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Consider the scenario where multiple agents have to move in an optimal way through a network, each one towards their
ending position while avoiding collisions. By optimal, we mean as fast as possible, which is evaluated by a measure known as
the makespan of the proposed solution. This is the setting studied in the Multiagent Path Finding problem. In this work, we
additionally provide the agents with a way to communicate with each other. Due to size constraints, it is reasonable to assume
that the range of communication of each agent will be limited. What should be the trajectories of the agents to, additionally,
maintain a backbone of communication? In this work, we study the Multiagent Path Finding with Communication
Constraints problem under the parameterized complexity framework.

Our main contribution is three exact algorithms that are efficient when considering particular structures for the input
network. We provide such algorithms for the case when the communication range and the number of agents (the makespan
resp.) are provided in the input and the network has a tree topology, or bounded maximum degree (has a tree-like topology, i.e.,
bounded treewidth resp.). We complement these results by showing that it is highly unlikely to construct efficient algorithms
when considering the number of agents as part of the input, even if the makespan is 3 and the communication range is 1.
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1 Introduction
The Multiagent Path Finding (MAPF for short) problem is a well-known challenge in the field of planning and
coordination. It involves navigating multiple agents through a topological space, often modeled as an undirected
graph, to reach their respective destinations. In many real-world scenarios, additional constraints on the agents’
movements are required. One such constraint is the communication constraint, which requires agents to maintain
a connected set of vertices in a communication graph as they move; this is then the Multiagent Path Finding
with Communication Constraints (MAPFCC for short) problem. This requirement can arise, for example,
from the need to constantly communicate with a human operator Amigoni et al. (2017). Sometimes, only a
periodic connection might be sufficient Hollinger and Singh (2012). On the other hand, applications in a video
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game movement of agents Snape et al. (2012) should require near-connectivity, since we want the group of virtual
soldiers to move in a mob.

It should also be noted that the communication constraints we consider are born as a natural first step towards
further understanding and providing new insights into solving the MAPF problem in the distributed setting. We
believe that such a setting, where each agent needs to do some local computation taking into account only a
partial view of the network and the subset of the other agents that are within its communication range, is rather
natural and worth investigating. Such a framework is particularly well-suited for exploring the emergence of
swarm intelligence through agent cooperation.
The complexity of the Multiagent Path Finding problem increases significantly when the movement and

communication graphs are independent of each other. In fact, under these conditions, the problem is PSPACE-
complete Tateo et al. (2018). This raises a natural question: Is the problems’ complexity equally severe when
the movement and communication graphs are related? For instance, if we assume that communication among
agents occurs within the same space they are navigating, it is reasonable to model the communication graph as
identical to the movement graph. Alternatively, we could consider scenarios where the communication graph is a
derivative of the movement graph, such as its third power, allowing agents to communicate over a distance of
three edges in the original graph. However, the problem stays PSPACE-complete even if the agents move in a
subgraph of a 3D grid and the communication is based on radius Calviac et al. (2023). We refer the reader to the
next section for the formal definitions.
Both Multiagent Path Finding and Multiagent Path Finding with Communication Constraints

problems are systematically studied; most researchers deal with the hardness using specific algorithms or
heuristics. The most popular approaches to find optimal solutions are using the A* algorithm (e.g. Sharon
et al. (2015, 2013)) or ILP solvers (e.g. Yu and LaValle (2013)). Another popular line of research used the Picat
language Zhou et al. (2015); Barták et al. (2017). A wide range of heuristics is commonly used, such as those based
on local search (WHCA*, ECBS), SAT solvers (e.g. Surynek et al. (2022)), or reinforcement learning (e.g. Gupta
et al. (2017)) to name just a few. The WHCA* (Windowed Hierarchical Cooperative A*) approach was described
and analyzed by Silver Silver (2005); Korf (1990). The ECBS (Enhanced Conflict-Based Search) approach was
used by Barer et al. (2014); similarly for the Improved CBS Boyarski et al. (2015). For more related references, the
reader might visit some of the more recent surveys on this subfield Felner et al. (2017); Surynek (2022); Stern et al.
(2019).

Since our paper deals with Multiagent Path Finding with Communication Constraints from a theoretical
point of view, we are mostly interested in the computational complexity study of it. The study of similar-nature
problems started long ago Wilson (1974); Kornhauser et al. (1984); Goldreich (2011) and was mostly related to
puzzle games. Many of these games were shown to be PSPACE-complete Hearn and Demaine (2005). Surynek
(2010) provided a direct proof that Multiagent Path Finding is NP-hard. We stress here that the most “direct”
argument for NP-membership (i.e., by providing a solution) does not often work for MAPFCC-alike problems
since some agents might need to revisit some vertices in every optimal solution. Consequently, solutions that
minimize the makespan may require superpolynomial time. Last but not least, Eiben et al. (2023); Fioravantes
et al. (2024) studied the parameterized complexity of MAPF and provided initial results for tree-like topology 𝐺 .

Our Contributions. We study the complexity of the MAPFCC problem from the viewpoint of parameterized
algorithms Downey and Fellows (2012). As the main parameter, we select the number of agents 𝑘 and prove that
MAPFCC is W[1]-hard even if the makespan ℓ is 3, and the communication range 𝑑 is 1 (on the input graph); see
Theorem 1. In particular, this means that any single parameter among 𝑘 , ℓ and/or 𝑑 is highly unlikely to lead to
an FPT(fixed-parameter tractable) algorithm. The same holds true for the combined parameters 𝑘 + 𝑑 , 𝑘 + ℓ , ℓ + 𝑑
and 𝑘 + 𝑑 + ℓ . We contrast this extremely negative result with algorithms that manage to escape its hardness.
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We show that if we parameterize jointly by the number of agents, the maximum degree of the input graph,
and the communication range, then the size of the configuration network is bounded by a function of these
parameters (Theorem 2). Therefore, the problem is in FPT and so is the size of the configuration network that is
often used in the A*-based approaches to MAPF. Next, we show that if the input graph 𝐺 is a tree, we can obtain
an FPT algorithm with respect to the number of agents plus the communication range (Theorem 3). Intuitively,
the idea is to use the communication range to prune the input tree and invoke Theorem 2.

It is natural to try to leverage the algorithms from trees to graph families that have bounded treewidth. We do
this for a slightly different combination of parameters. That is, MAPF is FPT for the combination of the treewidth
of the graph𝐺 , makespan, and the communication range (Theorem 4). This result is achieved by bounding the
treewidth of the so-called augmented graph—introduced by Ganian et al. (2021)—which adds edges between
the start and end vertices of each agent. We then formulate MAPF using a Monadic Second Order (MSO) logic
formula which can be decided by the result of Courcelle (1990).

This result not only highlights the structure of the augmented graph, which could be of independent interest
in future research, but also suggests the potential utility of generic MSO solvers (e.g., Langer (2013); Bannach and
Berndt (2019); Hecher (2023)) for practical applications. Moreover, by parameterizing with the number of agents,
we extend our results to scenarios based on the local treewidth rather than the global treewidth (Corollary 2).
Despite this being a rather technical parameter, it does lead to pertinent results. For example, we obtain an FPT
algorithm for planar graphs with respect to the number of agents, makespan, and the communication range
(Corollary 3). We stress here that many minor-closed graph classes have a bounded local treewidth; the class of
planar graphs is just a single representative. Note that this is in contrast to Theorem 1 as the parameterization is
the same and the only difference is the graph class.

2 Preliminaries
Formally, the input of the Multiagent Path Finding problem consists of a graph 𝐺 = (𝑉 , 𝐸), a set of agents 𝐴,
two functions 𝑠0 : 𝐴 → 𝑉 , 𝑡 : 𝐴 → 𝑉 and a positive integer ℓ , known as the makespan. The functions 𝑠0 and
𝑡 serve as the starting and target vertices of the agents, respectively. For any pair 𝑎, 𝑏 ∈ 𝐴 where 𝑎 ≠ 𝑏, we
have that 𝑠0 (𝑎) ≠ 𝑠0 (𝑏) and 𝑡 (𝑎) ≠ 𝑡 (𝑏). Initially, each agent 𝑎 ∈ 𝐴 is placed on the vertex 𝑠0 (𝑎). The schedule
𝑠0, 𝑠1, . . . , 𝑠𝜇 assigns each agent a vertex in the given turn 𝑖 ∈ [𝜇]. In a specific turn, agents are allowed to move to
a vertex neighboring their position in the previous turn, but are not obliged to do so. The agents can make at
most one move per turn, and each vertex can host at most one agent at a given turn. The position of the agents
at the end of the turn 𝑖 (after the agents have moved) is given by an injective function 𝑠𝑖 : 𝐴 → 𝑉 . It is worth
mentioning that there are two main variants of the classical Multiagent Path Finding problem, according to
whether swaps are allowed or not. A swap between two agents 𝑎 and 𝑏 during a turn 𝑖 is defined as the behavior
where 𝑠𝑖+1 (𝑎) = 𝑠𝑖 (𝑏) and 𝑠𝑖+1 (𝑏) = 𝑠𝑖 (𝑎), with 𝑠𝑖 (𝑎) and 𝑠𝑖 (𝑏) being adjacent. In other words, a swap happens
when two agents start from adjacent positions and exchange them within one turn.

In this paper, we consider the Multiagent Path Finding with Communication Constraints (MAPFCC for
short) problem. In this generalization of the classical Multiagent Path Finding problem, each agent has the
ability to communicate with other agents that are located within his communication range, and it must always be
ensured that there is a subset of agents that form a backbone ensuring the communication between all pairs of
agents. This communication range is modeled by an integer 𝑑 that is additionally part of the input.
In order to define what is a feasible solution for the connected variant, we first need to define an auxiliary

graph 𝐷 ; let us call this the communication graph. First, we set𝑉 (𝐷) = 𝑉 (𝐺). Then, for every pair 𝑢, 𝑣 ∈ 𝑉 (𝐷) we
add an edge in 𝐷 if and only if dist𝐺 (𝑢, 𝑣) ≤ 𝑑 . We say that a vertex set𝑊 ⊆ 𝑉 (𝐺) is 𝑑-connected if the induced
subgraph 𝐷 [𝑊 ] is connected. We say that a sequence 𝑠1, . . . , 𝑠𝜇 is a feasible solution of ⟨𝐺,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ if:
(1) 𝑠𝑖 (𝑎) is a neighbor of 𝑠𝑖−1 (𝑎) in 𝐺 , for every agent 𝑎 ∈ 𝐴, 𝑖 ∈ [𝜇],
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(a) The initial configuration. (b) Turn 1. (c) Turn 3.

(d) Turn 6. (e) Turn 8. (f) Turn 9.

Fig. 1. An example of a feasible solution for the instance encoded in subfigure (a), for a communication constraint of 𝑑 = 1.
The colors on the agents and the vertices are used to encode the terminal vertex of each agent. Observe also that if each
agent followed their optimal path to reach their terminal (the horizontal path on which they start), we would have a schedule
of length 2, but this would not be a feasible solution, as the communication constraint would not be respected during the
first and second turns.

(2) for all 𝑖 ∈ [𝜇] and 𝑎, 𝑏 ∈ 𝐴 where 𝑎 ≠ 𝑏, we have that 𝑠𝑖 (𝑎) ≠ 𝑠𝑖 (𝑏),
(3) the vertex set {𝑠𝑖 (𝑎) | 𝑎 ∈ 𝐴} is 𝑑-connected, for every 𝑖 ∈ [𝜇], and
(4) for every agent 𝑎 ∈ 𝐴, we have 𝑠𝜇 (𝑎) = 𝑡 (𝑎).
Moreover, we do not allow swaps. For ease of exposition, we will refer to the condition (3) above as the

communication constraint. A feasible solution 𝑠1, . . . , 𝑠𝜇 has makespan 𝜇. Our goal is to decide if there exists a
feasible solution of makespan 𝜇 ≤ ℓ . Fig. 1 illustrates an example of a feasible solution.

Parametrized Complexity. The parametrized complexity point of view allows us to overcome the limitations of
classical measures of time (and space) complexity, by taking into account additional measures that can affect the
running time of an algorithm; these additional measures are exactly what we refer to as parameters. The goal
here is to construct exact algorithms that run in time 𝑓 (𝑘) · poly(𝑛), where 𝑓 is a computable function, 𝑛 is the
size of the input and 𝑘 is the parameter. Algorithms with such running times are referred to as fixed-parameter
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𝑢1

𝑢2 𝑢3

𝑢4

𝑢5

𝑢6
𝑢7

𝑢8 𝑢9

𝑢10

𝑢11

(a) The graph 𝐺 (b) Assigning the vertices of𝐺 to bags
of size at most 3

𝑢1, 𝑢2, 𝑢4 𝑢3, 𝑢4

𝑢4, 𝑢5,𝑢7

𝑢5, 𝑢6,𝑢7

𝑢7, 𝑢8

𝑢7, 𝑢9, 𝑢10

𝑢10, 𝑢11

(c) A tree-decomposition T of
𝐺 of width 2

Fig. 2. Illustration of a tree-decomposition. Every edge of 𝐺 appears in at least one node of T . For every vertex of 𝐺 (e.g. 𝑢7),
the nodes that contain that vertex form a tree of T . This decomposition is of width 2 as its largest bag is of order 3.

tractable (FPT). A problem admitting such an algorithm belongs to the class FPT. Similar to classical complexity
theory, there is also a notion of infeasibility. A problem is presumably not in FPT if it is shown to be W[1]-hard
(by a parameterized reduction). We refer the interested reader to now classical monographs Cygan et al. (2015);
Niedermeier (2006); Flum and Grohe (2006); Downey and Fellows (2012) for a more comprehensive introduction
to this topic.

Structural Parameters and Logic. The main structural parameter that interests us in this work is that of
treewidth.A tree-decomposition of 𝐺 is a pair (T , 𝛽), where T is a tree, 𝛽 : 𝑉 (T ) → 2𝑉 is a function assigning
each node 𝑥 of T its bag, and the following conditions hold:

• for every edge {𝑢, 𝑣} ∈ 𝐸 (𝐺) there is a node 𝑥 ∈ 𝑉 (T ) such that 𝑢, 𝑣 ∈ 𝛽 (𝑥), and
• for every vertex 𝑣 ∈ 𝑉 , the set of nodes 𝑥 with 𝑣 ∈ 𝛽 (𝑥) induces a connected subtree of T .

The width of a tree-decomposition (T , 𝛽) is max𝑥∈𝑉 (T) |𝛽 (𝑥) | − 1, and the treewidth tw(𝐺) of a graph 𝐺 is the
minimum width of a tree-decomposition of 𝐺 . In Figure 2 we illustrate an example of the above notions.
It is known that computing a tree-decomposition of minimum width NP-hard Arnborg et al. (1987), but it is

fixed-parameter tractable when parameterized by the treewidth Kloks (1994); Bodlaender (1996), and even more
efficient algorithms exist for obtaining near-optimal tree-decompositions Korhonen and Lokshtanov (2023).
In our work, we make use of the celebrated Courcelle Theorem Courcelle (1990), stating that any problem

that is expressible by a monadic second-order formula can be solved in FPT-time parameterized by the treewidth
of 𝐺 .MSO logic is an extension of first-order logic, distinguished by the introduction of set variables (denoted
by uppercase letters) that represent sets of domain elements, in contrast to individual variables (denoted by
lowercase letters), which represent single elements. Specifically, we utilizeMSO2, a variant of MSO logic that
allows quantification over both the vertices and edges. This extension enables us to address a broader class
of problems. More generally, Courcelle’s algorithm extends to the case when both the graph𝐺 and theMSO2
language are enriched with finitely many vertex and edge labels.
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3 The Problem is Very Hard
In this section, we will prove the following theorem.

Theorem 1. The Multiagent Path Finding with Communication Constraints problem is W[1]-hard param-

eterized by the number of agents, even for ℓ = 3 and 𝑑 = 1.
Proof. The reduction is from the 𝑘-Multicolored Cliqe (𝑘-MCC for short) problem. This problem takes as

input a graph 𝐻 = (𝑉 , 𝐸), whose vertex set𝑉 is partitioned into the 𝑘 independent sets 𝑆1, . . . , 𝑆𝑘 . The question is
whether there exists a clique on 𝑘 vertices as a subgraph of 𝐻 . Observe that if such a clique does exist, then it
contains a unique vertex from 𝑆𝑖 , for each 𝑖 ∈ [𝑘]. This problem was shown to beW[1]-hard in Pietrzak (2003).

Starting from an input of the 𝑘-MCC problem, consisting of a graph 𝐻 whose vertex set is partitioned into sets
𝑆1, . . . , 𝑆𝑘 , we will construct an instance 𝐼 = ⟨𝐺,𝐴, 𝑠0, 𝑡, 1, 3⟩ of MAPFCC such that 𝐼 is a yes-instance if and only
if 𝐻 contains a clique on 𝑘 vertices.

The construction of 𝐺 . First, we describe the two gadgets that will serve as the building blocks of 𝐺 . For each
𝑖 ∈ [𝑘], let 𝑆𝑖 = {𝑣𝑖1, . . . , 𝑣𝑖𝑛}; we build the𝑉𝑖 gadget as follows (see Fig. 3). We begin with 𝑛 paths with 𝑘−1 vertices
each, each corresponding to a vertex of 𝑆𝑖 . So, for each 𝑝 ∈ [𝑛], we have the path 𝑃𝑖𝑝 = 𝑣𝑖𝑝,1𝑣

𝑖
𝑝,2 . . . 𝑣

𝑖
𝑝,𝑖−1𝑣

𝑖
𝑝,𝑖+1 . . . 𝑣

𝑖
𝑝,𝑘

,
which excludes the vertex 𝑣𝑖𝑝,𝑖 . We then add the new path 𝑎𝑖1 . . . 𝑎

𝑖
𝑖−1𝑎

𝑖
𝑖+1 . . . 𝑎

𝑖
𝑘
and, for each 𝑝 ∈ [𝑛], we add the

edge 𝑎𝑖𝑗𝑣𝑖𝑝,𝑗 , for each 𝑗 ∈ [𝑘] \ 𝑖 . We say that the vertices 𝑣𝑖𝑝,1 and 𝑣𝑖𝑝,𝑘 , for every 𝑝 ∈ [𝑛] are the top and bottom

vertices of the 𝑉𝑖 gadget, respectively (if 𝑖 = 1 or 𝑖 = 𝑘 we adapt accordingly). Next, for each 𝑙,𝑚 ∈ [𝑘] with
𝑙 < 𝑚, we build the 𝐸𝑙,𝑚 gadget. This gadget consists of a forest of edges, each corresponding to an edge between
the vertices of 𝑆𝑙 and 𝑆𝑚 in 𝐻 . That is, there exist vertices 𝑢𝑙,𝑚𝑝 and 𝑢𝑚,𝑙

𝑞 in 𝐸𝑙,𝑚 such that 𝑢𝑙,𝑚𝑝 𝑢
𝑚,𝑙
𝑞 ∈ 𝐸 (𝐸𝑙,𝑚) if

and only if there exist vertices 𝑣𝑙𝑝 ∈ 𝑆𝑙 and 𝑣𝑚𝑞 ∈ 𝑆𝑚 such that 𝑣𝑙𝑝𝑣𝑚𝑞 ∈ 𝐸 (𝐻 ). We say that 𝑢𝑙,𝑚𝑝 and 𝑢𝑚,𝑙
𝑞 , for every

𝑝, 𝑞 ∈ [𝑛], are the top and bottom, respectively, vertices of 𝐸𝑙,𝑚 . Note that 𝐸𝑙,𝑚 contains at most 𝑂 (𝑛2) vertices.
Moreover, since 𝑙 < 𝑚, we have

(
𝑘
2
)
such gadgets in total. This finishes the construction of the two gadgets we

use.
We are now ready to construct the graph𝐺 . We start with a copy of the 𝑉𝑖 gadget for each 𝑖 ∈ [𝑘] and a copy

of the 𝐸𝑙,𝑚 gadget for each 𝑙,𝑚 ∈ [𝑘] with 𝑙 < 𝑚. For each 𝑖 ∈ [𝑘 − 1], we add all the edges between the bottom
vertices of 𝑉𝑖 and the top vertices of 𝑉𝑖+1, as well as the edge 𝑎𝑖𝑘𝑎

𝑖+1
1 . Then, we connect the 𝑉𝑖 gadgets with the

𝐸𝑙,𝑚 gadgets as follows (illustrated in Fig. 4). For every 𝑙,𝑚 ∈ [𝑘] with 𝑙 < 𝑚 and 𝑝, 𝑞 ∈ [𝑛], for every 𝑢𝑙,𝑚𝑝 ∈ 𝐸𝑙,𝑚

and 𝑢𝑚,𝑙
𝑞 ∈ 𝐸𝑙,𝑚 , we connect 𝑢𝑙,𝑚𝑝 with 𝑣𝑙𝑝,𝑚 and 𝑢𝑚,𝑙

𝑞 with 𝑣𝑚
𝑞,𝑙
. Next, for every 𝑙,𝑚 ∈ [𝑘 − 1] with 𝑙 < 𝑚, we add

all the edges between the bottom vertices of 𝐸𝑙,𝑚 and the top vertices of 𝐸𝑙,𝑚+1 as well as all the edges between
the bottom vertices of 𝐸𝑙,𝑘 and the top vertices of 𝐸𝑙+1,𝑙+2. Then we add the clique 𝑄 with the 𝑘 (𝑘 − 1) vertices
{𝑡𝑖𝑗 : 𝑖 ∈ [𝑘] and 𝑗 ∈ [𝑘] \ {𝑖}}, and we connect all the vertices of every 𝐸𝑙,𝑚 gadget to all the vertices of 𝑄 .
To finalize the construction of the instance 𝐼 , we need to specify the set of agents, as well as the functions 𝑠0

and 𝑡 and the value of ℓ . For the set of agents, let 𝐴 =

{
𝛼𝑖𝑗 : 𝑖 ∈ [𝑘] and 𝑗 ∈ [𝑘] \ {𝑖}

}
. Then, for any 𝑖 ∈ [𝑘] and

𝑗 ∈ [𝑘] \ {𝑖}, let 𝑠0 (𝛼𝑖𝑗 ) = 𝑎𝑖𝑗 and 𝑡 (𝛼𝑖𝑗 ) = 𝑡𝑖𝑗 . Finally, we set ℓ = 3. Intuitively, these are chosen so that the agents
are obliged to move towards their goals in every turn, thus excluding the possibility for them to wait at any vertex
at any given turn. Since we manage to show that the problem is hard even in this situation where the behavior of
the agents is “manageable”, the same holds true in the more general case. This finishes the construction of the
instance 𝐼 .

Before we move on with the reduction, we present some important observations. Observe first that the starting
position of each agent is at a distance exactly 3 from their target position. Since in 𝐼 we have ℓ = 3, it follows
that any feasible solution of 𝐼 will have makespan exactly 3 and will be such that 𝑠1 (𝛼𝑖𝑗 ) ∈ 𝑃𝑖𝑝 , for some 𝑝 ∈ [𝑛],
𝑠2 (𝛼𝑖𝑗 ) ∈ 𝐸𝑙,𝑚 , for some 𝑙,𝑚 ∈ [𝑘] with 𝑙 < 𝑚, and 𝑠3 (𝛼𝑖𝑗 ) = 𝑡𝑖𝑗 , for every 𝑖 ∈ [𝑘] and 𝑗 ∈ [𝑘] \ {𝑖}. Also, observe
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𝑎𝑖1

𝑎𝑖2

𝑎𝑖𝑖−1

𝑎𝑖𝑖+1

𝑎𝑖
𝑘

𝑣𝑖1,1

𝑣𝑖1,2

𝑣𝑖1,𝑖−1

𝑣𝑖1,𝑖+1

𝑣𝑖1,𝑘

𝑣𝑖2,1

𝑣𝑖2,2

𝑣𝑖2,𝑖−1

𝑣𝑖2,𝑖+1

𝑣𝑖2,𝑘

𝑣𝑖𝑛,1

𝑣𝑖𝑛,2

𝑣𝑖𝑛,𝑖−1

𝑣𝑖𝑛,𝑖+1

𝑣𝑖
𝑛,𝑘

. . .

Fig. 3. The𝑉𝑖 gadget, for any 𝑖 ∈ [𝑘], used in the proof of Theorem 1. The color gray (black resp.) is used to represent the top
(bottom resp.) vertices of the gadget.

that in any feasible solution of 𝐼 , we have that for every 𝑖 ∈ [𝑘] there exists a unique 𝑝 ∈ [𝑛] such that 𝑠1 (𝛼𝑖𝑗 ) ∈ 𝑃𝑖𝑝
for every 𝑗 ∈ [𝑘] \ {𝑖}. In fact, assume that 𝑠1 is such that there exist 𝑗 < 𝑗 ′ ∈ [𝑘] \ {𝑖} and 𝑝 < 𝑝′ ∈ [𝑛] with
𝑣1 = 𝑠1 (𝛼𝑖𝑗 ) ∈ 𝑃𝑖𝑝 and 𝑣2 = 𝑠1 (𝛼𝑖𝑗 ′ ) ∈ 𝑃𝑖

𝑝′ . Then dist𝐺 (𝑣1, 𝑣2) ≥ 2. Since 𝑑 = 1 and 𝐼 is assumed to be feasible,
we have that the positions of the agents during 𝑠1 induce a path of 𝐺 that connects 𝑣1 and 𝑣2. By 𝑠0 and the
construction of 𝐺 , this path must necessarily include a vertex 𝑎𝑖𝑗 for some 𝑗 ∈ [𝑘] \ {𝑖}; that is, there exists an
𝛼 ∈ 𝐴 such that 𝑠1 (𝛼) = 𝑎𝑖𝑗 . This is a contradiction to the makespan of the solution.

The reduction. We start by assuming that 𝐼 is a yes-instance of MAPFCC and let 𝑠1, 𝑠2, 𝑠3 be a feasible solution
of 𝐼 . It follows from the previous observations that for every 𝑖 ∈ [𝑘] there exists a unique 𝑝 ∈ [𝑛] such that
𝑠1 (𝛼𝑖𝑗 ) ∈ 𝑃𝑖𝑝 for every 𝑗 ∈ [𝑘] \ {𝑖}; let us denote this 𝑝 by 𝑝 (𝑖). Consider now the vertices 𝑣𝑖

𝑝 (𝑖 ) , for every 𝑖 ∈ [𝑘],
of 𝐻 . We claim that the subgraph of 𝐻 that is induced by these vertices is a clique on 𝑘 vertices. Indeed, assume
that there are two indices 𝑖 < 𝑖′ ∈ [𝑘] such that 𝑣𝑖

𝑝 (𝑖 )𝑣
𝑖′

𝑝 (𝑖′ ) ∉ 𝐸 (𝐻 ). Consider now the vertices 𝑣𝑖
𝑝 (𝑖 ),𝑝 (𝑖′ ) and

𝑣𝑖
′

𝑝 (𝑖′ ),𝑝 (𝑖 ) of 𝑉𝑖 and 𝑉𝑖′ respectively. By the definition of 𝑝 (𝑖) and 𝑝 (𝑖′), we have that both of these vertices are
occupied by an agent, say 𝛼 and 𝛽 respectively, during the turn 𝑠1. Since 𝑠1, 𝑠2, 𝑠3 is a feasible solution of 𝐼 , and by
the construction of 𝐺 , we have that 𝑠2 (𝛼) and 𝑠2 (𝛽) belong to 𝐸𝑖,𝑖′ . In particular, we have that 𝑠2 (𝛼) = 𝑢

𝑖,𝑝 (𝑖′ )
𝑝 (𝑖 ) and

𝑠2 (𝛽) = 𝑢
𝑖′,𝑝 (𝑖 )
𝑝 (𝑖′ ) . This is a contradiction since, by its construction, the 𝐸𝑖,𝑖′ gadget does not include these vertices

since 𝑣𝑖
𝑝 (𝑖 )𝑣

𝑖′

𝑝 (𝑖′ ) ∉ 𝐸 (𝐻 ).
For the reverse direction, we assume that 𝐻 is a yes-instance of 𝑘-MCC. That is, for each 𝑖 ∈ [𝑘], there exists a

𝑝 (𝑖) ∈ [𝑛] such that the vertices {𝑣𝑖
𝑝 (𝑖 ) : 𝑖 ∈ [𝑘]} form a clique of 𝐻 . For each 𝑖 ∈ [𝑘] and 𝑗 ∈ [𝑘] \ {𝑖}:
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𝑣12,𝑘

. . .

. . .

. . .𝑣12,𝑘

𝑉1

𝑣𝑘1,1 . . .

. . .

. . .

𝑣𝑘1,1

...

𝑉𝑘

𝑢
1,𝑘
2

𝑢
𝑘,1
1

. . . 𝐸1,𝑘

Fig. 4. An example of the connection between the 𝑉𝑖 and the 𝐸𝑙,𝑚 gadgets used in the proof of Theorem 1. The edge 𝑢1,𝑘2 𝑢
𝑘,1
1

of 𝐸1,𝑘 represents the edge 𝑣12𝑣
𝑘
1 of𝐻 , where 𝑣12 ∈ 𝑆1 and 𝑣𝑘1 ∈ 𝑆𝑘 . The dotted edges are used to represent the edges connecting

the vertices between the corresponding gadgets.

(1) We set 𝑠1 (𝛼𝑖𝑗 ) = 𝑣𝑖
𝑝 (𝑖 ), 𝑗 . Clearly, 𝑠0 (𝛼

𝑖
𝑗 ) is a neighbor of 𝑠1 (𝛼𝑖𝑗 ). Moreover, since 𝑣𝑖

𝑝 (𝑖 ),𝑘 is connected to 𝑣
𝑖+1
𝑝 (𝑖+1),1

for every 𝑖 ∈ [𝑘 − 1], we have that the communication constraint is respected within 𝑠1.
(2) Next, we set 𝑠2 (𝛼𝑖𝑗 ) = 𝑢

𝑖, 𝑗

𝑝 (𝑖 ) . Observe that for each 𝑖 ∈ [𝑘] and 𝑗 ∈ [𝑘] \ {𝑖}, we have that 𝑣𝑖
𝑝 (𝑖 ), 𝑗 is a neighbor

of 𝑢𝑖, 𝑗
𝑝 (𝑖 ) by the construction of 𝐺 and because the vertices {𝑣𝑖

𝑝 (𝑖 ) : 𝑖 ∈ [𝑘]} form a clique of 𝐻 . By the same
arguments, and by the connectivity between the 𝐸𝑙,𝑚 gadgets, we have that the connectivity constraint is
also respected within 𝑠2.

(3) Finally, we set 𝑠3 (𝛼𝑖𝑗 ) = 𝑡𝑖𝑗 . It is trivial to check that 𝑠3 (𝛼𝑖𝑗 ) is a neighbor of 𝑠2 (𝛼𝑖𝑗 ) and that the connectivity
constraint is respected within 𝑠3.

It follows that 𝑠1, 𝑠2, 𝑠3 is a feasible solution of 𝐼 . This completes the proof. □

At this point, we would like to observe the following detail in the construction of the previous proof. Consider
the instance 𝐼 = ⟨𝐺,𝐴, 𝑠0, 𝑡, 1, 3⟩ that was constructed. If 𝐼 is a yes-instance of MAPFCC and 𝑠1, 𝑠2, 𝑠3 is a feasible
solution, the agents find themselves on the vertices of the clique 𝑄 according to 𝑠3. The crucial observation is
that since 𝑄 is a clique, and all the vertices of 𝑄 are accessible from all the vertices of the 𝐸𝑙,𝑚 gadgets, we are
free to assign whichever vertex of 𝑄 to be the terminal of whichever agent, without affecting the feasibility of
the solution. In other words, 𝑠1, 𝑠2, 𝑠3 is also a feasible solution to the problem of Anonymous Multiagent Path
Finding with Communication Constraints (AMAPFCC). This problem is defined exactly like MAPFCC, the
difference being that in AMAPFCC there is a set of terminals 𝑇 ⊆ 𝑉 , and the solution is feasible if all the vertices
of 𝑇 are occupied by an agent (regardless of which agent it is) by the last turn of the schedule. This leads us to
the following.
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Corollary 1. The Anonymous Multiagent Path Finding with Communication Constraints problem is

W[1]-hard parameterized by the number of agents, even for ℓ = 3 and 𝑑 = 1.

This corollary appears in stark opposition to the usual Anonymous Multiagent Path Finding problem (with
no communication constraint), in which finding an optimal solution in regards to the makespan is achievable in
polynomial time Yu and LaValle (2012); Ali and Yakovlev (2024).

4 Efficient Algorithms
In this section, we present our FPT algorithms that solve the MAPFCC problem.

4.1 Few Agents and Short Communication
Theorem 2. The Multiagent Path Finding with Communication Constraints problem is in FPT parameter-

ized by the number of agents 𝑘 plus the maximum degree Δ and the communication range 𝑑 .

Proof. Let ⟨𝐺,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ be an instance of Multiagent Path Finding with Communication Constraints.
The algorithm is as follows. We build an auxiliary directed graph 𝐻 which has a vertex 𝑢 for every possible
arrangement of the 𝑘 agents of𝐴 into feasible (𝑑-connected) positions. Observe that𝑉 (𝐻 ) contains the vertices 𝑢𝑠
and 𝑢𝑡 which correspond to the initial and the final configurations of the agents on the vertices of𝐺 , respectively.
Two vertices𝑢1, 𝑢2 ∈ 𝑉 (𝐻 ) are joined by the arc (𝑢1, 𝑢2) if and only if it is possible to move from the configuration
represented by the vertex 𝑢1 into the one represented by 𝑢2 in one turn. Clearly, ⟨𝐺,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ is a yes-instance
of Multiagent Path Finding with Communication Constraints if and only if there is a directed path in 𝐻

from 𝑢𝑠 to 𝑢𝑡 , of length at most ℓ . That is, if dist𝐻 (𝑢𝑠 , 𝑢𝑡 ) ≤ ℓ ; which one can check, e.g., using BFS. We will show
that |𝑉 (𝐻 ) | ≤ Δ𝑂 (𝑑𝑘 )𝑘𝑑𝑘𝑛, which suffices to prove the statement.
Let us consider an agent 𝑎 ∈ 𝐴. We will first count the different feasible arrangements of the 𝑘 agents of 𝐴

(i.e., the possible positions of the agents on the graph) such that 𝑎 is located at a vertex 𝑢 ∈ 𝑉 (𝐺). Since two
agents are considered connected if they are in distance at most 𝑑 and we have 𝑘 agents, there must be a set𝑈
of 𝑘𝑑 vertices such that the induced subgraph 𝐺 [𝑈 ] is connected and all agents are located in 𝑈 . It is known
(see (Guillemot and Marx, 2014, Proposition 5.1)) that given 𝑢, there exist at most Δ𝑂 (𝑑𝑘 ) sets𝑈 of size 𝑑𝑘 where
𝑢 ∈ 𝑈 and 𝐺 [𝑈 ] is connected. We can also enumerate all such sets𝑈 in Δ𝑂 (𝑑𝑘 ) time. Finally, we need to know
the exact positions of the agents in 𝑈 . Since the possible arrangement of the agents in𝑈 are

(
𝑘𝑑
𝑘

)
𝑘! ≤ 𝑘𝑑𝑘 , we

have that |𝑉 (𝐻 ) | ≤ Δ𝑂 (𝑑𝑘 )𝑘𝑑𝑘𝑛. □

In the next theorem, we use the algorithm presented in Theorem 2 in order to efficiently solve the MAPFCC
problem on trees when we have a bounded number of agents and communication range. On a high level, the idea
is that if the tree has a vertex 𝑢 of very high degree, then it will also contain a lot of “useless” vertices neighboring
𝑢. Indeed, at any given time, the pertinent neighbors of 𝑢 are at most equal to the number of agents, which is
bounded. Once we remove these “useless” vertices, we are left with a graph of bounded maximum degree, at
which point we may employ the previous algorithm. In the upcoming proof we formalize this idea.

Theorem 3. The Multiagent Path Finding with Communication Constraints problem is in FPT parameter-

ized by the number of agents 𝑘 plus the communication range 𝑑 when the input graph is a tree.

Proof. Let 𝐼 = ⟨𝑇,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ be an instance of Multiagent Path Finding with Communication Con-
straints, where 𝑇 is a tree. The idea here is to create a new instance 𝐼 ′ = ⟨𝑇 ′, 𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ such that 𝐼 is a
yes-instance if and only if the same is true for 𝐼 ′, where 𝑇 ′ is a tree of maximum degree 3𝑘 . In essence, we will
prune the tree 𝑇 so that its maximum degree becomes bounded by 3𝑘 . Furthermore, we show that, given a valid
schedule for 𝐼 , we can adapt the movements of the agents appropriately to obtain a valid schedule for 𝐼 ′ of the
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𝑘 paths 𝑘 paths

> 𝑘 paths

𝑇𝑢

𝑢

(a) The tree 𝑇 (unpruned). The paths connecting the vertices in the left
(right resp.) blob to 𝑢 correspond to 𝑃− (𝑢) (𝑃+ (𝑢) resp.). The lavender
blob corresponds to the tree 𝑇𝑢 .

𝑘 paths 𝑘 paths

𝑘 vertices

𝑢

(b) The tree 𝑇 (pruned). The red agent is placed at one of the 𝑘 remaining
neighbors of 𝑢 for the same number of turns as it would spend in the
pruned part.

Fig. 5. An abstract illustration of the trees 𝑇 , 𝑇𝑢 and 𝑇 employed in the proof of Theorem 3. The colors on the agents and
the vertices are used to encode the terminal vertex of each agent. In each subfigure, the left (right resp.) blob contains the
starting (terminal resp.) positions of the agents. Both subfigures depict the instance during the same turn 𝑖 , when the red
agent has moved to some vertex inside 𝑇𝑢 in 𝑇 and some neighbor of 𝑢 in 𝑇 .

same length. Once this is done, it suffices to apply the algorithm provided in Theorem 2 to decide whether 𝐼 ′ is a
yes-instance or not.
We now describe the pruning procedure (see Figure 5). If Δ(𝑇 ) ≤ 3𝑘 , then we are done. So, let 𝑢 ∈ 𝑉 (𝑇 ) be

such that 𝑑𝑇 (𝑢) > 3𝑘 . For each 𝑗 ∈ [𝑘], we define 𝑃−
𝑗,𝑢 as the simple path of 𝑇 that connects 𝑠0 (𝑎 𝑗 ) to 𝑢. Similarly,

let 𝑃+
𝑗,𝑢 be the simple path of 𝑇 that connects 𝑢 to 𝑡 (𝑎 𝑗 ). Observe that in the case where 𝑢 = 𝑠0 (𝑎 𝑗 ) (𝑢 = 𝑡 (𝑎 𝑗 )

respectively), for some 𝑗 ∈ [𝑘], then 𝑃−
𝑗,𝑢 = ∅ (𝑃+

𝑗,𝑢 = ∅ respectively). Then, we define 𝑃− (𝑢) = {𝑃−
1,𝑢, . . . , 𝑃

−
𝑘,𝑢

} and
𝑃+ (𝑢) = {𝑃+

1,𝑢, . . . , 𝑃
+
𝑘,𝑢

}. Intuitively, the set 𝑃− (𝑢) contains all the paths of 𝑇 that will be relevant for the agents
to reach 𝑢 from their initial positions. The set 𝑃+ (𝑢) contains all the paths of𝑇 that will be relevant for the agents
to reach their targets from 𝑢. Finally, let 𝑉𝑢 = 𝑁 (𝑢) ∩ (𝑃− (𝑢) ∪ 𝑃+ (𝑢)). That is, 𝑉𝑢 contains the neighbors of 𝑢
that are relevant with respect to the paths mentioned above. Observe that |𝑉𝑢 | ≤ 2𝑘 . Let 𝑇𝑢 be the subtree of
𝑇 [𝑉 \𝑉𝑢] that contains 𝑢. Since 𝑑𝑇 (𝑢) > 3𝑘 , we have that𝑇𝑢 contains at least the vertices 𝑁 (𝑢) \𝑉𝑢 . We are now
ready to describe the pruning that we perform: starting from𝑇 , remove all the vertices of𝑇𝑢 , except from 𝑢 and 𝑘
of its neighbors 𝑣1, . . . , 𝑣𝑘 in 𝑇𝑢 ; let 𝑇 be the resulting graph.

Claim 1. If 𝐼 = ⟨𝑇,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ is a yes-instance, then 𝐼 = ⟨𝑇,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ is also a yes-instance.

Proof of the claim. Assume that 𝑠 = (𝑠1, . . . , 𝑠ℓ ) is a feasible solution of 𝐼 ; we construct a feasible solution
𝑠′ = 𝑠′1, . . . , 𝑠

′
ℓ of 𝐼 ′. We start by setting 𝑠′0 (𝑎) = 𝑠0 (𝑎) for every 𝑎 ∈ 𝐴. Then, for every 𝑖 ∈ [ℓ] and for every 𝑗 ∈ [𝑘],

we set

𝑠′𝑖 (𝑎 𝑗 ) =
{
𝑣 𝑗 , if 𝑠 𝑗 (𝑎 𝑗 ) ∈ 𝑇𝑢 \ 𝑢
𝑠𝑖 (𝑎 𝑗 ), otherwise.

First, we need to show that 𝑠′𝑖 (𝑎) is a neighbor of 𝑠′𝑖−1 (𝑎) for every 𝑎 ∈ 𝐴. Let 𝑎 ∈ 𝐴 and 𝑖 ∈ [ℓ]. We distinguish
the following cases:
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𝒔𝒊 (𝒂) ∈ 𝑻𝒖 \ 𝒖 and 𝒔𝒊−1(𝒂) ∈ 𝑻𝒖 \ 𝒖 Then 𝑠′𝑖 (𝑎) = 𝑠′𝑖−1 (𝑎) = 𝑣 𝑗 for some 𝑗 ∈ [𝑘].
𝒔𝒊 (𝒂) ∈ 𝑻𝒖 \ 𝒖 and 𝒔𝒊−1(𝒂) ∉ 𝑻𝒖 \ 𝒖 Since 𝑠 is a feasible solution, we have that 𝑠𝑖−1 (𝑎) = 𝑢. Thus, 𝑠′𝑖 (𝑎) = 𝑣 𝑗

for some 𝑗 ∈ [𝑘] and 𝑠′𝑖−1 (𝑎) = 𝑠𝑖−1 (𝑎) = 𝑢.
𝒔𝒊 (𝒂) ∉ 𝑻𝒖 \ 𝒖 and 𝒔𝒊−1(𝒂) ∈ 𝑻𝒖 \ 𝒖 Is analogous to the previous one.
𝒔𝒊 (𝒂) ∉ 𝑻𝒖 \ 𝒖 and 𝒔𝒊−1(𝒂) ∉ 𝑻𝒖 \ 𝒖 Then 𝑠′𝑖 (𝑎) = 𝑠𝑖 (𝑎) and 𝑠′𝑖−1 (𝑎) = 𝑠𝑖−1 (𝑎) and the feasibility of 𝑠′ is

guaranteed by the feasibility of 𝑠 .
Next, we need to show that 𝑠′ℓ (𝑎 𝑗 ) = 𝑡 (𝑎 𝑗 ) for every 𝑗 ∈ [𝑘]. This follows directly from the definitions of 𝑠′

and the paths 𝑃−
𝑗,𝑢 and 𝑃+

𝑗,𝑢 and the fact that 𝑠 is a feasible schedule.
Finally, we will ensure that the connectivity constraint is preserved in 𝑠′. Let 𝐷 and 𝐷 ′ be the communication

graphs of 𝑇 and 𝑇 respectively. We will show that 𝐷 ′ [{𝑠′𝑖 (𝑎) | 𝑎 ∈ 𝐴}] is connected for every 𝑖 ∈ [ℓ]. Assume
that this is not true, and let 𝑙 ∈ [ℓ] be one turn during which the connectivity constraint fails in 𝑠′. That is,
𝐷 ′ [{𝑠′

𝑙
(𝑎) | 𝑎 ∈ 𝐴}] contains at least two connected components. Since 𝑠 is a feasible solution of 𝐼 , it follows that

there exist two agents 𝑏 and 𝑐 such that dist𝑇 (𝑠𝑙 (𝑏), 𝑠𝑙 (𝑐)) ≤ 𝑑 but dist𝑇 (𝑠′𝑙 (𝑏), 𝑠
′
𝑙
(𝑐)) > 𝑑 . By the definition of 𝑠′,

we have that at least one of the agents 𝑏 and 𝑐 is located in 𝑇𝑢 \ 𝑢 according to 𝑠′
𝑙
. We distinguish the following

cases for the values of 𝑑 ≥ 2 (we deal with the case where 𝑑 = 1 afterwards):
𝒔′𝒍 (𝒃) ∈ 𝑻𝒖 \ 𝒖 and 𝒔′𝒍 (𝒄) ∉ 𝑻𝒖 \ 𝒖 It holds that dist𝑇 ′ (𝑠′

𝑙
(𝑏), 𝑠′

𝑙
(𝑐)) ≤ dist𝑇 (𝑠𝑙 (𝑏), 𝑠𝑙 (𝑐)) − 1 ≤ 𝑑 − 1.

𝒔′𝒍 (𝒃) ∈ 𝑻𝒖 \ 𝒖 and 𝒔′𝒍 (𝒄) ∈ 𝑻𝒖 \ 𝒖 In this case, there exist two vertices 𝑣𝑥 and 𝑣𝑧 , for some 𝑥 < 𝑧 ∈ [𝑘] which
are leafs attached to 𝑢 in 𝑇 ′, such that 𝑠′

𝑙
(𝑏) = 𝑣𝑥 and 𝑠′

𝑙
(𝑐) = 𝑣𝑧 . Clearly, dist(𝑣𝑥 , 𝑣𝑧) = 2 ≤ 𝑑 .

Lastly, we deal with the particular case of 𝑑 = 1. We additionally assume that ℓ is optimal, that is, there is no
shorter feasible schedule. We claim that there exists an agent 𝑎∗ ∈ 𝐴 such that 𝑠′

𝑙
(𝑎∗) = 𝑠𝑙 (𝑎∗) = 𝑢. Let us assume

that this is not true. We distinguish the following two sub-cases:
• The agent 𝑏 is such that 𝑠𝑙 (𝑏) = 𝑠′

𝑙
(𝑏) = 𝑥 ∈ 𝑉 (𝑃− (𝑢)) ∪𝑉 (𝑃+ (𝑢)). In this case, and since at least one of

the agents 𝑏 and 𝑐 must be in 𝑇𝑢 \ 𝑢 during the turn 𝑙 , the existence of 𝑎∗ is guaranteed by the feasibility of
𝐼 for 𝑑 = 1.

• Every agent 𝑎 ∈ 𝐴 is such that 𝑠𝑙 (𝑎) ∈ 𝑇𝑢 . Consider 𝑙0 < 𝑙 , the last turn that the vertex 𝑢 was occupied
before the turn 𝑙 , say by the agent 𝑒 . Also, let 𝑙 < 𝑙1 ≤ ℓ be the first turn that the vertex 𝑢 will be occupied
after the turn 𝑙 , say by the agent 𝑔. Let us also consider what happens in 𝑇 ′ according to 𝑠′ during these
turns. We have that at the turn 𝑙0 all the agents of 𝐴 are on the leafs attached to 𝑢 except for the agent 𝑒
which is on 𝑢. Then, on the turn 𝑙0 + 1, all the agents of 𝐴 are on the leafs attached to 𝑢, and remain there
until the turn 𝑙1, where the agent 𝑔 moves to 𝑢. We then modify 𝑠′ by setting 𝑠′

𝑙0+1 (𝑢) = 𝑔. If 𝑙0 + 1 = 𝑙 , we
have a contradiction as 𝑢 is assumed to be empty during the turn 𝑙 according to 𝑠′. Thus, 𝑙0 + 1 < 𝑙 . But in
this case, the makespan of the modified 𝑠′ is smaller than ℓ (note that 𝑠′ is a solution for 𝐼 as well). But ℓ
was assumed to be optimal, leading to a contradiction.

In all the cases above we are lead to a contradiction, proving that the connectivity constraint of 𝑠 is indeed
preserved by 𝑠′. ⋄

For the other direction of the equivalence, it holds trivially since 𝑇 is a subgraph of 𝑇 . Therefore, we apply the
above pruning procedure exhaustively, that is, as long as there is a vertex of degree at least 3𝑘 + 1. In this way,
we obtain the tree 𝑇 ′ and the instance 𝐼 ′. □

4.2 Tree-like Structures
In the previous section we presented an efficient algorithm to solve MAPFCC when we have a bounded number of
agents, communication distance and maximum degree. Furthermore, we can relax the requirement for a bounded
maximum degree if we consider graphs that are trees. The next natural question to pose is whether this remains
true when we consider graphs that are “close to being trees”, i.e., have bounded treewidth. In the next theorem
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we answer positively to this question. This is done by capturing the dynamicity of the problem through a static
auxiliary graph (the graph𝐺𝐼 , see Figure 6 for an example). We then prove that if the original graph has bounded
treewidth, the same holds true for the auxiliary graph. Finally, we encode the MAPFCC problem on the auxiliary
graph in an MSO2 formula, and employ Courcelle’s theorem Courcelle (1990) to construct an FPT algorithm.
Theorem 4. The MAPFCC problem is in FPT parameterized by the treewidth tw of𝐺 plus the makespan ℓ and

the communication range 𝑑 .

Proof. Let 𝐼 = ⟨𝐺,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ be an instance of MAPFCC. Our goal is to construct an auxiliary graph𝐺𝐼 with
special vertex and edge labels, such that (i) the treewidth of 𝐺𝐼 is at most 3ℓ · tw whenever 𝐼 is a yes-instance,
and (ii) the existence of a solution can be expressed by anMSO2 sentence over 𝐺𝐼 . The claim then follows by
testing the treewidth of 𝐺𝐼 followed by a standard use of Courcelle’s theorem Courcelle (1990).
Let 𝐺 = (𝑉 , 𝐸) be the graph of the input instance. We start by constructing a labeled auxiliary graph 𝐺𝐼 (see

Figure 6). Before we do this, allow us to provide a short intuition on the graph 𝐺𝐼 . In essence, our goal with 𝐺𝐼

is to capture the dynamicity of the problem. This is done by considering consecutive “snapshots” of 𝐺 . These
snapshots are then linked by considering which vertices are available to an agent in the next turn, according
to its current position. Finally, for each agent 𝑎, we add an edge between the starting position of 𝑎 in the first
snapshot and the terminal vertex of 𝑎 in the last snapshot. This is done to encode the information of where does
each agent want to go into the bags of the tree-decomposition of 𝐺𝐼 .
We now proceed with formally defining𝐺𝐼 . Its vertex set is composed of sets 𝑉0, . . . ,𝑉ℓ where 𝑉𝑖 contains one

copy of each vertex of 𝑉 , that is, 𝑉𝑖 = {𝑣𝑖 | 𝑣 ∈ 𝑉 } (we denote by 𝑣𝑖 the copy of the vertex 𝑣 in 𝑉𝑖 ). We refer to
these sets as layers and we give all the vertices in 𝑉𝑖 a vertex label vertexi. The graph 𝐺𝐼 contains four different
types of edges with four distinct edge labels defined as follows.
(1) For every 𝑣 ∈ 𝑉 and 𝑖 ∈ [ℓ], we add to 𝐺𝐼 the edge 𝑣𝑖−1𝑣𝑖 with an edge label copy.
(2) For every 𝑢𝑣 ∈ 𝐸 and 𝑖 ∈ {0, . . . , ℓ}, we add to 𝐺𝐼 the edge 𝑢𝑖𝑣𝑖 with an edge label communication.
(3) For every 𝑢𝑣 ∈ 𝐸 and 𝑖 ∈ [ℓ], we add to 𝐺𝐼 the edges 𝑢𝑖−1𝑣𝑖 and 𝑣𝑖−1𝑢𝑖 with an edge label cross.
(4) Finally, for every agent 𝑎 ∈ 𝐴, we add to 𝐺𝐼 the edge 𝑠0 (𝑎)0𝑡 (𝑎)ℓ with an edge label agent.
Observe that the first three types of edges correspond exactly to the strong product of𝐺 with a path of length ℓ .

In a sense, the construction combines the time-expanded graphs used previously for MAPF Fioravantes et al.
(2024) with the augmented graphs considered for edge-disjoint paths Zhou et al. (2000); Ganian et al. (2021).
Importantly, we observe that the existence of a solution is equivalent to the existence of a set of vertex-disjoint
paths in 𝐺𝐼 with some additional properties.

Observation 1. The instance 𝐼 is a yes-instance if and only if there exists a set of vertex-disjoint pathsP = {𝑃𝑎 | 𝑎 ∈ 𝐴}
such that:

(1) each 𝑃𝑎 contains exactly one vertex from each layer,

(2) the endpoints of each 𝑃𝑎 are the vertices 𝑠0 (𝑎)0 and 𝑡 (𝑎)ℓ ,
(3) there are no two paths 𝑃𝑎 and 𝑃𝑏 , vertices 𝑢, 𝑣 ∈ 𝑉 and 𝑖 ∈ [ℓ] such that 𝑃𝑎 contains the edge 𝑢𝑖−1𝑣𝑖 and 𝑃𝑏

contains the edge 𝑣𝑖−1𝑢𝑖 , and
(4) for each 𝑖 ∈ {0, . . . , ℓ}, the set of vertices𝑊𝑖 ⊆ 𝑉𝑖 visited by paths from P forms a 𝑑-connected set in 𝐺 [𝑉𝑖 ].
We show later how to translate these properties into MSO2 predicates. Unfortunately, it is not guaranteed

that𝐺𝐼 must have a small treewidth due to the edges that connect the targets and destinations of the individual
agents. However, we can bound its treewidth whenever 𝐼 is a yes-instance.
Claim 2. If 𝐼 is a yes-instance, then the treewidth of 𝐺𝐼 is at most 𝑂 (ℓ · tw), where tw is the treewidth of 𝐺 .

Proof of the claim. Let (𝑇, 𝛽) be a tree-decomposition of 𝐺 of optimal width tw. First, we consider a graph
𝐺 ′
𝐼
obtained from 𝐺𝐼 by considering only the edges with labels copy, communication and cross. We define its
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(a) The graph 𝐺 .

layer 0 layer 1 layer 2 layer 3

(b) The graph 𝐺𝐼 .

Fig. 6. An example of a graph 𝐺 and the corresponding graph 𝐺𝐼 for ℓ = 3, used in the proof of Theorem 4. In 𝐺 , the brown
agent is set next to that agents’ staring vertex and the brown vertex is its target. The colors on the edges of 𝐺𝐼 are used
to represent the various labels we employ. In particular, blue edges are labeled copy, red edges are labeled communication,
black edges are labeled cross and the brown edge is labeled agent.

tree-decomposition (𝑇, 𝛽 ′) by replacing every occurrence of a vertex 𝑣 in any bag with its ℓ + 1 copies 𝑣0, . . . , 𝑣ℓ .
It is easy to see that this is a valid tree-decomposition of 𝐺 ′

𝐼
of width 𝑂 (ℓ · tw).

Now, we define a tree-decomposition (𝑇, 𝛽 ′′) of 𝐺𝐼 assuming that 𝐼 is a yes-instance. By Observation 1, there
is a set of vertex-disjoint paths {𝑃𝑎 | 𝑎 ∈ 𝐴} connecting the terminals of each agent. We obtain 𝛽 ′′ from 𝛽 ′ by
adding the vertices 𝑠0 (𝑎)0 and 𝑡 (𝑎)ℓ to every bag intersected by the path 𝑃𝑎 for each 𝑎 ∈ 𝐴. Observe that for every
vertex 𝑣 ∈ 𝐺𝐼 , the set of nodes 𝑥 with 𝑣 ∈ 𝛽 (𝑥) remains connected and, moreover, we guarantee that 𝑠0 (𝑎)0 and
𝑡 (𝑎)ℓ appear together in some bag, for example, a bag that originally contained only one of the terminals.

Finally, let us bound the width of the tree-decomposition (𝑇, 𝛽 ′′). Since every vertex can lie on at most one
path 𝑃𝑎 for some 𝑎 ∈ 𝐴, we added to 𝛽 ′′ (𝑥) at most two new vertices for every vertex 𝑣 ∈ 𝛽 ′ (𝑥). Therefore, 𝛽 ′′ (𝑥)
contains at most 3 · |𝛽 ′ (𝑥) | vertices and the tree-decomposition (𝑇, 𝛽 ′′) has width 𝑂 (ℓ · tw) as promised. ⋄
Now, we show how to encode the existence of a feasible solution into an MSO2 sentence. Formally, we

construct MSO sentence over the signature consisting of a single binary relation symbol inc that verifies the
incidence between a given vertex and edge, and unary relation symbols agent, copy, cross, communication and
vertex0, . . . , vertexℓ that exactly correspond to the respective edge and vertex labels. We proceed in two steps.
First, we translate Observation 1 into an existential statement about edge and vertex sets in 𝐺𝐼 with special
properties expressed only in terms of the labels. Afterwards, we show how to encode it in MSO2.

Claim 3. The instance 𝐼 is a yes-instance if and only if there exists a set of edges 𝑆 and sets of vertices 𝑋0, . . . 𝑋ℓ in

𝐺𝐼 such that

(1) all vertices in 𝑋𝑖 are labeled vertexi for every 𝑖 ∈ {0, . . . , ℓ},
(2) all edges in 𝑆 are labeled copy or cross,
(3) every vertex in 𝑋𝑖 for 𝑖 ∈ [ℓ − 1] is incident to exactly two edges from 𝑆 that connect it to vertices in 𝑋𝑖−1

and 𝑋𝑖+1,
(4) every vertex in 𝑋0 and 𝑋ℓ is incident to exactly one edge from 𝑆 ,

(5) every vertex outside of 𝑋0 ∪ · · · ∪ 𝑋ℓ is not incident to any edge from 𝑆 ,
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(6) for every edge 𝑒 with label agent, there is a subset 𝑇 ⊆ 𝑆 such that the endpoints of 𝑒 are incident to exactly

one edge in 𝑇 and every other vertex is incident to either zero or two edges from 𝑇 ,

(7) there are no two edges 𝑢1𝑣1, 𝑢2𝑣2 ∈ 𝑆 such that edges 𝑢1𝑣2 and 𝑢2𝑣1 both exist and are labeled copy, and
(8) 𝑋𝑖 forms a 𝑑-connected set with respect to the edges labeled communication for each 𝑖 ∈ {0, . . . , ℓ}.

Proof of the claim.First, let us assume that 𝐼 is a yes-instance and let {𝑃𝑎 | 𝑎 ∈ 𝐴} be the set of vertex-disjoint
paths guaranteed by Observation 1. It is straightforward to check that all properties (1)–(8) are satisfied when 𝑆

consists of all edges contained in these paths and 𝑋𝑖 for each 𝑖 consists of all the vertices in the layer𝑉𝑖 contained
in some path 𝑃𝑎 .
Now let us assume that there exist sets 𝑆 and 𝑋0, . . . , 𝑋ℓ that satisfy (1)–(8). The properties (1)–(5) guarantee

that 𝑆 forms the edge set of a set of vertex-disjoint paths P where each path 𝑃 ∈ P contains exactly one
vertex from each layer with endpoints in layers 𝑉0 and 𝑉ℓ . Therefore, the set of paths P satisfies condition (1)
of Observation 1. Moreover, the set 𝑋𝑖 contains exactly the vertices from the layer 𝑉𝑖 that lie on some path
𝑃 ∈ P. Property (6) verifies that P contains a path 𝑃𝑎 connecting the vertices 𝑠0 (𝑎)0 and 𝑡 (𝑎)ℓ for each 𝑎 ∈ 𝐴,
i.e., condition 2 of Observation 1. Property (7) is equivalent to condition (3) of Observation 1 as it enforces that
two agents cannot swap their positions along a single edge. And finally, property (8) enforces the connectivity
requirement of MAPFCC equivalently to condition 4 of Observation 1. ⋄

We proceed to construct an MSO2 sentence 𝜑 equivalent to Claim 3. Its general form is

𝜑 B ∃𝑆, 𝑋0, . . . , 𝑋ℓ

(
𝑖∧

𝑖=1
𝜑𝑖 (𝑆, 𝑋0, . . . , 𝑋ℓ )

)
,

where each 𝜑𝑖 is anMSO2 formula with ℓ + 2 free variables 𝑆 , 𝑋0, . . . , 𝑋ℓ that encodes the property 𝑖 of Claim 3.
In order to simplify the upcoming definitions, we define a predicate deg𝑘 (𝑣, 𝐹 ) expressing that vertex 𝑣 is

incident with exactly 𝑘 edges from 𝐹 for 𝑘 = 0, 1, 2. We define:

deg0 (𝑣, 𝐹 ) B �𝑒
(
𝑒 ∈ 𝐹 ∧ inc(𝑣, 𝑒)

)
,

deg1 (𝑣, 𝐹 ) B ∃𝑒 ∈ 𝐹

(
inc(𝑣, 𝑒) ∧ ∀𝑓 ∈ 𝐹

( (
inc(𝑣, 𝑓 )

)
→ 𝑓 = 𝑒

))
,

deg2 (𝑣, 𝐹 ) B ∃𝑒1, 𝑒2 ∈ 𝐹

( (
inc(𝑣, 𝑒1) ∧ inc(𝑣, 𝑒2)

)
∧ 𝑒1 ≠ 𝑒2 ∧ ∀𝑓 ∈ 𝐹

( (
inc(𝑣, 𝑓 )

)
→ (𝑓 = 𝑒1 ∨ 𝑓 = 𝑒2)

))
.

Additionally, we use the predicate ‘𝑒 = 𝑢𝑣 ’ to express that edge 𝑒 joins vertices𝑢 and 𝑣 . Formally, it is a syntactic
shorthand for inc(𝑢, 𝑒) ∧ inc(𝑣, 𝑒) ∧ 𝑢 ≠ 𝑣 .
The encoding of properties (1)–(5) in MSO2 is now fairly straightforward albeit technical

𝜑1 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B
ℓ∧

𝑖=0
∀𝑣

(
𝑣 ∈ 𝑋𝑖 → vertexi (𝑣)

)
,

𝜑2 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B ∀𝑒
(
𝑒 ∈ 𝑆 →

(
copy(𝑒) ∨ cross(𝑒)

) )
,

𝜑3 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B
ℓ−1∧
𝑖=1

(
∀𝑣

(
𝑣 ∈ 𝑋𝑖 → ∃𝑢,𝑤, 𝑒, 𝑓

(deg2 (𝑣, 𝑆) ∧ 𝑢 ∈ 𝑋𝑖−1 ∧ 𝑤 ∈ 𝑋𝑖+1

∧ 𝑒, 𝑓 ∈ 𝑆 ∧ 𝑒 = 𝑢𝑣 ∧ 𝑓 = 𝑣𝑤

)))
,

𝜑4 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B ∀𝑣
(
(𝑣 ∈ 𝑋0 ∨ 𝑣 ∈ 𝑋ℓ ) → deg1 (𝑣, 𝑆)

)
,

𝜑5 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B ∀𝑣
((

ℓ∧
𝑖=0

𝑣 ∉ 𝑋𝑖

)
→ deg0 (𝑣, 𝑆)

)
.
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The encoding of property (6) is cumbersome but nevertheless still straightforward as

𝜑6 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B ∀𝑒
(
agent(𝑒) → ∃𝑢, 𝑣,𝑇

(
𝑇 ⊆ 𝑆 ∧ 𝑒 = 𝑢𝑣 ∧ deg1 (𝑢,𝑇 ) ∧ deg1 (𝑣,𝑇 )

∧ ∀𝑤
(
deg0 (𝑤,𝑇 ) ∨ deg2 (𝑤,𝑇 ) ∨𝑤 = 𝑣 ∨𝑤 = 𝑢

))) .

Property (7) is expressed readily as

𝜑7 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B �𝑢1, 𝑣1, 𝑢2, 𝑣2, 𝑒1, 𝑒2, 𝑓1, 𝑓2
(
𝑒1 = 𝑢1𝑣1 ∧ 𝑒2 = 𝑢2𝑣2 ∧ 𝑓1 = 𝑢1𝑣2 ∧ 𝑓2 = 𝑢2𝑣1

∧ 𝑒1, 𝑒2 ∈ 𝑆 ∧ copy(𝑓1) ∧ copy(𝑓2)

)
.

In order to express the last property, we first need to encode the distance with respect to the edges with the
label communication. Specifically, we define the predicate dist𝑘 (𝑢, 𝑣) that encodes that this distance between 𝑢
and 𝑣 is at most 𝑘 . We define dist0 (𝑢, 𝑣) B (𝑢 = 𝑣) and we define dist𝑘 (𝑢, 𝑣) for 𝑘 > 0 inductively as

dist𝑘 (𝑢, 𝑣) B dist𝑘−1 (𝑢, 𝑣) ∨ ∃𝑤, 𝑒

(
dist𝑘−1 (𝑢,𝑤) ∧ inner(𝑒) ∧ 𝑒 = 𝑤𝑣

)
.

We now wish to define a predicate 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑𝑘 (𝑋 ) verifying that a vertex set 𝑋 is 𝑘-connected with respect to
the communication edges. However, it is easier to express that 𝑋 is not 𝑘-connected. That happens if and only if
we can partition 𝑋 into two sets 𝐴 and 𝐵 such that for any pair of vertices 𝑢 ∈ 𝐴 and 𝑣 ∈ 𝐵, their distance with
respect to the communication edges is strictly more than 𝑘 . Hence, we define

𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑𝑘 (𝑋 ) B �𝐴, 𝐵
(∀𝑣 (𝑣 ∈ 𝑋 → ((𝑣 ∈ 𝐴 ∨ 𝑣 ∈ 𝐵) ∧ ¬(𝑣 ∈ 𝐴 ∧ 𝑣 ∈ 𝐵)))

∧ ∀𝑢, 𝑣 ((𝑢 ∈ 𝐴 ∧ 𝑣 ∈ 𝐵) → ¬ dist𝑘 (𝑢, 𝑣))

)
,

where the second line verifies that 𝐴, 𝐵 form a partition of 𝑋 . The definition of 𝜑8 (𝑆, 𝑋0, . . . , 𝑋ℓ ) is immediate

𝜑8 (𝑆, 𝑋0, . . . , 𝑋ℓ ) B
ℓ∧

𝑖=0
𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑𝑑 (𝑋𝑖 ).

Full algorithm. The algorithm first computes the treewidth tw of 𝐺 in 2𝑂 (tw3 )𝑛 time Bodlaender (1996). After-
wards, it constructs the graph 𝐺𝐼 and checks whether its treewidth is within the bound given by Claim 2 using
the same algorithm as in the first step. If not, then it immediately outputs a negative answer. Otherwise, it uses
the celebrated Courcelle’s theorem Courcelle (1990) to evaluate 𝜑 on the obtained tree-decomposition of 𝐺𝐼 and
outputs its answer. The correctness follows from Claims 2 and 3. □

Interestingly, the 𝑑-connectivity requirement can be replaced in Theorem 4 by any property definable inMSO2,
e.g., independent or dominating set. In other words, we can put a wide variety of requirements on the positions of
agents in each step, and we obtain an effective algorithm parameterized by treewidth plus makespan for any such
setting. Note that this closely resembles reconfiguration problems under the parallel token sliding rule Bartier
et al. (2023, 2021); Kristan and Svoboda (2023).The input of such problem is a graph𝐺 with two designated vertex
sets 𝑆 and𝑇 of the same size and the question is whether we can move tokens initially placed on 𝑆 to𝑇 by moving
in each step an arbitrary subset of tokens to their neighbors where (i) there can be at most one token at a vertex
at a time, (ii) tokens cannot swap along an edge, and (iii) all intermediate positions of tokens satisfy a given
condition, e.g., being an independent set. In a timed version of such problem, we are additionally given an upper
bound on the makespan ℓ and ask whether the reconfiguration can be carried out in at most ℓ steps.

We can naturally view the agents as tokens moving on a graph from an initial to a final set of positions using
the very same reconfiguration rule. However, the tokens are now labeled, as each single agent has its required
target position. From this point of view, the MAPFCC problem can be seen as a timed labeled 𝑑-connected set
reconfiguration problem.
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Recently, Mouawad et al. (2014) introduced a metatheorem forMSO2-definable timed reconfiguration problems
under a different reconfiguration rule. The machinery of Theorem 4 can easily be adapted to a metatheorem for
MSO2-definable timed labeled reconfiguration problems under the parallel token sliding rule.
Importantly, Theorem 4 also implies an efficient algorithm parameterized by the number of agents plus the

makespan and the communication range in planar graphs and more generally in any class of graphs with bounded
local treewidth. We say that a graph class G has bounded local treewidth if there is a function 𝑓 : N→ N such
that for every graph 𝐺 ∈ G, its every vertex 𝑣 , and every positive integer 𝑖 the treewidth of 𝐺 [𝑁 𝑖

𝐺
[𝑣]] is at most

𝑓 (𝑖) where 𝑁 𝑖
𝐺
[𝑣] is the set of all vertices in distance at most 𝑖 from 𝑣 . Typical examples of graph classes with

bounded local treewidth are planar graphs, graphs of bounded genus, and graphs of bounded max degree.

Corollary 2. The MAPFCC problem is in FPT parameterized by the number of agents 𝑘 plus the makespan ℓ

and the communication range 𝑑 in any graph class of bounded local treewidth.

Proof. Let G be a class of bounded local treewidth and let ⟨𝐺,𝐴, 𝑠0, 𝑡, 𝑑, ℓ⟩ be an instance of MAPFCC where
𝐺 ∈ G. Pick an arbitrary agent 𝑎 ∈ 𝐴 and set 𝐺 ′ = 𝐺 [𝑁𝑘𝑑+ℓ

𝐺
[𝑠0 (𝑎)]], i.e., the subgraph induced by vertices in

distance at most 𝑘𝑑 + ℓ from 𝑠0 (𝑎). Due to the connectivity requirement, all agents must start within distance at
most 𝑘𝑑 from 𝑠0 (𝑎) and therefore, they cannot escape𝐺 ′ within ℓ steps. Moreover, the treewidth of𝐺 ′ is at most
𝑓 (𝑘𝑑 + ℓ) for some function 𝑓 depending only on G. It remains to invoke the algorithm of Theorem 4. □

Since planar graphs have bounded local treewidth Eppstein (2000), we directly get the following result.

Corollary 3. The MAPFCC problem is in FPT parameterized by the number of agents 𝑘 plus the makespan ℓ

and the communication range 𝑑 if the input is a planar graph.

5 Conclusion
In this paper, we initiated the study of the parameterized complexity of the Multiagent Path Finding with
Communication Constraints problem. Our first contribution is that even in very restricted settings, where
we have a small number of agents that are obliged to move as a cohesive entity, deciding if the instance has a
makespan of at most 3 is infeasible (Theorem 1). We then identify other restrictions on the input that lead to
efficient algorithms (Theorems 2 through 4). This opens multiple new research directions that can be explored.
First and foremost is the question of checking the efficiency of our algorithms in practice. In particular, the MSO
encoding we provide for Theorem 4 is implementable by employing any state-of-the-artMSO solver (e.g., Langer
(2013); Bannach and Berndt (2019); Hecher (2023)). On the other hand, one could also argue that our work
provides ample motivation to follow a more heuristic approach. Even in this case, it is worth checking if our exact
algorithms can be used as subroutines to improve the effective running time of the state-of-the-art algorithm
that is used in practice. Finally, there is the interesting phenomenon exhibited in Corollary 1, namely that the
anonymous version of the problem studied here remains computationally infeasible. It would be interesting to
investigate this anonymous version further, both from the theoretical and a practical point of view. We consider
all of the above important enough to warrant their respective dedicated studies.
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