if and only if “if the intervention E
occurred, ¢ would be necessarily true”.

To better understand the difference between plain causal necessity and causal necessity post-intervention,
consider a scenario whose causal aspects are represented by a propositional causal base that specifies the direct
causal connections between four variables: it is a non-rainy day in the middle of the summer (summer), the
physical environment is very hot (hot), the person drinks a lot (drink), the person sweats a lot (sweat). Specifically,
suppose the causal base includes three rules stating that “the physical environment is very hot if and only if it is
a non-rainy day in the middle of summer”, “the person drinks a lot if and only if the physical environment is very
hot”, and “the person sweats a lot if and only if the physical environment is very hot”. In formal terms,

hot < summer,
drink < hot,

sweat <> hot.

The causal graph induced by the three causal rules is given in Figure 1. In this example, the following two facts
are causally necessary: i) if the physical environment is very hot then the person will sweat a lot, and ii) if the
person drinks a lot then it will sweat a lot. Thus, plain causal necessity does not allow us to identify the cause of
the fact that the person sweats a lot since it only captures the positive correlations between the variables and,
from a correlational point of view, there is no difference between the fact that the physical environment is very
hot and the fact that the person drinks a lot with respect to the fact that the person sweats a lot. In order to
identify the cause of a person sweating a lot we have to rely on causal necessity post-intervention. In particular,
we have to perform the following interventionist test. We first intervene on the variable drink (e.g., by the person
getting into the habit of drinking a lot even on non-hot days) so that the causal influence of the variable hot on it
is interrupted (left side of Figure 2). After this intervention, it is no longer causally necessary that if the person
drinks a lot then it will sweat a lot. Indeed, after this intervention, it is possible that the person drinks a lot (on a
non-hot day) without sweating a lot. Then, we intervene on the variable hot (e.g., by the person getting into the
habit of taking a sauna regularly on non-summer days) (right side of Figure 2). After this intervention, it is still
causally necessary that if the physical environment is very hot then the person will sweat a lot. So, from the
point of view of causal necessity post-intervention, there is an asymmetry between the fact that the physical
environment is very hot and the fact that the person drinks a lot with respect to the fact that the person sweats a
lot. Such an asymmetry leads us to conclude that the person’s sweating depends on the physical environment
being very hot but not on the person drinking a lot.

Outline. The paper is organized as follows. In Section 2, we discuss some related work in more detail. In Section
3, we introduce our rule-based semantics as well as a modal language for reasoning about plain causal necessity.
We show how to interpret the language by the semantics. In Section 4 we focus on the satisfiability checking
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Fig. 2. Intervention on variable drink (left), intervention on variable hot (right).

problem for our modal language and prove its NP-completeness. In Section 5, we provide a succinct formulation
of model checking in our rule-based semantics and prove its @12) -completeness. With ‘succinct’ we mean that the
model with respect to which a formula has to be checked is not given explicitly with its set of possible states and
its causal compatibility relations, but it is given in a compact form. Our complexity analysis of model checking
relies on two polynomial embeddings: of Carnap’s modal logic into model checking and of model checking into
Carnap’s modal logic. Our results highlight that in our semantics model checking is intrinsically more complex
than satisfiability checking given its succinctness. Section 6 is devoted to exploring the relationship between
our rule-based semantics and the SEM semantics for causal reasoning. We show that the latter corresponds to
a specific instance of the former where causal information is represented in an equational form. In Section 7,
we extend our modal framework with modal operators of causal necessity post-intervention. We introduce a
novel semantics for interventions relying on the concept of replacement and again compare it with the SEM
semantics. Our semantics helps to better understand the relationship between intervention and belief change.
Intervention is seen as a replacement operation, a kind of operation originally introduced in the theory of belief
change to replace one sentence by another in a belief base (Hansson 2009). We show that @g -completeness
for model checking generalizes to the language of causal necessity post-intervention. Finally, in Section 8, we
present a second extension with causal counterfactual conditionals. We interpret them by means of a notion of
comparative similarity that we compute from causal bases. We compare causal counterfactual conditionals to
post-intervention causal necessity and spell out the conditions under which the latter can be seen as a special
case of the former Moreover, we elucidate the relationship between our rule-based semantics for counterfactual
conditionals and the update semantics of belief base contraction and revision. To make the paper more readable,
the proofs are given in the technical Appendix A at the end of the paper.
To sum up, the major contributions of the present paper are:

o arule-based semantics for Boolean causality and a family of modal languages for reasoning about causal
information, plain causal necessity and causal necessity post-intervention interpreted through this seman-
tics;

e a succinct formulation of the model-checking problem for the modal languages under the rule-based
semantics, together with tight complexity results for it;

e an analysis of the relationship between the rule-based semantics and the SEM semantics;

o an analysis, with the support of the rule-based semantics, of the relationship between causal counterfactual
conditionals, belief revision and causal necessity post-intervention.

We believe that this is the first attempt to provide a logical framework for causal reasoning that is shown to be
sufficiently general to account for a rich variety of causal notions (e.g., causal information, plain causal necessity
and causal necessity post-intervention), in which model checking can be formulated succinctly, and which allows
to link causal reasoning to reasoning about belief change. This work is an extended and improved version of a
paper appeared in the proceedings of the IJCAI 2023 conference (Lorini 2023).
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2 Related Work

We organize the discussion of related work along four axes: the structural equation modeling approach to causal
reasoning, the modeling of causality in non-deterministic domains, team semantics for causal reasoning, and
Bochman’s nonmonotonic rule-based approach to causal reasoning.

2.1 SEM Semantics for Logics of Causal Reasoning

Structural equation models (SEM) have been exploited as a semantics for a number of modal languages of
interventionist conditionals (Galles and Pearl 1998; Halpern 2000; Halpern and Pearl 2005a). Both the axiomatic
and the complexity aspects of these modal languages have been investigated (Galles and Pearl 1998; Halpern
2000) as well as their connection with Lewis’ logic of counterfactual conditionals (Halpern 2013; Zhang 2013).

A disadvantage of the SEM semantics used by Halpern & Pearl compared to our rule-based semantics is the
fact that it is not succinct, thereby making model checking for modal languages of causality not exploitable in
practice. Models used by Halpern & Pearl in (Galles and Pearl 1998; Halpern 2000; Halpern and Pearl 2005a) are
huge: every endogenous variable is associated to a function that fully describes how the value of the variable
varies depending on the values of the other (endogenous and exogenous) variables. This description of the causal
system is exponential in the number of variables. For instance, in the Boolean case, if there are n endogenous
variables and m exogenous ones, a table with n X 2(n+m)=1 entries (ie., 2(ntm)=1 eptries for each endogenous
variable) is needed. Moreover, the description of the causal system becomes infinite if there is an infinite number
of variables. Our rule-based semantics does not have this limitation. As we will shown in Section 6, we can fully
describe a causal system with a set of equational formulas of polynomial size, even in the infinite variable case.
This is appealing from the point of view of formal verification.

There is also a key conceptual difference between our modal approach to causal reasoning and Halpern &
Pearl’s. As emphasized in the introduction, the concept underlying our modal languages is causal necessity
in its plain and post-intervention form. Halpern & Pearl’s modal language is designed as a dynamic language
which supports reasoning about the effects of interventions on the values of the variables. As explicitly stated by
Halpern (Halpern 2000, p. 320), his language “...borrows ideas from dynamic logic...” (Harel and Tiuryn 2000). It
does not involve any concept of causal necessity.

From a certain point of view, the SEM semantics used by Halpern & Pearl can be considered more general than
our ruled-based semantics, since variables are not necessarily Boolean. Binary causal models, as a special case
of causal models with Boolean variables, have been studied in depth in (Aleksandrowicz et al. 2017; Eiter and
Lukasiewicz 2002). But from another point of view, their semantics can be considered less general than ours for
at least two reasons. First of all, unlike SEMs, in our rule-based semantics there is no rigid distinction between
endogenous and exogenous variables which is fixed at the meta-level. We represent causal information by a set of
propositional formulas in which all propositional variables have the same status. Secondly, our semantics allows
for incomplete information about the underlying causal model. However, as we will show in Section 6, when we
restrict to equational causal bases, i.e., causal bases in which propositional formulas are in equational form, we
have complete information about the causal model and we can extract the exogenous and endogenous variables
from it.

2.2 Non-Deterministic Causal Models

The notion of incomplete information about the underlying causal model, which can be represented in our
semantics, has some aspects in common with that of non-deterministic causal model, recently introduced
in (Beckers 2025) as a generalization of a standard causal model with deterministic effects. Contrarily to a
deterministic causal model, in a non-deterministic causal model various values of an endogenous variable may
be possible, once the values of the other (exogenous and endogenous) variables are specified. Causation in
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non-deterministic domains has also been recently studied in the action-theoretic framework of situation calculus
(Khan, Lespérance, et al. 2025) following previous work on the situation calculus semantics for causal reasoning
(Batusov and Soutchanski 2018; Khan and Soutchanski 2020).

2.3 Causal Team Semantics

Another work to be mentioned is Barbero and coll’s recent application of the team semantics (Hodges 1997) to
causal reasoning (Barbero and Sandu 2021; Barbero and Yang 2020). They show that the notion of interventionist
conditional a la Halpern & Pearl and of functional dependency can be naturally expressed by the notion of
causal team: a set of assignments for the variables sharing a common domain, called a team, extended with a
functional component capturing the causal dependencies between the variables. The causal team semantics share
with the SEM semantics the idea of representing causal information in a functional form. It shares with our
rule-based semantics the idea of considering a set of assignments (resp. a set of possible states in our setting) that
are compatible with the available causal information specified in functional form (resp. in propositional form in
our setting).

Like the SEM semantics and unlike our rule-based semantics, the causal team semantics distinguishes exogenous
from endogenous variables at the meta-level. Moreover, like the SEM semantics, it was recently generalized in
(Barbero 2024) in order to represent causal models with non-deterministic effects.

2.4 Bochman’s Nonmonotonic Approach to Causal Reasoning

We conclude this section by underlining some differences between our approach to causal reasoning and
Bochman’s approach mentioned in the introduction. Ours is a classic work in modal logic. At the syntactic level,
we start with a basic modal language for reasoning about plain causal necessity. We borrow from (Burks 1951)
the idea of modeling causal necessity by means of a normal modality S5. Then, we extend it with modal operators
for causal necessity post-intervention and Lewisian counterfactual conditionals. At the semantic level, we use
accessibility relations over possible states/worlds for interpreting the different modal operators. Bochman’sf
language presented in (Bochman 2021, 2018b) is not a modal language in the usual modal logic sense. Namely,
it is not an extension of the propositional language with different modal operators, in which we can write any
Boolean combination of propositional formulas and modal formulas as well as formulas with nested modalities.
His semantics does not use accessibility relations over possible worlds/states. His language consists of causal
rules of the form A = B, where A and B are propositional formulas. He uses a nonmonotonic semantics based on
the notion of exact model for a set of causal rules, that is, a consistent set of information that is closed under the
causal rules and in which every information is explained by other information in the set. Given the significant
differences between the two approaches, it is not clear whether and how our concepts of causal necessity in plain
and post-intervention form, and the satisfiability and model checking problem defined in our framework can be
“translated” into his framework.

3 Logical Framework

In this section, we introduce a simple modal language for reasoning about causality. Following (Lorini 2020),
the semantics of our language uses the notion of “state” consisting of (i) a causal base, including all causal
information in propositional form which regulates the physical world, and (ii) a valuation of propositional facts
that is compatible with the causal information. At the syntactic level, our language extends propositional logic by
an operator for representing explicit causal information and another operator for representing causal necessity
of facts.

Journal of Artificial Intelligence Research, Vol. 85, Article 13. Publication date: February 2026.



A Rule-based Modal Framework for Causal Reasoning + 137

3.1 Semantics

Assume a countably infinite set of atomic propositions P = {p,q,...} and let Lprop(P) be the propositional
language built from P. We assume the language Lprop(P) contains the symbol T (“true”) as primitive, while L
(“false”) is defined from it as usual L =g,r = T.

Given a propositional formula w € Lprop(P), the set of symbols from P occurring in w is denoted by
P(w). The definition extends to a set of propositional formulas X C Lprop(P) in a straightforward manner:
P(X) = U,ex P(w). The main constituent of our semantics is the following notion of state.

DEFINITION 1 (STATE). A state is a pair S = (C, V) where C C Lprop(P) is a causal base and V. C P is a
propositional valuation such that

Yo eC, V |=w, (CausalCons)

with V |= w meaning that the propositional formula w is true at the valuation V and defined inductively, as usual.
The set of all states is denoted by S. A state S = (C, V) is said to be finite if both C and V are finite. The set of
finite states is denoted by Spiy.

The causal base C of the state S represents the causal theory that regulates it. We call this the state S’s causal-
theoretical (or simply causal) component. The propositional valuation V represents how the state S is, namely, the
set of atomic propositions that are true (resp. false) at it. We call this the state S’s ontic component. According to
the Condition (CausalCons), a state’s ontic component must be consistent with the state’s causal component. In
other words, how the state is must be in agreement with the causal theory that specifies how the state could be.

We use the generic term “causal information” to indicate the propositional formulas in the causal base C. We
use the more specific term “causal rule/law” for information in a causal base expressed through single implication
w1 — w, or double implication w; <> w,. With a slight abuse of terminology, we call our semantics a rule-based
semantics. To be more precise, it should be called a semantics based on causal information in propositional form.
We stick to the former naming since it is more concise. The following definition introduces the notion of causal
compatibility.

DEFINITION 2 (CAUSAL COMPATIBILITY). We define = to be the binary relation on the set S such that, for every
S=(CV),S=(,V)eSs:

S=S"ifand only if C=C'.

S = §’ means that state S and state S” are causally compatible since they share the same causal information.
We define =(S) = {S’ € S: § = §’} to be the set of states that are causally compatible with the state S.
It is easy to verify that = is an equivalence relation and that the following holds for every S = (C, V), S’ =
(C, V') es:
if =5 thenVw € C, V' | w. (1)

The latter means that the causal information of the actual state must be true at all states that are causally
compatible with it. To see this, suppose S = S’. Thus, by Definition 2, C € C’. Moreover, by definition of S,
Yo € C’, we have V' |= w. Hence, since C C C', Vo € C, V' |= .

3.2 Language

In this section, we define a two-layer modal language for talking about explicit causal information and plain
causal necessity. It is defined by the following grammar:
def

Lci(P) =
def

Lon(®) =

Tlpl-alara]| o,
al|-¢lene]|Dp,
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where p ranges over P and w ranges over Lprop(P). The other Boolean connectives V (or), ® (exclusive or), —
(implication) and <> (double implication) are defined in the usual way. The first layer language L¢|(P) (Language
for Causal Information) is the language for talking about explicit causal information. The formula Aw has to
be read “w is part of the causal theory regulating the actual state” or, more shortly, “o is a causally relevant
information”. The second layer language Lcn(P) (Language for Causal Information and Necessity) extends the
first layer by a modal operator O for causal necessity in Burks’ style (Burks 1951). In particular the formula Og
has to be read “it is causally necessary that ¢” or, by adopting Burks’ reading, “¢ is true on causal grounds”. As
usual, we define G¢ =4r ~O-¢, where the formula G¢ has to be read “it is causally possible that ¢”.

We consider some fragments of the language L¢in(P). The language Len(P) (Language for Causal Necessity)
is the fragment of L¢n(P) in which we can only talk about causal necessity:

def
LnP) = o u= Tlpl-eleAe]|Dg,

where p ranges over P.
The language Lpcn (P) (Language for Propositional Causal Necessity) is the fragment of Lcn(P) in which we
can only talk about the causal necessity of propositional facts. It is defined by the following grammar:

def
Lpen(P) = ¢ == Tlpl-elene]| Do,

where p ranges over P and w ranges over Lprop(P).

It is worth to consider these fragments for both conceptual and technical reasons. Indeed, each fragment has
its conceptual counterpart. Moreover, they will be used to build a connection between the rule-based semantics
for causal reasoning and the SEM semantics.

To sum up, we consider four languages L¢|(P), Lcin(P), Len(P) and Lpen (P) with the following inclusion
relations:

Lci(P) € Len(P) and Lpen(P) € Len(P) € Lo (P).

Lcin(P) is the most general one.

We interpret the formulas of the language Ly (P) relative to a set of states U and a specific state S included
in it. We call U context (or universe) of interpretation. Specifically, given S € U C S and ¢ € L¢in(P), we write
(S,U) |= ¢ to mean that ¢ is true at (S, U) and define it inductively, as follows.

DEFINITION 3 (SEMANTIC INTERPRETATION). Forevery U C SandS = (C,V) € U:

S U)ET,
S U Ep = pev,
S U)Faw & weC
SO E-~9 = S U)o,
SO EFerny — S U)EFeand(SU) =y,
(S, U) Fop < VS €U, ifS=S then(S,U) = o.

The pair (S, U) with U C S and S € U with respect to which formulas are interpreted is also called a model.

The causal necessity modality O is a so-called S5 modality. According to the previous definition, it is causally
necessary that ¢ if and only if, ¢ is true at all states in the context that are causally compatible with the actual
state. The modality A has a set-theoretic interpretation: the information w is causally relevant if it is included in
the actual causal base.

For notational convenience, we write S |= ¢ instead of (S, S) |= ¢. S is also called the global context. Moreover,
given o, € Lprop(P), we define

S(w) ={S=(C,V)€S: V[ a}.
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S(wc) is the context induced by the hard (or integrity) constraint w.. We moreover define Sg;,(w¢) = Spin N S(w¢),
where we recall Sg, is the set of finite states (see Definition 1).

As highlighted by the following proposition, the causal necessity of a propositional fact w relative to the
context induced by a hard constraint w. coincides with its deducibility from the actual causal base extended with
the hard constraint. Its proof is given in Section A.1 in the technical appendix at the end of the paper.

ProrosiTION 1. Let S = (C, V) € S and w¢, w € Lprop(P). Then,
(S,S(w)) EDw iff o € Cn(C U {wc}),
with Cn the classical deductive closure operator over the propositional language Lprop (P).
Let us introduce a simple example to illustrate the language L¢|N(P) and its semantics interpretation.

ExampLE 1 (VIDEO GAME). Consider a video game character that is controlled via keyboard by a human video
gamer. The human can choose the configuration of the keyboard controls that regulate the character’s actions in
the video game. Thus, each configuration corresponds to a causal base that specifies how the character will behave
depending on the keyboard key activated by the human. Suppose the character can only execute five actions: ‘move
up’ (up), ‘move down’ (do), ‘move right’ (ri), ‘move left’ (le) and ‘execute an attack with the sword’ (at).> Moreover,
there are five keyboard keys that the human can activate during the game: key, . . ., kes.

In the actual situation the controls are set in such a way that i) if key 1 is activated (ke; ), then the character will
move up; if key 2 is activated (key), then it will move down; if key 3 is activated (kes), then it will move right; if key 4
is activated (key), then it will move left; it will execute an attack with its sword if and only if key 5 is activated (kes ).
Moreover, in the actual situation ii) no key is activated and the character takes no action. Finally, iii) there is a hard
constraint in the game that prevents the human from activating two different keys at the same time. (We presuppose,
without including this aspect in the formalization, that if the human presses two or more keys, then none of them
will be activated.) So, according to the hypotheses i), ii) and iii), we are at the state Sy = (Cy, Vo) and at the context
S(wy) induced by the hard constraint w. with:

Cy = {kel — up, ke; — do, kes — ri, key — le, kes & at},
Vo =0,
We = /\ (kex — —key).

x,y€{1,2,3,4,5}:
X#yY
It is easy to verify that at (So, S(w.)) it is causally relevant that if key 1/2/3/4 is activated then the character will
move up/down/right/left, and that key 5 is activated if and only if the character attacks with its sword. Moreover, it is
causally necessary that if key 1 is activated then the character will not attack with its sword. In formal terms, we have

(S0, S(@¢)) [=a(ker — up) A A(ke; — do) A A(kes — ri) A A(kes — le) A A(kes & at)A
O(ke; — —at).

In the previous example there is incomplete information about the underlying causal model. Indeed, for every
proposition in {up, do, ri, le}, there is just a rule in the form of an implication specifying a sufficient condition for
the proposition being true, and there is no rule in the form of a double implication specifying the necessary and
sufficient condition for the proposition being true. This means that the activation of a key 1, 2, 3 or 4 is a sufficient
condition for the character to move in the corresponding direction (up, down, right, left), but it is not a necessary
condition. The movement of the character could be determined by an exogenous event that cannot be identified

3An example of this game is the Nintendo classic “The Legend of Zelda” (1986):
https://zelda.fandom.com/wiki/The_Legend_of Zelda.
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in advance due to the lack of information about the game and that is not included in the representation of the
causal model (e.g., the character could be accidentally moved by an enemy). As emphasized in Section 2, this is
an important difference between our semantics and the standard SEM semantics in which it is assumed that the
value of an endogenous variable is univocally determined once the values of the other variables are specified.

4 Satisfiability Checking
A formula ¢ of the general language of causal information and necessity Lcin(P) is said to be satisfiable if there
exists a model (S, U) (i.e., a context U C S and a state S € U) such that (S, U) |= ¢. Validity checking is the dual
of satisfiability checking: ¢ € Lcin(P) is said to be valid if —¢ is not satisfiable.

The following proposition provides a list of interesting validities. Its proof is given in Section A.2 in the
technical appendix.

PRrROPOSITION 2. The following formulas are valid:

(Cp AD(p > ¢)) > oy (Kq)
Op — ¢ (Tw)
O¢p — OO¢ (4p)
-O¢ — O-0¢ (50)
Aw — Ow (Mix1, o)
Aw — OA® (Mix2, o)
—Aw — O-Aw (Mix3, o)
Moreover,
if  is valid then Qg is valid (Necp)

Validities (Kp), (Tp), (4n) and (5p) together with the so-called necessitation property (Necy) highlight that the
causal necessity modality O is a normal S5 modality. Validities (Mix1, ), (Mix2, ;) and (Mix3, ) capture some
interaction properties between causal information and causal necessity: if o is a causally relevant information,
then it is causally necessary that w; if w is a causally relevant information, then it is causally necessary that w is
a causally relevant information; if w is not a causally relevant information, then it is causally necessary that w is
not a causally relevant information.

As the following theorem highlights, satisfiability checking for the language Lcin(P) has the same complexity
as SAT. NP-hardness follows from the NP-hardness of SAT that is clearly poly-time reducible to satisfiability
checking for the language Lcin (P) due to the fact that Lprop(P) € Lein(P). NP-membership relies on the fact
that for any satisfiable formula of the language Lcn(P) we can construct a model of polynomial size which
satisfies it. The proof of the theorem is given in Section A.3 in the technical appendix.

THEOREM 1. Let ¢ € Lcin(P). Then, checking whether ¢ is satisfiable is NP-complete.

The previous NP-completeness results for satisfiability checking naturally extends to the languages Lcn (P)

and Lpcn (P) since Lprop(P) € Len(P) and Lprop(P) € Lpen (P).
In the next section we move to model checking.

5 Model Checking

We formulate model checking as the problem of verifying whether a formula is true at a given finite state under a
given hard constraint.
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Model checking for formulas in L¢n(P)

Given: ¢ € Lcoin(P), wc € Lprop(P) and S € Sgin(wc).
Question: Do we have (S,S(«w.)) |= ¢?

Note that when the hard constraint w. equals to T model checking consists in verifying whether the formula
@ is true at the finite state S relative to the global context S, i.e., in verifying whether S |= ¢.

In the rest of this section, we are going to show that in our framework model checking has a higher complexity
than satisfiability checking. In particular, it is @g -complete. This is due to its succinct formulation which makes
it different from standard model checking for the modal logic S5 over Kripke models which is known to be
polynomial with respect to the size of the input formula to be checked and the size of the input model (Grédel
and Otto 1999).

In the following section, we introduce Carnap’s modal logic, a logic which is representative of the (912J class.

5.1 The @)‘;J Class and Carnap’s Modal Logic

Before establishing the complexity of the model checking problem it is useful to remind some complexity classes
that are relevant to our analysis. The complexity class A‘g (also denoted PN?) consists of those decision problems
that can be solved by a deterministic polynomial time Turing machine with access to an NP oracle. The class 8"2J
(also denoted Pl‘\llp) is the subclass of A‘g consisting of those problems for which the queries to the NP oracle are

non-adaptive, i.e., they can be performed in parallel. The latter problems are opposed to those problems in A‘g for
which the queries to the NP oracle are adaptive, i.e., the way a query to the NP oracle is formulated may depend
on the answers to the previous queries. The class @‘g has been studied in (Jenner and Toran 1995; Wagner 1990).
As shown in (Gottlob 1995), an interesting logic characterizing this class is Carnap’s modal logic (Carnap 1947).

The language of Carnap’s modal logic is a standard mono-modal language L (P) defined by the following
grammar:

def

Le®) = ¢ == plTI-elere|me] e
where p ranges over P. The operator B captures the notion of strong provability: the formula m¢ can be read “p
is provable”. Its dual # captures admissibility: the formula #¢ can be read “¢ is admissible”.
As shown in (Gottlob 1995), Carnap’s modal logic has a natural possible worlds semantics based on the notion
of universal structure with finite valuations for the set of atomic propositions P. It consists of all propositional
valuations that assign positive truth values to a finite a number of atomic propositions from P, that is,

W{j" ={w € Wp : w is finite},

where Wp = 27 is the universal structure for the set of atomic propositions P.
In particular, a formula of Carnap’s modal logic can be interpreted relative to a specific valuation (or world)

w € Wg", as follows. (We omit the interpretation of the Boolean connectives and of T since they are defined in
the usual way.)

wiEM"p = pew,
wiE"mpy = we wi g =i o,
w6y = e Wg" such that o =" ¢.

We are going to show that the restriction to finite valuations is not necessary. Specifically, the formulas of the
language L (P) can be interpreted relative to a world w € Wp as follows, without affecting the resulting set of

4See also Eiter and Gottlob (1997).
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validities:
wlEp & pew,
wl=mp & VYuveWpulog,
wl=¢p &= Fve Wpsuchthato |=¢.
To show the equivalence between the semantics based on the universal structure with finite valuations W{,E"
and the one based on the universal structure Wp, we need to introduce two different notions of of validity for

Carnap’s modal logic.
A formula ¢ of the language Lg(P) is said to be Carnap valid, denoted |=¢ ¢, if v |= ¢ for all v € Wp. The

formula ¢ is said to be finite Carnap valid, denoted |:gn o, ifv |=" g forallv € W{j". As the following proposition
highlights, Carnap validity and finite Carnap validity coincide. Its proof is given in Section A.4 in the technical
appendix.

PROPOSITION 3. Let ¢ € Lg(P). Then,
e o iff = o
It is known that finite Carnap validity checking is @)’2) -complete (Gottlob 1995, Theorem 5.1.2). Thus, because
of Proposition 3, Carnap validity checking is also @12) -complete. In the next section, we are going to provide two

poly-time reductions: of our model checking problem into Carnap validity checking, and vice-versa. Thanks to
these two polynomial embeddings, we will state a @g -completeness result for our model checking problem.

5.2 Poly-time Reductions and Complexity
We first prove the @g lower bound for model checking and then we turn to the @1; upper bound.
5.2.1 Lower Bound. Proving that our model checking problem is @g -hard is the easiest part. Indeed, we can find
a polynomial embedding of Carnap validity checking into it. In particular, let
tr: Le(P) — Lein(P)

be the translation from the language of Carnap modal logic to the language of causal information and necessity
such that

tr(p) =p,
tr(—g) = =tr(e),
tr(p AY) = tr(e) A tr(y),
tr(mg) = Otr(yp),
tr(ep) = Otr(p).

As the following theorem highlights, a formula of Carnap’s modal logic is Carnap valid if and only if at the
empty state (0, @) relative to the global context S (we recall that S |= ¢ abbreviates (S,S) |= ¢) it is causally
necessary that its translation is true. Its proof is given in Section A.5 in the technical appendix.

THEOREM 2. Let ¢ € Lg(P). Then,
Fe ¢ iff (0,0) |= Dtr(e).

The following theorem is a direct corollary of Theorem 2, the fact that the size of tr(¢) is polynomial in the
size of the input formula ¢ and, as pointed out above, the fact that Carnap validity checking is @g -hard.

THEOREM 3. Model checking for formulas in Lcin(P) is @g-hard.
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In the next section, we focus on the complexity upper bound of our model checking problem.

5.2.2 Upper Bound. We define a translation from our language of causal information and necessity to the
language of Carnap’s modal logic built over the following set of atomic formulas P, that includes the basic atomic
propositions as well as one special atomic formula for every “triangle” formula Aw:

Py =PU {paw: 2w € Lai(P)}.
Specifically, for each finite state S = (C, V) € Sg, and hard constraint w. € Lprop(P), we define the translation
trsp. + Lan(P) — Le(Py)

such that:
T, ifpeV,
1] =
s (P) {J_, otherwise,
trS,wc(T) =T,
T, ifw € C,
s, (A0) = i
1, otherwise,
trS,(uC (_‘(P) = _'trS,wC ((P);
trS,wc(‘p AY) = 1rs,co. (@) A trS,wc([//):
trs.w (Op) = .((wc A A W A A Paw A A “Paw) = tr*c,wc(qo)),
weC weC wel(p)\C
and
tre o (P) =p
tre o, (T) =T,
trz‘,wc (Aw) = Prws
e . (29) = =tr, (9),
treo (@ ANY) =tre,, (@) Atre, (),
tre. . (0p) = l((a)C A /\ A /\ Pacw A /\ “Paw) = trz’wc(¢)),
weC weC wel"(ga)\c
with
I'(p) =0,
[(aw) ={w},
I'(=¢) =T(p),
L1 A2) =T (¢1) UT (o),
r@y) =T).

For each atomic proposition p (resp. “triangle” formula Aw), the translation trg . returns the symbol T if p
(resp. w) belongs to the valuation V (resp. to the causal base C) of the state S. Otherwise, it returns the symbol L.
The causal necessity modality O is translated into the strong provability modality m by restricting to the possible
worlds that i) satisfy the hard constraint w. as well as the causal information of the state S (i.e., . A A ec @), ii)
include all causal information that is present at S (i.e., A, cc Paw), and iii) do not include the ¢-relevant causal
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information (i.e., I'(¢)) that is not present at S (i.e., A\, er(y)\c 7Paw)- Note that the translation tr¢. , is applied
after the application of the translation trs . to the modality 0. The only difference between trs,, and tr¢, , is in
the translation of the atomic propositions and of the “triangle” formulas. Unlike trg,_, tre. . translates them into
their direct counterparts on the side of the language Lg(P,) and does not need to evaluate them in relation to
the state S. This is the reason why it needs to record the causal base C for handling the modality O, but it does
not need to record the full state S.

The following lemma will turn out to be useful for proving that the previous translation provides a polynomial
embedding of our model checking problem into Carnap’s modal logic. It states that, for every formula of our
language of causal information and necessity, either its translation into the language of Carnap’s modal logic or
the negation of its translation is Carnap valid. Its proof is given in Section A.6 in the technical appendix.

LemMA 1. Let ¢ € Lcin(P). Then,
Fe trsw (@) or [Fe ~trsw (@)

The following theorem is the main result of this section. It states that a formula of the language of causal
information and necessity is true at a finite state S under the hard constraint o, if and only if its translation
trs,. (@) is Carnap valid. Its proof is given in Section A.7 in the technical appendix.

THEOREM 4. Let ¢ € Leoin(P), wc € Lprop(P) and S = (C, V) € Sgin(wc). Then,
(S.8(w0) F ¢ iff Fe trsw (o).

The following theorem is a direct corollary of i) Theorem 4, ii) the fact that the size of trs,, (¢) is polynomial
in the size of ¢, and iii) the @)"2J -membership of the problem of checking whether a formula of the language Lg (P)
is Carnap valid.

THEOREM 5. Model checking for formulas in Lcin(P) is in @g.

We have proved that our model checking problem for the language of causal information and necessity Lcn(P)
is @‘g -complete (Theorems 3 and 5). This result is in contrast to Theorem 1 proved in Section 4 that satisfiability
checking for the same language is NP-complete. Thus, model checking for this language is intrinsically more
complex that satisfiability checking. This is due to its succinct representation.

6 Relation with Structural Equation Models

In this section we study the connection between our rule-based semantics for causal reasoning and the SEM
semantics. We first define a subclass of states in the sense of Definition 1, called equational states, in which
an information in a causal base can only be expressed in equational form: a rule specifying the necessary and
sufficient condition for making a certain atomic proposition true. Then, we define a variant of structural equation
models in which variables are assumed to be binary (viz. Boolean). We call them binary causal models (BCMs).
We show that BCMs are essentially equivalent to equational states as far as reasoning about propositional causal
necessity is concerned.

6.1 Equational States

In order to represent causal information, we consider propositional formulas in equational form. An equational
formula for a proposition p is a propositional formula of the form p < « which unambiguously specifies the
truth value of p using a propositional formula » made of propositions other than p. The set of equational formulas
built from the set of atomic propositions P is denoted by Leq (P), that is:

Leq(P) = {p o w:pePandw e Lopop(P\ {p})}.
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For every p € P, Leq(p) is the set of equational formulas for the atomic proposition p.
An equational state is a finite state whose causal information is expressed in equational form and which
includes at most one equational formula for each proposition.

DEFINITION 4 (EQUATIONAL STATE). A state S = (C, V) is said to be in equational form if and only if C is finite,
C C Liq(P), VS P(C) and

VpePVp o w,peow €Cw=0. (SingleEq)
The set of states in equational form, or equational states, is denoted by Sgg.

Note that the Condition (SingleEq) is equivalent to Vp € P, | Leq (p)| < 1.

From an equational state, it is straightforward to extract a set of endogenous variables and a set of exogenous
ones. A variable is endogenous if there is an equational formula for it in the actual causal base, it is exogenous if
it appears in the actual causal base but there is no equational formula for it.

DEFINITION 5 (EXOGENOUS AND ENDOGENOUS VARIABLES). Let S = (C, V) € Sgy. Its set of exogenous variables
exo(S) and its set of endogenous variables end(S) are defined, as follows:

end(S) = {p € P(C) : 3w € Lpror(P \ {p}) such thatp & w € C},
exo(S) =P(C) \ end(S).

As the following proposition highlights, an endogenous variable behaves functionally, i.e., its truth value is
univocally determined once the truth values of the other variables are specified.

PROPOSITION 4. Let S = (C, V) € Sgq, p € P(C) and X, X’ such that X UX' = (P(C) \ {p}) and X N X’ = 0.
Then,

if p € end(S) then S |=0O(conx x» — p) V O(conx x» — =p),
with conx x =gef Ngex 4 A Ngex 74-

From an equational state it is also possible to extract its graphical counterpart. To show how to do this, it is useful
to introduce some additional notation: for a propositional formula w, we define P*(w) = P(w) U {T} if T occurs
in @, and P*(w) = P(w) if T does not occur in w. Moreover, for a causal base C, we define P*(C) = |, cc P (w).

DEFINITION 6 (INDUCED CAUSAL GRAPH). LetS = (C, V) € Sgq. Then, the causal graph induced by S is the pair
Is = (NS, SDS) with Ns = P*(C) and where the causal parent function Ps : Ns —> 2V is defined as follows: if
T € Ng, then

Ps(T) =0,
and, for everyp € Ns NP,

0, if Leq(p) NC =0,

Ps(p) = {P*(a)), ifp o weC.

Note that the causal parent function Pg is well-defined in virtue of the Condition (SingleEq) in Definition 4.
Since S is an equational state, this condition guarantees that there cannot be more that one equational formula
for the same atomic proposition.

The following fact is evident.

FAcT 1. We have Ns NP = end(S) U exo(S). Moreover, if p € Ns N P then, Ps(p) = 0 iff p € exo(S).
Let us go back to the hot summer example we informally presented in Section 1 to illustrate the concept of

equational state and its graphical counterpart.
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pro(Ann) pro(Cath) pro(Ted)

o —

—®

pro(Bob) pro(Mary)

Fig. 3. Social influence causal graph

ExAMPLE 2 (HOT SUMMER). We consider the equational state Sy = (Cy, V) whose causal base and propositional
valuation are

Co ={hot <> summer, drink < hot, sweat < hot},

Vo ={summer, hot, drink, sweat}.

The causal graph induced by the causal base Cy is the one depicted in Figure 1 in Section 1. Notice that it is a directed
acyclic graph (DAG) with no causal loops. It is easy to verify that at state Sy, it is causally necessary that if the person
drinks a lot then it will sweat a lot, and that if the physical environment is very hot then the person will sweat a lot.
In formal terms,

So |= O(drink — sweat) A O(hot — sweat).
Let us consider a more complex example involving causal loops.

ExAMPLE 3 (SocIAL INFLUENCE). Consider a set of five agents Agt = {Ann, Bob, Cath, Mary, Ted}. Each agent
has an opinion about the use of nuclear energy for electricity production. In particular, it can be either in favor of
or against it. An agent’s opinion may be influenced by and depend on other agents’ opinions. In order to represent
agents’ opinions, we suppose P includes atomic propositions of type pro(x) with x € Agt, pro(x) meaning that x
is favor and —pro(x) meaning that x is against the use of nuclear energy for electricity production. We assume we
have perfect information about the dependency relations between the variables. In particular, we know that variables
pro(Ann) and pro(Ted) are exogenous (i.e., Ann and Ted’s opinions are independent of the other agents’ opinions),
while all other variables are endogenous. The causal connections between the variables are described by the following
three equational formulas:

w1 = pro(Cath) < (pro(Ann) A pro(Bob)),

wz = pro(Mary) < (pro(Cath) — pro(Ted)),

w3 = pro(Bob) & pro(Mary).
The three formulas express, respectively, that (i) Cath will be in favor of the use of nuclear energy if and only if Ann and
Bob are unanimously in favor (w1), (ii) Mary will be in favor if and only if Ted is in favor in case Cath is in favor too (w2),
and (iii) Bob is in favor if and only if Mary is in favor (w3). Consider the state Sy = ({w1, wa, w3}, {pro(x) : x € Agt}).

It is straightforward to verify that Sy is an equational state. The (influence) causal graph induced by it is represented
in Figure 3. Clearly, there exists at least one state which is compatible with the causal information w1, w2, ws:

SO |= <>T
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Moreover, at state S it is causally necessary that Bob is in favor of the use of nuclear energy. In other words, Bob has
no freedom, he is trapped in the influence process:

So |= Opro(Bob).
Moreover, it is not causally possible that Cath is in favor while Ted is against:

So |= = (pro(Cath) A —pro(Ted)).

6.2 Binary Causal Model

Before defining the notion of binary causal model some preliminary notions are needed. A binary assignment for
the set of variables Z C P is a function

I;:7Z— {0,1}.

The set of binary assignments for Z is denoted by Asg,. The interpretation |.| of propositional formulas in
Lpror(Z) relative to the assignments in Asg, is defined as usual:

plasg, = {1z € Asg, : Iz(p) =1} forp € Z,
| Tlasg, = Asgz,
[mwl|asg, = Asgz \ |©]asg,s
w1 A w2]asg, = |wilasg, N |wz2]asg, -
DEFINITION 7 (BINARY CAUSAL MODEL). A binary causal model (BCM) is a tuple © = (Vexo, Vends (Fp)pev,, d)

whereV .y, is a finite set of exogenous variables, V.4 is a finite set of endogenous variables such thatVo,q, Vexo C P
and Vng N Vexo = 0, and, for every p € Vg, :

Fp : Asgy\(py — {01}
WithV = V sy UV ongt.

For notational convenience, we sometimes abbreviate V'\ {p} as p. Moreover, when the context is unambiguous,
we write Asg instead of Asgy; and denote its elements by 7,77, ...

DEFINITION 8 (SOLUTIONS OF A BCM). Let © = (Vexo, Vena, (%) pev,.y) be a BCM and let I € Asg. We say that
T is a solution of © if and only if, for every p € Vpg:
I(p) = F(115),
where 115 is the restriction of function I to p. The set of solutions of © is denoted by Sol(®).

DEFINITION 9 (POINTED BCM). A pointed BCM is a pair (©, I) with © = (Vexo, Vena, (Fp)pev,.,) @ BCM and
I € S0l(0). The class of pointed BCMs is denoted by B.

The following example is given to illustrate Definitions 7, 8 and 9.

ExAMPLE 4 (BCM FOR THREE ATOMIC PROPOSITIONS). An example of BCM for three atomic propositions, one
exogenous and two endogenous, is the tuple ©y = (Vexo, Vends (Fp)pev., d) with:

Vexo = {p} Felp—=Lr—>1)=1,
Vena ={q, 7}, Fr(p—>0,qg—0) =1,
Fq(p— 0,r—0)=0, F(pr—0,qg—1)=0,
Folp—>0r—>1)=0, F(pr1,qg—0) =1,
Fap=>1r—=0)=1, F(pr 1g1)=0.
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It is easy to verify that the set of solutions of © is:
Sol(®) ={(p = 0,g—> 0,r > 1), (p> L,g> L,r > 0)}

Thus, the pair (8, (p +— 0,q > 0,r > 1)) is a pointed BCM built from ©, since the point of evaluation (p
0,q — 0,r — 1) is a solution of ©,.

Pointed BCMs provide a natural semantics for interpreting formulas of the language of propositional causal
necessity Lpcn (P). The interpretation of the more general language Lcn(P) through BCMs would require a
more general semantics based on sets of BCMs instead of single BCMs. We do not give this semantics here since
the goal of this section is simply to elucidate the connection between the rule-based semantics and the SEM
semantics for a language of causal reasoning in which nested modalities are not allowed. Notice that this is
a common assumption in existing languages for causal reasoning, including the language of interventionist
conditionals presented in (Halpern 2000) in which nested conditionals are disallowed.

Given a pointed BCM (0, 1), we can interpret formulas of the language Lpcn(V), as follows. (Boolean cases
and T are again omitted since they are defined in the standard way.)

@0 Fp &= Ip=1
(0,7) Fow < S0l(0) C |w|asg-

Notice in particular the interpretation of the causal necessity modality O: it is causally necessary that the
propositional fact w is true if and only if w is true for all solutions of the actual causal model.

ExAMPLE 5 (BCM FOR THREE ATOMIC PROPOSITIONS (CONT.)). It is easy to verify that at the pointed BCM
introduced in Example 4 both p and q are false while r is true, and moreover it is causally necessary that q is true iff
r is false. Formally,

(@0,(pr—>0,q|—>0,rr—> 1)) E-pA-gArAO(g & —r).

The following theorem highlights the tight similarity between equational states and pointed BCMs. Every
equational state can be mapped into a pointed BCM and, conversely, every pointed BCM can be mapped into an
equational state such that the truth of the formulas in the language of propositional causal necessity is invariant
between them. The proof of the theorem is given in Section A.8 in the technical appendix.

THEOREM 6. There exists a surjection f : Sgg — B such that if f(S) = (0, 1) then

Vo € Loen(V),S ¢ iff (8,1) ¢

The reason why in the statement of the previous Theorem 6 we have a surjection instead of a bijection is that
there might be two (or more) equational states whose causal bases are syntactically different but co-extensional,
i.e., they lead to the same set of causally compatible states.

7 Extension with Causal Necessity Post-Intervention

In this section, we extend the modal language presented in Section 3 with modal operators of causal necessity
post-intervention. In order to interpret the resulting language, we define a semantics for interventions which
relies on a replacement operation on causal bases in Hansson’s style (Hansson 2009). We will show that, when
restricting to equational states, our semantics corresponds to the SEM semantics for interventions. We also show
that the @12’ -completeness result for model checking given in Section 5 naturally generalizes to the extended
language.
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7.1 Language

We conceive an intervention as a possibly empty finite set of equational formulas of type p <> T or p <> L with
at most one equational formula for each atomic proposition. To make presentation more concise, we sometimes
write p <> 7 with 7 € {T, L}. The set of interventions is defined as follows:

Int = {E CLeqP):Vp e P, EN Leq(p) =0 or EN Leq(p) ={p & T}
or EN Leq(p) ={p & J_}}.

Elements of Int are denoted by E, E’, . .. since we conceive an intervention as a special kind of event.
For every finite set of atomic propositions Z C P, Intz denotes the set of interventions for Z, that is,

Inty={Eent:(VpeZpe TeEorp e LeE)and
(VPQEZ,pHTQEEandeJ_QEE)}.

We consider the following extension of the language Lcn(P) defined in Section 3.2 with modal operators of
causal necessity post-intervention of the form [E]:

def
Lon-ntP) = ¢ == a|Tl-p|leAe|Op|[Ele,

with « ranging over L¢(P) and E € Int. Lcin-int stands for “Language for Causal Information and Necessity plus
Interventions”. The new formula [E]¢ has to be read “it will be causally necessary that ¢, after the occurrence
of the intervention E” or “if the intervention E occurred, ¢ would be necessarily true”. As usual, we define
(E)¢ =der ~[E]—g.

We also consider the following fragment of the language Lcin-int (P) in which we can talk about plain causal
necessity and causal necessity post-intervention about propositional facts (i.e., without nesting modal operators):

def
Leen-nt(P) = ¢ == Tlpl-eleAe|Oo|[Elo,

where p ranges over P, w ranges over Lprop(P) and E € Int. Lpcn-int stands for “Language for Propositional
Causal Necessity plus Interventions”. We introduce this fragment since later in the paper we will use it to compare
our rule-based semantics and the SEM semantics with respect to the concept of intervention.

7.2 Semantics

In order to semantically interpret the new operators of causal necessity post-intervention, some preliminary
notions are needed. The effect of an intervention is to add information about the truth values of certain propo-
sitional variables to the causal base and to remove from the causal base all equational formulas about those
variables. The latter is called the revocable part of the causal base in the light of the intervention. In other words,
the revocable part of a causal base C in the light of an intervention E, denoted by Rev(C,E), includes all causal
information that is superseded by some element of E.

DEFINITION 10 (REVOCABLE PART OF A CAUSAL BASE). Let C € Lprop(P) and E € Int. We define
Rev(C,E) ={p cwe(CNLqP):peoTeEorpe Le E}
The following definition introduces the notion of causal compatibility post-intervention.

DEFINITION 11 (CAUSAL COMPATIBILITY POST-INTERVENTION). Let E € Int. We define =% to be the binary
relation on the set of states S such that, for every S = (C,V),S" = (C', V') € S:

S = 8" ifand only if C’ = (C \ Rev(C,E)) UE.
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S =% S’ means that state S’ = (C’, V') is compatible with state S = (C, V) after the occurrence of the
intervention E. According to previous definition, the latter is the case if the causal base C’ is the result of the
following replacement operation applied to the causal base C: (i) remove from the causal base C all equational
formulas which are revocable in the light of the intervention E, and then (ii) add to the resulting base the
equational formulas in the intervention E.

The following fact is evident: if a state is causally compatible with an equational state after an intervention,
then it is equational. Indeed, a replacement operation for a given intervention can only replace an equational
formula for a proposition by another equational formula for the same proposition. Formally:

Fact 2. IfS € Sgq and S =ES thenS’ € Skq-

By means of the relation =%, we can provide a semantic interpretation of the causal necessity post-intervention
modalities [E]. They, too, are interpreted relative to a model, namely, a set of states U and a specific state S
included in it. The other constructs of the language Lcin—int(P) are interpreted as in Definition 3. So, we do not
need to repeat their semantic interpretations.

DEFINITION 12 (SEMANTIC INTERPRETATION (CONT.)). For every U C S and S € U:
(S,U) |z [El¢g & VS €U, ifS =S then (5, U) | o.

Thus, it is causally necessary that ¢ after the occurrence of the intervention E, if and only if ¢ is true at all
states that are compatible with the actual state after the occurrence of the intervention E. Again, to simplify
notation, we write S |= ¢ instead of (S,S) |= ¢.

Note that the causal necessity post-intervention modality with the empty intervention coincides with the plain
causal necessity modality, i.e., the formula [0]w < Ow is valid.

Let us go back to the Example 2 introduced in Section 6.1 to illustrate the causal necessity post-intervention
modality.

ExAMPLE 6 (HOT SUMMER (CONT.)). It is routine to verify that, from the point of view of causal necessity post-
intervention, there is an asymmetry between the fact that the physical environment is very hot and the fact that the
person drinks a lot with respect to the fact that the person sweats a lot. Indeed, we have

Sy ==[{drink < T}](drink — sweat)A
[{hot & T}](hot — sweat).
This means that by positively intervening on the proposition “drink’, the positive correlation between this proposition

and the proposition “sweat” is broken. On the contrary, the positive correlation between the proposition “hot” and the
proposition “sweat” is preserved after a positive intervention on “hot”.

For the sake of exhaustiveness, let us also illustrate the notion of intervention in the context of the Example 3
about social influence.

EXAMPLE 7 (SOCIAL INFLUENCE (CONT.)). We have shown that in the equational state Sy = ({a)l, w2, w3}, {pro(x) :
x € Agt}) defined in Example 3, Bob cannot be against the use of nuclear energy and Cath cannot be in favor while
Ted is against. It is interesting to observe that, by forcing Cath to be in favor of the use of nuclear energy through
intervention on her opinion we cut the influence of Ann and Bob’s opinions on her opinion. Consequently, (i) it
becomes possible for Bob to be against the use of nuclear energy, and (ii) it becomes possible for Cath to be in favor
while Ted is against. Formally, we have:

So ={{pro(Cath) < T})=pro(Bob)A
({pro(Cath) < T})(pro(Cath) A =pro(Ted)).
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However, the intervention {pro(Mary) < T} does not open the possibility for Bob to be against when Ted is in favor:
So [=={{pro(Cath) < T})(=pro(Bob) A pro(Ted)).

In his analysis of causal reasoning (Halpern 2000) and of actual causality (Halpern 2015, 2016), Halpern
considers acyclic causal models, namely, causal models in which dependency relations between variables contain
no cycles. Following Halpern, it is worth to consider equational states whose induced causal graphs are DAGs,
as the one in the Example 2. As the following proposition highlights, for such states once the values of the
exogenous variables and of the irrelevant variables are fixed, there is a unique causally compatible state after an
intervention. Moreover, in virtue of the previous Fact 2, such a unique state must be equational. The proof of the
proposition is given in Section A.9 in the technical appendix.

ProposITION 5. Let S = (C, V) € Sgq be an equational state such that its causal graph Ts is a DAG and let
E € Inty for some Z C end(S). Then, there is a unique S’ = (C’, V') € S such that

S=ES andV (exo(S) U P\ IP(C))) -Vn (exo(S) UP\ P(C))).
We denote with SE such a unique state.

In the following section we focus again on the model checking problem by generalizing it to the language of
causal necessity post-intervention.

7.3 Model Checking

The model checking problem for the language LciN-int(P) is analogous to the one for the language Lcn(P)
defined in Section 5. We verify whether a formula ¢ of the language Lcin—int(P) is true at a finite state S under a
hard constraint w,:

Model checking for formulas in Lcin—int(P)

Given: ¢ € Lcin-1nt(P), wc € Lprop(P) and S € Spin(@c).
Question: Do we have (S, S(wc)) = @?

Clearly, by virtue of Theorem 3 and of the fact that L¢cin(P) € Lcin-int (P), model checking for formulas
in Lein=int(P) is @12’ -hard. We are going to show that the @12’ -membership result given in Section 5.2.2 for the
language Lcin(P) generalizes to the language Lcin-int (P) in a natural way.

It is sufficient to generalize the translations trs,, and tr;, , given in Section 5.2.2 to the language Lcin-int(P),
by adding the following case for the modality [E]:

o ([El) =m((0cn \ on N\ poon [\ poo) = tr,, (0),

weCE w€eCE w€eT (p)\CE
and
tr*cswc([E]q)) :-((wC A /\ W A /\ Pro A /\ “Paw) = tr*cE’wc(qo)),
weCE weCE wel (¢)\CE
with

CF = (C\ Rev(C,E)) UE.

The following theorem is the analogue of Theorem 4 for the language Lcin—int (P). Its proof is given in Section
A.10 in the technical appendix.
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THEOREM 7. Let ¢ € LCIN—Int(P): We € -LPROP(P) and S = (C, V) € SFm(a)C). Then,
(S:S(wc)) |: @ ljf |:(E trS,wc((p)-

The following Theorem 8 follows from Theorem 7 and from the ©)-membership of Carnap validity checking
similarly to how Theorem 5 followed from Theorem 4 and from the @‘g -membership of Carnap validity checking
in Section 5.2.2.

THEOREM 8. Model checking for formulas in Lcin—int(P) is in @g

So, in the light of Theorem 8, we can affirm that extending the language of plain causal necessity with modalities
of causal necessity post-intervention does not increase the complexity of the model checking problem.

Before concluding this section, we would like to consider a variant of the model checking problem for
equational states. Similar to the model checking problems for the language L¢in(P) defined above and for
the language Lcin-int(P) defined in Section 5, it consists in verifying whether (S, SEq(a)c)) = ¢, where ¢ is a
formula of the language Lcin(P) (resp. Lcin-int(P)), the context Sgy(w) is the set of equational states satisfying
the hard constraint w. € Lprop(P), i.e., Sgg(wc) = {S € Sg : S wc}, and S is an equational state in
Sgq(@c). This “equational” variant of the model checking problem is also @g -complete both for ¢ € Lcin(P)
and for ¢ € Lcin-int(P). On the one hand, @‘2) -membership follows from Theorem 8. Indeed, checking whether
(S, SEq(wc)) = ¢ with S € Sgg(wc) and ¢ € Lcin-int(P) is equivalent to checking whether (S,S(wc)) [E ¢, because
of Fact 2 in Section 7.2 that guarantees that if S is an equational state then any state reachable from it by means of
a composition of the accessibility relations = and =¥ is also an equational state. On the other hand, @12) -hardness
follows from i) Theorem 2 stating that that Carnap validity checking is poly-time reducible to model checking
for the language Lcin(P) relative to the model (So, S) with Sy = (0, 0), ii) the fact that the empty state S, is
an equational state, and iii) the fact that checking whether (S, S) |= ¢ is equivalent to checking (So, Sgq) = ¢,
because of Fact 2.

7.4 Back to Structural Equational Models

In this section we are going to explore the connection between the rule-based semantics for causal necessity post-
intervention defined in Section 7.2 and the standard SEM semantics. We specify the way in which a BCM is updated
through an intervention. Our definition differs slightly from the update semantics used in the SEM literature,
where interventions apply only to endogenous variables and the partition of variables into exogenous and
endogenous sets remains unchanged under intervention. We assume interventions can also apply to exogenous
variables thereby transforming them into endogenous ones. The justification is that we take exogenous and
endogenous variables as part of the BCM relative to which formulas are evaluated, while in the standard SEM
approach the partition between exogenous and endogenous variables is given at the meta-level and is causal
model-invariant.

To define the notion of intervention-based BCM update, it is useful to introduce some additional notation. For
each intervention E € Int, we define valg to be the partial function with domain P and codomain {0, 1} such that,
forallp e P,

1, ifpe TeE
valg(p) =40, ifp & L €E,
undefined, otherwise.

It is the value function of the intervention E.

DEFINITION 13 (INTERVENTION-BASED BCM UPDATE). Let © = (Vexo, Vena, () pev,y) be a BCM and E € Int.
The BCM resulting from the update of © by the intervention E is the tuple ©F = (VE_, and, (?;,E)Pevfnd) such that,
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if E=0 then® = ©, and if E = {py & 11,.... pr © T} then:
Voo =Vewo \ {p1,- - P}

VE i =Vena U{pr..... px}s

Vp € (Ve \ {p1,- . pk}). Fy = Fp, and

Vp € {p1,.. .. pr} Range(F,)) = {valp(p)}.

The condition Range(?},E) = {valg(p)} just means that 7';,5(1;7) = valg(p) for every I; € Asgp.
Let us go back to the Example 4 of BCM with three atomic propositions we provided in Section 6.2 to illustrate
Definition 13.

ExAMPLE 8 (BCM FOR THREE ATOMIC PROPOSITIONS (CONT.)). The result of updating the BCM©g = (V exo, Vend, (Fp)pevna)

defined in Example 4 with the intervention E; = {q <> T} is the BCM ®0El = (Vf}m,

Vg,a,:{p},
Veél,d = {qs r},
ﬁl(pHO,rl—)O) =1,

fIEl(pl—)O,r»—) 1) =1,
fIEl(pH 1L,r—0) =1,

Fol(pr Lris1) =1,
7—',E1(p+—>0,q+—>0) =1,
ﬁEl(p»—)O,q»—) 1) =0,
ﬁEl(pH 1,q—0) =1,
ﬁEl(pH 1,q+— 1) =0.

iz

(7_;& )pEVfid) such that:

Let us now consider the intervention E, = {p < L1,q < T}. The result of updating the BCM © by this intervention

is the BCM ©(* = (ViZ,, V2

end’

(Fp")petz ) such that:

Viz, =0,

VE ={p.qr}

TqZ(P = 0,r+— 0) =1,
TqEz(p = 0,r—1)=1,
7—:1E2(p — 1,r—0) =1,
T (pr> Lrs 1) =1,
F2(p = 0, 0) =1,

FE(p > 0,g > 1) =0,
F(pr 1,90 =1,
F(pr1,q0 1) =0,
Fi2(q > L 1) =0,
7—;E2(q+—> 1,r—1)=0,
?PEZ(qn—) 1,r—1)=0,
?;,EZ(qH 1,r—1)=0.

Note that the intervention E; does not modify the set of exogenous variables or the set of endogenous ones. On the
contrary, the intervention E, transforms the variable p from exogenous to endogenous since it fixes its value to L.

The notion of intervention-based BCM update of Definition 13 can be used to provide a semantic interpretation
of the formulas of the language Lpcn-int(V), namely the language for propositional causal necessity plus
interventions. We just need to extend the semantic interpretation of the formulas in the language Lpcn (V) we
provided in Section 7.1 with the following rule for the formula [E]w, with @ € Lprop(V). Given a pointed BCM
(0,7) with® = (Vexm Vends (ﬂ)peve,,d) and V = Vo U Vepg:

(©,0) F[Elo & Sol(6F) C |w|as-

Thus, it will be causally necessary that o after the occurrence of the intervention E, if and only if w holds at all
solutions of the actual BCM updated by the intervention E.

ExaMPLE 9 (BCM FOR THREE ATOMIC PROPOSITIONS (CONT.)). Consider again the pointed BCM (O, (p +—
0,q + 0,7 — 1)) introduced in Example 4. It is easy to verify that at this pointed BCM, after the occurrence of the
intervention Ey = {q <> T} it is causally necessary that q A —r:

(8, (p— 0,g+— 0,r > 1)) = [E1](q A =r).
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The following theorem is a generalization of Theorem 6 to the language Lpcn-int(V): there exists a truth
preserving onto relation between equational states and BCMs for the language extended by with causal necessity
post-intervention modalities. Its proof is given in Section A.11 in the technical appendix.

THEOREM 9. There exists a surjection f : Sgg — B such that if f(S) = (©, 1) then
Vo € Loen-nt(V), S ¢ iff (6,1) | ¢.

8 Causal Counterfactuals

This section concludes our analysis of causal reasoning by bringing causal counterfactual conditionals to the
fore. We use our rule-based semantics to define a comparative similarity relation between states. In the standard
analysis of counterfactual conditionals the notion of similarity is given as a primitive (Lewis 1973) or replaced
by an abstract selection function (Stalnaker 1968) which selects for every world and formula ¢ the set of most
similar ¢-worlds to it. In line with Ginsberg’s earlier work on the computationally grounded semantics for
counterfactuals (Ginsberg 1986), we compute the comparative similarity relation from causal bases.

There are two main motivations for supplementing our analysis with causal counterfactuals in Lewis’ style.
First of all, we want to show that our rule-based semantics offers a natural and flexible framework for elucidating
the connection between causal counterfactuals and belief base revision and, more generally, between causal
reasoning and epistemic reasoning. Secondly, we want to compare the notion of causal counterfactual conditional
with the notion of causal necessity post-intervention introduced in Section 7 and to elucidate the conditions
under which the latter can be seen as a special case of the former.

8.1 Semantics and Language

A natural way to compute the comparative similarity of two states with respect to a reference state is to consider
the causal information that each state shares with the reference state. This idea is made precise by the following
definition.

DEFINITION 14 (SIMILARITY RELATION BETWEEN STATES). Let S = (C, V), S’ = (C',V’),S” =(C", V") € S. We
say that state S’ is at least as similar to state S as state S” is, denoted by S”" <s S, if

cnc”yc(nc).

According to the previous definition, state S’ is at least as similar to state S as state S”, if the causal information
that S”” shares with S is included in the causal information that S” shares with S or, said differently, the shared
causal component of $” and S is included in the shared causal component of S’ and S. This means that state S’ is
at least as causally compatible with state S as state S”.

The relation =g captures a form of causal comparative similarity insofar as it is determined exclusively by
the causal components C, C’ and C” of the three states S, S’ and S”. An alternative to it would be a form of
ontic comparative similarity which is determined exclusively by the states’ ontic components V, V' and V":
state S’ is at least as similar to state S as state S’ if the ontic component of S’ differs from that of S at least as
much as the ontic component of $’ differs from that of S (i.e., VAV’ € VAV”, with A standing for symmetric
difference), under the assumption that the three states are regulated by the same causal theory (ie., S’,S” €=(S)).
A second alternative would be a combination of the previous two variants, a form of mixed comparative similarity,
according to which state S is at least as similar to state S as state S’ if i) the ontic component of S’ differs from
that of S at least as much as the ontic component of S’ differs from that of S (i.e., VAV’ C VAV"’), and ii) the shared
causal component of S’ and S is included in the shared causal component of S and S (i.e., (CNC”) € (CNC")).°

SThe idea that comparative similarity between states can be computed by considering the states’ two components is in line with Lewis’
distinction between backtracking and non-backtracking counterfactuals (Lewis 1979). Roughly speaking, according to Lewis, in a backtracking
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In this section, we focus on the causal variant of comparative similarity given in Definition 14 and do not
consider the ontic and mixed variant since our primary aim is to elucidate the connection between causal
reasoning and belief change. In belief change only the beliefs (which correspond to the causal information in a
causal base) matter.® An in-depth analysis of the the mixed variant can be found in (Aguilera-Ventura et al. 2025).

On the syntactic side, we extend the modal language Lcin—int(P) introduced in Section 7.1 by counterfactual
conditional modalities in Lewis’ style of the form ¢ O— i which is read “if ¢ were true,  would be true”, and
whose dual ¢ 0= ¢ =gor =(¢ O —¢)) is read “if ¢ were true, i might be true”. The resulting language is defined
by the following grammar:

¢ = a|Tl-plenelop]|[Ele|eD- g,
where a ranges over L¢|(P) and E € Int. The counterfactual conditional modalities are interpreted relative to a
context U C S and a state S € U, as follows:
SU)Eemy < VS €U, ifS € Closest(¢,5,U) then (S, U) E ¢,
with
Closest(¢,S,U) ={S’ € U: (S,U) Fpand BS” € Us.t. (S",U) Fp and S’ <5 S”},

and (S’ <5 §” iff S’ 25 S and S” As S’). Closest(,S,U) is the set of closest ¢-states to S in U, according to the
similarity relation <g. According to the previous semantic interpretation, the conditional ¢ O— i holds at a given

state S relative to the context U in case i is true at all the closest ¢-states to S in U. For notational convenience,
we write Closest(,S) instead of Closest(,S,S).

8.2 Relationship with Belief Change

There is a tight correspondence between counterfactual conditionals whose antecedents and consequents are
expressed by propositional formulas and causal base change operations. In order to elucidate this correspondence
the notion of w-remainder, borrowed from formal models of theory change (Alchourrén et al. 1985) and belief
base change (Hansson 1993), is needed.

DEFINITION 15 (w-REMAINDER). Let C C Lprop(P), @ € Lprop(P) and C’ C C. We say that C’ is a w-remainder
of Cif
(i) w ¢ Cn(C),
(ii) VC" C C, if C' c C” then w € Cn(C"),

where we recall that Cn is the classical deductive closure operator over the propositional language Lprop (P). The set
of all w-remainders of C is denoted by C Lw.

According to the previous definition, an w-remainder of a causal base C is a maximal subset of the original
causal base from which the propositional fact w is not deducible. The following theorem is the first key result of
this section. It highlights the strong connection between causal counterfactual conditionals and the notions of
base contraction and revision. Its proof is given in Section A.12 in the technical appendix.

THEOREM 10. Let S = (C, V) € S and wy, w; € Lprop(P). Then, the following three items are equivalent:
(1) S F w1 0= w,,

counterfactual only the propositional atoms representing the initial conditions can be changed to satisfy the antecedent of the conditional,
while the causal laws are kept fixed. This corresponds to the ontic variant of comparative similarity. On the contrary, in a non-backtracking
counterfactual, the causal laws can also be changed. This corresponds to the causal variant of comparative similarity given in Definition 14
and the mixed variant.

The ontic component would become relevant if we compared causal reasoning to knowledge change. Unlike beliefs, knowledge is necessarily
true in the objective world.
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(2) vC’ € CJ-_'wlﬁ (C/’ V) |= D(wl - 502):
(3) 02 € Nerecie, Cn(C’ U {o1}).

According to the previous theorem, declaring that a counterfactual statement «v; O— w; with propositional
antecendent w; and consequent w, is true at a certain state is equivalent to saying that it is causally necessary,
relative to every w;-remainder of the actual causal base, that w; implies the w,. Moreover, by virtue of Proposition
1, the latter is equivalent to declaring that the consequent w; is included in the deductive closure of each ;-
remainder of the actual causal base after expanding it by w;. This operation is called full meet belief base revision
scheme or simple base revision in the belief revision literature (Fagin et al. 1983; Ginsberg 1986; Nebel 1989, 1991;
Rott 1993; Val 1992). It is distinguished from slightly different operations such as WIDTIO (“When In Doubt
Throw It Out”) (Winslett 1990) which takes the intersection of the w;-remainders of the actual base first and
then, after having added w; to the resulting base, compute its deductive closure.”

The equivalence between items 1 and 3 in Theorem 10 is in line with the so-called Ramsey test (Stalnaker
1968). According to the latter, the validity of an epistemic conditional can be verified by adding the antecedent to
a stock of beliefs, revising it if necessary, and checking whether the consequent is deducible from the resulting
epistemic state.

8.3 Relationship with Causal Necessity Post-Intervention

The second key result of this section is the following theorem that elucidates the connection between causal
necessity post-intervention and causal counterfactual conditional. It pinpoints a condition under which the
former can be reduced to the latter. Its proof is given in Section A.13 in the technical appendix.

THEOREM 11. Let S € Sgq and w € Lprop(P). Then,
(8:85) (BT = ([Elo o ( [\ a(p o) o 0)).
peoTEE

According to the previous theorem, when considering equational states, if there exists at least one state which
is compatible with the actual state after an intervention E, then declaring that “it will be causally necessary
that the propositional fact w is true after the intervention E” is equivalent to declaring that “if the information
pertaining to the intervention E were causally relevant, ® would be true”. More generally, if we restrict to
equational states — that as shown in Sections 6.2 and 7.4 correspond to BCMs — the existence of a solution after
the intervention guarantees the reducibility of causal necessity post-intervention about a propositional fact to a
causal counterfactual conditional. We go back to the social influence scenario of the Examples 3 and 7 to illustrate
the previous theorem.

ExAMPLE 10 (SOCIAL INFLUENCE (CONT.)). In the Example 7 we have shown that
So |E ({pro(Cath) < T})—pro(Bob),
with So = ({w1, w2, w3}, {pro(x) : x € Agt}), which is equivalent to
So = =[{pro(Cath) < T}]|pro(Bob).
Therefore, we also have

So |E ({pro(Cath) & T})T.

"The difference between a belief change operation and a belief change scheme was pointed out by (Nebel 1998). The main difference between
the two is that the result of a belief base change operation is a belief base, whereas the result of a belief base change scheme is a theory (i.e., a
deductively closed belief base).
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Thus, thanks to Theorem 11, we have
= ﬂ(A(pro(Cath) o T)oo pro(Bob)),
which is equivalent to
So |= a(pro(Cath) < T) ¢ —pro(Bob).

The latter means that, at state Sy, if the information that Cath is in favor of the use of nuclear energy were causally
relevant, Bob might be against the use of nuclear energy.

9 Conclusion

We hope we have successfully shown that our rule-based semantics offers a natural framework for (i) modeling
some crucial concepts in the theory of causality including plain causal necessity, causal necessity post-intervention
and causal counterfactuals, (ii) model checking causal properties, and (iii) elucidating the connection between
causal reasoning and epistemic reasoning and, in particular, between causal counterfactuals and belief change.
We have provided a number of complexity results for satisfiability and model checking for the different modal
languages we presented. We have shown that in our framework model checking is intrinsically more complex
than satisfiability checking because of its succinctness. For instance, while satisfiability checking for the language
of causal information and necessity is NP-complete, model checking for this language and for its extension with
causal necessity post-intervention modalities is @12) -complete. Directions of future research are manifold.

Proof-theory and model checking algorithms. We plan to study the proof-theoretic aspects of the two modal
languages Lcn(P) and L¢in-int (P). We expect the principles given in Proposition 2 to provide a sound and
complete axiomatization for the language Lcin(P). We also intend to explore the practical implications of our
work. In particular, we plan to design model-checking algorithms for our modal languages, with the goal of
automating causal reasoning. We have already taken some steps in this direction in a recent work (de Lima and
Lorini 2024), where we proposed a QBF-based model-checking algorithm for a modal language of conditional
causal necessity, in which the condition is a causal change operation. This language slightly generalizes the
language of causal necessity post-intervention presented in Section 7. We have applied the algorithm to the
verification of causality in legal cases (Liepina et al. 2025). In the light of the @’2’ -complete complexity result
we presented, we believe this algorithm is non-optimal since TQBF (true quantified boolean formulas) is a
PSPACE-complete problem.

Causal concepts. We also plan to use our framework for formalizing some interesting causal concepts with
special attention to actual causality and causal explanation. As recently shown in (Beckers 2021), the SEM
semantics can successfully formalize different notions of actual cause including the Halpern & Pearl’s definition
(Halpern and Pearl 2005a), the famous NESS (Necessary Element of a Sufficient Set) definition (Wright 1988) and a
counterfactual variant of the NESS definition. The correspondence results between equational states and binary
SEMs we proved (Theorems 6 and 9) guarantee that all these definitions can be formalized in our semantics as
well, provided that the variables are binary. We have started to explore this direction in (de Lima and Lorini
2024) by showing that through our semantics we can express the notion of actual cause given in (Halpern 2015).
In order to model causal explanation, we will extend our modal languages for causal reasoning with epistemic
operators. Indeed, in agreement with (Halpern 2016; Halpern and Pearl 2005b), we conceive an explanation as a
causal attribution by an explainer, namely, as a belief of the explainer about the actual cause of a given fact or
event. This will require an integration of the semantics for causal reasoning we presented in Section 3 with the
belief base semantics for epistemic logic we presented in (Lorini 2020).
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Agency. As it is clear from the video game Example 1 given in Section 3.2, causality is closely connected to the
notion of agency, namely, the fact that an agent (e.g., the human video gamer), causes a certain event to occur by
choosing a certain action (e.g., the action of activating a key). We plan to explore the connection between our
approach to causal reasoning and the logic STIT (the logic of “seeing to it that”), one of the most popular logics
of agency (Belnap et al. 2001). We believe it is possible to interpret the atemporal version of STIT (the version of
STIT with no temporal operators involved) (Balbiani et al. 2008; Lorini and Schwarzentruber 2011) through our
semantics. Future work will be devoted to identifying the subclass of models of our semantics that correspond to
atemporal STIT models.

Time. Last but not least, we plan to develop a temporal variant of our semantics. The problem of defining a
semantics of causal reasoning in which time is explicit has been recently tackled in (Gladyshev et al. 2023, 2025).
We will consider states in which causal information is expressed through formulas of linear temporal logic LTL
instead of propositional logic and whose ontic component is a finite trace instead of a propositional valuation. In
particular, we will consider states of the form S = (C,A) such that C € L, 1.(P) and A = V; ...V, where V}; C P
for every 1 < k < nand L1, (P) is the language of LTL defined by the following grammar:

L (P) © o w= T [pl-w|wAw|Xw|wUo.
X and U are, respectively, the temporal operators ‘next’ and ‘until’. States will have to satisfy the following
condition which is analogous to the Condition (CausalCons) of Definition 1:

Yo € C, A EF o, (CausalCons™)

where A |= w is the usual interpretation of LTL formulas relative to finite traces, as given in (De Giacomo and Vardi
2013). The language of causal information L¢|(IP) defined in Section 3.2 will have to be redefined by assuming
that w ranges over £ 1 (P) instead of Lprop(P). Future work will be devoted to studying the complexity of
model checking for the modal languages L¢in(P) and Lcin-int (P) in this alternative version of the semantics
with explicit time. We expect the problem to be PSPACE-complete.
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A Proofs

In this technical annex we present the proofs of the results presented in the paper.

A.1  Proof of Proposition 1

ProoF. We are going to prove the equivalent statement (S, S(«w.)) £ ¢—w iff ¢ Cn(C U {w}). The latter is
equivalent to say that C U {«w, —w} is propositionally consistent.

In virtue of the strong completeness of propositional logic, propositional consistency of C U {w¢, ~w} means
that we can find a propositional valuation V’ C P which satisfies all formulas in C U {®, ~w}. The latter implies
that we can find a state S’ = (C’, V') € S such that ¢’ = C U {w., 7w} and (i) V' |= ws for all w3 € C’. Let
S = (C”, V") with C” =C and V" = V. We have (ii) S € S(w.) and V" |= —w because of (i) and the fact that
the truth value of a propositional formula only depends on the component V”* of S”’, which is equal to V’. Thus,
there exists S” = (C”, V") € S(w.) such that S = $”" and V"’ | —w. The latter implies that (S, S(w)) = O—w.

Let us prove the left-to-right direction. Suppose (S,S(w.)) |= ¢=w with S = (C, V). Thus, there exists
S§” =(C", V") € S(w.) such that S = §” and V" |= —w. The latter implies that there exists V'’ C P such that
V" |= w3 for all wg € CU {w¢, ~w}. The latter means that C U {w., -} is propositionally consistent. O

A.2  Proof of Proposition 2

Proor. We only prove validities (Tg), (4n), (50), (Mix1, o), (Mix2, o) and (Mix3, ). The proofs of validity
(To) and property (Necy) are just straightforward and we do not give them.

Proof of validity (T). Let (S, U) be a model such that (S, U) |= O¢. The latter is equivalent to VS’ € U, if S =
S’ then (S”,U) |= ¢. Thus, since S € U and S = S, we have that (S, U) |= ¢.

Proof of validity (45). Let (S, U) be a model such that (S, U) |= O¢. The latter is equivalent to VS’ € U, if S =
S’ then (S, U) |= ¢. We have that if S = S’ then = (S) == (5’), since = is an equivalence relation. Thus,
VS’ € U, if S = S’ then (VS" e U, if S’ = §” then (8”,U) |= (p). The latter is equivalent to VS" € U, if S =
S’ then (S, U) |= O¢, which is equivalent to (S, U) |= OO¢.

Proof of validity (55). Let (S, U) be a model such that (S, U) |= —O¢. The latter is equivalent to 35" €
UsuchthatS = §" and (5',U) |= —¢. We have that if S = §’ then =(S) ==(5’), since = is an equivalence
relation. Thus, VS’ € U, if S = §’ then (35" € U such that S’ = §” and (S”, U) |= —¢). The latter is equivalent
toVS € U, if S = §’ then (8, U) = —O¢, which is equivalent to (S, U) |= O—-O¢.

Proof of validity (Mix1, ). Let (S, U) be amodel with S = (C, V) such that (S, U) |= Aw. The latter is equivalent
to w € C. We have that if S = §’ with S’ = (C’, V') then C = C’. Thus, VS’ = (C', V') € U, it S = S’ then w € C'.
The latter implies that VS = (C', V') € U, if S = §’ then V' |= w, which is equivalent to VS’ = (C’, V') €
U, if S = §’ then (§’, U) |= w. The latter is equivalent to (S, U) |= Dw.

Proof of validity (Mix2, ). Let (S, U) be a model with § = (C, V) such that (S,U) |= Aw. The latter is
equivalent to w € C. We have that if S = §’ with " = (C’, V') then C = C’, since = is an equivalence relation.
Thus, VS’ € U, if S = §’ then (8, U) |= Aw. The latter is equivalent to (S, U) |= DAw.

Proof of validity (Mix3, ). Let (S, U) be a model with S = (C, V) such that (S, U) = —Aw. The latter is
equivalent to w ¢ C. We have thatif S = §” with §’ = (C’, V') then C = ', since = is an equivalence relation.
Thus, VS € U, if S = §’ then (S, U) |= —Aw. The latter is equivalent to (S, U) |= O0-Aw. O
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A.3 Proof of Theorem 1

Proor. NP-hardness is evident.

In order to prove NP-membership, we show that if ¢ is satisfiable, then there exists U C Sand S = (C, V) e U
such that (S, U) satisfies ¢ and U has at most |¢| states, where |¢| is the size of ¢, i.e., the number of symbols
used to write it.

Let U C Sand S = (C, V) € U such that (S, U) £ ¢. We define (S, U’) where U’ = (=(S) N U).

Observe that (=(S) N U’) = U’ for every S’ € U'.

By induction on the structure of ¢/, it is easy to check that, for every ¢ € Lcin(P) and for every S’ € U’,
(8, U") Eyiff (S, U) |=¢. Therefore, (S, U’) |= ¢ since (S, U) = ¢.

Let F, be the set of subformulas of ¢ of the form 0Oy for which (8’, U’) = -0y for all S’ € U’. Since U’ # 0,
for each formula Oy € F,, there should be Sy, in U’ such that (Sy, U’") |= —=.

We define (S, U”") where U” = {S} U {Sy : Oy € F,}.

It is easy to check that U”" has at most |¢| states since |F,| < |sub(¢)| < |¢|. By induction on the structure of
@, it is routine exercise to prove that, for all S’ € U” and for all ¢ € sub(¢p), (S, U’) |= ¢ iff (S, U”) |= ¢. The
only non-trivial case is when ¢ is of the form Oy. We only prove the right-to-left direction, as the left-to-right
one is straightforward. Suppose (', U’) |= —=Oy. Thus, (8, U’) |= 0-Oy. Consequently, by definition of U’,
(8”,U’") F—oOyforall S” € U’'. Hence, Oy € F, and (S,, U’) |= =x. By construction, S,, € U” and, by induction
hypothesis, (S,, U”) |= —x. Since S, € (E(S’) N U”), it follows that (S, U”) |= -Oy.

Thus, we have (S, U”) |= ¢, since (S,U’) |= ¢.

Now, let us prove that the satisfiability problem is in NP. We have shown that every satisfiable formula is
satisfiable in a model which is polysize in |¢|.® Here is an non-deterministic algorithm to check if a given formula
@ is satisfiable:

o guess non-deterministically a pair (S, U) such that U € S, S = (C, V) € U and the size of U is bounded by

lol,
e check whether (S, U) |= ¢.

This algorithm non-deterministically runs in polynomial time. So, checking satisfiability of formulas in L¢in(P)
is in NP. =

A.4 Proof of Proposition 3
Proor. We consider the function g, : Wp — W{,f" such that i) g,(w) = wifov € Wg", and ii) g, (w) = wNP(¢)

ifwe (Wp)\ Wg"), where P(¢) is the set of atomic propositions in P occurring in ¢. The function g,, is clearly
surjective. By induction on the structure of ¢, we prove that, for every w € Wp, w |= ¢ iff g, (w) =" ¢. The case

¢ = p and the Boolean cases are routine exercises. The following is the proof for the case ¢ = my:
wik=my iff YveWpoly,
iff Vo€ Wp, gy (0) =iy (by induction hypothesis),
iff Voe W{,f", v =" (since Jmy is surjective),
iff  go(w) ™" my.

8A model (S, U) is said to be polysize in k € N if there is polynomial § such that U contains at most (k) states (Blackburn et al. 2001,
Definition 6.6).
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The following is the proof for the case ¢ =

wl=ey iff FoeWpstol=y,
iff o€ Wps.t guy () |=ﬁ” ¥ (by induction hypothesis),
iff e Wg“ s.t.o E™  (since Jmy is surjective),
iff g, (w) " ey

We can use the function g,, to show that “|=¢ ¢ iff I:Q" @

Fg o iff VYoeWpol=gp,
iff Vo€ Wp,g,(v) |=ﬁ” ®,

ifft Voe W{P?", v |2 ¢ (since g, is surjective),
iff |:g" ®.

A.5 Proof of Theorem 2

Proor. We consider the function fy : Wp —=(Sy) where Sy = (0, 0), =(Sp) = {S € S : So = S} and such that,
for every v € Wp and for every S = (C, V) €=(Sy), f(v) =S iff v = V. It is straightforward to show that i) f; isa
bijection. Moreover, by induction on the structure of ¢, it is routine to show that ii) for every v € Wp, we have

“v | @ iff fo(v) [ tr(@)” Thus,

Fg o iff VYoeWpol=o,
ifft Vo e Wp, fo(v) |= tr(e) (by item ii),
ifft VS e=(5),S | tr(e) (since fj is a bijection),
iff Sy = oOtr(p).

A.6 Proof of Lemma 1

Proor. The proof is by induction on the structure of ¢.

Case ¢ =p, ¢ = T and ¢ = Aw. They are clear since T and —.L are Carnap valid.

Case ¢ = —. By induction hypothesis, we have |=g trs o, (¥) or |=¢ —trs . (). The latter is equivalent to
l=¢ ~otrs,w (YY) or =g irs,. (—1) which in turn is equivalent to |=g —trs . (=) or |=g trso, ().

Case ¢ = |; A,. By induction hypothesis, we have |=g trs. (1) or |=¢ —irse. (Y1), and =g trs,, (Y2) or =g
—trs,0, (Y2). Four sub-cases are possible.

Sub-case |=¢ 175, (Y1) and |=¢ trs,, (Y2). The latter implies |=¢ trs.,. (V1 A ¥2).

Sub-case |=¢ 75, (Y1) and |=g —trs o, (¥2). The latter implies |=¢ —t7s.4. (Y1 A P2).

Sub-case |=¢ —trs, (Y1) and |=¢ trs o, (¥2). The latter implies |=¢ —trs. . (Y1 A P2).

Sub-case |=¢ —trs, (Y1) and |=g —trs,,, (Y2). The latter implies |=¢ —trs . (Y1 A ¥2).

Case ¢ = Oy. To prove this case it is sufficient to show that for every y € Lg, we have |=g By or |=¢ —my.
Suppose toward a contradiction that [~¢ By and [~g —my. The latter means that 3o, u € Wp, such thatov |= -y
and u |= my. The latter implies that 3o’ € Wp, such that v’ |= -y and Vu’ € Wp,,u’ |= . The latter leads to a
contradiction. m|
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A.7 Proof of Theorem 4

Proo¥. Let ¢ € Loin(P), oc € Lprop(P) and S = (C, V) € Spin(@c). The proof of “(S,S(wc)) E ¢ iff |=¢
trs.». (¢)” is by induction on the structure of ¢.

Case ¢ = p. We distinguish two sub-cases: p € V and p ¢ V. Suppose p € V. Clearly, (S,S(w.)) = p. Moreover,
trso.(p) = T and, clearly |=¢ T. Thus, |=¢ trs,, (p). In an analogous way, it can be shown that if p ¢ V then

(S, S(wc)) ¥ p and [Eg trso, (P)-

Case ¢ = Aw. The proof is analogous to the proof of the previous case.

Case ¢ = —). To prove this case we rely on Lemma 1 we stated above. We first prove the left-to-right direction.
Suppose (S, S(«wc)) £ —¢. The latter is equivalent to (S, S(«w.)) [£  that, by induction hypothesis, is equivalent
to [k trsw, (¥). By Lemma 1, the latter implies |=g —trs . (¥) which is equivalent to |=g trs . (—¢). As for the
right-to-left direction, suppose |=g #rs,,, (—). The latter is equivalent to |=g —trs . () which in turn implies
e 175, (¥). By induction hypothesis, the latter is equivalent to (S, S(«w.)) [¢ ¢ which in turn is equivalent to

(S.8(w)) =

Case ¢ = Oy To prove this case some preliminary notions and results are needed. Let
=(S,0.) ={S" €S(w.): S=5"}.
Moreover, given a state S = (C, V) € S, a formula ¢y € L¢in(P) and a hard constraint w. € Lprop (P), we define
the following set of (C, ¥/, w.)-relevant worlds from Wip, :
Wp, (C ¢, wc) = {v € Wp, :0 = w,,
Yo € C,v |= w,
{Prw @ €C} Co,

and {pro 1w € T\ O} No = 0},
and the following function
fs : W, (C. ¥, wc) —=(S, @)
such that, for allv € Wp, (C, ¥/, w.) and for all S’ = (C’", V") €=(S, w.),
fs() =S"iff V! = (0NP).
The function fs maps (C, ¥, w.)-relevant worlds into S-causally compatible states satisfying the hard constraint
Wc.
LEMMA 2. LetS = (C, V) € S. Then, the function fs is total and surjective.

Proor. Consider an arbitrary v € Wp, (C, i, w.). We have that v |=  for all o € CU{w.}. The latter guarantees
that there exists S’ = (C’, V') € S such that C’ = C and V' = (v N P). Thus, there exists S’ = (C’, V') €=(S, &)
such that V’ = (v N P). Hence, there exists S’ = (C’, V') €=(S, ) such that fs(v) = S’. This means that fs is
total.

Let us prove surjectivity. Consider an arbitrary S’ = (C’, V') €=(S, w.). We have that Yo € CU {w.}, V' |F w
since ¢’ = C and §’ € S(w.). This implies that there exists v € Wp, such that Vo € CU {w.},v |F @ and
V' = (0 N P). (The fact that in virtue of Proposition 3 we consider Wp, instead of WJ;” is essential here to
guarantee the existence of such v.) The latter implies that there exists o € Wp, (C, ¥/, &) such that V/ = (v N P).
Hence, there exists v € Wp, (C, ¥, @) such that fs(v) = §". O

The following lemma is crucial to prove our last case. It relies on Lemma 2.
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LeEmMA 3. Let S = (C, V) € Spin(w.) andv € Wp, (C, ¥, ). Then,
v [ tre, () iff (fs(0),S(w0)) [E ¢

Proor. Suppose S = (C, V) € Spin(w.) and v € Wp, (C, ¥, o). We prove that “v |= e, () iff
(fs(),S(wc)) = ¥ by induction on the structure of .

Case § = p. Suppose fs(v) =S = (C’, V’). Thus, V' = (v N P). Hence, “v |= try. o (p) iff (fs(0),S(we)) EP”
since tre.  (p) = p. ’

Case y = Aw. Suppose fs(v) = S = (C’, V). Since fs(v) €= (S, w.), we have C" = C. Thus, since v €
W, (C, Aw, w.), we have “v |= pa,, iff @ € C'”. Therefore, we have “v |= p,,, iff f5(0) | 2w iff (f5(v), S(wc)) E
Aw”. Thus, since trg, , (A®) = pay, we have ‘v |= tr. , (Aw) iff (f5(0),S(we)) F aw™

Cases = -y and ¢ = y1 A 2. Their proof is straightforward and we can simply omit it.

Case yy = Oy. The case is proved as follows:

vE g, (Oy) iff ol l((a)C A /\ w A /\ Paw A /\ “Paw) = tr*c’wc()()),
weC  weC wel (H\C
iff  VueWp, (C x,00),uEtre, (X)
iff  Yue Wp, (C x, o), (fs(u),S(wc)) |= x (by induction hypothesis),
iff VS €=(S,wc), (S',S(wc)) [ x (since, according to Lemma 2,
fs is surjective),
iff VS e=(fs(v), @), (S, S(we)) E x
(since =(S, wc) ==(fs(v), wc) due to the fact that fs(v) €=(S, w)),
iff  (fs(v),S(wc)) EOy.

O
Now we have everything we need to prove the case ¢ = Oy
(S.S(wc)) Foy  iff VS e€=(S, wc), (S,S(we)) E ¥,
iff YoeWp, (Cy, w0 tre, () (by Lemma 3 and since, according
to Lemma 2, fs is surjective),
iff VYue WPA,
ul= l((a)c A /\ w A /\ Parw A /\ “Paw) = trz’wc(lﬁ)),
weC weC wel (YI\C
ift  |=g trswe (OY).
O

A.8 Proof of Theorem 6

PROOF. LetS = (C, V) be an equational state. We define the pointed BCM f(S) = (©, 1) with © = (Vexo, Vend, (F5)pev,)
as follows:

® Vexo = exo(S),
® Veng = end(S),
o Vp € Vg, Vflg € Asgﬁ,

Fp(Z5) =1iff 3p & @ € Csuch that 5 € |w|Asg5.
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eVqeV,I(q)=1iffqe V.

We are going to show that f is a surjection from Sg; to B. In order to prove this, we consider an arbitrary
(0,7) e Bwith® = (Vexo, Vend, (ﬂ)pevmd). We show that there exists $(&0) = (C(®D) y(©.D)) ¢ Sgq such that
f(s©D) =(e,D.

For every p € V4, we take the canonical DNF (CDNF) expression of the Boolean function ¥, built from the
set of variables V' \ {p} and note cdnf 7, it. We define

C(Q’I) = {p g (,'dflf‘f;7 :p € Vend}’
veD = (geP: I(q) =1}.

Since |cdnf¢p |Asg[7 = {I; € Asgy Fp(L5) = 1}, we have that £(S(®1)) = (@, I).

Now, suppose that f(S) = (©,7) with S = (C, V) an equational state and © = (V ey, Vena, (?'p)[,evend). By
induction on the structure of ¢, we are going to verify that Vo € Lpcn(V), S |= ¢ iff (6, 1) |= ¢.

The following proposition will be useful for rest of the proof.

PROPOSITION 6. Let S € Sgq and f(S) = (0, I). Then,

e if I’ € Sol(©) then3S’ = (C', V') €Sst.S=S and V' NV ={qeV:I'(q) =1},
e ifS=S5"=(C",V’') then3I’' € Sol(®) s.t. V' NV = {q eV:1I'(q = 1}.

Suppose ¢ = q. Then, S |= qiff g € Vift 7(q) = 1iff (O, J) |= q. Boolean cases are just routine. Let us prove the
case ¢ = Ow.

We first prove the left-to-right direction. Suppose, towards a contradiction, that S |= Ow and (6, 1) | ¢—w.
The latter means that Sol(®) N |~w|asy # 0. By the first item of Proposition 6, the latter implies that 37’ €
Sol(®) N [-w|asg, IS = (C', V') € Ssuch that S = S  and V' NV = {q eV:I'(q) = 1}. Since w € Lprop(V),
the latter implies that 35’ € S such that S = §" and §’ |= —w. The latter means that S |= ¢—w which leads to a
contradiction.

Let us now prove the right-to-left direction. Suppose, towards a contradiction, that (0, 7) |= 0w and S |= ¢—w.
The latter means that 35" = (C’, V') € Ssuch that S = S’ and S’ |= —w. By the second item of Proposition 6, the
latter implies that 37" € Sol(©),3S" = (C’, V') €e Ssuch that S = 5,5 F-wand V' NV = {q eV:71'(q = 1}.
Since w € Lprop(V), the latter implies that Sol(©) N |~w|as # 0. The latter means that (8, 1) |= ¢—w which
leads to a contradiction. O

A.9 Proof of Proposition 5

ProOF. The proof of the “at most” part is the most convoluted one and we prove it first. Let S = (C, V) be an
equational state such that I's is a DAG and let E € Int; for some Z C end(S). Moreover, let ' = (C’, V'), S" =
(C”, V") e Ssuch that S =Ff &', S =F §” and

(1) VN (ex0(8) U (A B(0)) ) =V N (exo(S) U (2\ B(0)))
V"N (exo(S) U P\ P(C))).

Since S is an equational state, by Fact 2, S" and S” are equational states too. From the fact that Is is a DAG,
S =F 5 and S =F §” we have that

(2) ¢’ =C" and T's» =T~ is a DAG too.
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Moreover:
(3) P(C) =P(C") =P(C"),
exo(S) = exo(S’) = exo(S"),
end(S) = end(S’) = end(S").

Since I's is a DAG we can build the following ranking of the elements of Ng:
Rank), ={p €Ng :Aqge Ny st.p#qgandqe€ PS/(p)},
Rank&! ={p € Ny : 3q € RankX, s.t. g # p and q € Py (p)

and Vq' € (Ns \ U Rankéi),q' g Ps (p)}.
K'<k
It is easy to verify that rank 0 contains only and all the exogenous variables in S’ plus eventually the symbol T
if T € Ng. So, once we know the values of the endogenous variables in S (i.e., V' N exo(S")), we can directly
compute the values of each variable p of rank 1 using the equational formula p < © in C’ and knowing that w
only contains variables of rank 0. Then, we can compute values of each variable of rank 2: we use the equational
formula p & o in C’, knowing that o only contains variables of rank strictly higher than 2 for which we
computed the values at the previous steps. And so on so forth for the ranks higher than 2. At the end of the
process, which is finite since N is finite, the values for all variables in P(C’) will be computed.

Because of (1) and (3), we have that " and S” have the same exogenous variables and assign the same values
to them. Moreover, (2) guarantees that the same process can be applied to S”” so as to obtain the same values for
the variables in P(C”) = P(C’). Item (1) guarantee that S’ and S” assign the same truth values to the variables
that are not in P(C). Thus, again by (3), we can conclude that V/ = V"',

The latter together with (2) guarantee that S’ = S”.

As for the “at least” part, we just need to show that given an equational state S = (C, V) whose causal graph is
aDAG and E € Int; for some Z C end(S), there exists at least one state S’ = (C’, V') such that S = §’ and

s (exo(S) U (P ]P’(C))) -V'n (exo(S) U P\ P(C))).

The intervention E transforms the equational causal base C of the state S into a new equational causal base C’
whose endogenous and exogenous variables are the same as in C. It is routine to verify that since I's is a DAG,
the causal graph induced by C’ is a DAG too. In the rest of the proof, we just need to use the same method as the
one used in the proof of the “at most” part. We construct the ranking of the elements of the DAG induced by C’.
Then, we assign to the exogenous variables the values they take in C and, step after step, we compute the values
for the variables in all ranks. At the end of the process, the values for all variables in P(C”") = P(C) have been
computed. We assign to the variables in P\ P(C”) the values they take at S. We note V' the resulting valuation.
The pair (C’, V') is the state we looked for.

O

A.10 Proof of Theorem 7

Proo¥. Given S = (C, V) € Spin(wc) and ¢ € Lcin-int(P), we have to prove that “(S,S(w.)) = ¢ iff |=¢
trs,». (¢)”. The proof is again by induction on the structure of ¢.

The proofs of the cases ¢ = p, ¢ = T, ¢ = Aw and ¢ = Oy are identical to those given in the proof of Theorem
4.

Case ¢ = —. The proof of this case relies on the fact that for every ¢ € Lcin-int(P), we have |=¢
15,0, (@) or =g —trs, (@). This fact can be proved in a way analogous to Lemma 1 in Section 5.2.2.
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Case ¢ = [E]¢. The proof of this case follows the lines of the proof of the case ¢ = Oy in the proof of Theorem
4. Some preliminary notions and results are needed. Given a state S = (C, V) € S, a formula ¢y € Lcin—int(P), a
hard constraint w. € Lprop(P) and a sequence of interventions 7 = E; ... E from Int, we define the following
set of (C, ¢, wc, m)-relevant worlds from Wp, :
Wp, (C ¥, 0w, ) = {U e Wp, :0 = o,
Yo € C*,0 = o,
{pro : w0 €C"} Co,
and {p,o 0 € C(Y)\ CT} o = 0},
where
CF = (C\ Rev(C,E)) VE,
CE™ = (cH™.
Moreover, we define the following function
fEWp, (C Y, we, 1) — =7(S, wc)
with
=7(S,0c) ={S" = (C, V') € S(w) : C" =C"},
such that, for allv € Wp, (C, ¢, w¢, ) and for all S’ = (C’, V') €=37(S, w),
fF)=S"if V' =(vNP).
The function fI maps (C, {/, w, 7r)-relevant worlds into S-causally compatible states after the occurrence of

the sequence of interventions 7 satisfying the hard constraint w.. The following Lemma 4 is the analogue of
Lemma 2 in the proof of Theorem 4.

Lemma 4. LetS = (C,V) € Sand w = E; ... Ex a sequence of interventions from Int. Then, the function f' is total
and surjective.

Proor. Consider an arbitrary v € Wp, (C, ¥/, wc, 7). We have that v |= o for all @ € C* U {w.}. The latter
guarantees that there exists S = (C’, V') € S(w) such that C’ = C” and V' = (v N P). Thus, there exists
S = (C, V') e (S, w.) such that V' = (v N P). Hence, there exists S’ = (C’, V') €=" (S, w.) such that
f&(v) = S’. This means that f" is total.

Let us prove surjectivity. Consider an arbitrary S’ = (C’, V') €e=7(S, w.). We have that Vo € C"U{w.}, V' F w
since C’ = C* and S* € S(w.). This implies that there exists v € Wp, such that Yo € C* U {w.},v |= w and
V' = (v NP). (The fact that in virtue of Proposition 3 we consider Wp, instead of W{P?n is essential here to
guarantee the existence of such v.) The latter implies that there exists v € Wp, (C, i/, w., 7) such that V* = (v N ]P).
Hence, there exists v € Wp, (C, ¥/, wc, 7) such that fs”(v) =9. O

The following lemma, which is provable by means of Lemma 4, is crucial for the proof of our last case. It is the
analogue of Lemma 3 in the proof of Theorem 4.

LEMMA 5. LetS = (C, V) € Spin(wc), © = E; ... Ex a sequence of interventions from Int, andv € Wp, (C, ¥, w, 7).
Then,

0 tree , () iff (£ (0),S(w0)) E .
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Proor. Suppose v € Wp, (C, ¥, w, 7). We prove that “v |= tren , (Y) iff (fZ(v),S(wc)) E ¥ by induction on

the structure of .

The proofs of the cases ¥ = p, y = =y and ¢ = y1 A y» are identical to those given in the proof of Lemma 3
inside the proof of Theorem 4.

Case ¥ = Aw. Suppose f(v) = S = (C', V). Since fJ'(v) €=" (S, w.), we have C' = C”. Thus, since
v € Wp,(C, A0, 0, 1), we have “0 |= pa,, iff @ € C”. Therefore, we have “v |= p,, iff f7(0) F Aw iff
(fs”(v), S(w¢)) = Aw”. Thus, since trz,,,’wc(Aw) = Paw> we have “v |= trz,,,’wc(Aw) iff (fs”(v), S(w)) E Aw”

Case {y = Oy. The case is proved as follows:

v = tren, (Oy) iff

iff
iff
iff
iff

v = l((coC A /\ w A /\ Paw A /\ “Prw) = tr*c,,!wc()()),

weCT weCT wel(y)\C™
Yu € Wp, (C, y, we, 1), u |= tr*c,,’wc()(),
Yu € Wp, (C, x, we, 1), (f (1), S(wc)) = x (by induction hypothesis),
VS €="(S, w.),S" [ x (since, according to Lemma 4, f is surjective),
(fZ(v),S(wc)) = Oy (since we have =7 (S, ) ==(f7 (v), w¢) as a

consequence of f&(v) €="(S, w.) which is implied by v € Wp, (C, ¥, &, 7)).

Case {y = [E] y. The case is proved as follows:

v tree, ([E1X)

iff ol l((a)c A /\ W A /\ Paw A /\ “Prw) = tr*c”f,wc()())’

weCrE weCrE weT (y)\C7E
iff VYue Wp, (C, x, w0, nE),u |= tr*c,,E’wc()(),
ifft Yue Wp, (C, yx, o, 7E), (fS”E(u), S(wc)) = x (by induction hypothesis),
iff VS e="5(S, ), (S,S(w))  x (since, according to Lemma 4,
S”E is surjective),

iff  (f7(0),S(wc)) = [E] x (since we have =7(S, w.) == (f7 (0), wc)

as a consequence of fJ'(v) €="(S, )

which is implied by v € Wyp, (C, ¥, w., 7)).

Thanks to Lemma 5, we can prove the case ¢ = [E]y:

(S.8(w0)) = [Ely

m]
iff VS e=E(S w0), (8, S(wo)) E ¥,
iff  VYoeWp, (Cy,E)0 = try, () (by Lemma 5 and since, according
to Lemma 4, fSE is surjective),
iff VYuce WPA,
ul= -((wC A /\ w A /\ Pow A /\ “Paw) = tr*cE’wc(lﬁ)),
w€eCE weCE wel (¥)\CE
iff e trse ([E]Y).
m|
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A.11  Proof of Theorem 9

Proor. We define the function f in the same way as in the proof of Theorem 6 and prove that it is a surjection
from Sgg to B in an analogous way. The only fact to be proved is that if f(S) = (8, 1) then S |= [E]w iff (8, 1) |=
[E]w.

The following proposition will turn out to be useful in the rest of the proof.

PROPOSITION 7. Let S € Sgq and f(S) = (0, 1). Then,

o ifI’ € Sol(©F) then3S’ = (C', V') €Sst.S=ES and VNV ={qeV:I'(q) =1},
o ifS=E S =(C", V) then3I" € Sol(OF) st. V' NV ={qeV:I'(q) =1}.

We first prove the left-to-right direction. Suppose, towards a contradiction, that S |= [E]w and (8, 1) |= (E)-w.
The latter means that Sol(©F) N |~w|asg # 0. By the first item of Proposition 7, the latter implies that 37" €
Sol(©F) N || asg, 3S" = (C’, V') € S such that S =ESand V' NV = {q eV:1'(q) = 1}. Since w € Lprop(V),
the latter implies that 3S” € S such that S = §’ and S’ |= —~w. The latter means that S |= (E)—w which leads to a
contradiction.

Let us now prove the right-to-left direction. Suppose, towards a contradiction, that (0,7) |= [E]w and
S | (E)=w. The latter means that 35’ = (C’,V’) € Ssuchthat S =f " and S’ | —w. By the second item
of Proposition 7, the latter implies that 37" € Sol(©F),3S" = (C’,V’) € SsuchthatS =Ff 5, 8’ |= -o and
VNV = {q eV:I'(q) = 1}. Since w € Lprop(V), the latter implies that Sol(©F) N |-®|asg # 0. The latter

means that (0, 7) |= (E)-w which leads to a contradiction.
m|

A.12 Proof of Theorem 10
Proor. The following lemma is propaedeutic for the proof of the main theorem.
LEMMA 6. Let w € Lprop(P) and S = (C, V) € S. Then,
ClosestSub(w,S) C Closest(w,S),
with
ClosestSub(w,S) ={S’ € SubSt(S) : S’ E w and
BS” € SubSt(S)
st.S" FwandS <g S”},
and SubSt(S) ={S' =(C",V')eS:C’ C C}.

Proor. Let S = (C, V) € S. Suppose that S’ = (C', V') € ClosestSub(w,S). The latter means that (i) §’ =
(C", V') € SubSt(S) and (ii) AS” € SubSt(S) such that S” |= w and S’ <5 S”. Since SubSt(S) C S, we have
(iii) S” = (C', V") € S. Moreover, from item (ii) by the definition of the similarity relation <g, we have (iv)
BS” € S such that S” |= w and S’ <5 S”. For otherwise, we could find §”” = (C”, V") € S such that §” |= w
and (CNC’) C (CNC”). As a consequence, we could find $"” = (C"”, V") € S such that """ = (C N C”) and
S |= w, since, for every propositional formula w and for all C""’,C"”" € Lprop(P), if C””” € C” and there exists
S§” = (C"”,V") € S such that S” |= w then there exists S’”" = (C"”', V'"’) € S such that S’ |= w. Thus, we could

find $"”” = (C"”", V") € Ssuch that """ € C, §"" = w and (CN C") € (C N C") which would contradict (ii).
Therefore, from (iii) and (iv), we can conclude that S’ € Closest(w,S). O

Now, let us move to the proof of the main theorem.
The equivalence between item 2 and item 3 is a consequence of Proposition 1.
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Let S = (C, V) € S. We are going to prove the equivalence between item 1 and item 2. We first prove 1=2.

Suppose that (i) S |= ¢; O— ¢; and, towards a contradiction, (i) (C’, V) = ¢(@; A —¢;) for an arbitrary
C' e CJ."(pl.

Item (ii) means that ¢’ C C, =¢; ¢ Cn(C’), VC” C C, ifC’ c C” then -¢; € Cn(C”), and (C',V) |
(1 A —q). The latter implies that (iii) C’ C C, (iv) (C, V) |= O(p1 A =¢2), and (v) YC”’ C C, if ¢’ C
C" then (C”, V) |= O—¢y.

Items (iii) and (iv) together imply that (vi) we can find " = (C’, V') € SubSt(S) such that S’ |= ¢1 A —¢;.

Items (v) and (vi) together imply that (vii) we can find $" = (C’, V') € SubSt(S) such that S’ |= ¢; A —¢; and
BS” € SubSt(S) such that S” |= ¢; and S’ <s S”’.

Item (vii) implies that (viii) we can find S" = (C’, V) € ClosestSub(¢1,S) such that S’ |= @1 A —¢.

Thus, by Lemma 6, from item (viii) we can conclude that there exists S” = (C’, V’) € Closest(¢,,S) such that
S’ |= @1 A —,. The latter contradicts the initial assumption (i).

We are going to prove 2=1.

Suppose that (i) (C’, V) |= O(¢1 — ¢2) for all C’ € CL—¢; and, towards a contradiction, that (ii) S | ¢1 O— @2.
The latter means that there exists S” = (C”, V') € Closest(¢1,S) such that S” |= ¢; A —¢,. Thus, by Lemma 6, (iii)
there exists S” = (C”, V") € ClosestSub(¢1,S) such that S’ |= @1 A —=¢.

By Proposition 1, it is easy to verify that (iv) if S = (C”, V") € ClosestSub(¢1,S) then C”" € C L—¢;.

Thus, from items (iii) and (iv), we can conclude that there exists C"” € CL=¢; such that (C”, V') |= O(¢1 A—¢3)
which contradicts the initial assumption (i). O

A.13 Proof of Theorem 11

Proor. We are going to prove the following equivalent result supposing that S € Sgg:
if (S,Sgq) | (E)T then

((5:85) E [El0iff (5.8) E /\ a(p o150 0).
peoT€EE
Suppose (S, Sgq) |= (E)T. Hence, (i) 38" = (C', V) € Sgq such that C’ = (C \ Rev(C,E)) U E. From the latter, it
is routine to show that
(ii) VS” = (C”, V") €Closest( A A(p © 1),5,55),
peTEE

((c \ Rev(C.E)) U E) cc,
and

(i) ( =F(S) N Sgy) € Closest( A Ap & 17),58E,),
poTEE
with =5(8) = {8’ € S: S =F 5’}

From (iii), we have that if (S, Sgq) |= (/\pHTEE A(p & 1)) O- o then (S, Sgy) E [Elw.

We prove the other direction of the equivalence by reductio ad absurdum. Let us suppose (iv) (S, Sgq) = [E]w and
) (5,8Eg) I (Aposeer &(p € 7)) 0= w. From (v) we have that (vi) 35" = (C”, V") € Closest( /\ pesrer 2(p <
7),5,Sgq) such that (S, Sgg) [ —w.

It useful to observe that (vii) for every propositional formula w and for all C"””,C” C Lprop(P), if C"”" € C”
and there exists S” = (C”, V") € S such that S |= w then there exists S”’ = (C"”, V'"’") € S such that S’ |= w.

Thus, from (vi), by (ii) and (vii), we can conclude that 35" = (C"”", V") € Sgg such that C"”” = (C\ Rev(C,E)) UE
and (S"”,Sgq) = —w. The latter contradicts (iv). O
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