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We propose an efficient framework using Dynnikov coordinates for homotopy-aware multi-agent path planning in planar
domains that may contain obstacles. We developed a method for generating multiple homotopically distinct solutions for
the multi-agent path planning problem in planar domains by combining our framework with revised prioritized planning
and proved its completeness under specific assumptions. Experimentally, we demonstrated that our method is significantly
faster than a method without Dynnikov coordinates. We also confirmed experimentally that homotopy-aware planning
contributes to avoiding locally optimal solutions when searching for low-cost trajectories for a swarm of agents in a continuous
environment.
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1 Introduction

Path planning with topological constraints or objectives is an important task, because considering topological
characteristics of paths is crucial for various aspects of robot planning and navigation. One notable example
is when seeking globally optimal trajectories. To find a globally optimal trajectory under a complex objective,
(such as considering agent kinematics), a conventional strategy involves planning an initial path on a simple
graph (e.g., a grid) and optimizing it locally under the objective function (Résmann et al. 2017b). However, this
can lead to local optima, and it is difficult to know beforehand which path will converge to a globally optimal
solution. To avoid this, multiple paths should be optimized and compared. On the other hand, it is redundant to
optimize paths that converge to the same solution. Here, the key is topological characteristics of the paths since
optimization does not alter them. It has been proposed to generate several topologically distinct paths as initial
solutions (Kuderer et al. 2014; Rosmann et al. 2017a). Figure 1 shows an example of initial paths with the same
start and goal. Because p; goes through the area above the obstacle and p, and p3 go through the area below, p;
and p, (or ps) have different topological features, while p, and p; have the same ones. These facts will be more
formally discussed later in § 3.1. Since p; and p, (or ps) must converge to different trajectories after optimization
and, the better option depends on the objective function. Therefore, we want to generate both. Conversely, since
p2 and ps are topologically identical and likely converge to the same trajectory, we do not generate both. To do
this, planning should be performed with the calculation of the topological characteristics of paths, which we
call topology-aware path planning. Topology-awareness in planning also finds relevance in tasks such as cable
manipulation (Bhattacharya, Kim, et al. 2015; Kim et al. 2014), human-robot interaction (Govindarajan et al. 2016;
Yi et al. 2016), and high-level planning with dynamic obstacles (Cao et al. 2019).
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Fig. 1. Example of initial coarse paths connecting the same start and goal. After optimizing, p; and p, must converge to
different smoothed trajectories, while p; and ps are likely to converge to the same one.

Homotopy is a straightforward topological feature of paths, but difficult to calculate due to its non-abelian nature,
as will be discussed later. Bhattacharya and Ghrist (2018) proposed an approach on the basis of a concept called
the homotopy-augmented graph for general homotopy-aware path planning (path planning with the calculation
of homotopy classes of paths). Homotopy-aware path planning using a roadmap is reduced to pathfinding on
the homotopy-augmented graph constructed from the roadmap.! To search on a homotopy-augmented graph,
we have to manage elements of the fundamental group of the searched space. The fundamental group is not
generally abelian and can be computationally difficult to deal with. Elements of the group are represented by
strings of generators, called words. However, different words can represent the same element of the group, and
determining the identity of such representations, termed the word problem, is not generally solvable (Novikov
1955). Consequently, homotopy-aware path planning remains a generally difficult task.

On the other hand, multi-agent path planning, which plans paths for multiple agents so that they do not collide
with each other, has a variety of applications (Dresner and Stone 2008; Li et al. 2020; Silver 2005). In multi-agent
scenarios on a plane, topological features are nontrivial even in the absence of obstacles since agents are obstacles
for other agents. For example, when two agents pass each other, the topological characteristics of the solution
vary with the direction of avoidance (counterclockwise or clockwise) as shown in Figure 2. Thus, topological
considerations are important for finding the optimal trajectory described in the first paragraph, even in the
cases of obstacle-free environments. Moreover, homotopical considerations are important in the multi-agent
case for other reasons. Homotopy is used for multi-agent coordination (C. I. Mavrogiannis and Knepper 2019),
especially for avoiding deadlocks (Céap, Gregoire, et al. 2016). However, studies on homotopy-aware planning for
multi-agent scenarios, even in obstacle-free environments, are limited.

By combining the aforementioned concepts with research for braids, we obtained an efficient framework for
homotopy-aware multi-agent path planning in planar domains, which is the first valid solution to this problem to
our knowledge. There are three key ideas. First, while the fundamental group for the multi-agent path planning
problem on a plane is the pure braid group, we label the homotopy classes of solutions by elements of the braid
group. This is equivalent to expanding the space of paths to solutions of unlabeled multi-agent path planning,
in which, as long as each goal is reached by only one agent, it is permissible for any agent to proceed to any
goal. (Adler et al. 2015)?. This simplifies the word construction. Note that this expansion is only virtual for the

ISince we focus on the approach of using roadmaps for path planning, the problem that we treat in this paper is actually pathfinding on
graphs. However, the homotopies we consider are not those in discrete graphs (Ghrist 1999) but those in the continuous domain. Thus, to
avoid confusion, we do not use the term homotopy-aware pathfinding.

2This setting is also called permutation-invariant (Kloder and Hutchinson 2006; Yu and LaValle 2013) or anonymous (Stern et al. 2019).

Journal of Artificial Intelligence Research, Vol. 85, Article 15. Publication date: February 2026.



Homotopy-Aware Multi-Agent Path Planning on Plane « 15:3

(a) Counterclockwise (b) Clockwise

Fig. 2. Two ways for two agents to pass each other. The homotopy class of the path in the configuration space depends on
the direction of their passing.

calculation of homotopy classes and the actual pathfinding remains labeled. Since homotopy classes inherently
contain information about agent-goal correspondences, this idea does not give rise to any confusion. The second
idea is to use Dynnikov coordinates, a representation of elements of the braid group as tuples of integers, which
are expected to be calculated at a low computational cost (Dehornoy 2008). Thanks to these coordinates, we
can efficiently maintain a homotopy-augmented graph by using a data structure such as self-balancing binary
search trees (Knuth 1998). The third is that obstacles in the domain are taken into account by considering them
as virtual agents.

We consider the problem of generating multiple homotopically distinct solutions for multi-agent path planning
in a planar domain, and provide a method for this problem by combining our framework with the revised
prioritized planning (Cap, Novak, et al. 2015). We also prove that our method can generate solutions belonging to
all homotopy classes under certain assumptions.

We experimentally demonstrate that the runtime of our method increases roughly quadratically with respect
to the number of agents on a scale of several hundred agents, while the runtime of another method, which uses
the Dehornoy order (Dehornoy 1994) to manage braids instead of Dynnikov coordinates, increases approximately
quintically.

In addition, we demonstrated the usefulness of homotopy-awareness for multi-agent trajectory optimization
through experimentation. Specifically, we generated several homotopically different (discrete) solutions using our
method. We then continuously optimized them for a certain cost function, and chose the best one. We confirmed
that this solution was a globally better trajectory than those generated by baseline methods.

The contributions of this paper are summarized as follows:

o We propose the first sound framework for homotopy-aware multi-agent path planning on the plane.

e We provide a method using this framework to generate multiple homotopically distinct solutions for
multi-agent path planning in the plane. We have theoretically proved a kind of completeness of our method
and experimentally showed its scalability.

o We experimentally showed that solving this problem contributes to multi-agent trajectory optimization.

2 Related Work

We survey previous works for multi-agent path planning, topology-aware path planning, and braids.

2.1 Multi-Agent Path Planning

Multi-agent pathfinding, a field of study focusing on planning for multiple agents in discrete graphs, has been a
subject of extensive research, particularly in grid-based environments (Stern et al. 2019). One of the approaches
to this problem is prioritized planning (Erdmann and Lozano-Perez 1987; Silver 2005), which is non-optimal,
incomplete yet scalable. Cap, Novék, et al. (2015) proposed Revised Prioritized Planning (RPP) and proved
its completeness under certain assumptions. Major optimal approaches for multi-agent pathfinding include
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increasing-cost tree search (Sharon, Stern, Goldenberg, et al. 2013), conflict-based search (Sharon, Stern, Felner,
et al. 2015), and some reduction-based methods (Bartak et al. 2017; Surynek et al. 2016). Surveys of solutions
have been conducted by Stern (2019) and Lejeune et al. (2021). While these methods do not consider homotopy,
some of them could be modified to do so by combining them with our framework. In this paper, RPP was adopted
for the scalability reason. On the other hand, we believe that some methods are not suitable for considering
homotopy. See also § 7.

For multi-agent path planning in continuous environments, the typical strategy involves a three-step process:
roadmap generation, discrete pathfinding, and continuous smoothing of trajectories. For instance, Honig et al.
(2018) presented such an approach for quadrotor swarm navigation. Since the quality of the smoothed trajectories
is difficult to predict beforehand, generating multiple initial solutions, as described in § 1, can be effective. Several
roadmap-generation methods tailored for multi-agent scenarios have been proposed (Arias et al. 2021; Henkel
and Toussaint 2020; Okumura et al. 2022). A number of multi-agent pathfinding algorithms have been adapted
to handle continuous time scenarios (Andreychuk et al. 2022; Surynek 2019; T. T. Walker et al. 2018; Yakovlev
and Andreychuk 2017). Although we used a simple grid for simplicity in our experiments, our method can be
extended to treat general roadmaps and continuous time. See Remark 2.

2.2 Topology-Aware Path Planning

For the single-agent case on a plane, there are various studies, both theoretical and applied, on homotopy-
aware path planning. For planning on a plane with polygonal obstacles, there exist methods using polygon
partition (Liu et al. 2023; Park et al. 2015) with analysis of time complexity (Bespamyatnikh 2003; Efrat et al.
2006; Hernandez et al. 2015). For scenarios involving possibly non-polygonal obstacles, several approaches have
been explored (Hernandez et al. 2015; Jenkins 1991; Schmitzberger et al. 2002; Yi et al. 2016). Grigoriev and
Slissenko (1997, 1998) proposed a method of constructing words by detecting traversing cuts, which are also
called rays (Tovar et al. 2010). Along this idea, the notion of the homotopy-augmented graph (h-augmented graph),
was proposed and applied to the navigation of a mobile robot with a cable (Bhattacharya, Kim, et al. 2015; Kim
et al. 2014).

The last approach was generalized by Bhattacharya and Ghrist (2018) to various situations including multi-
agent path planning on a plane. However, their algorithm is incomplete. While they attempted to solve the word
problem by using Dehn’s algorithm (Lyndon et al. 1977), they acknowledged that this algorithm may not always
yield accurate results for their presentation.® To our knowledge, there exists no known complete framework for
considering homotopy in the multi-agent case on a plane, even when obstacles are absent.

Homology serves as a coarser classification compared with homotopy, whereby two paths belonging to the
same homotopy class are also in the same homology class, but the reverse is not always true?. While homology is
not well-suited for detailed path analysis like homotopy, it possesses the advantage of being computationally
easier due to its abelian nature. Algorithms have been developed for homology-aware path planning in two,
three, or higher dimensional Euclidean spaces with obstacles (Bhattacharya 2010; Bhattacharya, Likhachev, et al.
2011, 2012; Bhattacharya, Lipsky, et al. 2013). In the planar scenario, homology can be determined by a tuple of
winding numbers (Vernaza et al. 2012). This number count the number of times that an agent travels around an
obstacle. In the multi-agent planning in the plane, homology can also be determined by a tuple of all winding
numbers between agents or between agents and obstacles (Rolfsen 2010). These facts have been applied to enable
homology-aware planning for mobile robot navigation (Kuderer et al. 2014; C. Mavrogiannis and Knepper 2021;

3Actually, their algorithm fails to perform correctly when dealing with scenarios involving more than three agents (see Appendix A for
details).
“In the context of robotics, the terms "homotopy" and "homology" are sometimes used interchangeably.(Bhattacharya, Likhachev, et al. 2012)
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C. L. Mavrogiannis and Knepper 2020). The two solutions in Figure 10 in § 5.3 belongs to the same homology
class since they have the winding numbers for all agent pairs, while they are homotopically distinct.

Jaillet and Siméon (2008) introduced the notion of visibility deformation (VD), which is stricter than homotopy
equivalence: while two paths are homotopic if they are visibility deformable one into the other, the reverse is not
always true. Since it is computationally expensive, Zhou et al. (2020) introduced a simpler and even stricter notion,
uniform visibility deformation (UVD): two paths y, y’with the same endpoints belong to the same UVD class if,
for any t, the segment between y(t) and y’(¢) is contained within the free space. While these notions are useful
in three-dimensional environments (Zhou et al. 2020), they will be too strict in two-dimensional environments
for our motivation, because path optimization may not be visibility deformation. Moreover, these relations are
not equivalence relations in general, because, even if the segment between A and B and the segment between B
and C are contained within the free space, the segment between A and C may not.

As mentioned in the introduction, several works (De Groot et al. 2024; Kuderer et al. 2014; Résmann et al. 2017a;
Zhou et al. 2020) focused on the strategy to generate multiple topologically distinct trajectories for avoiding
local optima. For navigation with presence of other agents, it is proposed to enumerate topological patterns of
agent coordination and to select the best one, by using winding numbers (C. Mavrogiannis and Knepper 2021;
C. L. Mavrogiannis and Knepper 2020), which represent homology classes. It was also proposed to use supervised
learning in selecting topology class to imitate human behaviors (Martinez-Baselga et al. 2024). Our work will
enable the extension of these approaches to multi-agent path planning on the plane, without losing the fineness
of homotopical classification.

2.3 Braids and their Applications to Robotics

The braid group was introduced by Artin (1947a,b). Fox and Neuwirth (1962) proved that it is the fundamental
group of the unlabeled configuration space. There are several algorithms for solving the word problem of braid
groups (Birman et al. 1998; Epstein 1992; Garber et al. 2002; Garside 1969; Hamidi-Tehrani 2000). Dehornoy
(1994) introduced a linear order of braids called the Dehornoy order, for which comparison algorithms were
presented (Dehornoy 1997; Malyutin 2004). Dehornoy et al. (2008) conducted a survey of orders of braids and their
comparison algorithms. It was proved that the braid groups are linear (Bigelow 2001; Krammer 2002). Dynnikov
coordinates were introduced by Dynnikov (2002).

In robotics, the concept of braid groups on graphs is used for robot planning on graphs (Ghrist 1999; Kurlin
2012). Regarding the planar case, Diaz-Mercado and Egerstedt (2017) developed a framework enabling the control
of agents such that their trajectories correspond to specific braids. In their setting, agents move in circular paths
on a predefined track, while our approach deals with path planning with arbitrary start and goal positions.

It was proposed to impose homotopy constraints when executing multi-agent plans to prevent deadlock even
in the event of delays (Cap, Gregoire, et al. 2016; Gregoire et al. 2013). Homotopy constraints were also suggested
for use in game-theoretic motion planning in urban driving scenarios (Khayyat et al. 2024). Although these
studies did not use the braid group, they could be expanded to address more intricate topological relationships
via braids.

Braid groups were used for predicting trajectories of other agents in distributed multi-agent navigation (C. L
Mavrogiannis and Knepper 2019). This framework was applied to intersection management (C. Mavrogiannis,
DeCastro, et al. 2022). While we focus on a centralized planning for a relatively large number of agents, our
efforts to compute braids efficiently could benefit research in this area.

Lin and McCann (2021) used braids to represent states of a knitting machine to find its optimal plans. While
their aim is quite different from ours, their proposed method is similar to ours since it searches for optimal
transfer plans for states represented by braids. While they used symmetric normal forms (Dehornoy 2008) to
manage braids, we do not for the reason of computational efficiency.
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3 Preliminary

In § 3.1, we outline some general notions on topology. In § 3.2, we describe the homotopy-augmented graph, which
is a specific notion to homotopy-aware path planning. In § 3.4, we describe the braid group, which represents
homotopy classes for multiple agents on the plane. To do this, we explain the notion of presentation of a group in
§3.3.

3.1 Homotopy and Fundamental Group

Let X be a topological space. A continuous morphism from the interval [0, 1] to X is called a path. Two paths
with the same endpoints are said to be homotopic if, intuitively, one can be continuously deformed into the other
in X. The formal definition is as follows: Two paths y, and y; are homotopic if there exists a continuous map
h:[0,1] X [0,1] — X such that

h(s,0) = y0(0) = y1(0), h(s, 1) = yo(1) = y1(1) (1)

h(0,1) = yo(2), h(1,1) = y1 (), ()
for any s, ¢ € [0, 1]. Such map h is called homotopy. The equivalence class of paths under the homotopic relation
is called a homotopy class. The homotopy class of a path y is denoted as [y].

For example in Fig 1, paths p, and ps; are homotopic because we can construct a homotopy between them in the
free space. On the other hand, p; and p, are not homotopic because the obstacle prevent them from deforming
into each other.

For a path y, y~! denotes the path that follows y in reverse. Given two paths yy, y1 such that y,(1) = y1(0), we
define the composition y; o y; as

Yo(2t) 0<t<1/2,

nEt-1) 1/2<t<1 3)

Yooy (t) = {

Consider a point, xy € X. The set of homotopy classes of closed loops with endpoints at xo (i.e., y : [0,1] = X
such that y(0) = y(1) = x,) forms a group under path composition. The identity element of this group is the
homotopy class of the constant map to xo. The inverse element of [y] is [y~!]. When X is path-connected, this
group is independent of the choice of xy up to isomorphism and denoted as 7 (X). It is called the fundamental
group of X (Hatcher 2002).

For example, when X = R?, the fundamental group is trivial because all paths with the same endpoints are
homotopic. Figure 3 shows the simplest example for the nontrivial fundamental group where X = R? \ D and
D is a disk. The homotopy class of a loop is determined by how many times it goes around the obstacle and in
which direction. Furthermore, any homotopy class can be written as [y”] with n € Z and the fundamental group
is isomorphic to Z

Note that, when X is path-connected, for any two points xo, x; € X, there exists a bijection between homotopy
classes of paths from x, to x; and the fundamental group. Indeed, when we fix a path y, from x, to x;, the
homotopy class of any path y from x, to x; is represented by [y, ! o y] € m1(X).

3.2 Homotopy-Augmented Graph

Homotopy-aware search-based path planning is reduced to pathfinding on a homotopy-augmented graph (Bhat-
tacharya and Ghrist 2018). Intuitively, the homotopy-augmented graph is a graph where homotopical information
has been added to the vertices. A path in the original graph can be lifted to a path in the homotopy-augmented
graph. For two paths with the same start and goal points in the original graph, the goal points of the lifted paths
are the same if and only if the paths are homotopic. Therefore, finding multiple non-homotopic paths from a
given start to a given goal is reduced to finding paths to multiple vertices of the homotopy-augmented graph that
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Fig. 3. Simplest example for the nontrivial fundamental group where there is a single obstacle (a disk) on the plane. A point
X is the base point and a loop y from x, goes around the obstacle counterclockwise once. The loop that goes around the
obstacle clockwise once is homotopic to y~!. The loop that goes around the obstacle counterclockwise twice is homotopic to
2, which traces y twice.

ov

1&%

Fig. 4. Example of construction of homotopy-augmented graph. The vertices are labeled u and v and edges are labeled e;
and e;. The base point xy and the paths y, and y, are selected to calculate the homotopy classes. The homotopical difference
between edges e; and e, is represented by different elements [y, o e; 0 y; 1] and [y, o ez 0 y; 1] in 1 (X).

correspond to the goal vertex with different homotopical information. Mathematically, the homotopy-augmented
graph can be considered as a lift of the original graph into the universal covering space. However, we do not
define this in this paper.

Let X be a path-connected space, and let G = (V, E) be a discrete graph (roadmap) on X. The homotopy-
augmented graph Gy, = (Vj, Ep,) is constructed as follows®. We fix a base point xy € X for the fundamental group.
We also assume that one homotopy class [y,] of paths from x, to each vertex v € V is fixed. The construction of
G, is then expressed as follows:

o V;, :=V X m(X), where 71 (X) is the fundamental group of X with respect to the chosen base point x.

o For each edge e € E from vertex v € V to vertex u € V, and for each element a € m;(X), Ej contains an
edge from (v, @) to (u, h(e)), where h(e) := [y, o e oy, 1]. Here, y, and y, are paths in homotopy classes
[v.] and [y,], respectively.

SOur description is generalized from that in the original paper to be independent of how homotopy is calculated.
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Fig. 5. Field with obstacles and roadmap on it. Rays from obstacles are used to calculate the homotopy classes of paths on
the free space.

Figure 4 is a simple example. While y, o e; o ;! is homotopic with the constant function, y, o e, o y; ! is not
due to the existence of the obstacle. Thus, h(e;) is the identity element, and h(e;) is the element corresponding
to one counterclockwise turn around the obstacle. In the homotopy-augmented graph, two edges above e; and e,
with the same source have different targets.

Figure 5 is another example. We fix rays which do not pass through any vertex of the roadmap from each
obstacle. We fix an arbitrary point that does not lie on any ray as the base point xj and take a path that does not
intersect any ray as y, for a vertex v. Then, for an edge e, the element h(e) is trivial when e does not intersect any
ray. Let p; be the element of the fundamental group corresponding to the loop that goes around the obstacles O;
without intersecting another ray, for i = 1, 2. Then, h(e) is p; or p;* when e intersects a ray r; only once. The sign
depends on the direction of intersection. This approach is equivalent to the classical method for homotopy-aware
single-agent path planning on the plane with obstacles (Grigoriev and Slissenko 1998; Tovar et al. 2010). In this
method, during path planning, we detect crossing rays to calculate the homotopy class. We construct a string
called a word, which is explained more generally in the next subsection, by adding a generator p; or its inverse
p; ! whenever traversing a ray r;. This word represents the homotopy class. A consecutive pair of a generator
and its inverse in a word can be canceled. A word which does not contain such pairs is called reduced. A vertex of
the homotopy-augmented graph consists of a vertex of the original graph and a reduced word, which represents
a homotopy class uniquely.

3.3 Presentation of Group

To describe the braid group in the next subsection, we explain the notion of presentation of a group, which is a
way to specify a group.

A subset S of a group G is called a set of generators of G if any element of G can be written as a finite product of
elements of S and their inverses. An element of S is called a generator. A word is a string consisting of generators
and their inverses, which represents an element of the group. A relation is a word which represents the identity
element.

Intuitively, a presentation (S|R) of a group G consists of a set S of generators and a set R of relations which is
sufficient to specify G. Formally, (S|R) is a presentation of G if the following conditions are satisfied.

e Sis a set of generators.
o The kernel of the natural surjection from the free group Fs on S to G is the smallest normal subgroup of Fs
containing R.
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A relation ab™! € R is sometimes denoted as a = b.

The decision problem of determining whether two given words represent the same element of the group is
known as the word problem (Peifer 1997).

For example, the fundamental group for the example in Figure 5 has a presentation (p;, p2|0). Since there exists
no relation between p; and py, the set of relations is empty. For another example, if a group G has a presentation
{(a,blaba~'b~1), then G is isomorphic to Z X Z because any element is written as a”b™ uniquely with n,m € Z
uniquely.

3.4 Braid Group
For a domain D, the configuration space C,(D) is defined as

Ca(D) = {(p1.p2-..pn) € D" | pi # pj forall i # j}. (4)

As the name suggests, this space is the configuration space for the multi-agent path planning of n agents without
size in D, because the excluded area corresponds to states in which some two agents occupy the same position.

The n-th symmetric group S, naturally acts on C,(9) by permuting the indices. The unlabeled configuration
space UC (D) is defined as the quotient of C, (D) by S,,. This space is the configuration space for unlabeled
multi-agent path planning. In this problem setting, agent indexes are ignored, starts and goals do not correspond,
and each agent may reach any goal, while exactly one agent must reach at each goal.

The fundamental group of UC,(R?) is known as the n-th braid group B,. The fundamental group of C,(R?),
which is a subgroup of By, is known as the n-th pure braid group P,. There exists a natural surjective group
homomorphism from By, to S, the kernel of which is P,,.

B, has a presentation given by

(O1,...,0n_1 | aiajai_loj_l, 010,410i0;,10; Lo L), ©)

where 1 <i<n-1,andi+1 < j < n—1 (Rolfsen 2010). See § 5.3 for the geometrical description of this
presentation.

4 Problem Setting

In this section, we describe the setting for homotopy-aware path planning in planar domains.

We consider homotopy-aware multi-agent path planning with n agents in the domain O C R?. As illustrated
in Figure 6, we assume that D has the form Dy \ (O; U- - -UO,), where Dy and Oy, .. ., O, (obstacles) are bounded
domains whose boundaries are simple closed curves and R?\ Dy, O4, ..., O, neither intersect nor touch.®

We assume that a finite undirected planar graph G = (V, E) lying on the interior of D is given as a roadmap.
Starts s1,...,s, € V and goals gy, ..., g, € V are also given. Time is discretized into steps, and each agent either
moves along an edge or remains at a vertex in each step. Namely, a single-agent plan for the i-th agent is a
sequence v; 0,01, ..,0;7 € V of vertices such that v;y =s;, v;17 = g;, and v; = v441 o1 (v4,0441) € E for any t. A
solution is a tuple of single-agent plans for all agents without any vertex or swapping conflicts, i.e., v;; # v;; and
(vir,Vire1) # (0j441,0j) forall i # j (Stern et al. 2019). The sum of costs of a solution is defined as the sum of the
reaching times for all agents, which means

Zmin{t | vir = gi}. (6)

i=1

SStrictly speaking, for example, a domain in a grid with obstacles touching at corners does not satisfy this assumption. However, such
obstacles can be considered as one obstacle by widening them slightly at the corners.

Journal of Artificial Intelligence Research, Vol. 85, Article 15. Publication date: February 2026.



15:10 + Kasaura

)

Fig. 6. Example of planar domain D satisfying the assumption of the problem setting and roadmap G over D. Here,
D =Dy \ (01 UOy), where Dy is the region enclosed by the outer boundary and O; and O are obstacles.

)
®

> O

(a) Instance (b) Solutions

Fig. 7. Examples of Instance of MAPF on grid and its homotopically distinct solutions. The filled circles are for the starts, and
the unfilled circles with the same indexes are for the corresponding goals. The moves of agents are represented by arrows.
In these solutions, no agents stay at the same vertex except at their goals. The displayed four solutions belong to different
homotopy classes. More specifically, we can classify them based on which side the third agent avoids the first agent and
which side the fourth agent avoids the second agent.

A solution determines a path in the configuration space C,(9). Two solution are called homotopic if their
corresponding paths are homotopic. When K > 0 is given, We want to find K mutually non-homotopic solutions
with small sums of costs.

Figure 7 shows an instance and its homotopically distinct solutions in a grid world.

As stated in § 3, the problem can be reduced to pathfinding on the homotopy-augmented graph in C, (D).

Remark 1. The problem of finding K mutually non-homotopic paths with minimum lengths is called K-shortest
non-homotopic path planning (Bhattacharya and Ghrist 2018; Yang et al. 2022). Since our priority in this paper is
scalability, outputs of our method are not necessarily optimal. See also Remark 6.

Remark 2. For simplicity, we consider the case where G has edges of the equal cost with no crossing, and where
only vertex and swapping conflicts are forbidden. Our framework works even when time is continuous or collision
conditions are complex (Kasaura, Nishimura, et al. 2022), because these conditions only affect the construction
of the timed graph in Line 8 in Algorithm 1. However, such collision conditions are ignored in the homotopy
calculations. See also the next remark.

Remark 3. Since the homotopy classes are defined in the configuration space, intermediate paths do not need to
correspond to any solutions in G. The agents are considered as points during continuous deformation of solutions.
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Fig. 8. Deformation of D = Dy \ (O; U O;) to R?\ {04, 0,}, where 0; € O; and 0, € O,. Regions near obstacles expand to
collapse obstacles to points. A region near the outer boundary expands to the point at infinity. Points in the region enclosed
by dotted curves, which includes roadmap G, are fixed during deformation.

Note that this simplification only affects homotopies; sizes of agents are considered in pathfinding. Ignoring the
sizes of agents does not matter in cases with no obstacles because the agents can be far enough apart from each
other when deforming paths to other ones. On the other hand, when there exist obstacles, two paths that are
actually homotopically distinct when both sizes of agents and obstacles are taken into account may be considered
as homotopic. See also § 7. However, the fact that our homotopical classification is not complete does not mean
that it is useless in such cases.

5 Method

In this section, we describe our method to generate multiple solutions with different homotopies.

The entire algorithm, which is provided in § 5.5, is a combination of revised prioritized planning and our
framework for calculating homotopy classes while planning. In the first four subsections, we describe the
framework. For the setting where agents are not labeled and there are no obstacles, a classical method to construct
words representing homotopy classes is known, which is described in § 5.3. In § 5.1 and § 5.2, we reduce our
problem setting to this case. Since constructed words themselves are not suitable for comparison, a method to
represent them by tuple of integers, which is called Dynnikov coordinates, is explained in § 5.4. In § 5.6, we prove
the completeness of our algorithm under specific assumptions.

5.1 Reduction to Obstacle-Free Case

We take one representative element o; € O; for each obstacle. Obviously, o, .. ., 0, are different from each other.
By taking sufficiently small neighborhoods of boundaries and transforming them, as illustrated in Figure 8, we
can deform D to R? \ {0y, ...,0,} without changing the roadmap. For a rigorous proof, the Jordan-Schénflies
theorem (Thomassen 1992) can be used. Thus, it is enough to calculate homotopies on R? \ {oy,...,0,}. Note
that, since the roadmap is not changed, the found paths are lying on the original D.

We reduce the calculation of homotopy in C,(R?\ {01, ..., 0,}) to that in C,,(R?). Intuitively, we consider the
obstacles as additional agents staying at the same positions. While it is non-trivial that this reduction preserves
homotopy classes because obstacles cannot move when deforming paths, the following proposition guarantees it.

PROPOSITION 4. The map
T (Cn(Rz \ {o1,..., Or})) —m (Cr+n(R2)) (7)
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induced by the embedding

Cn (RZ \ {01, cees Or}) — Cr+n(R2)
w w (8)
(p1s---spn) = (01,45 0p, P15+ P)

is injective.
See Appendix B for the proof.

In the following three subsections, we replace r + n with n and consider C, (R?) for simplicity. We also write
simply C, and UC,, instead of C,(R?) and UC,(R?).

5.2 Reduction to Unlabeled Case

As mentioned earlier, in labeled multi-agent path planning, we can calculate homotopy classes as unlabeled
multi-agent path planning. To formalize this reduction, let G" = (V", E") be the n-times direct product of G minus
collision parts, which is a graph on the configuration space C,. Instead of directly applying the construction in
§ 3.2 to C,,, we construct a graph (V" E,'l’) as follows.

o V1 :=V"xm(UC,) =V" X B,

e For each edge e € E" from vertex v € V" to vertex u € V", and for each element « € B, EZ contains an
edge from (v, @) to (u, ah(e)), where e is the projection of e to UC,, by natural surjection, and h(e) is
calculated using the method described in § 5.3.

It is important to note that, for a specific multi-agent path planning task, it is not necessary to construct the
entire graph as it is not connected. Instead, we can focus on the relevant connected components of the graph.
For example, for any vertex v € V" and elements «, § € B,, the connected components of (v, @) and (v, ff) are
different unless a~!f € P,.

With our approach, we represent the homotopy classes of solutions for a specific instance of the labeled
multi-agent path planning problem by labeling them with elements in a coset of the pure braid group, instead of
those in the pure braid group. The choice of coset depends on the relative positions of the agents’ start and goal
locations. For a detailed explanation of why we do not use the pure braid group, see Appendix A.

5.3 Word Construction

The construction of words for UC,, is classically known (Fox and Neuwirth 1962).
We fix a coordinate x, y for R%. Let p; = (x1,41), ..., pn = (Xn, yn) be the induced coordinates of C,,. We define:
Ao = {x1 <x2 <+ < xp}, 9)
A= {ag <o <Xy =X <00 < Xy Ui < Yir (10)
for 1 <i < n.Itis easy to see that the map A" U J; 22"~ < C, » UC,, is injective. We identify 12", 12"~ with
their images. UC, \ A*" is (2n — 1)-dimensional and UC,, \ 2" \ |J; 2"~ is (2n — 2)-dimensional.

For simplicity, we assume that all v € V" lie on A?". We also choose a base point x, of the fundamental group
within 12", To make the homotopy-augmented graph explicit, we choose the standard path connecting x, and
vertices of V" in A*". The generator o; of 11 (UC,) = B, is represented by a loop in A* U A?"~! that traverses
A2"1 exactly once with the direction from region {y; < yi+1} to region {y; > yis1}. Consequently, for an edge e
on UC,, the word representing the corresponding braid A(e) is constructed by detecting the traverses of e with
Af”_l, e, Ai’:l. By examining the intersections of the boundaries of /1%"_1, e, Afl’:l, we obtain the relations
o;0j = 0jo; for i + 1 < j and 0;0;410; = 0y410;0:41. Detailed derivations of these relations are omitted for brevity.

Intuitively, this construction can be described as follows. We number the agents in ascending order of their
x-coordinates. o; corresponds to the counterclockwise swap (Figure 2a) of the agent with number i and the
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@
@ () @)
ommm) @) @)

(@) 0i0j = 0,0 (b) 0:0i410; = 0i410i0i41

Fig. 9. Figures illustrating relations between the generators. In (a), the left circles represent the agents with numbers i and
(i + 1), and the right circles represent the agents with numbers j and (j + 1), where j > i + 1. In (b), the bottom, middle, and
top circles represent the agents with numbers i, (i + 1), and (i + 2), respectively. Arrows represent movements. The homotopy
being independent of the order of moves corresponds to the relations.

-

-1 -1 -1 -1
& (3} ) 0, " 010, 0, "010,

O O O @
) j. @

oy toyor !

£ € o 1o,

Fig. 10. Two examples of braid construction. From left to right, generators are added or not added to the displayed braid
word as an agent moves. In the top example, the agents with numbers 2 and 3 swap clockwise at the first block, then the
agents with numbers 1 and 2 swap counterclockwise and the agents with numbers 2 and 3 swap clockwise at the third
block. In the example below, the agents with numbers 1 and 2 swap clockwise and the agents with numbers 2 and 3 swap
counterclockwise at the second block; then, the agents with numbers 1 and 2 swap clockwise at the fourth block.

agent with number (i + 1), and o; ' corresponds to their clockwise swap (Figure 2b). The word for an edge is
constructed by detecting the swaps of agent indexes. The graphical explanation for the relations is shown in
Figure 9. The key observation is that the order in which the agents move does not affect the homotopy class.
Therefore, we have two relations: (a) 0;0; = 0jo; and (b) 0;0i410; = 01410i0i41.

Figure 10 shows two examples of word construction.

Remark 5. The word construction depends on the choice of the coordinates x and y, because the choice of
generators depends on them. However, since homotopy itself is independent of the coordinates, if braids for two
paths with the same endpoints calculated by using some coordinates are the same, their braids always coincide
even when other coordinates are used.
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Fig. 11. Plane with (n + 1) holes to calculate Dynnikov coordinates. For representation of multicurves on it by integers, the
dotted lines or half lines are used to count the numbers of times multicurves intersect them.

Fig. 12. Initial multicurve to solve the word problem for braids with Dynnikov coordinates.

5.4 Dynnikov Coordinates

We use Dynnikov coordinates to uniquely represent braids. In brief, we represent the braid group as actions to
tuples of integers, which can be calculated only by using addition, subtraction, maximum, and minimum. We
follow the description in Thiffeault (2022).

Intuitively, Dynnikov coordinates represent a multicurve on a plane with aligned (n + 1) holes.” Here, “multi-
curve" means a disjoint union of simple closed curves, any of which encircles at least two holes but not all of
them. For an example, see the example calculation at the end of this subsection. Figure 11 illustrates a plane with
holes, where symbols attached to lines or half lines indicate the number of times the multicurve intersects them.
Holes are numbered from left to right. For 2 < i < n, py;—3 and pip;_, correspond to the half lines extending up
and down from the i-th hole, respectively. For 1 < i < n, v; corresponds to the vertical line between the i-th
and (i + 1)-th holes. When counting the numbers of intersections, we take the minimum ones, allowing for
homotopical deformation of curves.

Forany1<i<n-1,let

Hei — H2i-1
a = ———,
2
Vi = Vit
bj = ———.
2

"While n holes are enough to define the action by B,,, this action is not faithful.
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Fig. 13. Action of braid o, 'o10, ! to multicurve and corresponding Dynnikov coordinates. The top shows braids, the middle
shows multicurves after these braids acted on u, and the bottom shows the corresponding Dynnikov coordinates. The
Dynnikov coordinates corresponding to o; ‘010, ! are (2,-1,-3,3).

Then, (ay, ..., @y 1,b1,...,bs_1) gives a bijection between homotopy classes of multicurves and Z?"~2 \ {0}, that
is Dynnikov coordinates (Hall and Yurttas 2009).

The braid group By,+; acts on the homotopy classes of multicurves by moving holes. For an example, again,
see the example calculation at the end of this subsection. Here, we are only interested in the action of B, as a
subgroup of B,,+1. The action of B, can be written using Dynnikov coordinates as follows. For x € Z, we write

x* :=max{x,0} andx™ := min{x, 0}.Fori =1,...,n—1and e = +1, we can calculate (a/, .. ., a,_.,b,....b,_ )=
(ai,...,an-1,by,...,bp_1) - 0} as
(=b1 + (a1 +b))*, a1 + b)) fori=k=1, e=+1,
(b1 = (b —a))*, b} —ay) fori=k=1,e=-1,
(@i —bf = (bf +c)",bi+c7) fori>1L k=i-1e=+1,
(ap. b)) == (aioy + b + (b —d)*,b;—d*) fori>1L k=i—-1e=-1, (11)

(ai=b; —(b;_, —c)7,bi-y—c™) fori>1 k=i e=+1,
(a; +b; + (b, +d)",bi_y+d*) fori>1 k=ie=-1,
(ax, bx) fork #i-1,i,

where ¢ := a;_1 —a; — b +b;_, and d := a;_; — a; + b] — b;_, (Thiffeault 2022).

Moreover, where u := (a; = 0,...,ap—1 = 0,b; = —1,...,bp_1 = —1) € Z?"2, which corresponds to the
multicurves in Figure 12, for any @, f € By, u - @ = u - f if and only if « = f (Dynnikov 2002; Thiffeault 2022).
Thus, we can represent an element « in B, by u - a € Z*"2 \ {0}.

Figure 13 shows examples of the action of the braid group and Dynnikov coordinates when n = 3.

Since the values of the coordinates can be large, multiple-precision arithmetic is necessary for its imple-
mentation. The logarithmic magnitude of the coordinates is O([), where [ is the length of the braid word, and
computational cost for one update (11) is proportional to the logarithmic magnitude of the coordinates. Therefore,
the time complexity of comparing braid words of length [ is O(I?), which is the best complexity among known
algorithms. Furthermore, since this calculation only requires simple arithmetic operations, it can be highly
efficient in practice (Dehornoy 2008). See also § 6.3.5.

5.5 Revised Prioritized Planning

In this and the following subsections, we revert to the notation used prior to the end of § 5.1. Thus, n denotes the
number of agents and r denotes the number of obstacles.
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Algorithm 1 Homotopy-Aware RPP

1: Input a graph G = (V, E) and starts and goals (s1,g1), - - -» (Sn, gn)-
2: Input the desired number K of solutions

3: plans «— {0}

4: fori=1,...,ndo

5 Open, Closed < 0,0

6: Initialize a map D

7: for plan € plans do

8 Construct timed graph Gpian = (Vpian, Epian)

9 Insert (plan, spian, €) to Open

10: Dlplan, spign, €] < 0

11: end for

12: newplans «— 0

13: while Open # 0 do

14: Pop (plan, v, w) from Open

15: Insert (plan, v, w) to Closed

16: if v = gpjan then

17: Reconstruct path p of agent i

18: Insert plan U p to newplans

19: if |newplan| > K then

20: break

21: end if

22: end if

23: for edge e € Epyyp from 0 do

24: o', w',d" « target(e), NextBraid(plan, e, w), D[plan, v, w] + length(e)
25: if (plan,v’,w") ¢ Open U Closed then
26: Dlplan,v',w'] « d’

27: Insert (plan,v’, w") to Open
28: else if D[plan,v’,w’] > d’ then
29: D[plan,v',w'] « d’

30: end if

31: end for

32: end while

33: plans « newplans

34: end for

35: return plans

We adopt revised prioritized planning (RPP) (Cap, Novak, et al. 2015) for pathfinding. As classical prioritized
planning, we fix a predetermined priority order for the agents and proceed to plan their paths one by one, avoiding
collisions with the paths of previously planned agents. In RPP, in addition, the start positions of agents that
have not yet been planned are also avoided, ensuring the completeness of the planning process under certain
assumptions.

Our method differs from conventional RPPs in the following ways: First, we maintain multiple plans for
higher-priority agents with different homotopies while planning paths one by one. Planning for the i-th agent
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is performed on the homotopy-augmented graph for the first i agents in C;(9). For multiple plans for already
planned agents, the planning for the next agent is performed on different graphs, but they are done in parallel.

Algorithm 1 presents the pseudocode of our homotopy-aware version of RPP, which generates homotopically
distinct solutions. The notation ¢ denotes the Dynnikov coordinates corresponding to the empty braid. At line 8,
we construct a graph G,ja, which is created by adding a time dimension to G and removing parts colliding with
plan, the same as Silver (2005).% In this construction, we also remove s;41, . . ., s, from Gplan- (Strictly speaking,
we allow an agent to reach one of such positions if the position is its goal, since it cannot finish otherwise.) In
the following lines, spjun and gpn denote the vertices corresponding to the start, which is s; with time 0, and the
goal, which is g; with a late enough time, respectively. A vertex of the homotopy-augmented graph for plan is
represented by a pair (v, ) of a vertex v of Gpjqn and a braid w € B,,;.” At line 14, the popped element (plan, v, w)
is selected as that with the minimum cost(plan) + D[plan, v, w] + h(0, gpian), Where h is the heuristic function.

The function NextBraid(plan, e, w) at line 24 returns the Dynnikov coordinates updated from w after the agent
i moves along e and the agents from 1 to i — 1 move in accordance with plan. It is calculated as follows. First, as
explained in § 5.3, the swaps of the order of the agents’ x-coordinates by these moves are enumerated. Second,
for each swap, the Dynnikov coordinates are updated by (11) in order. After calculating the next braid w’, as in
the conventional A* algorithm, the target vertex (v’, w”) is checked to see if it has been visited. If so, it is added.
Otherwise, its distance is updated or nothing happens.

For simplicity, we omit the details on path reconstruction.

Remark 6. While we adopt the RPP approach for scalability in this paper, we can also solve the K-shortest
non-homotopic path planning by A* searching on the homotopy-augmented graph in C, (D).

5.6 Completeness

As RPP in the classical case, we can prove the completeness of the algorithm under some specific condition for
problem instances. Note that this does not mean that our algorithm is practical only for such cases.
Before the completeness proposition, we state a lemma used in the proof.

LEmMMA 7. Forany1 < k < n, let Fy, : P, — P,,_1 be the projection forgetting the k-th point. For1 <i < j < n, let

. 2 -1 -1 -1 _ -1_-1 -1 2
ij = 0j-10j-2 "+ 0i410; Ojpq "= 0; 505 =0; 0Op1 " 0; 507 102" 0i410; € p,. (12)
Then, the kernel of Fy. is generated by ayk, azk, - . ., Gk—1k and A je+1, Ak ke+2; - - - » Gk

Proor. This is true for k = n (Rolfsen 2010). For arbitrary k, let by := 0,,—10n—2 - - - 0k € By,. Since P, is a normal
subgroup, the conjunction by by maps P, to P,. Furthermore, Fi () = Fn(bkablzl). Thus, the kernel of Fj, is
generated by b 'ay br, . . ., by ' an_1,nbi, which can be calculated as

i ifi <k
b ainby = {a koot

o (13)
Ak i+1 ifi > k.
O
Intuitively, the following proposition says that our algorithm is complete when the obstacles and start and
goal positions are separated enough with respect to the size of the agents.

PROPOSITION 8. We assume the following conditions:

8If continuous time is considered, you can use the method in Phillips and Likhachev (2011).
9Strictly speaking, the positions of the first (i — 1) agents are also contained in a vertex of the homotopy-augmented graph in C; (D).
However, since these positions are determined by plan, they are omitted.
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o An agent moving along the boundary of D never collides with obstacles or other agents staying at sy, ..., Sp,
9g1s---59n, OV Sjt15. .., Sn.

e Forany1 < i < n, there exists a loop around g; in D such that it does not enclose any obstacle, other goal
position, or s; with j > i, and an agent moving along it never collides with obstacles or other agents staying at
any goal position or s; with j > i.

e Forany1 < i < n, there exists a loop around s; such that it does not enclose any obstacle, other start position,
or g; with j < i, and an agent moving along it never collides with obstacles or other agents staying at any start
position or g; with j < i.

Then, when the roadmap G is dense enough, for any homotopy class of solutions, Algorithm 1 provides a solution
belonging to it for sufficiently large K > 0.

ProoOF. We consider a problem instance (s1,91), . . ., (Sn, gn) satisfying the assumption and a braid @ € B4,
corresponding to one of its solutions. For 0 < i < n, let @; € B,; be the braid corresponding to the paths for the
first i agents in a. We prove that our method generates a solution p; in the homotopy class corresponding to «;
for sufficiently large K >> 0 by induction for i. When i = 0, this is clear because no agent is considered, and ay is
the unit.

For i > 1, we assume that the plan p;_; with the homotopy corresponding to «;_; is contained in plans in
Algorithm 1. Any reachable vertex in the homotopy-augmented graph can be found by repeating loop of Line 13
a sufficient number of times, since the number of vertices in the homotopy-augmented graph at distances less a
given value is finite. Therefore, it suffices to show that there exists a plan p; with the homotopy corresponding to
a; on the basis of p;_;.

Under the assumption of the problem instance, the i-th agent can reach its goal after agents from 1to i —1
have finished while avoiding the goal positions ¢y, . . ., g;—1 and the start positions s;41, . . ., s,. Therefore, there
exists a plan p; for the first i agents on the basis of p; 1. Let ; € B,; be the braid corresponding to p;.

To construct the desired plan, we need to add the moves of the i-th agent after p;. These moves must correspond
to the braid ,Bl._la,- € Pyyi.Letcey,...,crei b€ O, ..., 0k, g1, - - ., g; sOrted by their x-coordinates, and suppose g; = ck
(1 <k <r+i). Since @; and f; coincide when the i-th agent is forgotten, ,Bi_lai is in the kernel of F;, which is
generated by ayk, ..., k-1 Ak k+1, - - -» Ak r+i @S previously proved.

Thus, it is sufficient to demonstrate that, after all i agents have reached their goals, the i-th agent can move to
construct any of a1 g, . . ., Gk—1k Ak k+1, - - - » Ak r+; and their inverses, while avoiding g1, . .., gi—1 and si41, ..., Sy.

For 1 < j < k, the agent first moves up (in the positive direction of the y-axis) avoiding obstacles, gy, . . ., gi—1,
and $;41, . . ., S, by moving partially along the boundaries or the assumed loops. When avoiding the obstacle O, if
the x coordinate of o; is smaller than that of cg, it avoids to the right (the positive side of the x-axis); otherwise, it
avoids to the left. This is the same for g3, ..., gi—1. Then, the agent moves to the left until it reaches the same
x-coordinate as c; along the outside boundary and moves down to c; avoiding obstacles and other start or goal
positions. When going down as well as going up, the agents avoid obstacles or goal positions represented by ¢; to
the right (from our point of view) if the x-coordinate of ¢; is smaller than that of c;; otherwise, it avoids to the
left. It circumvents c; counterclockwise or clockwise and returns to ci using the same path. The braid for such a
loop is given by:

Ok—1"""* Jj+10';—’20j_fl e O'k__ll = a;—f’}c, (14)
where the sign depends on the direction for moving around c;. Similarly, for k < j < n, the agent follows the
path described above in reverse order to cj, around c;, and back. The braid is given by:

0,;1 ... oj__lzoji_zloj_z ... Ok = a;j’lj. (15)
Figure 14 illustrates examples of such paths.

When the roadmap is dense enough, these paths can be approximated by paths on the graph. ]

Journal of Artificial Intelligence Research, Vol. 85, Article 15. Publication date: February 2026.



Homotopy-Aware Multi-Agent Path Planning on Plane + 15:19

@@j<k (b)k < j

Fig. 14. Paths with homotopy corresponding to a;, ai ; or its inverses. The circle enclosed by the path means g; = ¢; and
the circle at the endpoint of the path means c. Other circles mean other ¢y, ..., ¢; or sit1,...,5,.

In particular, in the case of the grid, by the construction of paths in the proof, the following corollary holds. To
facilitate the word construction method in grid environments, we introduce a virtual slightly inclined x-axis,
such that for any two grid cells (i, j) and (k, ), cell (i, j) has a smaller x-coordinate than cell (k, I) if and only if
i<kori=kj<lI.

COROLLARY 9. We consider cases where D is a region composed of grids, and G is a four-connective grid graph.
We assume the following conditions:

o No start grid or goal grid is adjacent to obstacle grids vertically, horizontally, or diagonally.
o No two start grids or two goal grids are adjacent vertically, horizontally, or diagonally.
e Forany1<i < j<n,g; ands; are not adjacent vertically, horizontally, or diagonally.

Then, for any homotopy class of solutions, Algorithm 1 generates a solution belonging to it for sufficiently large
K >o.

Remark 10. Proposition 8 states that, if the assumptions are met, then no homotopy classes are excluded in
principle. However, the value of K required to generate a solution belonging to a specific homotopy class may
be large. To find a solution with the homotopy corresponding to a given braid, Algorithm 1 can be modified as
follows. Let & € B4y, be the given braid and let @; € B,.; be the image of « under the projection forgetting all
agents after the i-th one. Unlike Algorithm 1, we search for only one plan when planning for each agent, as in
conventional RPP. For the i-th agent, we search for a path to the vertex (gpian, @;) in the homotopy-augmented
graph. From the proof of Proposition 8, it is derived that, under the same assumptions as in the Proposition 8,
this algorithm can find a desired solution.

6 Experiments

We conducted two experiments. In the first experiment, we measured the runtime of our method to assess its
scalability, comparing it with that of a method using the Dehornoy order and the handle reduction algorithm (De-
hornoy 1997) instead of Dynnikov coordinates. In the second experiment, our focus was to demonstrate the
effectiveness of generating homotopically distinct coarse solutions for planning low-cost trajectories. We demon-
strate how our approach can lead to improved trajectories by comparing the results obtained after optimization.
The codes used for these experiments are available at https://github.com/omron-sinicx/homotopy-aware-MAPP.
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(a) empty-48-48 (b) den312d (c) random-64-64-10
Fig. 16. Grid map with five ob-
stacles for optimization exper-

Fig. 15. Maps from Moving Al Benchmark for evaluation of runtime. ; A
iment.

6.1 Implementation

In our implementation, we precomputed the minimum distance to g4, for all vertices of G4, and adopted it as
the heuristic function h. Our implementation was conducted in C++, and we used the priority queue and map data
structures from the standard library to manage Open, Closed, and D. Dynnikov coordinates were implemented by
using the GMP library.

We used Intel(R) Xeon(R) Gold 6338 CPUs @ 2.00 GHz for these experiments.

6.2 Evaluation of Runtime
We measured runtime of our method (Dyn) with the following two settings:

(A) To observe the increase in runtime with the number of agents, we ran our algorithm with n = 500 and
K =100, where n is the number of agents and K is the number of solutions to find, measuring the runtime
from the beginning after each agent’s planning process was completed (line 33 in Algorithm 1).

(B) To observe the increase in runtime with the value of K, we ran our algorithm with n = 30 and K =
1,2,3,10,3,100.

6.2.1 Problem Instances. We evaluated the runtime performance using random instances of the multi-agent
pathfinding problem. We used the three grid maps, empty-48-48, den312d, and random-64-64-10, illustrated
in Figure 15, from Moving AI MAPF Benchmarks (Stern et al. 2019) as environments. The sizes of the maps
were 48 X 48, 81 X 65, and 64 X 64, respectively. The numbers of the connected components of obstacles (r in
the previous section) were 0, 4, and 241, respectively. For each of the experiments (A) and (B), we generated 10
instances on each map. To ensure at least some solutions can be found, we imposed a condition on problem
instances that guaranteed that the classical RPP would find a solution, i.e., for any 1 < i < n, the agent i can reach
the goal without visiting s;+1,...,8, 0r g1 ..., gi-1.

6.2.2 Baseline. We also recorded the maximum absolute value of the Dynnikov coordinates for the first generated
solution at the same time. For comparison, we also ran a method (HR) that is the same with ours except that it
uses the Dehornoy order (Dehornoy 1994) to maintain braids and the handle-reduction algorithm (Dehornoy
1997) to determine the order. This algorithm has long been known as a practically efficient method to solve the
word problem for braids, while its theoretical complexity remains unknown (Dehornoy 2008; Dehornoy et al.
2008). More precisely, we used the “FullHRed" algorithm as a specific strategy for the handle reduction method.

6.2.3 Results and Discussion. Figure 17 illustrates the results of the runtimes in the experiment (A), which
show that the runtime order of with respect to the number n of agents was smaller for our method than for
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Fig. 17. Log-log plots of runtime with respect to the number of agents for our method and the baseline method using the
Dehornoy order. Colored areas represent standard errors.
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Fig. 18. Logarithms of maximum absolute values of coor-  Fig. 19. Logarithms of maximum absolute values of coordi-
dinates for random braids with respect to lengths of braid  nates in experiments with respect to the number of agents,
words divided by the number n of agents, for various values  for each environment map. Colored areas represent standard
of n. Colored areas represent standard derivations. derivations.

HR. Moreover, while the runtime increased significantly in the case with many obstacles (random-64-64-10)
compared with the other cases in HR, it did not change much in our method.

In the case of the empty map, the runtime of HR was approximately @(n°), which means that the runtime for
the planning for the n-th agent was ®(n*). This is expected when the handle reduction is the bottleneck because
the lengths [ of braid words are expected to be roughly ©(n?) and the time complexity of the handle reduction
method is conjectured to be ©(I?) (Dehornoy et al. 2008).

On the other hand, the runtime order of our method seemed to be roughly ©(n?), which was smaller than the
expected order explained below for calculating Dynnikov coordinates, which means that this calculation was not
a bottleneck at the scale of our experiment. Indeed, when we profiled the performance of a single run by using
gprof, comparison and update of Dynnikov coordinates accounted for 7.2% and 12.3% of runtime, respectively,
even in random-64-64-10.

As mentioned before, the complexity of one update calculation (11) was ©(log X), where X is the absolute
value of the coordinates. While log X is bounded as O(l), where [ is a length of the braid word, for arbitrary
words, it is expected to be ©(l/n), where n is the number of strands, for random words. To confirm this, we
generated 100 random braid words with a length of 1000n for each value of n = 3, 5, 10, 100, 1000 and calculated
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Fig. 20. Log-log plots of runtime with respect to the number K of solutions to find for our method and the baseline method
using the Dehornoy order. Colored areas represent standard errors.
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Fig. 21. Log-log plots of the total numbers of braid comparisons and created nodes with respect to the number K of solutions
to find. Colored areas represent standard deviations.

the maximum absolute values of the Dynnikov coordinates. The results shown in Figure 18 demonstrate that the
expected value of log X is linear to //n and that the coefficient is independent of n when n is large enough.

In our method, since the expected lengths of braid words for the planning of the n-th agent is roughly @(n?),
log X is expected to be ©(n), which is consistent with the plot of the logarithms of the maximum absolute values
of coordinates with respect to n as shown in Figure 19 when n is enough large. On the other hand, this figure
also shows that the coefficients vary depending on the shapes of maps and are larger for complex maps such as
den312d. The number of update calculations for the planning for the n-th agent is roughly estimated to be ©(n?),
so the runtime for the planning for the n-th agent is expected to be ©(n*). Thus, the total runtime for calculating
Dynnikov coordinates for the planning of n agents is expected to be ©(n*). When the number of agents is much
larger, this cost will dominate.

Figure 20 presents the runtime results from experiment (B). The runtime in Dyn increased approximately
linearly with respect to K, whereas in HR the increase was slightly steeper than linear. The difference in runtime
slope appears to stem from the fact that braid comparisons constituted the bottleneck in HR, but not in Dyn.
Figure 21 illustrates the number of braid comparisons performed and nodes created during algorithm execution'”.
Indeed, the number of nodes grew roughly linearly, while the number of comparisons exhibited a slope somewhat

10Strictly speaking, this is the result in Dyn, so the number of comparisons is not exactly the same in HR, but there is no essential difference.
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steeper than linear. Since braid comparisons are performed only for nodes on the same timed graph G4, and
the number of such timed graphs is K, one would expect the number of comparisons to grow linearly with K if
the searches were distributed evenly across the graphs. The deviation from linearity therefore suggests that the
exploration was uneven.

The results of experiments (A) and (B) confirmed that our method Dyn is clearly superior to the baseline
method HR in scalability with respect to the number of agents, and also outperforms it in scalability with respect
to the number of solutions K to be found.

6.3 Optimization Experiment

To confirm that generating multiple homotopically distinct solutions is useful for solving practical problems, we
conducted an experiment in this subsection.

We considered the multi-agent trajectory optimization problem in a continuous planar domain and used the
following strategy to solve it.

(1) We generate multiple solutions on grids.
(2) We continuously optimize the found solutions and select the best optimized trajectories.

To generate initial solutions, we ran our algorithm to produce homotopically distinct solutions, and compared
them with baseline methods.

6.3.1 Problem Setting. We consider multi-agent trajectory optimization in a continuous planar domain, where
the objective function is based on acceleration (Zucker et al. 2013). This objective function can be justified from a
practical point of view because the energy required for an agent to move and the force felt by something inside
the agent depend on its acceleration.

Let n be the number of agents. Let D C R? be the domain in which the agents can move. As in § 4, we assume
that D has the form Dy \ (O; U---UO,). Let r be the collision radius of the agents. Let d; be the distance function
from Oy for | > 0 and that from the outside boundary for I = 0. The start positions sy, ...,s, € D and goal
positions gy, . .., gn € D for all agents are given.

The goal is to find collision-free trajectories for all agents with the lowest sum of costs. The cost is defined as
the integral of the squared acceleration norm over time, which is regularized to the unit interval. In summary, we
want to find y1,...,y, : [0, 1] — D that minimize the following cost

1 1 1 dz)/i 2
- —(b)|| dt 16
2 aE (16

under the following conditions:
dy; dy;

10 =si yi(1) =t =) = Z2(1) =0, (17)
lyi() = yi(D)|l = 2r when i # j, (18)
di(yi(t) = r. (19)

6.3.2 Problem Instances. We used two small grid maps: an empty 14 X 14 map and a handmade map of the
same size with five obstacles as shown in Figure 16. We set r = V2 /4, which is the maximum radius at which no
collisions occur in grid map solutions. For each map, we generated 100 problem instances with start positions
selected at random to be distinct and similarly selected goal positions.
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6.3.3 Compared Methods. To solve the above problem instances, we first generated initial plans and then
optimized them in the way described in the next subsubsection. As a method to generate initial plans, we
compared the following three approaches:

o Ours: For each instance, we generated 100 homotopically distinct solutions with our method (K = 100).

e Optimal one (OO): We generated one optimal solution on the grid for each instance.

e Revised prioritized planning with various priority orders (PPvP): We generated 100 solutions for
each instance by revised prioritized planning with randomly selected priority orders.

The intention of comparing our strategy to OO was to confirm that generating multiple initial plans is effective.
Also, we added PPvP to the comparison to answer the question of whether it is possible to generate diversified
plans by simply generating solutions at random without homotopical consideration.

6.3.4 Optimization Method. After generating the initial solutions, we proceeded to optimize them. To do this, we
relax the collision-free conditions (18) and (19) and incorporate them into the cost function (Kasaura, Yonetani,
et al. 2023). Let yy, . . ., yn be the trajectories of the agents. The function C to be minimized is defined as

2
1 1
d Ce max - —,0p d
r+ Z/ {”Yz(t) }’j(t)” 2r } t

i#j

1 1 )?
+ch2/ {d,w,-(t)) ’?’0} a

i=1 [=0

d ;
Ctrr s ) = Y By

where c. is a penalty coefficient.
More precisely, we approximate the trajectories of the i-th agent by (L + 1) timed waypoints (p; o, 0), (pi1, 1/L),
s (pir, 1) with p;o = s; and p; 1 = g, where L = 100. The cost function is then reformulated as

J AR
C(p1,0s-- s PLL P2,0s - - -» PnL) 1=? Z Z “Pi,k+1 + Dik-1— 2Pi,k”2

. 2
ZZmax{”plk_ jk” ;0} (21)

i#j k=0
L 12
max -—=0;,
Z {dz(P KT }

i=1 [=0 k=0

n r
c

+ =
L

where p;_1 := pip and p;r+1 := pir. We solved this continuous optimization problem with the Levenberg-
Marquardt (Levenberg 1944; Marquardt 1963) algorithm implemented in gZo 1.0.0 (Kiimmerle et al. 2011). The
pik values were initialized by the initial plan on the grid. We optimized them with 10000 steps of the Levenberg-
Marquardt algorithm. The collision-penalty constant c. was initially set to 10° and multiplied by 1.001 after every
optimization step.

6.3.5 Results and Discussion. In Figure 22, for each value of N =1, ..., 100 on the x-axis, the curve labeled Ours
and the curve labeled PPvP represent the cost of the best plan obtained from optimizing the first N initial plans,
averaged over 100 instances. The line labeled OO represents the cost of optimization of the optimal plan on the
grid, also averaged over 100 instances. Figure 23 shows the winning rates. For each method, the curve represents
the percentage of instances where the best plan among the first N plans of all methods is generated by it, where
N =1,...,100. If costs are the same, the instance is counted for both methods.
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Fig. 22. For Ours and PPvP, curves represent minimum cost of plans after optimization among first N generated plans,
averaged over 100 instances, with respect to N. Bar for OO represents the cost after optimization, averaged over 100 instances.
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Fig. 23. For each method, curves show rate of instances in which the best of the first N plans generated by it wins over that
of other methods, with respect to N. Colored areas represent standard errors.

In the empty map, OO tended to produce the best trajectories when only a few initial solutions were considered.
Notably, OO was not the best even at N = 1 in the map with obstacles. This may be because reducing costs by
making clever moves on narrow parts of the grid would make the optimized trajectories worse.

For both maps, Ours tended to produce better solutions than PPvP in terms of both average cost and winning
rate. The difference was larger for the empty map than for the map with obstacles.

To confirm that homotopical diversity of initial plans contributed to the minimum cost, we counted the number
of homotopically distinct solutions generated with PPvP for each instance. The distribution is shown in Figure 24
as histograms. The results indicate that PPvP generated few homotopies, particularly on the empty map. This
is expected given the lack of homotopy divergence due to obstacles on the empty map. The difference in the
homotopical diversity of the plans generated by PPvP between maps is thought to be responsible for the difference
in results after optimization. Thus, homotopical diversity is actually important for avoiding local optima and
obtaining global optima. Our method is particularly effective on maps with few obstacles, where it is difficult to
generate homotopically distinct plans naively.
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Fig. 24. Histogram of the number of homotopy classes present in 100 solutions generated with PPvP, for 100 instances.
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Fig. 25. Example scenarios in which homotopy depends on order in which agents pass through the narrow part.

7 Conclusion and Future Work

We proposed a practical method for multi-agent path planning in planar domains with obstacles. We used
Dynnikov coordinates and revised prioritized planning to efficiently generate homotopically distinct plans. Our
experimental results indicate that our method is significantly faster than the method using the Dehornoy order.
We also conducted an experiment to optimize the generated plans and compared them with those generated with
baseline methods. The results indicated that generating homotopically distinct plans using our method led to
an improvement in optimized plans. This showcases the effectiveness of our approach in achieving lower-cost
trajectories for multi-agent path planning.

One of the main limitations of our approach is that it cannot consider the homotopical differences that arise
only when both sizes of agents and obstacles are taken into account. In scenarios where several agents need to
pass through a narrow part where only one agent can pass at a time, homotopy classes of solutions can split,
depending on the order in which the agents pass through the narrow section. Figure 25 illustrates such a situation,
where the homotopy classes of solutions depend on whether the first agent goes through the narrow section
earlier or the second agent does. This phenomenon does not occur when the size of agents can be ignored, as
assumed with our approach. There is a computational-geometric difficulty when computing these differences.

Another limitation is the abandonment of optimality. While simple A* search is workable, it becomes impractical
for larger problem instances (Stern 2019). To improve efficiency without sacrificing optimality, it may be possible
to combine our framework with efficient optimal approaches. To calculate braids while searching, it is required
to determine the moves of all agents. This makes it challenging to use conflict-based search, where agent paths
are planned independently in its low-level search. On the other hand, increasing-cost tree search could be a more
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suitable candidate since it takes into account combinations of all agent paths in its low-level search. Another
non-trivial challenge is to make reduction-based methods homotopy-aware.

A potential extension of our research involves exploring decentralized control strategies. Specifically, it may
be possible to achieve effective coordination among agents with minimal communication by conveying only
braids to other agents.
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A On Presentations of Pure Braid Groups

Bhattacharya and Ghrist (2018) gave a presentation of a homotopy group for path planning with n agents on a
plane, which is a pure braid group P,,, with the following generators:

{ui,j/)/i+1,...,)/j_1|1 S l < .] S n: Yi+1; .. -:Yj—l € {+’ _}} . (22)
The relations are as follows.
e Fori<j<k ap,....,aj-1 € {+ -}, and Bj41,..., Pr—1 € {+ -},
Uijlotistsnttjor " Yik/isrsentjmt,=BietnnBi—1 * Wik/BjstseaPro

u—l . u—l . u—l
5,/ Cit1sen@jo1 Lk/is1sen@j 1t Bt -1 k] Bittses i1’

Ui jlaietsnttjor " Wik ) @iitseos@jmt, = Bstse i1
-1 - (24)

Lj/@it1semtj—1 Lk/Qit1sentj1,+Bistses P’

and
Uik/istse@jmt,=BjrtseoBi-1 ~ Wik ] BjtseePr-1
. u_l . u_l (25)
Lk/@isten@jt, s firtseio1 Gk BisteeaPro1”
e Let i, j,i’, j’ be distinct indices with i < j, i’ < j’, i <i’.Let yiy1,...,yj-1 € {+ —} and ylf,ﬂ,...,yj’.,_l €

{+,—} be signs. When i < i’ < j < j’, we assume that y; # yJ’. and (yk, y;) # (=yi.yr) foralli’ <k < j.
When i < i’ < j' < j, we assume that yy =y and (yk,y;) # (—yw,yr) forall i’ <k < j’. For such tuples,

-1 -1
Ui j[Yistseenjm1 uz’,]’/ylf,ﬂ,..,,y},ﬂ uisj/)’i+1su-,)/j—1 ui'aj’/)’;/Jrl""’y}r,l' (26)

The description in the original paper is incomplete as it omits the condition for the relation (26).
We consider the word

_ -1 -1 -1
W= Uyg)—_Upa/-Us gl gy, Uy g s g (27)
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which is irreducible when using Dehn’s algorithm. On the other hand,

_ -1 -1 -1
W= Upg/-Urg/+-Usaly 4y Uy gy Us g

-1 -1
= Uz a/-Usaly ) Usy

) ,4/+73, (28)
= U3 4Usy
= e,

where the first, second, and third equalities are deduced from (25) with (i, j, k) = (1,2,4), (1,3,4), and (2, 3,4),
respectively. Thus, Dehn’s algorithm is incomplete for this presentation when n > 4.

The pure braid group P, has a standard presentation (Rolfsen 2010) using generators {ai’ j|1 <i<j< n} with
notation (12) and the following relations.

eFor1<i<j<k<n,

-1 -1 -1
i j i@k ;A Gy s (29)
and
-1 -1 -1
Ak )i jq; ;O k- (30)
eFor1<i<j<k<l<n,
-1 -1
@i,j k105 j Ay | (31)
-1 -1
ai13jk4; | aj’ks (32)
and
aika;ixa;a; ata;a;lar} (33)
kGGl G GjkGi 1% ke
Let 4
_ din | dj-1 o —dj-1 o —dig
Ui jloist,noj1 = @iy " Ay 130,j45 71 Qi+l (34)
where dy = 1if oy = +, and dx = 0 if ox = —. Then, the relations for {u; j/s,,,....o;, } can be deduced from the

relations for {g; ;} and vice versa. Therefore, we can translate words from Bhattacharya and Ghrist’s presentation
to words for the standard presentation. However, this translation increases the lengths of words by a factor of
O(n). On the other hand, lengths of words constructed by Bhattacharya and Ghrist’s method are equal to those
of words constructed by the method in § 5.3. To the best of our knowledge, there is no algorithm for the word
problem of the pure braid group that is efficient enough to compensate for these drawbacks. This is why we use
elements of the braid group to label homotopy classes, instead of those of the pure braid group.

B Proof of Proposition 4

The map from C,4+,(R?) to C,(R?), which sends (p1,...,pr+n) to (p1,...,pr), is a fiber bundle (Fadell and
Neuwirth 1962), and the fiber at (o, .. ., 0,) is the image of the embedding (8). Thus, the following exact sequence
of homotopy groups is induced:

13 (Cr(R?) = 1y (Ca(R*\ {01,...,0,})) = 71 (Cren(R?)), (35)

where 7, (C,(R?)) is the second homotopy group of C,(R?) (Hatcher 2002). Moreover, 7, (C, (R?)) is trivial (Knud-
sen 2018).
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