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Background: Constraint Programming (CP) has been successfully used to model and solve complex combinatorial problems.
However, modeling is often not trivial and requires expertise, which is a bottleneck to wider adoption of CP. As a result, the
field of Constraint Acquisition (CA) has emerged with the aim to (semi-)automate the modeling process. In CA, the goal is to
assist the user by automatically learning the model. In (inter)active CA, this is done by interactively posting queries to the
user, e.g., asking whether a partial solution satisfies their (unspecified) constraints or not.

Objectives: However, a large number of queries is required to learn the model, which is a major limitation of state-of-the-art
CA, especially for human users. We believe this is due to the search-based learning of interactive CA, which is based on
symbolic concept learning, being mostly uninformed. During learning, the system is not aware of any patterns that may
appear in the constraints acquired so far, which could be used to guide the rest of the process.

Methods: In this paper, we aim to alleviate this limitation by, for the first time, utilizing statistical Machine Learning (ML)
in the context of interactive CA. We propose to use probabilistic classification models to guide interactive CA to generate
more informative queries. Specifically, we propose a probability-based objective function to use in the query generation
process across all components of interactive CA: the top-level query generation, the scope finding, and the lowest-level
constraint finding. To ease the guiding of the scope-finding process, we also propose a novel FINDScopE function, which
includes an explicit query generation step. Effective guidance, however, relies on (probabilistic) estimates of whether candidate
expressions belong to the problem or not. To this end, we propose a framework for the training of ML classifiers within the
interactive CA process, as well as an expressive feature representation of constraints.

Results: We experimentally evaluate our proposed methods on 7 different problem classes, using different classifiers and
feature representations, and show that our methods greatly outperform the state of the art, decreasing the number of queries
needed to converge by up to 75%.

Conclusions: Our findings confirm that statistical ML methods can detect patterns in constraint models, while they are being
learned, and can be successfully used within the search-based interactive CA for reducing the number of queries needed.
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1 Introduction

Constraint programming (CP) is considered one of the main paradigms for solving combinatorial problems in
artificial intelligence. In CP, the user declaratively states the constraints over a set of decision variables, after which
a solver is used to compute a feasible solution. Although CP has demonstrated success in solving combinatorial
problems across various domains, there are still challenges that must be addressed for CP technology to achieve
wider adoption. One of the most important challenges is to ease the process of formulating a precise constraint
model: expressing a combinatorial problem as a set of constraints over decision variables is not straightforward
and requires substantial expertise (Freuder, 1999). Because of this, having to manually model a problem is
considered a major bottleneck for the widespread adoption of CP (Freuder and O’Sullivan, 2014; Freuder, 2018).

As aresult, a considerable body of research focuses on making CP modeling more accessible, including the
development of solver-agnostic modeling languages (Nethercote et al., 2007; Frisch et al., 2008; Guns, 2019)
and LLM-based assistants that model a problem given its natural language description (Tsouros et al., 2023b;
Michailidis et al., 2024; Kadioglu et al., 2024). In addition to these, in the direction of human-in-the-loop constraint
modeling, the topic of Constraint Acquisition (CA) has received a lot of attention. CA aims to acquire the model of
a problem from data. These data are most commonly examples of solutions and non-solutions to the problem. A
recent application of CA to a large-scale real-world transmission maintenance scheduling problem, where active
CA is used to approximate complex non-linear power-flow constraints, showed its significant potential (Barral
et al., 2024).

State-of-the-art CA systems typically use the candidate elimination and version space paradigm (Mitchell, 1978,
1997): given a set of candidate constraints, either provided explicitly as a list of constraints or defined implicitly
through a language of constraints, the CA system aims to recognize which candidate constraints are part of the
problem. CA can be either passive or interactive. In passive acquisition, the data are provided by the user upfront;
typically, a dataset of examples of solutions and non-solutions is given, and based on these examples, the system
learns a set of constraints modeling the problem (Beldiceanu and Simonis, 2012; Berden et al., 2022; Bessiere et al.,
2004, 2005, 2017; Kumar et al., 2019, 2022; Lallouet et al., 2010; Lombardi et al., 2017).

In contrast to passive learning, active or interactive acquisition systems learn the constraints through query-
based interaction with the user. In the early days, most methods only made use of membership queries, asking
the user whether a full assignment of values to the variables constitutes a solution or not (Angluin, 1988; Bessiere
et al., 2007, 2017). However, the number of membership queries needed to identify the underlying model can be
exponentially large for these methods (Bessiere et al., 2017). This led to a new family of interactive algorithms,
using partial queries instead (Arcangioli et al., 2016; Bessiere et al., 2013; Lazaar, 2021; Tsouros and Stergiou, 2020,
2021; Tsouros et al., 2019, 2020, 2018; Bessiere et al., 2023b). Such (partial) queries ask the user to classify (partial)
assignments to the variables as (partial) solutions or non-solutions, which significantly reduces the number of
queries needed (Bessiere et al., 2023b).

Despite recent advancements in interactive CA, the number of queries that current systems need to learn the
constraints is still prohibitively large for human users. Even for a small number of constraints, dozens of queries
may be needed to learn them. This remains one of the most important limitations of the current state of the art.
We hypothesize that this large number of queries stems from the fact that the system uses mostly uninformed
search-based learning to acquire the constraints. That is, during the acquisition process, the system is not aware,
when generating new queries, of any patterns that may exist in the constraints it has acquired and ruled out so
far. If it were able to detect these patterns, it could use this information to guide the remainder of the acquisition
process. That is, it could pose subsequent queries in an informed way, taking into account estimates of how likely
each candidate constraint is to be part of the model. By using these estimates, it could ultimately generate queries
in a way that minimizes the number of queries needed in total.

Journal of Artificial Intelligence Research, Vol. 86, Article 3. Publication date: May 2026.



Machine Learning-Guided Interactive Constraint Acquisition « 3:3

This is the aim of this work. We propose a way to guide the query generation of interactive CA based on
probabilistic predictions estimating how likely candidate constraints are to belong to the model. We also show
how a statistical ML component can be trained during the interactive CA process to produce these probabilities,
and we provide an expressive feature representation of constraints for this ML component to learn over.

More concretely, our contributions are the following:

e We introduce a way to guide the top-level query generation used in interactive CA, with the goal of
generating queries that learn the set of constraints faster (i.e., requiring fewer queries). Specifically, we
propose an objective function for query generation that uses probabilistic estimates of whether constraints
are likely to hold or not.

o We extend this to guide the other query-posing components of interactive CA, namely its FINDScopE and
FINDC methods. These methods are used to identify first the scope (FINDScopE) and then the relation
(FINDC) of a specific violated constraint, after the user has identified a top-level query as an infeasible
solution. To ease the guiding of FINDSCOPE queries, we also introduce a novel variant of this function, called
FINDScOPE-3. In contrast to its predecessors, FINDScOPE-3 has an explicitly stated query generation step,
which can be guided through the introduction of an objective function. Remarkably, we experimentally
find that the novel FINDScopE-3 even significantly outperforms the state-of-the-art scope-finding function
FINDScoPE-2 without any guiding.

o To obtain the probabilistic estimates of how likely constraints are to hold, needed for guiding, we propose
to use probabilistic ML classifiers. We show how these classifiers can be trained within the interactive CA
process, based on the constraints learned so far, as well as the ones removed from the candidate set of
constraints at any point during the acquisition process. We also propose an expressive feature representation
of constraints for these classifiers to learn over.

e Through an extensive experimental evaluation, we address several research questions and assess the
performance of our proposed approach across 7 benchmark datasets. The results demonstrate that our
approach greatly outperforms state-of-the-art constraint acquisition (CA) systems, reducing the number of
queries required by up to 75%.

Publication history. This paper is an extension of parts of two published conference papers (Tsouros et al.,
2023a, 2024). This paper presents a unified view on the prediction-guided approaches of those two papers
and has the following novel components: we simplify the objective function used for guiding, we propose a
new FINDScopE-3 function, we formalize the ML-based interactive CA framework, we propose a richer feature
representation, and we perform an extensive evaluation on a larger number of benchmarks.

Structure. The remainder of the paper is organized as follows. Section 2 introduces the necessary background
on CA. In Section 3, we present our proposed methods for guiding the query generation process, as well as the
new FINDScoPE-3 function. Section 4 describes how to train and apply probabilistic classifiers to estimate which
constraints are likely part of the target problem. This section also introduces our proposed feature representation
for constraints. Section 5 reports on an extensive experimental evaluation of our approach. Related work is
discussed in Section 6. Finally, Section 7 concludes the paper and provides perspectives on future work.

2 Background

We now give the necessary background information for this paper

2.1 Constraint Satisfaction Problems
A constraint satisfaction problem (CSP) is a triple P = (X, D, C), consisting of:

o a set of n variables X = {x1, x3, ..., X, }, representing the entities of the problem,
e aset of n domains D = {D1, D, ..., D,,}, where D; C Z is the finite set of values for x;,
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e a constraint set (also called constraint network) C = {c, ¢3, ..., ¢; }.

The goal of a CSP is to find an assignment in the set of variables X satisfying the constraints C. A constraint c
is a pair (rel(c), var(c)), where var(c) C X is the scope of the constraint and rel(c) is a relation over the domains
of the variables in var(c) that specifies (implicitly or explicitly) what assignments are allowed. |var(c)| is called
the arity of the constraint. The set of solutions of a constraint set C is denoted by sol(C). A redundant or implied
constraint ¢ € C is a constraint in C such that sol(C) = sol(C \ {c}). A constraint set C is considered normalized
when no constraint in C has a scope that is a subset of or equal to the scope of another constraint in C.

A (partial) assignment ey is an assignment over a set of variables Y C X. ey is rejected by a constraint c iff
var(c) C Y and the projection e,qr(c) of ey on the variables in the scope var(c), is not in rel(c), that is, it is
not allowed by the constraint on var(c). The constraint set C[Y], where Y C X, denotes the set of constraints
from C whose scope is a subset of Y. kc(ey) represents the subset of constraints from C[Y] that reject ey, i.e.,
KC(eY) = {C | ce C[Y] A €yar(c) ¢ rEI(C) }

A complete assignment e that is accepted by all the constraints in C is a solution to C, i.e., e € sol(C). A partial
assignment ey is called a partial solution to C iff it is accepted by all the constraints in C[Y]. Note that a partial
solution to C may not be extendable to a complete one, due to constraints not in C[Y].

A constraint optimization problem extends a CSP with an objective function f : DY — Z, with Y C X that
assigns a cost to each assignment. The goal is to find a solution e € sol(C) that minimizes (or maximizes) f(e).

2.2 Interactive Constraint Acquisition

In CA, the pair (X, D) is called the vocabulary of the problem at hand and is common knowledge shared by
the user and the system. Besides the vocabulary, the learner is also given a language I' consisting of fixed-arity
constraint relations, such as =/2 and < /2 where the number after / represents the arity. From now on, when
referring to binary constraints, we will skip the indication of the arity in the language. Using the vocabulary
(X, D) and the constraint language T', the system generates the constraint bias B, which is the set of all possible
candidate constraints for the problem. For example, for X = {x1,x5,x3} and I' = {=, <}, the bias becomes
B={x; =x, x1 =X3, Xo =X3, X1 <X, ...}

Let Cr, the target constraint network, be an unknown set of constraints such that for every assignment e over
X it holds that e € sol(Cr) iff e is a solution to the problem the user has in mind. The goal of CA is to learn a
constraint set C; C B that is equivalent to the unknown Cr. Like other works, we assume that Cr is representable
by B, meaning that there exists a . C B that is equivalent to Cr, i.e., for which sol(C’.) = sol(Cr). The general
interactive CA framework operates analogously to classical version space learning (Mitchell, 1978). That is, it
maintains both a subset (Cr) and a superset (B) of C7, i.e., Cp € C}. C B. The subset Cy, is expanded as constraints
are confirmed, while the superset B is shrunk as candidate constraints are ruled. At any point in time, C’T is
guaranteed to lie between these two sets. This continues until B contains only Cy, and constraints that are implied
by Cr, at which point C, is identified.

Example 2.1 (Running Example). Assume that we use interactive CA on a 4x4 Sudoku (a description of the
Sudoku problem can be found in Section 5). The variables of this problem represent the value assignments to each
cell of the Sudoku, i.e., X = {x11, X12, X13, . . ., X44}, With x;; representing cell on row i and column j. The target
set of constraints Cr defines that all columns, rows and 2x2 blocks must contain only distinct values. A language
that can be used in this problem, in order to create a bias B that can represent Cr, is the language I' = {#}, or any
language IV O I. For example, using I' = {= . #, <, >}, the bias B will contain one constraint for each of these
relations on each pair of variables (as they are binary relations).

In interactive CA, the system interacts with the user while learning the constraints. A membership query (An-
gluin, 1988) in this setting is a question ASK (ex), asking the user whether a complete assignment ex is a solution
to the problem that the user has in mind. The possible answers are “yes” and “no”. A partial query ASK (ey), with
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Query: Is this a solution? Query: Is this a solution? Query: Is this a solution?
2 2 1 3 4 2 3 1 4 1 2 3
1 3 2 4 1 3 4 2 3 2 4 1
2 4 3 1 2 4 1 3 2 3 1 4
3 1 4 2 3 1 2 4 1 4 3 2
Answer: No Answer: Yes Answer: Yes
(a) Redundant query (b) Irredundant query (c) Redundant query

Fig. 1. Examples of redundant and irredundant membership queries

Y C X, asks the user to determine if ey, which is an assignment in DY, is a partial solution, i.e., if ey € sol(Cr[Y]).
While in passive acquisition there are methods that can handle noisy answers (Prestwich, 2020; Prestwich et al.,
2021), this is not the case for interactive acquisition. For this reason, in this work, we follow the assumption
that the user answers all queries correctly. Thus, we use the notation ¢ € Cr iff Ve € DY with var(c) C Y C X,
ASK(ey) = “yes” = eyqr(c) € sol(c).

A query ASK (ey) is called irredundant iff the answer is not implied by any information already available to the
system. That is, the query is irredundant on the subproblem Py = (Y, D[Y], C[Y]) iff ey is rejected by at least one
constraint from the bias B[Y] and is a partial solution to the set C; learned thus far. The first condition captures
that kp(ey) cannot be empty, since if kg(ey) were empty, the answer to the query ASK(ey) would have to be
“yes”, based on the assumption that Cr is representable by the constraints in B. The second condition captures
that ey should be a solution to Cr[Y], since otherwise the user would certainly answer “no” to the query. Note
that a partial query on an example ey may be irredundant on Y, but redundant on X. This can happen when
the constraints in xg(ey) are implied by C;, and thus cannot be violated by a complete assignment. However,
explicitly checking this type of indirect implications can be highly computationally expensive (Tsouros et al.,
2023a), and thus we define redundancy of a query based on the variables Y C X present in the example posted to
the user.

Example 2.2 (Redundant Queries). Consider our running example (from Example 2.1). Assume that the CA
system has learned all # constraints of the 4x4 Sudoku, i.e., C; = Cr, and the remaining candidates are B = {x; >
X4, X12 < Xp2}. Figure 1 shows examples of redundant and irredundant queries at this stage of the interactive CA
process. The query shown in Figure 1a is redundant, because it violates a constraint from Cy, and thus the system
can already derive that the answer will be negative. The query of Figure 1b is irredundant, as it satisfies Cr, and
at the same time it violates the constraint x1; > x44 from B. Finally, the query shown in Figure 1c is redundant
because, although it satisfies all constraints from Cy, it also satisfies both constraints from B.

Algorithm 1 presents the generic process followed in interactive CA through partial queries. The learned set
Cy, is first initialized either to the empty set or to a set of constraints given by the user that is known to be part of
Cr (ie., Ci C Cr) (line 1). Then the main loop of the acquisition process begins, where first the system generates
an irredundant example (line 3) and posts it as a query to the user (line 5). If the query is classified as positive,
then the candidate expressions from B that violate it are removed (line 6). If the example is classified as negative,
then the system tries to find one (or more) constraint(s) from Cr that violate it. This is done in two steps. First,
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Algorithm 1 Constraint Acquisition through partial queries

Input: X, D, B, C;;, (X: the set of variables, D: the set of domains, B: the bias, Cj,: an optional set of known
constraints)
Output: Cy : the learned set of constraints
1: CL — C,'n
2: while True do
3: e, Y «— QGEN(Cy, B)
4: if e =nil then return C > converged
if ASK(ey) = “yes” then
B «— B\ kp(ey)
else
(B,S) « FINDScOPE (e, 0, Y, B)
(B,Cr) « FINDC (e, S, Cr, B)

R A

the scope of one or more violated constraints is found (the variables that are involved in the constraint) by asking
queries and possibly shrinking the bias along the way (line 8). Then, the relations of the constraints with this
scope are found, again by asking queries and possibly shrinking the bias (line 9). This process continues until the
system converges (line 4).

Convergence. The acquisition process has converged on the learned network C; C B iff C; agrees with the set
of all partial queries E, and for every other network C C B that agrees with E, it holds that sol(C) = sol(CL).
This is proved if no example (i.e., query) could be generated at line 3, as in this case, all constraints in B are
redundant. If the first condition (i.e., C, agrees with E) is true but the second condition (3C C B|e € sol(C) Ve €
E A s0l(C) # sol(Cr)) has not been proved when the acquisition process finishes, premature convergence has
occurred. This can happen when the query generation at line 3 returns e = nil, but without having proved that
an irredundant query does not exist (e.g., because of a time limit).

Existing algorithms like QuAcQ (Bessiere et al., 2023b, 2013), MQUACcQ (Tsouros and Stergiou, 2020; Tsouros
et al,, 2018) and MQUACQ-2 (Tsouros et al., 2019) follow this template, but differ mainly in how they implement
lines 3, 8, and 9, and hence how many constraints they are able to learn in each iteration. Notice that interactive
CA systems consist of three components where (increasingly simpler) queries are asked to the user: (1) Top-level
query generation (line 3), (2) Finding the scope(s) of violated constraints (line 8), (3) Finding the relations of
constraints in the scope found (line 9). We now describe each of them.

2.2.1 Top-level Query Generation (QGEN). Query generation (line 3 of Algorithm 1) aims to find an irredudant
membership query, i.e., a (possibly partial) assignment that does not violate any constraint from Cy, but violates
at least one ¢ € B, that will be asked to the user. Thus, it can be formalized as follows:

findey st. Y C X Aey € s0l(CL[Y]) Akg(ey) # 0, (1)

which can be formulated as a CSP with variables Y and constraints C1[Y] A \/(,ep[y] ¢i-

Often, this problem is converted to a constraint optimization problem, adding an objective function to find
better queries. The objective function used in existing query generation systems (Bessiere et al., 2023b; Tsouros
and Stergiou, 2020) tries to maximize the number of constraints from B that are violated by the generated query
ey. The motivation is that this can potentially help shrink the bias faster. The objective function to be maximized
is
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Algorithm 2 FINDSCOPE

Input: e, R, Y, B (e: the example, R, Y: sets of variables, B: the bias)
Output: B, Scope ( B: the updated bias, Scopes: a set of variables, the scope of a constraint in Cr
1: function FINDScoPE(e, R, Y, B)
2 if xp(eg) # 0 then
3: if ASK(eg) = “yes” then B « B\ kg(er);
4 else return (B,0);
5 if |Y| =1 thenreturn (B, Y);
split Y into < Y3, Y2 > such that |Y;| = [|Y]/2];
if kp(eruy,) = kp(egruy) then S1 < 0
else (B,S;) « FindScope(e,RU Yy, Ys, B);
if kp(erus,) = kp(eruy) then S2 «— 0
10: else (B,S;) < FindScope(e,RU S;, Y1, B);
11: return (B,S; U S,);

Y ® D

f(ey) = |xp(ey)| (2)

2.2.2  Finding the Scope of Violated Constraints (FINDScopE). The functions used in the literature (Bessiere
et al., 2013; Tsouros and Stergiou, 2020; Bessiere et al., 2023b) to find the scope of violated constraints after a
negative answer from the user (line 8 of Algorithm 1) work in a similar way. We outline the general FINDSCOPE
approach in Algorithm 2, which is the FINDScoPE method from (Bessiere et al., 2023b), and works similar to
FINDScopE-2 (Tsouros and Stergiou, 2020).

FINDScoPE methods recursively map the problem of finding a constraint to a simpler problem by removing
blocks of variable assignments from the original query (the one asked in line 3 of Algorithm 1, to which the
user answered “no”) and asking partial queries to the user. The removed block must contain at least one variable
while not including all the present variables, in order to lead to an irredundant query. If after the removal of
some variables, the answer of the user changes to “yes”, then the removed block contains at least one variable
from the scope of a violated constraint. When this happens, FINDScoPE focuses on refining this block, adding
some variable assignments back to the query. When, after repeating this procedure, the size of the considered
block becomes 1 (i.e., the block contains a single variable), this variable is found to be in the scope of a violated
constraint we seek (line 5 of Algorithm 2).

Example 2.3 (FINDScorpk). Figure 2 illustrates an example execution of FINDSCOPE on our running 4x4 Sudoku
example. The first query is the top-level query, to which the user answers “no” because the assignment violates
some same-block constraints. The execution of FINDScoPE then proceeds on this negative example by recursively
removing variable assignments in each query, thereby reducing the problem of identifying a violated constraint
to simpler subproblems. Once the user provides a positive answer, the system needs to determine which of the
previously removed variables (the highlighted part of the fourth query, i.e., x5 1 or x32) belongs to the scope of the
violated constraint. That is, it should determine which removed variable assignment led to the user’s response
changing from negative to positive. To do this, the assignment to variable x,; is added back. Since the user’s
answer remains positive in the next query, and the remaining block of variables only contains one variable now
(variable x;,), FINDScoPE has identified that this variable must belong to the scope of the constraint. It then
continues in the same manner to find the rest of the scope.
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Query: Is this a solution? Query: Is this a solution? Query: Is this a solution? Query: Is this a solution? Query: Is this a solution?
1 3 4 2 1 3 4 2 1 3 - - 1 3 - - 1 3
P 1 3 4 Remove P 1 3 4 Remove 2 1 _ . Remove _ _ _ Adq 2
variables variables variables variables
>
4 2 1 3
3 4 2 1
Answer: No Answer: No Answer: No Answer: Yes Answer: Yes

Fig. 2. FINDScoPE execution from Example 2.3

Query: Is this a solution? Query: Is this a solution?
1 - - - 2
Remove Remove
2 ) ) T11 > T2 ) ! ) B Ty <
> 1 $ Addzy # 29 0 Cp
Answer: Yes Answer: Yes

Fig. 3. FINDC execution from Example 2.4

The main differences among existing FINDScopE functions lie in how they prevent redundant queries from
being presented to the user. The first FINDScopE function (Bessiere et al., 2013) did not include the if statements
of lines 2, 7, and 9, i.e., it did not check whether a query or a recursive call is redundant. FINDScoPE-2 (Tsouros
and Stergiou, 2020) and the FINDScopE function from (Bessiere et al., 2023b) avoid such redundant queries and
recursive calls by adding different kinds of checks that lead to the same result.

2.2.3 Finding the Relation of Violated Constraints (FINDC). After the system has located the scope of a violated
constraint, it calls function FindC to find the violated constraint (line 9 of Algorithm 1). FindC asks partial queries
focused on the scope returned by FindScope. It aims to find which constraint(s) from B[S] are part of Cr, with S
being the scope returned by FINDScope. We show a general version of FINDC in Algorithm 3. It uses the set A
that consists of the candidate constraints on that scope (initialized at line 2). Then, the main loop starts, where
examples are generated and posted to the user, violating some constraints from A, but not all (line 4). If no
example is generated, then A consists of equivalent constraints, which are added to Cy, (line 6), after which the
updated B and Cj, are returned (line 7). If an example is generated, A and B are updated based on the user’s
answer (lines 8-11).

Example 2.4 (FINDC). Figure 3 illustrates an example execution of FINDC on our running 4x4 Sudoku example.
After the scope {x11, x2;} has been found through the execution of FINDScorE (Example 2.3), the CA system
needs to identify the constraint from Cr in this scope. Assume that the remaining candidate constraints in B for
this scope are: {x11 # X22, X11 > X22, X11 < X22}. FINDC will try different assignments on the variables of the scope
found to identify which of these constraints should be removed and which should be added to C;. After a positive
answer to the first query, the constraint x1; > x2, can be removed from B. After a positive answer to the second
query, the constraint xj; > x3; can also be removed. As a result, the only remaining candidate is x1; # x5z, which
is then added to C;.
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Algorithm 3 FINDC

Input: e, Y, Cr, B (e: the example, Y: The scope to search, Cy: the learned set of constraints, B: the bias)
Output: c:a constraint in Cr
1: function FINDC(e, Y)
2: initialize A based on B;
while true do
Generate ¢’ in DY accepted by C and rejected by A, with ka (ey) # |Al;
if ¢’ = nil then
CL — CL UA
return (B,Cr) ;
if ASK(e’) = “yes” then
B« B\ kp(€);
10: A — A\ kp(e);
11: else Update A;

N AN A

Different versions of FINDC mainly differ in the assumptions they make about the structure of the target set of
constraints. The original FINDC function (Bessiere et al., 2013) assumes that the target constraint set is normalized:
(i) there is at most one constraint per scope, and (ii) if a constraint exists on a scope S, then no constraint ¢ € Cr
has a scope var(c) O S. The FINDC variant of (Bessiere et al., 2016) relaxes the normalization assumption by
dropping the second condition: while still assuming at most one constraint per scope, it allows constraints on
subscopes to exist. The most recent version (Bessiere et al., 2023b) removes this assumption entirely, allowing
conjunctions of constraints within the same scope.

For simplicity, we present the version from (Bessiere et al., 2013). However, the proposed methodology is not
tied to this choice and can be applied to all existing FINDC variants.

2.2.4 GrowAcq. Particularly relevant to this work is the recently proposed meta-algorithm GrRowAcQ, which
can handle large biases and reduces the number of queries needed to reach convergence (Tsouros et al., 2023a).
GrOWACQ is of particular importance here because it allows the acquisition process to only consider a (small)
part of the bias at once. This makes it possible to efficiently optimize an objective function in query generation
(as discussed in Section 2.2.1), which is what enables the ML-based guiding we propose in this work.

Concretely, GRowAcq iteratively calls an active CA algorithm (which follows the generic process of Algorithm 1)
on an increasingly larger subset of the variables Y € X. This is shown in Algorithm 4. GRowAcQ begins with
Y = 0 (line 2) and gradually incorporates more variables (lines 3-5). Once a new variable x; € X is added to Y, the
updated problem is to find Cr[Y] e.g. all constraints over the subset of variables Y. However, since Cr[Y \ {x;}]
was already learned in the previous iterations, the set of constraints to identify is actually

Cr[Y]\ Cr[Y \ {x;}]

Thus, only the relevant part of the bias B is needed, namely B[Y] \ B[Y \ {x;}], and as shown in (Tsouros et al.,
2023a), the bias constructed at line 6 is equivalent to B[Y] \ B[Y \ {x;}]. To find Cr[Y] \ Cr[Y \ {x;}], any existing
active CA algorithm can be used. We represent this with the function Acq (line 7), which can be replaced by any
state-of-the-art algorithm, like QUAcQ, MQUACQ or MQUACQ-2.

2.3 Machine Learning Classification

ML classification is a supervised learning task that involves learning a function over a given dataset. The dataset,
denoted as E, is a collection of N training examples, E = {(f1, y1), (f2, y2), ..., (fn, yn) }. Each example is a pair

Journal of Artificial Intelligence Research, Vol. 86, Article 3. Publication date: May 2026.



3:10 « Tsouros, Berden & Guns

Algorithm 4 Growing Acquisition (GROWACQ)

Input: T, X, D, C;, (I': the language, X: the set of variables, D: the set of domains, Cj,: an optional set of known
constraints)
Output: Cy : a constraint network
1: Cp«—0
22 Y «— 0
3: while |Y| < |X]| do
4 x « pickx € (X\Y)
5: Y« YU {X}
6 B« {c|rel(c) eT Avar(c) CY Ax €war(c)}
7 Cp « Acq(Y, DY, B,CL U Cip[Y])
8

: return Cr,

(fi, yi), where f; is a feature vector from the input space # and y; is the corresponding class label from the output
space Y. The feature vector f; is composed of m features, f; = (¢i1, diz, . . ., ¢im), With each feature ¢;; being a
(quantifiable) property of example i. In classification, Y is a set of possible class labels. An ML classifier aims to
learn a function fy: ¥ — Y, using a set of learnable parameters 6. These parameters are adjusted during training
to minimize a loss function L(fy(f), y) measuring the error between the predicted and actual class labels.

3 Guiding Interactive CA

In this section, we show how we can significantly improve the performance of CA systems by guiding the
query-based learning mechanism using information from the constraints that have already been learned and the
constraints that have been ruled out thus far. First, in Section 3.1, we discuss what constitutes a good query and
how this insight can be used to guide top-level query generation (line 3 of Algorithm 1). Since CA systems ASK
queries not only in the top-level algorithm on line 5, but also within the FINDScoPE (line 8) and FINDC (line 9)
components, we also show how the same logic can be used to guide query generation in these components in
Sections 3.2 and 3.3, respectively.

3.1 Guiding Query Generation

Consider top-level query generation (in line 3 of Algorithm 1). Previous query generation systems use an objective
function that tries to maximize the number of constraints from B that are violated by the generated query e
(Equation (2)) (Bessiere et al., 2023b; Tsouros and Stergiou, 2020). The motivation is that this can potentially help
shrink the bias faster. However, we claim that this measure does not fully capture what constitutes a good query,
because the information we get from the query depends on the answer of the user, as follows:

e On the one hand, queries that are answered positively lead to the removal of candidate constraints from
the bias B. In this case, it is indeed beneficial to violate as many constraints from B as possible, as this will
shrink B faster.

e On the other hand, queries that are answered negatively lead to the learning of a violated constraint from
B. To do this, the system will ask subsequent partial queries through FINDScoPE and FINDC, to identify
which of the violated constraints in B it should learn. Hence, in this case, it is beneficial to violate as few
constraints from B as possible, so that the true conflicting constraint can be found in fewer subsequent
queries.

Example 3.1 (Different goals for positive and negative queries). Consider a simple problem, with four variables
in one row, where the target set of constraints contains all # constraints between all pairs of variables, i.e., all
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Query: Is this a solution? Query: Is this a solution?
2 3 4 1 4 3 2 1
Answer: Yes Answer: Yes
(a) Positive query removing few (b) Positive query removing many
candidates candidates
Query: Is this a solution? Query: Is this a solution?
1 2 2 3 1 1 1 1
Answer: No Answer: No
(c) Negative query directly learn- (d) Negative query needing more
ing a constraint queries to learn a constraint

Fig. 4. “Good” and “bad” queries from Example 3.1

variables need to take a different value. Assume that we use interactive CA to learn the constraints of this problem,
withabias B= {x; # xj, x; < x; | 1 <i< j <4} Figure 4 illustrates example queries that the CA system may
post to the user.

We first consider the two positive queries (i.e., queries the user answered “yes” to). The first positive example
violates only three candidate constraints, namely kg(e) = {x; < x4, X2 < X4, X3 < x4}, which will therefore be
removed from B. In contrast, the second positive example violates a substantially larger set of candidates, as
kp(e) = {x1 < x2,x1 < x3,%1 < X4,%2 < X3,X3 < X4, %3 < x4}). This second query is preferable, as it eliminates
more candidates from the bias in a single interaction. Asking the first query would require additional subsequent
queries to remove the remaining candidates.

We now turn to the two negative queries (i.e., queries the user answered “no” to). The first negative example
violates exactly one candidate constraint, kg(e) = {x; # x3}, whereas the second violates many candidates,
namely xg(e) = {x1 # X2, x1 # X3,X1 # X4, X2 # X3, X2 # X4,X%3 # X4}). Here, the situation is reversed. A
negative query that violates many candidates only indicates that at least one of them must belong to the target
network, and thus additional queries are required to identify its scope. In contrast, the negative query violating a
single candidate constraint allows us to directly add this constraint to the learned network; in this case, neither
FINDScopE nor FINDC needs to ask further queries before terminating.

Based on this intuition, we can draw the conclusion that good query generation must balance two opposing
goals; maximizing violations of constraints not in Cr, to enable fast bias reduction after positive answers, while
minimizing violations of true constraints to reduce the cost of finding the exact conflict after negative answers.
Our proposed strategy, which we explain below, makes this trade-off explicit by prioritizing queries that are
likely to be answered positively first, and only later focusing on queries that isolate individual true constraints.

To generate queries that are good based on this refined perspective, we propose the following strategy. We
want query generation to first elicit positive answers from the user, by avoiding the violation of constraints that
are in the (unknown) target set Cr. At the same time, we want to maximize the violation of constraints in B that
are not in Cr, so that the positive answer leads to a large removal of constraints from the bias (in line with the
first bullet point above). After some iterations of asking such queries, B \ Cr will become empty (i.e., only true
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constraints, that need to be confirmed, will remain in the bias). Note that, from this point onwards, the user will
answer any remaining queries negatively, since any query generated has to violate at least one constraint from B
(Equation (1)), and B \ Cr = 0. At this point, we want the generated query to violate as few constraints from B as
possible (in line with the second bullet point above).

We adopt a positive-first, negative-later approach because it is easier to violate candidates outside the target
set while satisfying the true constraints, than to satisfy all but one candidates; especially since the latter would
require satisfying every constraint not in Cr.

To implement this strategy, we first propose an idealized objective function that assumes access to a hypothetical
oracle O that is able to tell whether a constraint ¢ belongs to the unknown target set or not: O(c) = [c € Cr]
(where [-] is the Iverson bracket which converts True/False into 1/0). Of course, we do not have access to such an
oracle in practice, as this would make interactive CA unnecessary, since one would be able to directly extract
Cr without requiring any queries. Therefore, after presenting the objective function, we will propose ways to
approximate the oracle through machine learning. The oracle will predict which constraints are in Cr, assisting
interactive CA in query generation. Interactive CA will then either confirm the predictions of the oracle, or refine
them through the new information obtained in each iteration.

Our proposed objective function (to be maximized), using the oracle, is the following:

fley=> leexp(e)]: (1-k-O(), 3

ceB

This objective function works as follows. On the one hand, it rewards (increases the objective value by 1) an
example e for every violated constraint that the oracle says is not part of Cr (in anticipation of a positive answer).
On the other hand, it penalizes (decreases the objective value by k — 1) the example for every violated constraints
that the oracle indicates belongs to Cr, as this would cause a negative answer, which we aim to avoid.

The penalty size k should be chosen large enough for the objective function to prioritize satisfying constraints
for which O(c) = 1 over violating constraints for which O(c) = 0. That is, adding constraints that are likely to
lead to a negative answer (and hence will lead to follow-up queries to find the violated constraint) should come
at a higher cost. However, we empirically find that setting k too large does not perform well either. We find that
k = |T| (i.e., the number of unique relations considered) works well in practice, and thus use this value in our
experiments. By setting the penalty size to |T'|, which is equal to the upper bound of the number of constraints in
each scope, we ensure that the objective function prioritizes a query satisfying a constraint with O(c;) = True,
over a query that violates all constraints from B that share c¢;’s scope.

Example 3.2 (Guiding query generation). Consider the same problem as in Example 3.1. The objective function
that is commonly used in the interactive CA literature is to maximize the number of violated candidates from
B. However, this objective rewards equally the queries shown in Figures 4b and 4d, as they both violate the
maximum number of constraints that can be violated under this bias. As discussed in the previous example, this
is undesirable. The positive query in Figure 4b is indeed more informative, as it shrinks B faster, whereas the
negative query in Figure 4d is not considered good, since alternative queries can lead to learning a constraint
more efficiently. Conversely, the query shown in Figure 4c, which is a better negative query, receives a worse
objective value under this criterion.

Assume now that we use our proposed objective function to guide query generation, exploiting a perfect oracle
O. In this case, the query from Figure 4b is correctly preferred to be posed first, as it achieves an objective value of
6, corresponding to the violation of six candidates predicted not to belong to Cr. After this query, all < constraints
are removed from B, leaving only the # constraints from Cr in it. During subsequent query generation steps, our
objective function penalizes violations of these remaining constraints. As a result, the generated queries violate
only a single candidate, leading to an objective value of —2, such as the query shown in Figure 4c. Queries that
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violate additional constraints from Cr are penalized more heavily and therefore receive a lower objective value;
for example, the query in Figure 4d has an objective value of —12.

3.1.1 Approximating the Oracle. The objective function given in Equation (3) assumes access to an oracle O(c),
which, of course, is not actually available during acquisition because we do not know Cr yet. We propose to
approximate this oracle using a machine learning classifier, trained based on previously asked queries and their
answers. A probabilistic classifier will predict for each ¢ € B how likely it is that c is a true constraint (i.e.,
P(c € Cr)). This classifier is trained on the constraints learned and the constraints ruled out thus far, which we
will detail in Section 4. For now, we simply assume that the classifier is available.

We can then approximate the oracle O(c) in two ways:

(1) Using the predicted class: Oj4ss(c) = [P(c € Cr) > 0.5]. Note that also non-probabilistic classifiers can be

used here.

(2) Using the predicted probability itself O,,5(c) = P(c € Cr)

We find that option (2) works best in practice, which we will show in the experimental evaluation. We also
note that in the conference paper (Tsouros et al., 2023a), we proposed a more intricate binary oracle (specifically,
Oorig(c) = [1/P(cecr) < log(|Y])]). We later found that option (2) above works equally well, and thus prefer it
here for its simplicity. The comparison to the original approximate oracle can be found in the supplementary
material.

3.2 Guiding FINDScoOPE

Although guiding top-level query generation can result in a significant reduction in the number of queries,
guiding this level of the CA system may not always be possible. This can be the case when the problem is hard to
solve, and thus finding even an informative query can take a lot of time. However, guiding the queries asked in
FINDScOPE can offer important benefits too, while it is generally computationally cheaper because the goal is not
to find a solution to the problem but to find subsets of variable assignments given an existing example. We now
discuss how to guide this component of interactive CA systems.

As discussed in Section 2, the existing FINDScoPE (Algorithm 2) methods recursively map the problem of
finding a constraint to a simpler problem by removing blocks of variable assignments from the given negative
example, and asking partial subqueries to the user. In practice, the main problem that must be dealt with in each
step is to find a set of variables Y’ C Y for the next subquery. Depending on the answer of the user we can then
update B and decide which part of the problem to focus on next. Existing FINDScoPE functions naively choose
Y’ C Y, by splitting the set Y in half. The advantage of this approach is that a logarithmic number of steps can be
achieved. However, no information about the violated constraints from B is used, and no guidance is utilized.
The set of variables to remove, or keep, in the assignment is usually chosen randomly (Bessiere et al., 2023b) or
lexicographically (Tsouros and Stergiou, 2020).

In this paper, we propose a simpler and non-recursive function to find the scope of violated constraints, which
uses an explicit query generation step that can then be guided. Our novel FINDScoprE-3 function aims to find
the full scope of a violated constraint, instead of trying to find each variable at a time, while also exploiting
information about the violated constraints from B when generating a query. We first discuss our new FINDSCOPE
function, we then focus on its query generation problem, and we finally show how to integrate the ML-based
guiding of Equation (3).

3.2.1 FINDScopPE-3: A Constraint-Based FINDScope. We now propose FINDScoOPE-3, a FINDScopE function with
an explicit query generation step. The query in this case is a projection of the original query e (over the variables
Y) to ey’ for any Y’ C Y subset of variables. Recall that kg (ey) represents the subset of constraints from B[Y]
that are violated by ey.
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Algorithm 5 FINDSCOPE-3: our proposed constraint-based FINDScopPE

Input: e, Y, B (e: the example, Y: the set of variables, B: the bias)
Output: Scope
1: while True do
2: findY st Y CcYA (O Cxp(ey) C kp(ey))
if Y’ = ( then return (B,var(xg(ey)))
if ASK(ey’) = True then
B « B\ kg(ey)
else
Y <Y

Generating a query hence corresponds to finding a subset of variables Y’ C Y. This query should be informative,
i.e., it should violate at least one constraint of the bias (0 C kp(ey)), and it should violate strictly less constraints
than the original query (xg(ey’) C kp(ey)). The query generation hence corresponds to the following satisfaction
problem:

findY' s.t. Y c YA (0 C kg(ey) C kp(ey)). (4)

Making this query generation procedure explicit leads to a much simpler process, which we call FINDScoPE-3.
It is shown in Algorithm 5 and takes as input the example e in which we want to find the scope of a violated
constraint, given the negatively answered query e, the set of assigned variables Y, and the bias B. It returns the
updated B and the scope of a violated constraint. In each iteration, a subset of variables Y’ is found based on
Equation (4), and then the example ey- is posted as a query to the user (line 4). If the answer is positive, then the
candidate constraints violated by eys are removed from B (lines 4-5) and the query generation is repeated. Note
that we will never select the same Y’ as all its constraints are removed from B, making it uninformative. In case
the answer is negative, then we know that there is still at least one violated constraint in B[Y”] and hence we can
continue focusing just on this B[Y’], replacing Y by Y’ (lines 6-7). In each iteration, the set of candidates B[Y]
considered is reduced: either constraints are removed from B due to a positive answer, or the set of variables Y is
reduced. FINDScOPE-3 terminates when all the violated candidates in B[Y] have the same scope, and hence no Y’
can be found. This scope is then returned, along with the updated bias.

3.2.2  Query Generation in FINDScopPE-3. To be able to automatically solve the query generation problem of
FinDScope-3 (Equation (4)), we model it as a CSP, as follows.

First, we introduce a set of boolean variables BV = {bv; | i = 1,...,|Y|}, where |BV| = |Y|. Each bv; indicates
whether variable x; € Y is included in the candidate subset Y’ ¢ Y C X. Thus, bv; = 1if x; € Y/, and bo; = 0
otherwise. As a result, the set Y’ will be

Y ={x;€Y|bv; =1} (5)
Then, we need to enforce the constraint @ C kg(ey’) C kp(ey). As we know that Y’ c Y, we can simplify this to
0 < |kg(ey’)| < |xB(ey)l. (6)

With |kp(ey)| being a constant value, we only need to represent kp(ey+). To do this, we introduce a second set of
boolean variables BVC = {buc; | j = 1,...,|xg(ey)|}, one for each constraint c; € kg(ey). Each buc; indicates
whether c; is present in xp(eys). This occurs when all variables in the scope of c; are included in Y’ (since
¢; € xg(ey)). We capture this with the constraint:

buc; & /\ bo, )

vevar(c;)
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where bo, is the boolean variable in BV corresponding to variable v € Y. Using the boolean variables in BVC, we
enforce the cardinality condition 0 < }}; buc; < |kp(ey)|, which corresponds to the constraint from Equation (6).
The above CSP formulation captures the conditions of the query generation problem in FINDScopE-3 (Equa-
tion (4), in line 2 of Algorithm 5). However, just choosing any (arbitrarily sized) subset of Y can result in a large
number of queries. But now that we have modelled this problem, we can add additional constraints and/or add
an objective function in order to improve its performance. For example, if one wants to simulate the “splitting in
half” strategy of FINDScoPE, we propose to add the following objective function (to be minimized) to the CSP:

fter = |iv1- | 3L ®
where
Y= > [boi ©)
bu;eBV

However, the largest performance gains are obtained by incorporating an ML-guided objective function, which
we discuss next.

3.2.3 Guiding FinpScope-3 Queries. To guide FINDScOPE-3 queries, we propose to use the above CSP formulation
of the query generation problem and integrate the objective function from Equation (3). The main change to be
considered in the guiding objective from Equation (3) comes from the fact that we now are not generating an
assignment e, but deciding which subset of variables Y’ from the existing example e to include in the next query
ASK (ey’). Thus, we propose to maximize the following objective function:

fey) = Z [var(c) CY'] - (1-k-O(c)) (10)

cekp(e)

where the factor [e ¢ sol({c})] from Equation (3) has been replaced by [var(c) C Y’] (recall that here ey: ¢
sol({c}) iff var(c) € Y’). The property var(c) C Y’ can be expressed through the boolean variables in BVC.

This objective function works well when the ML classifier is accurate (i.e., can approximate the oracle O(c)
accurately). However, there exists a caveat when the ML classifier is not able to learn any meaningful structure,
in which case it tends to predict all candidate constraints as not belonging to Cr. When this occurs, the use of the
guiding objective function (10) reduces to the maximization of the number of constraint violations, which can be
highly suboptimal when the user answers the query negatively.

To prevent this, we add an additional objective function that provides a reward whenever at most half of the
variables are selected in Y’. On the one hand, this ensures that, under the scenario described above, the guiding
objective function (10) reduces to the halving strategy, which is preferable to the maximization of constraint
violations, as discussed before. On the other hand, it still allows the selection of significantly less than half of the
variables when this is deemed advantageous according to the guiding objective (10). This additional objective
function (to be maximized) is the following:

2
2|’ (11)

0 otherwise.

1 if|Y’] <

fley) =

We combine the two objectives in a lexicographic ordering, where (11) is the primary objective, and (10) is the
secondary objective. As a result, any query that selects more than half of the variables is strictly dominated by
any query that selects less than half. Among all queries satisfying the first condition, the guiding objective (10) is
used to select the most informative one, according to the learned constraint likelihoods.
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Finally, note that, in (Tsouros et al., 2024), we have also proposed a similar guided query generation step for the
original FINDScopE function. However, we do not discuss this here, as guiding the original FINDScopE function
requires taking into account its specific functionality (e.g., the use of the variable set R), which limits the sets of
variables that can be selected, such that the optimal set of variables cannot always be chosen.

3.2.4  Analysis. We now prove some theoretical properties of FINDScopEe-3. We first prove its correctness by
proving some of its invariants, and we then focus on its complexity in terms of the numbers of queries.

PROPOSITION 3.3. Given a bias B, with the assumption that Cr C B, a set of variables Y and an example e with
0 C k¢, (ey), FINDSCOPE-3 is correct, i.e., it will return the scope of a constraint ¢ € k¢, (ey).

Proor. First, let us focus on FINDSCOPE-3’s invariants.

(Inv. 1) kp(ey) is reduced in each iteration. If the example ey is classified as positive by the user, then kg (ey’), with
kg(ey’) O 0 (Equation (4)), is removed from B, reducing |kg(ey)|. If the answer to the query is negative,
then Y is replaced by Y’, and thus kg (ey), but not B itself, is reduced due to Equation (4).

(Inv. 2) No constraint from Cr is ever removed from B. At every step, the set B is only reduced by removing constraints
¢ € kp(ey) in the case where ey’ is labeled positively by the user (lines 4-5), and thus k¢, (ey) Nxg(ey’) = 0.
Hence, removing kg (ey’) is sound.

(Inv. 3) We always have O C k¢, (ey) C kp(ey). As no constraint from Cr is ever removed from B (Inv 2.), we know
that always k¢, (ey) C xp(ey). Also, the set of variables is reduced only when the answer of the user is
negative, and thus 0 C k¢, (ey).

Termination: Since xp(ey) is finite and we reduce it in each iteration (Inv. 1), the loop must terminate after a
finite number of iterations.

Correctness: Upon termination, all constraints in xg(ey) must share the same scope, otherwise a Y’ would be
found due to Equation (4). Moreover, we know that O C k¢, (ey) € kp(ey) (Inv. 3). Therefore, this final set of
candidates must contain at least one violated constraint from Cr. Hence, the shared scope of these constraints is
the scope of a true constraint ¢ € k¢, (ey). O

We now analyze the complexity of FINDScoPE-3 in terms of the number of queries. We first consider the
original version of FINDScOPE-3 and then the complexity when the objective function from Equation (8) is used,
i.e., using the “splitting in half” strategy. Throughout the analysis, we denote as ¢y, the minimum arity of
constraints in Cr.

PROPOSITION 3.4. Given a set of variables Y and an example e with ) C k¢, (ey) C kp(ey), FINDScOPE-3 needs
at most O(|xp(ey)|) queries in the worst case.

Proor. Using (Inv. 1) of Proposition 3.3, we know that xg(ey) strictly decreases at every iteration. Since xg(ey)
is finite, and FINDScoOPE-3 asks one query per iteration, the algorithm can ask up to |kg(ey)| queries before
termination. O

PROPOSITION 3.5. Given a set of variables Y and an example e with O C k¢, (ey) C kg(ey), FINDSCOPE-3 needs
at most O(|Y| — amin) queries in the best case, where all queries at line 4 lead to a negative answer.

Proor. In the best case, FINDSCcOPE-3 only generates examples that lead to a negative answer by the user, and
thus does not need to eliminate constraints from B \ Cr before locating the scope of a constraint in k¢, (ey). As a
result, at each iteration FINDScOPE-3 replaces Y by a strict subset Y’ C Y (line 7), and therefore removes at least
one variable from Y. In addition, a negative answer implies that the example ey still violates at least one constraint
¢ € Cr, and thus var(c) C Y. Since all constraints in Cr have arity at least ap;,, Y can be strictly reduced at most
|Y| — tmin times. As a result, FINDSCOPE-3 can ask at most O(|Y| — @min) queries before termination in the best
case. m]
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We now analyze the complexity of FINDScopE-3 when the objective function from Equation (8) is used. Note
that the halving objective only affects how the set of variables Y is reduced following a negative answer. It
does not affect the fact that kg(ey) strictly decreases at each iteration (Inv. 1 of Proposition 3.3). As a result, the
worst-case upper bound stays the same as in Proposition 3.4. We now focus on the best-case upper bound.

PROPOSITION 3.6. Given a set of variables Y and an example e with ) C k¢, (ey) C kp(ey), FINDScoOPE-3 with

the objective from Equation (8) needs at most O(log2 (%)) queries in the best case, where all queries at line 4 lead
to a negative answer.

ProOOF. As in the best case all queries lead to a negative answer, FINDSCOPE repeatedly replaces Y by a strict
subset Y’ C Y. We denote as Y; the set Y after ¢ iterations. Due to the halving objective, the set Y’ is chosen to be
as close to | |Y|/2] as possible, while satisfying the requirement @ C kg(ey) C xg(ey) (Equation (4)). Here there
are 2 cases for the size of the set Y, based on the available subsets of variables that satisfy the requirements:

Case 1 Y’ < ||Y|/2]: In this case, at least half of the variables in Y are removed at each iteration, as Y is replaced
by Y’ (line 7) after a negative answer. Hence, |Y;| < | |Y;—1]/2].

Case 2 Y’ > ||Y|/2]: In this case, the set Y’ was the optimal set satisfying the requirements. We will now show
that, in this case, this iteration will be the last one to ask a query to the user, and FINDScopE-3 will then
terminate. As Y’ was the optimal subset of variables, we know that AY” C Y’ C Y s.t. ¢ < |Y”|, with
¢ = |Y| = |Y’|, satistying Equation (4), as otherwise Y/ would have a better objective value in Equation (8).
If this is not the last iteration of FINDScoPE-3, it would mean that 3Y” c Y’ C Y with |Y”| < ¢ and
0 c kp(ey~) C kp(ey’) C kp(ey). However, this would mean that any set T with Y ¢ T ¢ Y’ would
have kg(er) C xg(ey) C kp(ey). Therefore, T would satisfy the requirements of Equation (4) and would
have a better objective value in Equation (8) than Y’, which contradicts the optimality of Y’. Hence,
AY” C Y’ C Ys.t.. As aresult, when Y’ > ||Y]|/2] FINDScOPE-3 asks one more query and then terminates.

Based on the above, we either have |Y;| < ||Y;-1]/2] or we immediately terminate after Y;. Therefore, after ¢
consecutive negative answers, we must have |Y;| < ||Yy]|/2"]. As shown in Proposition 3.5, a negative answer
implies that ey, still violates a constraint ¢ € Cr, and thus var(c) C Y;. Since all constraints in Cr have arity
at least oyin, we must have |Y;| > amin throughout the execution, while zooming in the scope of constraint a
¢ € k¢, (ey). This results to

| Yol [Yo! Yol
aminS|Yt|S|_7 :>Ufmin37:>2t§—

|Yo|)

= t < log,(
QAmin Amin

(12)
Hence, we can have at most Iogz(oji!) iterations, which bounds the number of queries in the best case. O

Note that the best-case upper bound of FINDScoPE-3 is lower than the one of existing FINDScopE functions,
which is in ©(|S| - log2(Y)) (Tsouros and Stergiou, 2020; Bessiere et al., 2023b). Also, as the objective function
typically used during interactive CA, when unguided, aims to violate a maximum number of constraints from B,
this often leads to a large number of violated constraints from Cr. Hence, during the execution of FINDScOPE
functions we often have many negative answers, being close to the best-case scenario described above.

3.3 Guiding FINnDC

After the system has located the scope of a violated constraint, it calls function FINDC (Bessiere et al., 2013, 2023b)
to find the relation of the violated constraint. To locate this constraint, FINDC asks partial queries to the user in
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the scope returned by the FINDScopE module. Different assignments are generated for the variables in the scope
given, so as to query for a different subset of candidate constraints, whether they belong to the target problem. In
order to do so, FINDC functions currently use the following query generation step:

find eg € sol(CL[S] A (0 C kp(es) C A)), (13)

with S being the scope found in the previous step and A the set of candidates for this scope. A is initially equal to
the set of violated constraints in the previous example kg (es) (Bessiere et al., 2013) or equal to the entire set of
candidate constraints in this scope (Bessiere et al., 2023b), based on which FINDC function is used and whether it
aims to learn normalized constraint networks or not.

The objective function typically used in this step, in order to again achieve a logarithmic complexity in terms
of the number of queries posted, is to try to half the number of violated candidates, minimizing a slack variable b
with

1A|

b= {7J - xp(es) (14)

We propose to replace this objective function with one that guides the query generation in the same way as
in Equations (3) and (10), maximizing the following objective:

fles) =D [e € xales)] - (1 -k - O(c)) (15)

ceA

4 Using Probabilistic Classification to Guide Interactive CA

As we discussed in Section 3.1.1, the model M of the oracle O leverages a probabilistic estimate of the likelihood
of a given candidate constraint belonging to the problem at hand, P(c € Cr). We propose to use statistical
machine learning techniques, exploiting probabilistic classification in order to calculate P(c € Cr).

We first present an ML-based framework for interactive CA and then propose a feature representation of
constraints to use.

4.1 Framework for ML-guided Interactive CA

In order to use probabilistic classification in this context, we need to build a dataset to learn from. We formally
define a dataset E as a collection of N instances, each of which corresponds to a constraint. Each instance is a
tuple (x;,y;),i € 1,2,..., N, with x; being a vector of features representing constraint c;, and y; being a (Boolean)
label that denotes whether ¢; € Cr.

The dataset E is grown incrementally throughout the CA process, as gradually more information is obtained
about constraints in the initial bias. This is shown in Algorithm 6. In line 2, the dataset is initialized using the
(optionally) provided initial sets of learned constraints C;, and excluded constraints C,.;. Concretely, each
constraint from Cj;, U Cey is featurized as x; = ¢(c;) and added to E with a positive label if ¢ € C;, and with a
negative label otherwise. Later, in the main loop of the algorithm, whenever a constraint is removed from the
bias B (because it was determined to not be part of Cr), it is also featurized and added to E with a negative label
(line 10). Similarly, whenever a constraint is added to Cy, it added to E with a positive label (line 15). Note that
this also happens for constraints learned or excluded within a call to FINDScopE or FINDC, which is why E is
given as an argument to these functions (lines 12 and 13).

In every top-level loop of the CA algorithm (line 3), the current dataset E is used to train a probabilistic classifier
M (line 4), as illustrated in Figure 7. This classifier is then used to guide top-level query generation (line 5),
FinDScork (line 12) and FINDC (line 13), the details of which are respectively detailed in Section 3.1, Section 3.2
and Section 3.3.
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Fig. 5. Probabilistic classifier of constraints: training (top) and inference (bottom).

Algorithm 6 The framework for ML-guided interactive CA (ML-related parts in blue).

Input: X, D, B, Cip, Cexci (X: the set of variables, D: the set of domains, B: the bias, Cjy,: an optional set of known
constraints, Cexc: an optional set of excluded constraints)
Output: Cy: the learned set of constraints
1: Cp « Cip, C7 « Cexel

2 E—{(xpy) | xi=P(ci) AN yi=[c;ieCL] Ye; €CLUC} > Initialize the dataset
3: while True do

4: M « TRAINCLASSIFIER(E)

5: e,Y « QGEN(CL, B, M)

6: if e =nil then return Cp > Converged
7: if ASK(ey) = True then

8: CT«<C U KB(€y)

9: B« B \ KB(ey)

10: E— EU{(x3,y;) | xi = #(ci) A y; = False VYc; € kp(ey)} > Update dataset
11 else

12: (B,C™,S) « FinpScorE(e, Y, B, C™, E, M)

13: (B,C~,C) « FiNDC(S, C1, B,C™,E, M)

14: CL—CLuUC

15: E— EU{(x,y;) | x; =¢p(ci) A y; =True VYc¢; € C} > Update dataset

The frequency at which classifier M is retrained forms an important design choice, as this may affect the
waiting time for the user when interacting with the CA system. In this paper, we retrain the classifier right before
every top-level query generation, so that the model can incorporate all the information collected in the previous
iteration of the loop. Preliminary experiments showed that this yields the best results, compared to more frequent
retraining (e.g., every time a constraint is learned or excluded) or less frequent retraining (e.g., after every k
iterations, with k > 1).
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ID | Name Type | Description

1 | Relation String | Constraint relation

2 | Arity Int Constraint arity

3 | Has_constant Bool | If a constant value is present

4 | Constant Int The constant value

5 | Var_name_same Bool | If all variables share the same name

6 | Var_dim; has Bool | If dimension i is present for all variables

7 | Var_dim;_same Bool | If the index in dimension i is the same for all variables

8 | Var_dim; max Int Maximum variable index in dimension i

9 | Var_dim; min Int Minimum variable index in dimension i

10 | Var_dim;_avg Float | Average variable index in dimension i

11 | Var_dim; dist Float | (Maximum) distance between variables in dimension i

12 | Var_dim;_ldim;_same | Bool | If the index in dimension i’s latent dimension j is the same for variables
13 | Var_dim;_ldim; _max | Int Maximum variable index in dimension’s i latent dimension j

14 | Var_dim;_ldim;_min | Int Minimum variable index in dimension’s i latent dimension j

15 | Var_dim;_ldim;_avg | Float | Average variable index in dimension i’s latent dimension j

16 | Var_dim; ldim;_dist | Float | (Maximum) distance between variables in dimension i’s latent dimension j

Table 1. Feature representation of constraints

4.2 Feature Representation of Constraints

For classifier M to effectively detect relevant patterns in dataset E, the constraints must be encoded using an
expressive feature representation ¢. Our proposed feature representation is shown in Table 1, along with a
description of each feature. We now provide some additional context to complement these descriptions.

Features 1-5 are self-explanatory. Feature 6-11 refer to the dimensions of variables in the constraint’s scope.
These pertain to the dimensions in the data structure in which the variables are given. Note that variables are
often given in the form of a matrix or tensor (Flener et al., 2001). For example, a natural way to structure the
variables representing the cell assignments in Sudoku is as a 9 X 9 2-dimensional matrix. When variables have
such indices, we want to represent this information in the features of the constraint. We encode information per
dimension over all variables in the constraint (Feature 6—11). This allows the system to detect common patterns
of CP problems, such as constraints over variables occurring in the same row or column, or not being spread out
across a dimension.

Features 12-16 refer to latent dimensions that are not directly given, but that can be indirectly derived from the
variable tensor’s dimensions. For example, the vertical and horizontal block indices in a Sudoku grid form latent
dimensions. A block index is not explicitly present in the variable matrix, but can easily be obtained by dividing
the row/column index by the square root of the grid size. To construct the latent dimensions within a dimension
i, we perform integer division with all positive non-trivial divisors of the number of indices in dimension i. For

index i and divisor j, the latent dimension index is given by [’;—IJ + 1. For example, consider a CA problem in

which 8 variables are given in the form of a vector. 8 has two positive non-trivial divisors: 2 and 4. The variables

thus have a single dimension, and two latent dimensions: one for divisor 2 and one for divisor 4. Consider now
the 6-th variable. This variable has index 6 in the first (and only) dimension, index LEJ + 1 = 3 in the first latent

2
dimension, and index |_6;—1J + 1 = 2 in the second latent dimension.
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Note that a CA problem has as input the set of variables X. Hence, for any CA problem, we can compute the
number of dimensions and latent dimensions upfront, and use a fixed-size feature representation throughout the
CA run.

Example 4.1 (Feature Representation). Consider again the problem from Example 3.1, containing four variables
in one row, where the target set of constraints contains all # constraints between all pairs of variables. We
illustrate the feature representation for candidate constraint x; # x.

(1) Relation: “#”.
(2) Arity: 2, since the constraint involves two variables.
(3) Has_constant: false, as no constant appears in the constraint.
(4) Constant: 0 (dummy value, since no constant is present).
(5) Var_name_same: true, because both variables share the same base name x.
(6) Var_dim;_has: true, since both variables have a first dimension.
(7) Var_dim;_same: false, because the variables have different indices in the first (and only) dimension.
(8) Var_dim;_max: 2.
(9) Var_dim;_min: 1.
(10) Var_dim;_avg: 1.5.
(11) Var_dim;_dist: 1.
(12) Var_dim;_ldim;_same: true, as L%J +1= I_%J +1=1.
(13) Var_dim;_ldim;_max: 1.
(14) Var_dim;_ldim;_min: 1.
(15) Var_dim;_ldim;_avg: 1.
(16) Var_dim;_ldim,_dist: 0.

5 Experimental Evaluation

In this section, we empirically answer the following experiment questions:

(Q1) How accurately can ML classifiers identify whether a candidate constraint belongs to the target constraint
network?

(Q2) How does using ML classifiers to guide top-level query generation in interactive CA affect performance?

(Q3) How does replacing predicted probabilities with binary class labels affect performance?

(Q4) How does guiding the other layers of interactive CA affect performance?

To answer our experimental questions, we perform an extensive evaluation across 7 benchmark problems,
using a variety of classifiers. We also assess the performance using feature representations of different levels of
expressivity, to evaluate how the quality of the predictions influences the effectiveness of our guiding strategies.

5.1 Experimental Setup

We now discuss the details of our experimental setup.

Feature representations. To evaluate our guiding methods using classification models of different prediction
qualities, while also evaluating the impact of the expressivity of the feature representation, we used feature
representations of various levels of expressivity in the experiments. This allows us to assess performance with
highly expressive feature representations (leading to accurate classifiers), as well as with representations that are
not sufficiently expressive to fully capture the problem structure (leading to inaccurate classifiers). Concretely,
we used the following representations:

o Rel: Using only the features pertaining to the relation of the constraint (features 1-4, Table 1).

Journal of Artificial Intelligence Research, Vol. 86, Article 3. Publication date: May 2026.



3:22 « Tsouros, Berden & Guns

e RelDim: Using only the features pertaining to the relation of the constraint and the dimensions of its
variable indices (features 1-11, Table 1).

e Full: Using all features, i.e., features pertaining to the relation of the constraint, the dimensions of its
variable indices, and the latent dimensions.

Classifiers. We focus on the following classifiers: Logistic Regression (LR), Random Forests (RF), Decision
Trees (DT), Gaussian Naive Bayes (NB), Multi-layer Perceptron (MLP), and Support Vector Machines (SVM). We
used RF, DT and NB in their default settings, while we tuned the most important hyperparameters for LR, MLP
and SVM. We tuned the classifiers separately for each feature representation, based on their average performance
on all benchmarks'. For tuning, we used the complete dataset for all benchmarks, having labeled all candidate
constraints. A grid search, coupled with 10-fold cross-validation (splitting B into 10 folds), was conducted, using
balanced accuracy as the metric to address class imbalance. Hyperparameter combinations surpassing a 10-second
training time were omitted to ensure relevance in interactive scenarios, unless there was no hyperparameter
combination under that limit, in which case we chose the fastest one.

Comparison We compare performance based on the number of queries, which is highly important for the
applicability of interactive CA systems in real-world scenarios. We also report on the maximum user waiting
time, which is of great importance when human users are involved. The results presented are the means of 10
runs to average out randomness in query generation. As the baseline non-guided objective function for top-level
query generation, we used max (Bessiere et al., 2013), which maximizes the number of violated constraints from
B (Equation (2)). This is the most commonly used objective that can be integrated with conventional solvers for
use in query generation, and is shown in (Tsouros et al., 2023a) to offer similar results to the objective function
for custom solvers from (Tsouros and Stergiou, 2020). For FINDScOPE we used the standard halving strategy
from Algorithm 2. For FINDC we also used the standard halving objective (Equation (14)).

Other aspects of the setup. We now provide additional implementation details:

o All methods and benchmarks were implemented? in Python. The PyCoNA CA library (Tsouros and Guns,
2025) was used to implement the benchmarks and for the interactive CA algorithms. PYCoNA uses the
CPMpy constraint programming and modeling library (Guns, 2019) to model CP problems. OR-Tools’
CP-SAT (Perron et al., 2023) was used as the solver, interfaced through CPMpy.

e The guiding techniques are integrated within QUuAcQ, which is used as the underlying algorithm in
GrowACQ. GROWACQ is used because it only has to consider a (small) part of the bias at once. This makes
it possible to efficiently optimize an objective function in query generation (as discussed in Section 2.2.1),
which is used in the ML-based guiding. FINDScoPE-2 (Tsouros and Stergiou, 2020), which has the same
behaviour as the FINDScopE function from (Bessiere et al., 2023b), was used as the baseline FINDScoPE
function. We used the FINDC function from (Bessiere et al., 2013).

e We used a time limit of 1 second for all query generation steps, including our newly introduced one in
FINDScoPE-3.

e For the classification component we used the Scikit-Learn library (Pedregosa et al., 2011).

o All the experiments were conducted on a system carrying a 12th Gen Intel(R) Core(TM) i7- with 4.90GHz
clock speed and 64 GB of RAM.

5.2 Benchmarks

We selected the benchmarks for our experiments to cover a broad range of cases. These include typical bench-
marks in the evaluation of CA systems, containing standard structural patterns that frequently appear in CSPs

IMore details can be found in the appendix
20ur code is publicly available at: https://github.com/Dimosts/ML-guided-CA
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Fig. 6. The instances of Jigsaw Sudoku and Greater Than Sudoku used.

(e.g., all-different constraints), as well as unstructured or randomly generated constraints. This allows us to
assess performance both in settings where constraint structure can be exploited and in settings where little or
no exploitable structure is present. In addition, we included problems that more closely resemble real-world
applications to evaluate practical relevance. In more detail, we used the following benchmarks:

9x9 Sudoku (Sudoku) The Sudoku puzzle is a benchmark often used to evaluate CA systems, and is included
to evaluate our approach on a problem with regular structure. It is a n? X n? grid (n = 3 for the case we used),
which must be completed in such a way that all the rows, columns, and n? non-overlapping n X n squares contain
the distinct numbers. This gives a vocabulary having 81 variables and domains of size 9. The target constraint
network consists of 810 # constraints. The bias was initialized with 19 440 binary constraints, using the language
I'={><<>#%=}

Jigsaw Sudoku. (JSudoku) The Jigsaw Sudoku is a variant of Sudoku in which the 3 X 3 boxes are replaced by
irregular shapes. This is helpful in order to evaluate our approaches in a problem with a less regular structure.
We used the instance that is displayed in Figure 6b, It consists of 81 variables with domains of size 9. The target
network consists of 811 binary # constraints, on rows, columns, and shapes. The bias B was constructed using
the language I' = {>, <, <, >, #, =} and contains 19 440 binary constraints.

Greater than Sudoku. (GTSudoku) The Greater Than Sudoku is a variant of Sudoku in which the shapes are
the same, but there are also some > constraints between neighboring cells. This is helpful in order to evaluate our
approaches to a problem with a structure but with additional non-structured constraints. We used the instance
that is displayed in Figure 6b, It consists of 81 variables with domains of size 9. The target network consists of
810 binary # constraints on rows, columns, and shapes, and 26 > or < additional constraints. The bias B was
constructed using the language I' = {>, <, <, >, #,=} and contains 19 440 binary constraints.

Random. (Random) We evaluated our methods in a random problem. We used a problem with 100 variables
and domains of size 5. We generated a random target network with 495 # constraints. The bias was initialized
with 29700 constraints, using the language ' = {>, <, <, >, #,=}.

We also evaluated our methods in the following benchmarks that are closer to real-world problem.

Job-shop scheduling. (JS) The job-shop scheduling problem involves scheduling a number of jobs, consisting
of several tasks, across a number of machines, over a certain time horizon. The decision variables are the start and
end times of each task. There is a total order over each job’s tasks, expressed by binary precedence constraints.
There are also constraints capturing the duration of the tasks and that tasks should not overlap on the same
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Fig. 7. Classification results with different classifiers, on different levels of feature representations

machine. The language I' = {>, <, <, >, #,=,x; + ¢ = xx } was used, for every constant ¢ ranging from 0 up to the
maximum duration of the jobs (5 in the intsance we used). We used a problem instance containing 20 jobs, 3
machines, with a start and end variables for each task (i.e., |X| = 120). We used a time horizon of 15 steps,. The
final bias contained 57 120 constraints.

Exam Timetabling (ET) There are ns semesters, each containing cps courses, and we want to schedule the
exams of the courses in a period of d days, On each day we have ¢ timeslots. The variables are the courses
(IX| = ns - c¢ps), having as domains the timeslots they can be assigned on (D; = 1, ..., t - d). There are # constraints
between each pair of exams. Also, two courses in the same semester cannot be examined on the same day, which
is expressed by the constraints | x;/spd]| # |x;/spd], Vi, j in the same program. We used an instance with ns = 9,
cps = 5,d = 10, and t = 6. This resulted in a model with 48 variables and domains of size 90. Cr consists of 1, 128
constraints. The language given is I' = {>, <, <, >, #,=, | x;/spd] # | x;/spd]}, creating a bias of size 7,896.

Nurse rostering (NR) There are n nurses, s shifts per day, ns nurses per shift, and d days. The goal is to create
a schedule, assigning nurses to all existing shifts. The variables are the shifts, and there are a total of d - s - ns
shifts. The variables are modeled in a 3D matrix. The domains of the variables are the nurses (D* = {1, ..., n}).
Each shift in a day must be assigned to a different nurse and the last shift of a day must be assigned to a different
nurse than the first shift of the next day. In the instance used in the experiments, we have d = 7, s = 3 and
ns = 5. The available nurses are n = 18. This results in | X| = 105 with domains {1, ..., 18}. Cr consists of 885 #
constraints. The bias was built using the language I' = {>, <, <, >, #, =}, resulting in |B| = 32, 760.

5.3 Results and Discussion

5.3.1 QI: How Accurate are Classifiers in ldentifying True Constraints. For each benchmark, we generated all
candidate constraints, assigned the corresponding labels, and constructed a dataset from that. To answer the
question, we performed 10-fold cross-validation with each classifier. We run this experiment on all benchmarks
with a regular structure (Sudoku, ET, NR), as we want to evaluate the ability of classifiers to identify that structure,
and report the average results. We report results for all levels of feature representation: Rel, RelDim, and Full. As
evaluation metrics, we use Accuracy, Balanced Accuracy (to account for the strong class imbalance, as typically
fewer than 10% of B carry a positive label), and F1-score. The results are presented in Figure 7.

We can notice that, when the full set of features is used, all classifiers considered achieve a perfect accuracy
and balanced accuracy, with NB performing slightly worse than the rest, and MLPs performing best. Focusing
on F1-score, NB presents quite bad results, but the rest of the classifiers still achieve a score close to 100%. We
believe that the worse results of NB are due to its feature independence assumption. Although such near-perfect
performance for most classifiers may indicate overfitting within each benchmark, this is not problematic in our
context, as the objective is not cross-instance generalization but accurate, instance-specific guidance during
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(c) Results using features only for the relation (Rel)

Fig. 8. Classification results when only part of the dataset is available for training, using different feature representations

the acquisition process. The classifier is trained iteratively using constraints learned and ruled out throughout
the acquisition process. Its purpose is therefore to guide query generation within that instance rather than to
generalize to unseen distributions.

Focusing on the results when fewer features are used, we can see that most classifiers present high scores on all
metrics even with the RelDim feature set, except LR and NB, which present very low balanced accuracy and F1-
score. On the other hand, when only relation features are used, in feature set Rel, the classifier performances drop,
as they cannot distinguish in which scopes they should predict the true constraints. Most classifiers prefer to
predict all candidates as false for this feature set (classifying them as not belonging to the target set of constraints),
and thus present a balanced accuracy of 50%, while NB predicts all constraints that have relations appearing in
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a constraint of Cr as true, which reduces its accuracy. Overall, the results indicate that based on the way the
dataset of constraints is created, it is indeed possible to successfully train and use ML models to predict whether
a constraint is part of the target network, provided that the features can capture sufficient information about the
structure of the target constraints.

However, in order to use the classifiers to assist during the acquisition process — guiding it to generate promising
queries, based on the predictions — it is important to evaluate how they perform not only when the labels for 90%
of candidate constraints are available, but when only selective parts of the dataset are available (as this is the case
during the CA process). Thus, we conducted an experiment to evaluate how the classifiers perform when only a
percentage of the dataset is available. We used an increasing portion of the dataset as the training set, to evaluate
their performance in different stages of the acquisition process, with the rest of the candidates being the test set.
The averages are presented in Figure 8.

We can observe that when the full set of features is used, all classifiers except NB achieve high scores very
quickly: even when only 10% of the dataset is available, most classifiers achieve a 100% score in all metrics. When
using the intermediate feature representation (i.e., RelDim), most classifiers still achieve high accuracy, balanced
accuracy, and F1-score early, and increase their scores when more data becomes available. However, LR and NB
are notable exceptions once again, showing very low balanced accuracy and F1-score for all percentages. As
expected, when only relation-level features are used — without any scope information - classifier performance
drops significantly. We can observe that DT achieves the best results in all metrics from the beginning, when
only a small portion of the dataset is labeled, even when the RelDim feature representation is used.

5.3.2  Q2: Using ML Classifiers to Guide Top-level Query Generation. Let us now focus on the effect of using our
method for guiding top-level query generation with the probabilistic classifiers. Figure 9 presents the average
results on all benchmarks when using the different classifiers for providing the probabilities for the candidate
constraints, compared to a baseline that does not guide query generation (dashed line). We present results on
each benchmark separately in Figure 10, for all levels of feature representations. We show both the number of
queries (left column) and the maximum waiting time for the user (right column).

Focusing on the results when the full feature representation is used, we can see that average decrease in the
number of queries is significant with our guiding method, being more than 50% for all classifiers except NB.
Focusing more on the results per benchmark (Figure 10), we observe that in all except Random and JS the decrease
in the number of queries is significant compared to the non-guided baseline, for most classifiers. This is expected:
Random does not have any pattern in its constraints, and JS includes random precedences between jobs that
are hard to predict. Moreover, JS is a very sparse constraint network, so many queries are used to eliminate
candidates from B rather than to learn new constraints. In the rest of the benchmarks, guiding query generation
offers a reduction from 67% (in NR) up to 75% (in Sudoku).

Interestingly, we see improvements in the performance with most classifiers even when only features for the
relation are used (Rel), presenting a more than 25% reduction in the number of queries on average when RF, MLP,
or DT are used. That is because in all benchmarks, the language includes several additional relations that do not
actually appear in the target set of constraints, and thus even using only relation-based features (Rel) allows the
classifier to identify constraints with irrelevant relations. Also, we see that when the RelDim features are used,
the number of queries is comparable to the performance when the full features are used, in most benchmarks.
Using the full features still offers benefits though (mainly in the Sudoku-based problems), additionally reducing
the number of queries.

RF and DT are the most classifiers promising across all benchmarks and feature representations, giving the best
results on average. We attribute their superior performance to the fact that they already achieve good prediction
performance when only a small portion of the constraints is labeled, i.e., at the beginning of the acquisition
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Fig. 9. Results when guiding query generation using probabilistic classification, across different benchmarks and using a
variety of classifiers and feature representations. Average on all benchmarks.

process, as shown in Q1. NB presents decent results in most benchmarks, but still performs worse than the other
classifiers.

The figure also show the maximum waiting time for the user, which includes 1 second for query generation
(based on the imposed cutoff), with the remaining waiting time mostly going to the ML training and prediction.
We can see higher waiting times mainly for the SVM classifier, which needs a larger training time, making it
impractical for interactive scenarios in many problems (e.g., >100s in Random and JobShop). We also notice
slightly higher waiting times when MLPs are used. Other than SVM and MLPs, we can see that the training times
do not significantly affect the waiting time of the user, not exceeding 5s in any benchmark, which is very similar
to the non-guided baseline.

5.3.3  Q3: Guiding Using the Probabilities or the Predicted Class. To answer this experiment question, we did the
same experiment as in Q2, using the predicted class of the classifiers in the objective function (i.e., O.j4ss(c) =
[P(c € Cr) = 0.5]), instead of the probabilities. As this does not affect the training time of the classifiers, we
present results only for the number of queries. Figure 11 presents the average results on all benchmarks when using
the different classifiers, comparing the use of the probabilities versus the use of the predicted class. We present
results on each benchmark separately in Figure 12. We do not present results for the Rel feature representation,
as it is already shown that it offers limited benefits with respect to not guiding, compared to the more expressive
feature representations. We focus on RelDim (left column) and Full (right column) features, to evaluate how well
guiding performs when the predictions of the classifiers are of different quality.

Looking at the average results on all benchmarks (Figure 11), we observe that using the probabilities for
candidate constraints presents better results than using the class label. That is because using class labels does not
differentiate between constraints that are very likely to belong to a class with constraints, or those that have
more uncertainty. When the full set of features is used (Figure 11b), using the probabilities leads to an up to 2%
larger reduction in the number of queries. On the other hand, when the RelDim set of features is used (Figure 11a)
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Fig. 10. Results when guiding query generation using probabilistic classification, across different benchmarks and using a
variety of classifiers and feature representations
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Fig. 11. Average results on all benchmarks comparing the use of probabilities in the objective against the use of the predicted
class

and thus the predictions of the classifiers can be slightly worse, we see a larger boost in performance when the
probabilities are used, up to 13% for LR. We see that the decrease in the number of queries is larger for classifiers
that have worse performance, as the predictions of these classifiers are likely worse, and thus using directly the
class label provides subpar guidance.

Looking at the results per benchmark (Figure 12), we can see a similar pattern. In all problems except Random
and JS, the reduction in the number of queries is larger for most classifiers when the probabilities are used
instead of the binary class label. In the Full features setting, we can see large improvements for the MLP and SVM
classifiers, mostly in Sudoku variants with less regular structure than standard Sudoku, and in ET. When the
RelDim features are used, we can see improvements in almost all the classifiers in all benchmarks (except Random
and JS), with larger improvements for LR (up to 25% in ET), and smaller improvements for DT. Importantly, we
can see that the number of queries does not increase (by more than a value attributable to randomness) for any
classifier on any benchmark, by using the probabilistic estimate instead of the predicted class.

5.3.4 Q4: Guiding All Layers of Interactive CA.. We now evaluate the effect of guiding the other query-posing
layers of interactive CA, besides top-level query generation. We only use RF, as it presented the best performance
in the previous experiment, using the Full feature representation. We compare the effect of guiding each layer of
interactive CA against the baseline (without guiding) and against guiding all layers, which is the combination
of our proposed methods. We also present results for using FINDSCOPE-3 in the base non-guided version, and
the performance of guiding FINDScOPE-2 using a similar approach, which we presented in the conference
paper (Tsouros et al., 2024). Figure 13 illustrates the results for all benchmarks.

Using FINDScopE-3. First, we can observe that using our new FINDScOPE-3 leads to improvements even in its
default, unguided version. The number of queries is reduced in all benchmarks when FINDScopE-3 is used, from
12% in NR up to 31% in ET. This reduction is higher in benchmarks that have a larger target constraint network.
The reduction in the number of queries is possibly due to the fact that our new FINDScoPE-3 does not aim to find
one variable of the scope of a violated constraint at a time, but the entire scope directly.

Guiding FINDScopPE. We now turn our attention to the improvements offered by guiding FINDScopE. We can see
that using our objective function to guide both FINDScOPE variants leads to reductions in the number of queries
in all benchmarks. We can also observe that guiding our proposed FINDScOPE-3 can lead to even more significant
improvements in all benchmarks, reducing the queries by up to 29-33% more in the Sudoku-variants compared to
guiding FINDScoPE-2. Overall, the reduction in the number of queries reaches up to 61% in ET and NR compared
to the baseline. This improvement is slightly worse than guiding top-level query generation (reduction up to 75%
in Sudoku), as expected. That is because top-level query generation has a larger effect on the subsequent queries.
However, it shows that additional benefits can be offered by guiding the scope-finding process of interactive CA.
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Guiding FINDC. On the other hand, guiding FINDC does not offer similar advantages. Although the number of
queries is reduced in all benchmarks (except Random), this reduction is only by 1-2%. This is due to the fact that
the queries posted in FINDC are typically a very small fraction of the total set of queries posted to the user, as
most queries are asked in top-level and in FINDScOPE. As a result, the reduction offered by FINDC cannot have
such a big impact.

Guiding all layers. Turning our attention to the results when guiding all layers of interactive CA, we can see a
comparatively small but additional improvement compared to guiding only top-level query generation or only
the FINDScOPE component. A reduction in the number of queries is present in all benchmarks except Random,
NR and Sudoku, where no performance improvement is observed. In the rest of the benchmarks, guiding all
layers leads to an additional reduction of 6% in GTSudoku, 9% in JSudoku, 5% in ET and 7% in JS, compared to the
best performing alternative. The improvement of the combination is relatively small because guiding top-level
query generation or FINDScoPE-3 leads to significant reductions already.

Overall, the combination of our methods significantly reduces the number of queries. Compared to the baseline,
we can see an overall reduction of 75% in Sudoku, 73% in GTSudoku, 72% in Jsudoku, 16% in Random, 72% in ET,
65% in NR, and 40% in JobShop.

6 Related Work

CA methods can be broadly categorized into two categories: passive and active acquisition.

In passive CA, the system is given a pre-existing set of examples of solutions and possibly non-solutions. Based
on these examples, the system learns a set of constraints modeling the problem (Beldiceanu and Simonis, 2012;
Berden et al., 2022; Bessiere et al., 2004, 2005, 2017; Kumar et al., 2019, 2022; Lallouet et al., 2010; Lombardi et al.,
2017; Bessiere et al., 2023a). These approaches differ mainly in the types of constraints they can learn and the
methodologies they employ. CoNAcQ.1 is a version space algorithm for learning fixed-arity constraints (Bessiere
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et al., 2004, 2005, 2017), ModelSeeker learns global constraints that are taken from a predefined constraint catalog
(Beldiceanu and Simonis, 2012), COUNT-CP is a generate-and-aggregate approach that can learn expressive
first-order constraints (Kumar et al., 2022), while SEQAcQ (Prestwich, 2020; Prestwich and Wilson, 2024) and
BayesAcq (Prestwich et al., 2021) are statistical approaches robust to noise in the pre-existing set of examples.

In this paper we focus on interactive CA methods. In contrast to passive learning, active or interactive CA
systems learn the constraints through interaction with the user, by asking queries that the user answers. The main
type of query used is the membership query, which asks the user to classify a given example (i.e., an assignment
to the variables of the problem) as a solution or a non-solution. An early work in active CA is the Matchmaker
agent (Freuder and Wallace, 1998), where users, when they answer a membership query negatively, also have to
provide a violated constraint as the reason for their answer. In order to lower the expertise level required from
the user, Bessiere et al. later proposed CoNAcQ.2 (Bessiere et al., 2007, 2017) — an active version of CONAcQ.1 that
uses membership queries and does not require the user to provide any violated constraints. CONACQ.2 was in
turn extended to also accept arguments (Shchekotykhin and Friedrich, 2009) regarding why examples should be
rejected or accepted.

A downside of CoNacQ.2 is that the number of membership queries needed can grow exponentially, as shown
by Bessiere et al. (2017). This led to the development of a new family of interactive algorithms, which use partial
queries instead (Arcangioli et al., 2016; Bessiere et al., 2013; Lazaar, 2021; Tsouros and Stergiou, 2020, 2021; Tsouros
et al,, 2019, 2020, 2018; Bessiere et al., 2023b). A partial query asks the user to classify a partial assignment to the
variables. Using partial queries, CA systems are able to converge faster. The first system to use partial queries was
called QUAcQ (Bessiere et al., 2013, 2016). It starts by asking a top-level query, which, when answered negatively,
is followed by a series of derived ‘subqueries’ asked in order to find an individual constraint that is violated
by the original top-level query. This requires a number of subqueries logarithmic in the amount of variables
considered. QUAcQ was later extended into MULTIACQ, which, instead of learning a single constraint per top-level
query, learns all of the problem’s constraints that are violated by the top-level query (Arcangioli et al., 2016).
However, MULTIACQ has the downside that, for each constraint learned, it requires a number of subqueries linear
in the amount of variables. This led to the introduction of MQUAcQ, which combines the best of both worlds: it
learns all constraints violated by the top-level query in the original logarithmic complexity of QuAcQ (Tsouros
and Stergiou, 2020; Tsouros et al., 2018). MQUAcQ was subsequently extended into MQUACQ2, which improves
performance further by exploiting some of the structure present in the constraints already learned (Tsouros
et al., 2019). Concretely, it tries to detect incomplete cliques in the constraint model learned thus far, with the
hope of then completing these cliques efficiently through targeted partial queries. Furthermore, (Bessiere et al.,
2023b) proposed QUAcQ?2, further improving the algorithmic procedure of finding individual constraints, avoiding
redundant queries, and allowing the acquisition of non-normalized constraint networks. Finally, Tsouros et al.
(2023a) proposed a meta-algorithm called GRowAcQ, which iteratively calls any of the active algorithms discussed
above on an increasingly large subset of variables. This approach significantly improves efficiency by allowing
the use of larger sets of candidate constraints.

Besides (partial) membership queries, alternative types of queries have also been introduced in the literature.
Aiming to weaken the assumptions on the user’s ability to answer all queries, Tsouros et al. (2020) introduced
the limited membership query, allowing omissions in the user’s answers. Other types of queries aim to allow
more expressiveness in the feedback provided by the user. For example, Bessiere et al. (2014) proposed the use
of generalization queries, asking the user whether a given pattern of constraints can be generalized on some
groups of variables. Daoudi et al. (2015) showed how to extract such groups or types of variables during the
acquisition process, in order to assist in generalization, using information derived from the learned constraints.
Finally, Daoudi et al. (2016) proposed to ask the user directly whether a specific constraint belongs to the target
constraint model, using recommendation queries. To find which constraints to recommend, techniques from link
prediction (Daoudi et al., 2016) or ML classification (Islah and Mechqrane, 2024) have been used. Following a
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similar intuition, instead of only using ML classification for recommendation queries, based on properties of the
current constraint network, in this work we show how to guide (partial) membership queries based on properties
of learned and excluded constraints. Finally, recently a novel approach using LLMs in CA was introduced with
the LLMAcQ system (Mechqrane et al., 2024). This approach allows the user to give natural language feedback to
the system on why they rejected an example, after which an LLM is used to extract potential constraints from
this feedback.

More related to our paper are works that have focused on efficient query generation. These works aim to
minimize query generation times while maintaining convergence guarantees (Addi et al., 2018; Addi and Ezzahir,
2019; Tsouros and Stergiou, 2020; Bessiere et al., 2023b; Tsouros et al., 2023a). TQ-GEN (Addi et al., 2018; Addi
and Ezzahir, 2019) was introduced to improve query generation times, posing time-limits and trying to generate
queries in different parts of the problem if it fails, while PQ-GEN (Tsouros et al., 2023a) projects the query
generation problem to only the relevant variables, in order to avoid indirect implications of candidate constraints
and speed-up the process. Query generation based on custom solvers, that allow returning incomplete assignments
(i.e., non-leaf nodes of the search tree) was also proposed (Tsouros and Stergiou, 2020; Bessiere et al., 2023b).
Besides trying to speed-up the generation of informative examples, recent works (Tsouros and Stergiou, 2020;
Bessiere et al., 2023b) have also focused on how to generate better queries. Bessiere et al. (2013) and Tsouros
and Stergiou (2020) proposed to maximize the violation of candidate constraints, while Bessiere et al. (2023b)
showed that maximizing the variables included in the posted queries can be beneficial when a custom solver
is used. However, these works do not use information acquired during the learning process to guide the query
generation. In contrast to these works, we leverage patterns detected in the learned and excluded constraints to
guide query generation, using ML classification for pattern detection. Finally, we show how to guide the queries
in all layers of interactive CA systems, not only focusing on top-level queries.

Since our method focuses on guiding query generation at all layers of the acquisition process, it is agnostic to
the overarching CA algorithm used, or specific query generation strategy — as long as the system allows sufficient
time for optimization in query generation. All interactive CA algorithms that use (partial) membership queries,
possibly in addition to other types of queries, and that are based on a set of candidate constraints, can benefit
from our proposed methods. Thus, our methods are orthogonal to the advances in the algorithmic procedures
described above.

7 Conclusions

One bottleneck of major importance in interactive CA is the number of queries needed to converge. The search-
based learning used in interactive CA is uninformed: it does not use information about which constraints have
already been learned or ruled out. In this work, we tighten the connection between ML and CA, by using, for the
first time, statistical ML methods that can learn during the acquisition process, and that can predict whether a
candidate constraint is likely to be part of the problem or not. We propose to use probabilistic classification, and
to use the predictions from the ML models to guide the search process of CA. To do so, we propose an ML-guided
objective function for the query generation problem in all layers of interactive CA, as well as a new FINDSCOPE
function that allows for easier guiding. We also propose an expressive feature representation of constraints for
the ML classifiers to learn over. Our experimental evaluation shows that the combination of our methods greatly
outperforms the state of the art, with the number of queries being decreased by up to 75%. These findings confirm
that using statistical ML methods can indeed detect patterns in constraint models, while they are being learned,
and that this can enable informed search within interactive CA.

Future work could investigate the use of online learning in this setting, as data becomes available gradually,
whereas we currently retrain the classifier from scratch each time. Other opportunities include learning a
prior distribution over constraints and transfer learning across different problems, as well as using automated
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representation learning rather than our generic but hand-crafted features. We also think that the closer integration
with statistical ML techniques can be a stepping stone towards handling inconsistent and incorrect answers from
the user. Furthermore, the ML-based implicit pattern detection can also be exploited for generalization during
interactive CA, aiming to generalize the patterns detected in a small part of the problem to the full problem early
on. Finally, extending interactive CA systems to also be able to learn global constraints and n-ary constraints
with constants, such as linear inequalities, is important for expanding the reach of problems learnable.
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A Tuning Details

We used RF and NB in their default settings, while we tuned the most important hyperparameters for LR, MLP and
SVM. We tuned the classifiers for each separate feature representation, based on their average performance on all
benchmarks. For tuning, we used the final dataset for all benchmarks, having labeled all candidate constraints.
A grid search, coupled with 10-fold cross-validation, was conducted, using balanced accuracy as the metric to
address class imbalance. Hyperparameter combinations surpassing a 10-second training time were omitted to
ensure relevance in interactive scenarios, unless there was no hyperparameter combination under that limit, in
which case we chose the fastest one.
For logistic regression, we explored:

o regularization strength C € {0.1, 1.0, 10.0, 100.0},
e penalties penalty € {£, £},

e solvers € {liblinear, saga}, and

e maximum iteration counts up to 5000.

The best-performing configuration was C = 100, penalty = £, solver=1iblinear, and max_iter = 2000.
For support vector machines, we considered:

o kernels € {linear, polynomial, RBF, sigmoid},

o regularization parameter C € {0.1, 1.0, 10.0, 100.0},

o kernel coefficient y € {scale, auto, 0.1,0.01,0.001, 0.0001},
o and the use of class balancing and probabilistic outputs.

The optimal configurations varied by feature representation. For the Full feature representation and Rel, the best
model used a linear kernel with C = 0.1, y = 0.1, and balanced class weights. For RelDim, the best model used an
RBF kernel with C = 100 and y = 0.1.

For MLPs, we tuned:

o the number and size of hidden layers (single and double-layer networks with 8 to 64 neurons per layer),
e activation functions € {relu, tanh},

e L2 regularization & € {0.0001,0.001,0.01,0.1}, and

e learning rate € {0.001,0.01,0.1}.

The best MLP configuration also depended on the feature representation. For Full and Rel, the optimal model
used one hidden layer with 8 neurons, ReLU activation, « = 0.01, and a learning rate of 0.1. For Rel, the best
configuration used two hidden layers with 8 neurons each, tanh activation, & = 0.0001, and a learning rate of
0.01.
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Fig. 14. Average results on all benchmarks comparing the use of probabilities in the objective against the use of the predicted
class

B Objective Function Ablation

We now compare our new probability-based approximation of the oracle with the one we presented in (Tsouros

et al., 2023a).
To evaluate this, we did the same experiment as in Q3, using the probabilities as in the oracle from (Tsouros

et al., 2023a), as follows:
Oorig(c) = [V/p(cecr) < log(]Y])]
We compare this with our proposed approach, which uses the predicted probability directly as the oracle:

OZP(CGCT)

Figure 14 presents the average results on all benchmarks when using the different classifiers, comparing the
use of the probabilities versus the use of the predicted class. We present results on each benchmark separately in
Figure 15. As in Q3, we do not present results for the Rel feature representation, as it is already shown that it
offers additional benefits to not guiding, but it can offer limited benefits. We focus on RelDim (left column) and
Full (right column) features, to evaluate how well guiding performs when the predictions of the classifiers are of
different quality.
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Fig. 15. Comparing the use of our probabilistic oracle in the objective against using the oracle from (Tsouros et al., 2023a)
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