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Background: Classifiers increasingly affect people’s lives, necessitating their audit for fairness and accuracy on diverse
populations. However, direct auditing is often not possible, due to a lack of access to the classifier or to suitable individual-level
validation data.

Objectives: This work aims to assess the fairness and accuracy of black-box classifiers using only population-level statistics,
without requiring access to the classifier or individual predictions. Specifically, it introduces a method to lower-bound the
discrepancy of a classifier: a quantity that jointly captures inaccuracy and unfairness.

Methods: We define a novel measure of unfairness based on the equalized odds fairness criterion, quantifying the fraction
of the population on which a classifier deviates from ideal fair behavior. Using this measure, we develop a computationally
efficient procedure for calculating the tightest possible lower bound on the classifier’s discrepancy, using only aggregated
rates of positive predictions and true positives across protected sub-populations.

Results: Empirical evaluations confirm the tightness of the proposed lower bound in practical settings. The method is
demonstrated on several use cases, including estimating the reliability of voting polls and assessing the fairness of patient
identification from internet search data. The code and data are available at https://github.com/sivansabato/bfa2.
Conclusions: This work provides a practical and interpretable framework for auditing classifiers using population-level
statistics. The proposed approach enables stakeholders to identify fairness and accuracy concerns in settings where traditional
auditing is not feasible.
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1 Introduction

As machine learning models increasingly affect people’s lives, it has become clear that it is not always sufficient
to have accurate classifiers; in many cases, they should also be required to apply fair treatment to different
sub-populations. The importance of auditing classifiers for fairness has been noted in many works (e.g., (Black,
Elzayn, et al. 2022; Goyal et al. 2022; Roth et al. 2022)). However, in practice, in many cases it is difficult to audit
classifiers for these properties, for instance due to lack of high-quality individual-level validation data, or because
the classifier is considered proprietary by the developer in industry or government, and so direct access and use
of the classifier is precluded. In these cases, we may only have access to aggregate statistics.

As a motivating example, suppose that a US-based health insurance company uses some unpublished method to
decide whether a person should be classified as “at risk” for diabetes, for instance so as to offer diabetes screening.
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Two desirable properties of such a classifier are accuracy and fairness. For this example, consider fairness with
respect to the state of residence. The only details that are publicly available from the insurance company are
aggregate statistics on the number of people identified as “at risk” in each state of residence. In addition, true
proportions of diabetes in each state are provided by government agencies. Can this information be used to gain
quantifiable insights on the quality of this proprietary classifier, in terms of its fairness and accuracy? Moreover,
suppose that the company publishes some additional information about the accuracy of the classifier, or about its
fairness with respect to the state of residence. Can this information be used to draw any conclusions about the
other property?

A similar challenge arises when a classifier is designed or learned with little or no labeled training data, or
when the available training data is not representative of the target distribution. When labeled data is insufficient,
it is still possible to construct a classifier using various methodologies, such as unsupervised learning, transfer
learning, and hand-crafting rules based on domain expertise. The challenge is to then estimate the quality of
the classifier without a validation set. Here too, we are interested in both the accuracy of the classifier and its
fairness with respect to some attribute of interest. For instance, suppose that the goal is to predict how individuals
will vote in the upcoming elections based on their votes in the previous elections. Polling agencies use various
techniques to predict how voters will vote, based on population demographics and other information. Can we
draw any conclusions on the quality, that is, the accuracy and fairness, of the underlying prediction mechanisms,
using only publicly available voting statistics? We show in this work how such conclusions can be derived.

To derive such conclusions, we exploit unavoidable trade offs between accuracy and fairness. It is well known
that fairness and accuracy in classification do not always co-exist: in some cases, a more accurate classifier must
be less fair, and vice versa (Goel et al. 2018; Kleinberg et al. 2017; Menon and Williamson 2018; Pleiss et al. 2017).
We show that this property can be used to draw conclusions on classifier accuracy and fairness, based on partial
aggregate information about the classifier.

We consider fairness in the sense of equalized odds (Hardt et al. 2016) (also termed disparate mistreatment; see,
e.g., (Zafar, Valera, Gomez Rodriguez, et al. 2017)). This notion defines a classifier as fair if its false positive rate
and its false negative rate, conditioned on the value of the fairness attribute, are the same for all attribute values.
Our main interest is in cases where the protected attribute for which fairness is desired is also multi-valued, as in
attributes such as race, level of education, or state of residence.

Clearly, if the confusion matrix conditioned on each of the attribute values is known, then it is easy to check
whether a classifier is fair and also to calculate its error. However, the confusion matrix may not be known, as in
the scenarios described above. We study the conclusions that can be drawn based on label proportions: this is a
setting in which the only available information about the classifier is the proportions of predictions of each label
in each sub-population. In addition, we assume access to the true label proportions in each sub-population and to
the proportion out of the population of each sub-population. For instance, in the voting example, we have access
to the fraction of votes for each party in the previous elections and in the predicted elections in each state, and
the number of voters in each state.

We first discuss the case where the classifier is known to be fair. We show that in this case, a simple linear
program can be applied to the known label proportions to obtain a lower bound on the error of the classifier. We
then proceed to consider classifiers that are not necessarily completely fair. While complete fairness of a classifier
is a desired property, it cannot always be guaranteed. It is thus of interest to be able to measure how unfair is a
classifier: the least unfair, the better. Quantifying the unfairness of a classifier is an important and under-studied
problem; Previous works (e.g., (Alghamdi et al. 2020; Calmon et al. 2017a; Donini et al. 2018; Jung et al. 2021) use
various approaches, which usually involve a direct comparison of pairs of conditional probabilities. However,
these comparisons are not directly interpretable, and the resulting quantification had significant disadvantages,
as we discuss below.
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In this work, we propose a principled approach for quantifying unfairness. We model the amount of unfairness
as the fraction of the population treated differently from an underlying baseline treatment, and use this definition
to derive a well-defined unfairness measure with a clear quantifiable meaning. We show that this measure
satisfies properties that are natural to expect from an unfairness measure and are not always satisfied by previous
approaches. We then show that given the confusion matrices of the classifier in each sub-population, the unfairness
measure that we define can be formulated as the solution to a minimization problem over the unobserved baseline
confusion matrix that can be solved accurately. We next study drawing conclusions on the unfairness and the
error of a classifier given label proportion information, without access to the confusion matrices of the classifier in
each sub-population. We define a measure called discrepancy, which balances unfairness and error. The minimal
possible discrepancy for given label proportions captures the inherent accuracy-fairness trade off that can be
inferred from these proportions. We provide an efficient algorithm that accurately solves this high-dimensional
minimization problem, and provides the minimal possible discrepancy value given the known label proportions.
This lower bound can be used to answer various questions, such as:

o [s it possible that the classifier is fair? If not, how unfair must it be based on the provided label proportions?

o Suppose that the classifier is known to be nearly fair. How accurate can it be?

e Suppose that the classifier is known to be quite accurate. How fair can it be?

e Suppose that there is a penalty for each person who gets a wrong prediction, and for each person who is
treated unfairly; what is the smallest possible overall cost of the classifier?

We report experiments that demonstrate the success of the methods in various scenarios. Our experiments
further demonstrate diverse applications of these tools for real-world scenarios, in applications such as election
prediction, disease diagnosis, and analysis of access to health care. An implementation of the procedures proposed
in this paper and the code for running the experiments are provided in https://github.com/sivansabato/bfa2.

Contributions. The main contributions of this paper are the following:

o A method for lower-bounding the error of a fair classifier using only label proportions;

o A new interpretable unfairness measure, derived based on a probabilistic model;

o An efficient procedure for calculating the value unfairness, given the conditional confusion matrices of the
classifier;

o An efficient procedure for lower-bounding the classifier’s discrepancy, which combines unfairness and
error, using only label proportions;

o Experiments demonstrating the tightness of the lower bound in various real-world data sets;

o Experiments demonstrating the use of the approach to calculate Pareto-curves for classifiers without access
to individual data, and to obtain revealing information about inequity in health-care;

o A theoretical and empirical study of the case of protected attributes that are mostly concentrated on two
labels.

In this work we study binary classifiers, that is, classifiers that map individuals to one of two labels. A
recent follow-up work (Sabato, Treister, et al. 2025) shows how to generalize and extend the measure and the
methods to the multiclass setting, in which classifiers can map individuals to one of many possible labels. The
discrepancy lower bound that we calculate is more informative when there are more sub-populations, since each
sub-population adds aggregate statistics that can inform the lower bound. If all or almost all of the probability
mass is concentrated on only two sub-populations, the bounds remain valid, but can sometimes be very loose.
We demonstrate this phenomenon in our experiments.

An earlier short version of this work appeared as (Sabato and Yom-Tov 2020). The current work includes more
in depth analyses and full proofs, including a new fast minimization algorithm for calculating a discrepancy lower
bound (Section 7.3), a distributional derivation of the proposed unfairness measure (Section 5), and additional
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experiments and discussions. In particular, experiments with decision trees were added (Section 8.1), and the case
of protected attributes that are mostly concentrated on two values is discussed in depth, including a new analysis
of the challenges of this case and new experiments demonstrating the possible effects on results (Section 8.3).

Paper structure. We discuss related work in Section 2. The setting and notation are defined in Section 3. In
Section 4, we discuss lower-bounding the error using label proportions when the classifier is known to be fair. In
Section 5, the new unfairness measure is proposed. In Section 6, we show how to calculate the unfairness of
a classifier when the confusion matrices of each sub-population are known. In Section 7, algorithms for lower
bounding the classifier discrepancy based on label proportions are provided. Experiments are reported in Section
8. We conclude with a discussion in Section 9.

2 Related Work

Fairness in classification has been a highly studied topic of research in recent years, due to its importance in
legal, financial, and medical decisions (Barocas et al. 2017). A comparison of learning methods which incorporate
fairness is given in (Ghosh et al. 2023). The importance of fairness has grown in parallel with the wide application
of automated (and frequently, opaque) models in multiple areas affecting people. Various notions of fairness have
been proposed (e.g., (Berk et al. 2018; Dwork et al. 2012; Grgic-Hlaca et al. 2016; Kusner et al. 2017; Verma and
Rubin 2018)).

In this work, we focus on the notion of equalized odds (Hardt et al. 2016), which requires the false positive
rates to be the same in each sub-population, and similarly for false negative rates. Methods for learning fair
classifiers under the equalized-odds definition have been proposed in many works (e.g., (Feldman et al. 2015;
Goh et al. 2016; Hardt et al. 2016; Nandy et al. 2022; Woodworth et al. 2017; Wu et al. 2019; Yu et al. 2024; Zafar,
Valera, Gomez Rodriguez, et al. 2017; Zafar, Valera, Rogriguez, et al. 2017)). Learning methods that guarantee or
approximate other definitions of fairness, such as equal opportunity and demographic parity, have also been
widely studied in recent years (e.g., (Calmon et al. 2017b; Donini et al. 2018; Dwork et al. 2012; Goel et al. 2018;
Johndrow and Lum 2019; Radovanovi¢ and Ivi¢ 2023; Y. Wang et al. 2023; Zemel et al. 2013)).

Once a classifier is trained, estimating its fairness is a crucial task in process of making classifiers usable
in the real-world (Bellamy et al. 2019). Fairness auditing has been studied in various contexts, including, for
instance, assessment of algorithmic fairness of tax auditing (Black, Elzayn, et al. 2022), testing for discrimination
in candidate rankings (Roth et al. 2022), and identifying bias in visual systems (Goyal et al. 2022).

Estimating fairness is easier when full access is given to both the model and to each attribute of individual-level
datum. Removing the access to any of these three, or to a combination of them, raises increasing challenges to
estimating fairness. Given access to the classifier and its individual predictions, Black et al. (Black, Yeom, et al.
2019) propose a method for fine-grained scrutiny of a classifier beyond group-fairness notions. McDuff et al.
(McDuff et al. 2019) propose a simulation-based approach for interrogating the classifier. Kusner et al. (Kusner
et al. 2017) define the property of “counterfactual fairness”, which can be tested given access to the classifier or to
individual classified examples.

In the missing-information regime, fairness auditing where the values of the protected attributes of individuals
are not available for the auditor, whether at all or partially, has been widely studied (Ashurst and Weller 2023;
Awasthi et al. 2021; Chen et al. 2019; Cornacchia et al. 2023; Fabris et al. 2023; Kallus et al. 2022; Kirnap et al. 2021).
These works generally assume that information on individuals is available, and use this information to predict
or impute the missing information about the protected attribute. Learning classifiers based on both individual
covariates and population statistics has been studied under the name “ecological inference”. Jackson et al. (Jackson
et al. 2008, 2006) propose methods for regression based on both individual-level and aggregate-level statistics.
Sun et al. (Sun et al. 2017) infer voting patterns using aggregate statistics. We are not aware of any works that
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attempt to estimate properties of existing classifiers from aggregate statistics alone. In particular, we are not
aware of such works in the context of fairness.

Requiring fair classifiers may degrade their accuracy. Menon et al. (Menon and Williamson 2018) provide a
method for calculating the degradation in accuracy, as measured by the cost-sensitive risk, that results from
requiring classifier fairness for a given population distribution. This degradation is defined as the difference in
risk between the Bayes-optimal classifier and the Bayes-optimal fair classifier. Bell et al. (Bell et al. 2023) provide
methods for finding a model that satisfies relaxed notions of fairness while maintaining high accuracy. Wang
et al. (H. Wang et al. 2024) calculate a Pareto frontier for feasible fairness-constrained classifiers. In contrast,
we quantify the fairness and accuracy of a given classifier, which is not necessarily optimal, based on limited
aggregate information.

Approaches for quantifying unfairness for individual-fairness notions have been suggested by Speicher et al.
(Speicher et al. 2018) and by Heidari et al. (Heidari et al. 2018). Speicher et al. (Speicher et al. 2018) propose a
measure of unfairness based on a set of axioms that they suggest the measure should satisfy. Their approach is
based on assigning a benefit to each individual as a function of its true label and its predicted label. Heidari et al.
(Heidari et al. 2018) provide a family of measures for individual fairness that satisfy certain moral axioms and
can be efficiently constrained. For group fairness, common approaches are to measure the unfairness using the
absolute difference between relevant conditional distributions (e.g., (Donini et al. 2018; Jung et al. 2021)), or the
ratio between them (e.g., (Alghamdi et al. 2020; Calmon et al. 2017a)).

Lamy et al. (Lamy et al. 2019) study fairness for binary protected attributes under a noise model of Scott et al.
(Scott et al. 2013). In this model, it is assumed that the fairness attribute is noisy independently of the classifier’s
prediction, leading to a model in which the confusion matrix conditioned on the attribute value is a mixture
of the two true confusion matrices conditioned on the two attribute values. They then show how this model
can be combined with previously proposed fairness constraints to yield an adapted constrained optimization
formulation for this restricted model.

3 Preliminaries

We consider a binary classification problem in which each individual in the population has a true label in
Y = {0,1}. We assume an attribute of interest (e.g, race, state of residence, age) that assigns a value for each
individual. We denote the (finite) set of possible values of this attribute by G. We do not impose a limit the number
of possible attribute values. For concreteness, we henceforth call the possible values of the attribute regions,
alluding to location-based attributes such as state of residence or country of origin, although our work is not
limited to this type of attributes. A sub-population is a subset of the population that includes all the individuals in
the same region.

The object of our study is an existing classifier, denote it C, which maps each individual from the population to
a predicted label. The predicted label may or may not be equal to the true label of that individual. No assumptions
are placed on the way the classifier was generated or on the classification mechanism. For a given classifier C,
denote by D uniform distribution over the population of the triplets of true label, predicted label, and region. A
random triplet drawn according to D is denoted by (Y, Y, G),where Y € Y is the true label, Y € Yisthe predicted
label, and G € G is the region of the individual. Denote the probability of an event E according to D by P[E], and
the probability of an event E conditioned on the individual being from region g € G by Py[E] :=P[E | G =g].
Throughout this work, the value of a conditional-probability expression in which the probability of the condition
is zero is treated as zero. We define the following notation for properties of D:

e The weight (prevalence) of each sub-population in the distribution is wg, := P[G = g]; The vector of weights
isw = (wg)geg-
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Table 1. Notation summary

Notation Meaning

P, E] P[E | G = g]; Probability conditioned on sub-population from g

Wy P[G = ¢g]; Prevalence of sub-population from region g
w (wy)geg; Vector of prevalences
ﬂgy P4[Y = y]; Probability of label y in region g
g (71_2, ﬂgl); Vector of label probabilities in region g
f)gy Pg[f/ = y]; Probability of predicted label y in region g by classifier C
Py (pg» g); Vector of predicted label probabilities in region g for C
aj ]P’g[f/ =1-1y | Y =y]; True and False Positive Rates in region g for C
l-a) a . , ,
Ay 19 1 9 . |; The confusion matrix for region g for C
% — %
Ag {Ag}geg; The set of confusion matrices for all regions for C
Mo All 2-by-2 matrices with entries in [0, 1] where each row sums to 1.

e The proportion of true label y € Y in sub-population g € G is né’ :=P4[Y = y]; The vector of these
proportions is 7, := (71, 7).

e The proportion of predicted label y € Y in sub-population g € G is ﬁ;’ =P, [Y = y]; The vector of these
proportions is p, = (pg, py)-

o The false positive rate and the false negative rate for sub-population g are denote by ag, a;, respectively,
defined as

y._ v —
ag = g Y=1-y|Y=y].
¢ Denote the confusion matrix on a sub-population g by A,. This is a 2-by-2 matrix with entries that
correspond to the true negative rate and the false positive rate on the first row, and the false negative rate

and true positive rate on the second row, where each row sums to 1. Denote the set of all possible confusion
matrices by Max,. Denote the indexed set of all such confusion matrices by Ag := {Ag}geg-

The notation provided above is summarized in Table 1. The population error of classifier C is given by:
error(Ag) :=P[V # Y] = Z W, Z njal. (1)
9eG  ye¥

In the label-proportions setting, we assume that the confusion matrices of classifier C under study are unknown,
and the only available information on the labels is the proportions of the true labels and the predicted labels in
each region. Denote the available information in the label-proportions setting by

Inputs := (w, {(74, Pg) }geg)- (2)

In the next section, we show how the error of a fair classifier C can be lower-bounded using only label
proportions.
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Label proportions for the population and a given classifier C:
weight true positive (ngl) predicted positive (ﬁ;)
g=Left)  50% 30% 50%

g =R(ight)  50% 70% 70%

(I) Assume that classifier C has the minimal possible error.
The only solution given the label proportions above:

5 2
H 1 0
ﬂL— 7, A =

-

This solution is consistent with a classifier that has error = 10%, but is unfair. (II) Assume that the classifier C is

fair.
The only solution given the label proportions above:

065 035
015 085

e

This solution is consistent with a classifier that is fair, but has error = 25%.

A =Ar =

Le gend: W Predicted positives

E True positives

Fig. 1. Two possible confusion matrices for a simple 2-region problem with a given classifier C, with accompanying illustrations
representing the fractions of positives and predicted positives in each region. Grid lines are displayed for scale. Given the
label proportions provided in the table above, each of the two displayed assumptions leads to a different solution. The first
assumes that the error is minimal, while the other assumes that the fairness is maximal (that is, that the classifier C is
completely fair under equalized odds). The details of the derivations are provided in Section 4.

4 Lower-Bounding the Error of a Fair Classifier Using Label Proportions

In this work, we consider fairness with respect to the fairness notion of equalized odds (Hardt et al. 2016). This
notion requires that the false positive rates of the classifier in each sub-population are the same, and similarly for
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the false negative rates. Formally, it was defined for the case Y = {0,1} and G = {0, 1}, as follows:
VyelY, P[Y=1|Y=yG=0]=P[Y=1|Y=yG=1]. )

In our notation and with possibly more than two regions, this is equivalent to requiring that ag are the same for
all g € G, and similarly for .

We first consider the case where the studied classifier C is known to be fair with respect to the attribute G.
This could be the case, for instance, if it is known that a fairness-preserving procedure (e.g., (Hardt et al. 2016;
Woodworth et al. 2017)) was used to generate the classifier. More generally, the fact that the classifier is fair may
be disclosed to the public even if the classifier itself or its predictions are not accessible. In the label-proportions
setting, the confusion matrices of the classifier are not available. In this case, the provided label proportions
information can be used to draw conclusions on the error of the classifier.

As a warm-up, we describe a simple example, which shows how the information that the given classifier C
is fair along with label-proportions information can be used to draw conclusions on the error of the classifier.
Consider a simple classification problem with two regions (see Figure 1). In this problem, G = {L, R} (for “Left”
and “Right”). The weights of both regions is the same: w;, = wg = 50%. In the left region, 30% of the labels are
positive (] = 0.3) and the classifier C predicts a positive label for half of the individuals (] = 0.5). In the right
region, 70% of the labels are positive (75 = 0.7), and this is also the fraction of labels predicted as positive by the
classifier (py = 0.7).

If no additional information is provided, and we assume that the classifier C has the minimal possible error
given these label proportions, then this is consistent with a classification error of (50% — 30%)/2 = 10% (see case
(D) in Figure 1). However, this can only be the case if the classifier is unfair. In particular, this error is obtained
only if % =a)' # o) = 0.In contrast, if it is known that C is fair, then aLyz = agz for all y, z € {0, 1}. Under this
constraint, only one configuration of the confusion matrices in each region is possible (see case (II) in Figure 1),
with agl = a%l =0.35 and aio = a}QO = 0.15, giving a classification error of error = 25%. Thus, in this example,
by using the information that C is fair, we are able to infer its error exactly.

More generally, the information that the classifier is fair can be used to infer a lower bound on the error of the
classifier, since fairness imposes constraints on the confusion matrices. Combined with constraints derived from
the given label proportions, a linear optimization problem can be derived.

First, given Inputs for the classifier C, C must satisfy the following constraints on Ag:

Vge G, Ay € Moo, and Al my = p,. (4)

In addition, if C is known to be fair in the sense of equalized odds, then all matrices in Ag are the same. The
error of C is determined by (Ay)gecg as well. Thus, a tight lower bound on the error of C can be obtained by
solving the following optimization problem, over a matrix A that represents the confusion matrix of each of the
sub-populations.

Minimize, error(A) = Z Wy Z ) ay
geG  ye¥y
s.t. A € Myys,

Vg € G, ATatg = Pg.

If this problem is infeasible, and the input values are accurate, then the classifier C cannot be fair. Another
option is that C is nearly fair, but the input values are inaccurate, for instance due to estimation error, thus
leading to infeasibility of the problem constraints. In both of these cases, C can be analyzed using a measure of
unfairness of C. In the next section, we propose a new measure of unfairness for unfair classifiers. We further
discuss how it can be used also when inputs are inaccurate.
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5 Quantifying Unfairness

In the previous section, we considered a fair classifier, which means that the classifier satisfies the equalized odds
requirements exactly. However, in many cases, exact fairness may not be guaranteed. For instance, the classifier
C may have been constructed using heuristic methods that attempt to obtain fairness (e.g., (Goh et al. 2016; Zafar,
Valera, Rogriguez, et al. 2017)). Nonetheless, being close to fairness as much as possible is a desired property. To
draw conclusions about unfair classifiers, a meaningful measure of the unfairness of a classifier is required. In
this section, we propose such an unfairness measure with respect to the equalized-odds fairness criterion. The
guiding principle behind the derivation of this measure is that it is derived based on its intended meaning, which
is rooted in a probabilistic interpretation.

We define the amount of unfairness as the fraction of the population on which the classifier behaves differently
from its baseline behavior. This is analogous to the definition of error, which indicates the fraction of the
population on which the classifier makes a mistake.

Formally, recall that (Y, Y, G) ~ D for the given classifier C. For y € Y, denote by Z)gy the conditional

distribution of Y | Y = y,G = g. For g € G, we model Z)gy as a mixture of a baseline distribution Dé’ and local
“nuisance” distributions Ngy. Denote by r]gy € [0, 1] the probability, conditioned on Y =y, G = g, that Y is drawn
from Ngy. Then we model Z)gy as the following mixture:

Z); =(1- rygy)Z)é’ + ngNgy. (5)

It is easy to see that if the classifier C is fair under the equalized odds criterion, then D, = Dé’ forallge G,y € VY,
hence in this case Eq. (5) holds for allg € G,y € Y for 173 = 0. In contrast, if the C is not completely fair under
equalized odds, then any choice of Z)by requires 173 > 0 for at least one g € G. Thus, an 77; -fraction of the
individuals with Y = y, G = g suffer a different prediction behavior than the baseline prediction behavior defined
by Z)by . Thus, the value of the coefficients {rygy } is related to the deviation of the classifier from the equalized-odds
fairness criterion.

We define unfairness as the fraction of the population for which prediction behaves differently from the
baseline prediction behavior. Since the decomposition to Z)g and Ngy is unobserved, we define this fraction with
respect to the best possible decomposition. Formally, let n  := (172, q;). We define the unfairness measure for the
classifier C described by D as follows:

unfairness(D) := mir}l Z wgn;ng, (6)
979G

where the minimum is over {r]g} such that Eq. (5) holds for some {D?, {Ngy}geg}yey. Note thatunfairness(D) =
0 if and only if the equalized odds criterion is satisfied by the classifier.

This definition of unfairness has several advantages: First and foremost, it is fully interpretable, since it has a
specific and well defined meaning. The value of unfairness is always in [0, 1], where unfairness(D) =0 if
and only if the classifier C is completely fair. The value of unfairness is meaningful even if the label distribution
is extremely unbalanced: Suppose that the target label concerns the diagnosis of a rare disease. This label is highly
unlikely, yet if the disease is twice as likely to be wrongly diagnosed in one sub-population than in another,
this would manifest as a high unfairness value. Moreover, since unfairness and error are both defined as
fractions of the population, they can be compared and combined meaningfully, without the need for rescaling or
other manipulations. This contrasts with other fairness measures, which do not satisfy all of these properties.
Common approaches for measuring unfairness suggest using the absolute difference between relevant conditional
distributions (e.g., (Donini et al. 2018; Jung et al. 2021)), or the ratio between them (e.g., (Alghamdi et al. 2020;
Calmon et al. 2017a)). However, neither of these approaches provide an interpretable measure that is always
meaningful. The absolute-difference approach generates near-zero values when the labels are unbalanced, while
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the ratio approach generates a possibly unbounded value, a concern raised also in (Calmon et al. 2017a). The
issue of interpretability is even more pronounced when the protected attribute has many values, requiring these
measures to take into account all pairs of differences or ratios.

The interpretability of unfairness as a fraction of the population allows a direct adaptation to possible
inaccuracies in input quantities, for instance due to estimation error. Given the value of unfairness that results
from the given input information, bounds on the true value can be derived by taking into account known accuracy
bounds on the inputs. For instance, if the population weights w are known to be accurate up to an additive error
of ¢, then the true population unfairness is at most |G|e-far from the value of unfairness calculated using
the given w. More generally, if the inputs are consistent with a distribution that is up to e-far from the true
population distribution, then the true unfairness is up to e-far from the value of unfairness that results from
using the input values.

6 Calculating Unfairness when Conditional Confusion Matrices are Known

We first consider a scenario in which we have access to the confusion matrices of the classifier C in each
sub-population. For instance, this could be the case if we have a validation set, or if the confusion matrices are
reported by the owner of C.

We derive a useful formula for unfairness for a known distribution . Note that D is fully determined by w,
the region weights, and Ag, the confusion matrices of each region. Below, we assume some fixed w and denote
unfairness(Ag) := unfairness(D).

Consider {n,} values that minimize the RHS in the definition of unfairness in Eq. (6). Suppose first that the
distributions {Dby } that obtain these values are known, and consider nuisance distributions {Ngy} which are
consistent with this choice. Let the random variable N be equal to 1 if the triplet (Y,Y =y, G = g) was drawn
from Ngy and equal to 0 if it was drawn from D/, so that ngy =P4[N =1]Y = y]. Denote the false positive
rate and the false negative rate of {DZ} by aé’ = Pg[f/ =1-y|Y =y, N =0], and let A, be the corresponding
confusion matrix. Denote ﬂgy = Pg[f/ =1-y|Y =y, N =1], and note that the matrix B, := (1 - /)’3, ﬂgo;ﬁ;, 1- ﬂ;)
is in szz.

the following relationship holds:

a;“':]P’g[f/;tle:y]
= Py[Y#ylY=yN=0-B[N=0]Y=y]
+P [V £y | Y=y N=1]-PJ[N=1|Y =y]

=a (1-ng) + B -ng.

Since ,/)’gy € [0,1], we get
al(1-n))<a) <al(1-n))+n].

170(3
l—(xby
then ngy > ag ,and if aé’ =1,thenn, >1- agy . Moreover, r]é’ satisfies these lower bounds with equality. This can
be seen by considering a deterministic nuisance distribution which draws y if agy < ag and 1 — y otherwise. Thus,

given aé’ and agy, the minimal value of r]gy is ry(aby, aéy), where 7 : [0,1]% — [0, 1] is defined as follows (see Figure
2):

y
Thus, for (xg € (0, 1), we have the following lower bound: rygy > max(1 - %, 1- ). In addition, if aby =0,
b

1-b/a b<a,
n(a,b)=31-(1-b)/(1-a) b>a,
0 b=a.
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Fig. 2. Left: b +— n(a, b) for fixed a. Right: a — n(a, b) for fixed b.

To find the value of unfairness for the best possible decomposition, we minimize over 0{3 and aé, the false
positive rate and false negative rate that determine the baseline distribution:

unfairness(Ag) = Z min Z wyry n (), o). (7)
gy aEE[O,l] <G
We now show that this function can be easily minimized exactly. Define the function y¥(a) := Xje g Wgﬂ,'; n(a, ag ).
First, suppose that for all g € G,y € Y, we have agy € (0,1). For any fixed b € (0,1), a — n(a,b) is concave
on the intervals [0, 5] and [b, 1]. Thus, ¥/Y is concave on any closed interval which is a subset of [0, agy] or
of [ay, 1] for all ¢ € G. In each such interval, the minimizer of /¥ is one of the end points of the interval.
Therefore, /Y is minimized at an end point of a maximal interval which satisfies this property, that is, at a point
inA:= {agy}g,y U {0, 1}.
Now, if for some g, y, we have agy € {0, 1}, then n(a, agy) = lamgy. Thus, this does not add other possible
minimizers to A. Hence,
ey % A5G
We conclude that given Ag, the value of unfairness can be calculated exactly, in time linear in |G|.

unfairness(Ag) = Z miriz wgﬂgyr](aé’, agy).
€

7 Lower-Bounding Classifier Discrepancy from Label Proportions

In the previous section, we discussed the calculation of unfairness based on the confusion matrices of the
classifier C in each sub-population. However, as discussed in the Introduction, these confusion matrices might be
unavailable, especially if we do not have access to the classifier or to individual-level validation data. Nonetheless,
we show in this section that it is possible to provide meaningful conclusions on the properties of C from label
proportions only. Formally, we assume the label-proportions setting in which the only available information is
the aggregate statistics in Inputs, defined in Eq. (2).

We define a combined measure for the accuracy and fairness of C, which we term the discrepancy, denoted

discg, where 8 € [0,1] is a trade-off parameter:
discg(Ag) := p-unfairness(Ag) + (1 p)-error(Ag). (8)

Bounding the value of discy with an appropriate value of ff can provide answers to the questions about the
classifier C which are listed in Section 1.
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Each of the questions is equivalent to asking for a lower bound on discg, for some f € [0, 1], or for a § that
optimizes a constraint. For instance, if it is known that unfairness < U for some known U, then finding the best
possible accuracy of C is equivalent to minimizing discg for the smallest § such that the minimizing solution
satisfles unfairness < U. Moreover, one can assign a cost per individual who is treated unfairly and a (possibly
different) cost per individual whose classification is incorrect. Setting ff according to the ratio between these
costs then makes discy of a classifier equivalent to its cost, to facilitate auditing and classifier selection.

Given f3, we are therefore interested in the smallest possible discg value under the constraints imposed by
Inputs. Define:

mindiscg(Inputs) := min{discg(Ag) | Vg € G, Ay € MZXZ,Angg =Py} 9)

Our goal is thus to calculate or bound mindiscﬁ(Inputs). Note that in the case of § =0, discy = error. Thus, it
is easy to see that mindiscy(Inputs) = 3, wy|my — py|. We henceforth consider f € (0, 1].

We show below that mindiscz(Inputs) can be calculated exactly using an efficient procedure. Note that
a lower bound on mindiscg implies a lower bound on discg, while an upper bound on mindiscg implies a
limitation on the conclusions that can be drawn on discg using the available information.

To derive the procedures, we first define a useful decomposition of discg. From Eq. (7) and Eq. (1), and setting
ap = (ag, aé), we have

d = al - B)- Yol
iscg(Ag) = ,Bwremon1 Z Z wgfrgr](ab, )+ (1-p5) Z Wy Z g ay (10)
yeY geg geg yey
Denote 74(a, b) := fn(a,b) + (1 — )b, Then
discs(Ag) = min Z wy Z mlr(al,al). (11)
apL€[0,1] 9cG gy

We now turn to the calculation of mindiscg. We show that the set of possible solutions for Ag can be sufficiently
restricted, so that it is computationally tractable to consider them all, and to globally minimize A}, with respect to
each of these possible solutions. Thus, the value of mindiscﬁ can be calculated accurately.

The constraint A] 7, = Py is equivalent to requiring p; = 7+, (1-a,). Define theset G' = {g € G | 7, > 0}.
Forg € G', a; =1 —ﬁ;/ﬂ; + (77,'3/7‘[91)0{2. We denote r; :=1 —pg/ﬂg and g := 7[3/77,’ , so that

Vg e G, agl =1+ qgag. (12)
Note that for g ¢ G', 7y = 1 and so &) = p; and a; = 0. Define
Dgg(ap, ag) = 71';)‘["3(0(8, a;)) + ﬂ'gl‘[ﬁ(()(é, rg + qya_g),
where we define the second term to be zero if ﬂgl = 0. Since agy € [0, 1], it follows from Eq. (12) that the feasible
domain of o for g € G' is
domy := [max{-ry/qg, 0}, min{(1 —ry)/qqg, 1}].
Ifg ¢ G', define domy := {f,}. From Eq. (9), Eq. (11) and Eq. (12), we thus have

mindiscg(Inputs) = min w, mm Dg,(ap,a ) (13)
b ape[0,1]2 Z a agedomy by

Below, we show that this minimization problem can be reduced to a small set of one-dimensional minimization
problems. We further provide a procedure for minimizing these one-dimensional problems. Combining the two,
this gives a procedure for calculating mindiscg accurately. For the sake of presentation, we first provide the
procedure and a sketch of its derivation in Section 7.1, and then provide the full derivation, by first showing the

Journal of Artificial Intelligence Research, Vol. 86, Article 47. Publication date: August 2026.



Bounding the Fairness of a Classifier Using Population-Level Statistics + 47:13

Algorithm 1 Calculating mindiscg

Input: Inputs = (w, {(74 Pg)}lseg), B € [0,1], tolerance y > 0
Output: V € [mindiscg(Inputs), mindiscg(Inputs)+y], and (u, €), the values of unfairness and error that
obtain the discrepancy V.
1: For each g € G*, vy < ArgMini1D(g,y, B, Inputs). #Get minimizer of H
2 Vo —{0,1} U{-ry/qq (1 - rg)/qg}gegl U {ﬁg}g:ngzl'
: VI {0, 1} U {rg, 1y + qglgeg-
: P (Vo x V1) U{(vg, 19 + qqvg) | g € G*}.
5. @p < argmin,, .p F(ap)
6: V «— F(ap)

~0 . A 0
7. VgEG, a5 — argmin Dp (&, ag)
ag€Sq (&)
_ 1 41 50
8 Vge G, a5 —rg+qydy
Y sy oY

9: U Digeg Wy Dy Tg (4, &)

. Yy
10: € «— deg Wgzyﬂg ag.
11: ReturnV, (u,¢)

reduction to few one-dimensional problems in Section 7.2, and then providing the procedure for minimizing
these in Section 7.3.

7.1 Calculating mindiscg

The algorithm for calculating mindiscg up to a given tolerance is listed as Alg. 1. Alg. 1 gets as input the label
proportions Inputs, the value of § that specifies the required minimization instance of Eq. (13), and a tolerance
parameter y > 0. It outputs a discrepancy V € R which is the value of mindiscg(Inputs) up to a tolerance of
the input parameter y. It further provides the values of unfairness and error that obtain the discrepancy V.
We give here an overview of Alg. 1. For simplicity of presentation, we defer some of the definitions used by the
algorithm to Section 7.2.

Denote Gt :=={g € G | Vy € VY, 7'[;/ # 1}. Alg. 1 first runs ArgMin1D, a one-dimensional minimization
procedure, for each g € G*. ArgMin1D is provided in Section 7.3 below. Running ArgMin1D gives a set of values
{vg}4e g+, which are then used along with two other sets V; and V; to construct a set P of possible assignments to
ap,. We show below that P necessarily includes an assignment which minimizes discg, subject to the provided
label proportions in Inputs, up to a tolerance of y. Alg. 1 then finds a minimizing assignment in P using a proxy
function F, which is defined in Section 7.2 below. This function is easy to calculate and we show below that
minimizing it is equivalent to minimizing the objective. The minimizing assignment is then used to calculate the
value of the objective, as well as the value of the unfairness and error that obtain this objective. The next two
subsections provide the full derivation of Alg. 1, proving that Alg. 1 outputs mindiscg up to a tolerance of y, as
required.

7.2 A Reduction to One-Dimensional Minimization Problems

We first show that given a fixed assignment for ay, € [0, 1]%, argmin,, Dgg(arp, ag) belongs to a small set

g €domy,
of possible values.
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Fig. 3. p(ag) and the inflection points py, p; for ag =0.2, aé = 0.6, ﬂ; = O.l,ﬁ; =0.1.

LemMa 1. Fix some set of parameters Inputs. For g € G, ) € [0, 1]2, define
Sy(@s) = {s}(@5)}ic(a) N dom,,

where forg € G,

s;(ab) = sg1 = max{0, —14/qy},

sé(ab) = 35 =min{1, (1-ry)/qy},

s, (@) = s;(ap) = ap,

shap) = si(a)) = (o)~ 1) /gy
Forge G\ G', defines)(ap) = {py} for alli € [4]. Then

min Dﬁ,g(ab,ag)z Orgli? Dﬁ,g(ab,ag).

0
agedomy ag€Sy(ap

Proor. Assume that ng € (0,1), since the other case is trivial. Consider the function b + 75(a, b) for a fixed a.
It is a convex combination of n(a, b) and of b. Now, for a fixed a € [0,1], b — n(a, b) is a convex piecewise-linear
function: it is linear and decreasing over [0, a] and linear and increasing over [a, 1], as can be verified from the
definition of 1 (see Figure 2 (left) for illustration). Since by Eq. (12), a; is linear in a?, it follows that p(ag) is convex
and piecewise-linear, with inflection points at &y = &) =: p1, and at &y = e, that is at &y = () —14)/qy = p2 (see

g
Figure 3 for illustration). It follows that the minimizer of b - 7g(a)), b) must be one of py, p; or the end points of
domy. These are exactly the values in S;(a,) defined above. O
Define

F(ayp) := Z wg - min  Dgg(ap, a;)).

geg O{gesg((lb)

Note that F(er},) is easy to calculate, since the minimizations are over S;( ), which is a small finite set of values.
From Lemma 1 and Eq. (13), it follows that

mindiscg = abr;l[iOnl]ZF(O!b). (14)
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While this two-dimensional minimization could be approached using grid-search, the grid resolution might
be prohibitively small. This is especially evident when data is extremely unbalanced, as in the case of cancer
occurrence statistics, on which we report experiments in Section 8. In such unbalanced cases, the necessary grid
size can be prohibitive. For instance, cancer occurrence statistics can be of the order 107%. A two-dimensional
grid search of this resolution would be of order 102, which could be impractical to perform. Thus, a further
reduction of the search size is necessary. We now show that this two-dimensional problem can be reduced to a
small set of one-dimensional minimization problems.

THEOREM 2. Let Vy and Vi be as defined in Alg. 1. Define the following set of vectors in R?:
Pairs := (Vo X V1) U{(v, 14 + q40) | v € domg,g € G*}.

Then
mindiscg = min F(ay).
ap€Pairs
The proof of Theorem 2 is given in Appendix A. In the proof, we show that given ag, it is easy to solve

mingcpo ) F ((a), ), since there is a small finite number of possible minimizers. This is because the domain

0

[0, 1] can be partitioned into intervals that depend on a,

intervals.

By Theorem 2, finding mindiscy can be done by minimizing F(«y) over the set Pairs, which includes o(I1G1»)
discrete solutions V; x Vi, and |G| one-dimensional solution sets of the form (v, ry + q4v) for some g € G*.
Define, for g € G,

such that a; — F(ayp) is concave in each of these

HY(v) :=F(v,ry + q40), and V; := min HY(v).

vedom,
Then, we have
mindiscg =min{ min F(«a}), min V,}.
4 {(beVOle (arp) geG* o)
Finding V; is a one-dimensional minimization problem. Due to the irregularity of HY and its possibly large
absolute derivatives, especially in unbalanced cases, obtaining a reasonable solution accuracy using a naive grid
search could be prohibitively expensive. In the next section, we provide a procedure, termed ArgMin1D, that
searches over a smaller number of values when minimizing HY, making the procedure practical even in extremely
unbalanced cases. ArgMin1D gets as input the region identifier g, the solution value tolerance y, the discrepancy
coefficient f, and the set of inputs Inputs. It returns the minimizer of HY.

7.3 Fast Minimization of HY

Fix g € G*. We give the procedure ArgMin1D that calculating argmin HY(v) up to a given tolerance. Let

vedomg
dom; be the open interval which is the interior of the closed interval dom,. Note that HY is continuous on dom‘;.

To minimize HY on dom;, it suffices to find a constant L > 0 such that HY is L-Lipschitz on domg, that is,
Va,b € domy, |H?(a) — HY(b)| < Lla — b|.

Then, to find an optimal solution up to a tolerance of y, one can perform a grid search with a resolution of L/y.
However, H can have very large derivatives in small intervals, leading to a prohibitively large value of L. We
therefore partition dom? into separate intervals, and derive a separate Lipschitz upper bound for each interval.
We show that the size of intervals with a large Lipschitz constant is small; Thus, the resulting search size is
significantly smaller than L/y.

HY is a linear combination of minimizations over applications of 75. For x € [0,1],9 € G, denote [x], =
(x, 74 + qgx). Where HY is differentiable, its derivative can be upper bounded by
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dbsv(v) SZEZQWZ ax Z ﬂzylafﬁ([v]g(g): [x]z(y))|_ (15)

x€Sz([v]g) ye{0,1} (4

5(a, b) is differentiable except at a € {0,1}, b € {0,1} and a = b. Based on this observation, we partition the
search interval [0, 1] into sub-intervals such that all the 75 terms in the sum are differentiable in the interior of
each of the sub-intervals.

Then the Lipschitz constant L; in sub-interval I is upper bounded by

LISZWZ Z n; max maXIaTﬁ([U]g(y)’ [X]z(y))|.

zeG ye{0,1} x€S;([v]g) vel EY

Note that for x € S;([v]4), x is a linear transformation of v. Therefore, all the maximizations above are of the
form

drg(a + bv, ¢ + dv)
max | |
vel v
for some known real values g, b, c, d. The following lemma provides an upper bound for this expression, depending
on the values of a, b, ¢, d.

>

LEMMA 3. Letb > 0,c < 1,a < 1,d 2 0. Define /(x) := t5(a+bx, c+dx), defined over x such thata+bx,c+dx €
[0,1]. Then ¢ is differentiable in the interior of its domain, except perhaps for x such that a + bx = c¢ + dx. Define

b/c (d=0)A(c>0)
D(a.b.c.d) = d?/|bc — ad| (d>0)A(a/b>c/d)
U7 N be —ad|/(a+ b(c—a)/(b—d)? (d>0)A(a/b<c/d)A (b>d)
0 otherwise.

Then for any x in the interior of the domain of  such that a + bx # c + dx,

D(a,b,c,d) d>bAx<i=5)V(d<bArx>=5)
|M|< D(1-a-bb1-c-dd) (@d>bAx>=3)V(d<bAx<i3)
dx \aic| d=ba+c

0 otherwise.

The proof is provided in Appendix B. The procedure ArgMiniD calculates an upper bound on L; for each
sub-interval I using the upper bound provided in Lemma 3, and then searches with a grid resolution of L;/y in
the sub-interval. In addition, it searches each of the end points of all sub-intervals. This provides a minimizer up
to a tolerance of y using a limited number of search points compared to a naive fixed-resolution search.

8 Experiments

In this section, we report experiments demonstrating the various algorithms proposed in this work, as well as
the diversity of possible applications of bounding fairness from aggregate data. The procedures proposed in this
paper and the code for running the experiments are provided in https://github.com/sivansabato/bfa2.

We report three sets of experiments. In the first set of experiments, reported in Section 8.1, we use data sets for
which labeled data is available and can be used for validation. For various classifiers, we calculate the value of
mindiscg using our proposed procedure, and compare it to the true discrepancy discg of the classifier, which we
calculate using the labeled data. This provides an evaluation of the tightness of mindiscg as a lower bound for
discg. Since mindiscg is calculated using only the limited information of aggregate statistics, we do not expect
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Fig. 4. US Census experiments. The figure shows the fraction of classifiers for which unfairness/mindisc; is larger than a
given threshold. A ratio of 100% indicates that the lower bound is equal to the true unfairness. The median ratio for the
linear method is 48% and 23% for the tree method. 97% of all classifiers obtained a ratio of at least 10%.

this lower-bound to always be tight. However, our experiments show that in many cases, it is quite close to the
actual discrepancy.

In the second set of experiments, reported in Section 8.2, we demonstrate possible uses and outcomes of the
calculation of mindiscg in various applications. We study several classifiers for which we only have aggregate
statistics, calculate lower-bound Pareto curves of the trade-off between unfairness and error for each classifier, and
discuss how these curves can help in decision making. In all the experiments below, we considered classification
of US-based individuals, and the fairness attribute was the state of residence (or work) of the individual.

The experiments in Section 8.1 and Section 8.2 focus on classification problems in which there are many
sub-populations with non-negligible probability mass. In these cases, the derived bounds are usually relatively
tight. In contrast, in Section 8.3, we discuss and demonstrate phenomena that can occur when minimizing the
discrepancy over distributions in which all or almost all of the probability mass is concentrated on only two
sub-populations. While the bounds remain valid in this regime, we demonstrate that they can sometimes be very
loose.

8.1 Comparing the Minimal Discrepancy to the Actual Discrepancy

For this comparison, we used the US Census (1990) data set (Dua and Graff 2019) to generate over 800 classifiers,
on which we tested the tightness of the lower bound mindiscg by comparing it to the true discrepancy discg.
The US Census data set includes approximately 2.5 million records, with 124 attributes for each record. We
studied fairness with respect to the “state of work” attribute, which specifies the state in which the individual
worked. We used for the experiment the approximately 1.1 million records in which this attribute was present.
We split this data into two halves at random, using one half as a training set to generate classifiers, and the other
half as a test set to calculate the aggregate statistics of the classifier, as well as its true unfairness and error.
For each attribute in the data set except for the state of work, and for each value v of the attribute, we generated
a binary classification problem in which the examples are the records without this attribute and without the
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discg: (lower bound)/(true value)

Value of B

Fig. 5. US Census experiments. For 10 classifiers in each method, the ratio between discg lower bound and the true discg,
as a function of B. The figure shows that for linear classifiers mindiscg and discg are usually more similar than they are for
tree classifiers.

“state of work” attribute, and the label of a record was 1 if the attribute had value v. For attributes with more
than 10 values, we binned the values of the attribute to 10 bins, and the label was 1 if the attribute had value at
least v. If the resulting classification problem had more than 99% of the examples assigned to the same label, this
classification problem was discarded. This process resulted in 410 classification problems. For each classification
problem, we generated classifiers using two learning methods: a linear fit and a decision tree learning, using
standard Matlab packages.

We ran Alg. 1 on Inputs, as calculated for each of these classifiers on the test set. The vector w that holds
the fraction of the population in each state was also calculated based on the test set. First, we used Alg. 1 to
calculate mindisc, which is a lower bound on disc; = unfairness. We then calculated the ratio between the
true unfairness (as calculated on the same test set) and the calculated mindisc;. Figure 4 shows the fraction
of the classifiers that achieved a ratio above a range of thresholds. For the linear method, the median ratio was
48%; it was 23% for the tree method. 97% of all classifiers obtained a ratio of at least 10%. We conjecture that the
difference between the two learning methods might be due to the local nature of tree methods, which may make
them inherently less fair (see a related discussion in (Valdivia et al. 2021)).

Next, we used Alg. 1 with a range of values of f, for 10 randomly selected classifiers. Figure 5 plots the ratio
between the true discg and our obtained lower bound for § € [0, 1] in each of the classifiers. Here too, it can be
observed that for linear classifiers mindiscgz and discg are usually more similar than they are for tree classifiers.

8.2 Pareto Curves for Classifiers with Unknown Confusion Matrices

In the next set of experiments, we demonstrate possible uses and outcomes of the calculation of mindiscg. We
study several classifiers for which we only have aggregate statistics, and generate Pareto curves of the resulting
lower bounds which provide the best possible trade-off between unfairness and error. We further demonstrate
answering the types of questions in Section 7 using mindiscg and the resulting Pareto curves. The values in the
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Fig. 6. Pareto curves for cancer by search queries. Each curve corresponds to a classifier for a specific cancer type, as listed in
the plot legend. The Pareto curve of each classifier includes best-case pairs of (unfairness, error) that minimized discg
for each of the values of § that were tested for each classifier. To make the values of different cancer types comparable in the
plot, all the values for a given classifier are normalized in the plot by the overall occurrence rate of the cancer type it predicts.
Thus, values close to 1 indicate a poor classifier.

weight vector w, which describe the fraction of the population in each state, were obtained from (US Census
Bureau 2019).

In the first experiment, we consider a classification problem of identifying people diagnosed with a certain
type of cancer from their queries in the Microsoft Bing search engine. The end goal was to identify possible
participants for an anonymous patient study. We studied the 18 cancer types listed in (CDC and NCI. 2019),
which reports their true-positive rate (incidence rate) in each state, giving the values in {7 }4cg. For each
cancer type, we constructed a classifier that predicted which anonymous US-based Bing users were likely ill
with a specific cancer. The obtained classifier statistics are provided as part of the experiment code provided
in https://github.com/sivansabato/bfa2. Note that we did not have individual validation data connecting users
to a medically-validated diagnostic status. A user was predicted positive (having cancer) if they mentioned
in their queries made between January 1st and June 30th, 2019 that they are suffering from a specific type of
cancer. Following the methodology in (Hochberg et al. 2019; Shaklai et al. 2021; Yom-Tov et al. 2024), a user was
predicted positive if they made at least one query that included the terms “I have [condition]” or “diagnosed with
[condition]”, where [condition] is one of the 18 specific cancer types. We excluded queries where the following
phrases were included: “how do I know if I have [condition]”, “do I have [condition]”, “I think I have [condition]”,
“did I have [condition]” or the words “sister”, “brother”, “wife”, “husband”, “father”, “mother”, “dog”, “cat”.

For each classifier, we wish to discover a best-case accuracy-fairness trade-off, so as to identify classifiers that
might be useful for a future, more detailed study. We note that unfairness may ensue using this classification
method due to differences in health literacy between states. Out of the 18 cancer types, classifiers for 8 types
had an overall positive prediction rate of more than twice or less than half of the true positive rate. We removed
these classifiers from the experiment, since the final goal is classifiers that are both accurate and fair, and these
classifiers were clearly very inaccurate. We note that when error is very large, the discrepancy is necessarily
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Fig. 7. Pareto curves for pre-election polls. Each curve corresponds to a classifier defined by a single poll, where the legend
gives the date the poll was taken. The Pareto curve of each classifier includes best-case pairs of (unfairness, error) that
minimized discg for each of the values of § that were tested for each classifier.

large, and so lower-bounding it is uninformative. For the remaining 10 classifiers, we ran Alg. 1 for values of
B e [0,1].

We started with 10 evenly-spaced values for f, and added more values where the changes with respect to
were large. The pairs of (unfairness, error) that minimized discg for each of the values of f for each classifier
(cancer type) define a Pareto curve, representing the best-possible combinations for these classifiers. Figure 6
plots these curves. To make the values of different cancer types comparable in the plot, all the values for a given
classifier are normalized in the plot by the overall occurrence rate of the cancer type it predicts. Thus, values
close to 1 indicate a poor classifier. Recall that we do not have validation data these classifiers, thus we cannot
compare to their true unfairness and error values. However, since mindiscg is a lower bound on discg, the
true (unfairness, error) pair of each classifier is necessarily above its Pareto curve. We concluded from the
results in Figure 6 that the classifier for lung cancer is the most promising for a future study, while many of the
other classifiers are guaranteed to perform poorly on both measures.

The numerical values that generated the Pareto-curves in Figure 6 can further be used to answer many questions
of the forms listed in Section 1. We demonstrate with a few examples below, based on the numerical results
available at the linked github repository. All unfairness and error values below are normalized by the overall
prevalence of true positives.

e “Is it possible that this classifier is fair? If not, how unfair must it be based on the provided label proportions?”
This question can be answered by checking the leftmost point (minimal unfairness, § = 1) in the Pareto-
curve. This is the minimal possible value of unfairness for this classifier, regardless of its true accuracy.
For instance, the Breast Cancer classifier has a minimal possible unfairness value of 12%, and the Stomach
Cancer classifier has a minimal possible unfairness value of 35%.

e “Suppose that the classifier is known to be nearly fair. How accurate can it be?”. If it is known that the
classifier’s unfairness is smaller than some value, then the minimal possible error of the classifier is the
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Fig. 8. Pareto curves for cancer diagnosis and mortality. Each curve corresponds to a classifier that would predict mortality
of a diagnosed individual in each state with a probability equal to the overall mortality rate of the cancer type specified in
the legend. The Pareto curve of each classifier includes best-case pairs of (unfairness, error) that minimized discy for
each of the values of  that were tested for each classifier. To make the values of different cancer types comparable in the
plot, all the values for a given classifier are normalized in the plot by the overall occurrence rate of the cancer type it predicts.
Thus, values close to 1 indicate a poor classifier.

smallest value of the error lower bound in the part of the Pareto curve that is to the left of this unfairness
value. For instance, if the Thyroid Cancer classifier has unfairness < %18, then its minimal possible error
value is 35%, while for the Bladder Cancer classifier its minimal possible error value is 23%.

“Suppose that the classifier is known to be quite accurate. How fair can it be?”. If it is known that the
classifier’s error is smaller than some value, then the minimal possible unfairness of the classifier is the
smallest value of the unfairness lower bound in the part of the Pareto curve that is below this error
value. For instance, if the Thyroid Cancer classifier has error < 35%, then its unfairness is at least 18%.
For the Skin Cancer classifier, under the same upper bound on error, its unfairness is at least 28%.

For the last question, “Suppose that there is a penalty for each person who gets a wrong prediction, and for
each person who is treated unfairly; what is the smallest possible overall cost of this classifier?”, under any
given trade-off between the cost of unfairness and the cost of error, the lowest possible cost of the classifier
is mindiscg, where f is set to the desired trade-off between the two quantities. For instance, setting § = 3/4
assigns unfairness to have triple the cost of error. Under this setting, the cost of the Breast Cancer classifier is
0.13-0.75 + 0.53 - 0.25 = 0.23 and the cost of the Stomach Cancer classifier is 0.35 - 0.75 + 0.62 - 0.25 = 0.42.

In the next experiment of this section, we study pre-election polls, and use them to provide the value of mindiscg
for the classifiers that they might represent. Statistics on 10 pre-election polls of the 2016 US Presidential elections
were obtained from (Five Thirty Eight 2016). The label was set to 1 if the individual voted for the Democratic
candidate and to 0 otherwise. Each poll predicted a voting rate for the candidate in each state. The true positive
rate was obtained from the actual results of the presidential elections in each state (Federal Elections Commission
2016). Treating each poll prediction as the aggregate statistics of an unknown classifier, we calculated the Pareto
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curves representing the best-possible combinations of unfairness and error for these classifiers, using Alg. 1
and values of f € [0.01,0.99], as in the experiment described above. The resulting Pareto curves, shown in Figure
7 by date of poll publication, can be used to compare the classifiers that could be underlying the different polls. For
instance, although some of the more accurate polls are also the latest ones, this is not always the case. Moreover,
some pairs of polls are incomparable, since they perform better in different parts of the curve. For instance,
the Nov-06(b) poll has a lower error bound than the Nov-06(a) poll if its unfairness is larger than 0.05, but it
cannot obtain unfairness smaller than 0.05, while the other poll can, hinting perhaps at a more biased polling
methodology. This information can be used to further analyze the polling and prediction strategies employed in
the various polls.

In the last experiment, we use the proposed method to explore the variation in cancer mortality rates across
US states. Rates of cancer diagnosis and mortality in each US state, for 10 cancer types, were taken from the data
published in (CDC and NCI. 2019). Note that in cases where data from some states was missing, we removed
these states from the list of regions and renormalized the weights of the other states. The true occurrence rates
{my}4eg for each cancer type were set to the fraction of people in each state who died from the given cancer. We
generated aggregate statistics for a classifier that would predict mortality of a diagnosed individual in each state
with a probability equal to the overall mortality rate, which is the ratio between the overall mortality and the
overall diagnosis rate. Thus, this classifier is based on the premise that in each state, the mortality rate is the
same. Any deviation from this premise would mean that the classifier cannot be fully accurate or fair. In this
context, a high unfairness value may be interpreted as a large fraction of individuals who have a non-typical
manifestation of the disease or are treated differently by the health care system, while a high error may indicate
a large fraction of the population whose mortality differs from the expected mortality, perhaps due to a difference
in access to health services such as screening and care.

The Pareto curves that we calculated for these classifiers are shown in Figure 8; values for each cancer type
are normalized by the occurrence rate of that cancer. It can be observed, for instance, that in several of the cancer
types, allowing a small amount of unfairness, interpreted as modeling a fraction of the population as having
non-typical variations of the disease, leads to a significantly smaller error, interpreted as a small difference in
mortality rate between the states on the population with the typical variation of the disease. This use of our
method sheds light on the diversity of possibilities of using such a tool in various ways for studying real-world
phenomena.

We note that conclusions on unfairness can be combined with other available information to provide possible
explanations for the unfairness. For instance, consider the value of the unfairness lower bound when minimizing
the error. This is the rightmost point in the Pareto curve of the classifier. Assuming that the classifier is relatively
accurate, this value can serve as a possible indication of its true unfairness. For the cancer diagnosis classifiers that
were based on search queries (Figure 6), we compared this unfairness value to the average cost of care for each of
the cancer types, as taken from (American Cancer Society 2019). As Figure 9 shows, there is a strong correlation
(R = 0.5) between the cost of care and the unfairness value of the classifier. This may indicate that there are large
differences in awareness and treatment between states when the cost of care is higher. As another example, we
compared the unfairness of the cancer mortality classifiers (Figure 8), with the 5-year relative survival rate for
each type of cancer, as taken from (American Cancer Society 2019). As Figure 10 shows, there is a very strong
correlation (R = 0.79) between the survival rate and the unfairness of the mortality predictor. We speculate that
this is because in cancers with higher survival rates, the influence of quality treatment on survival is significant.
These two examples demonstrate how unfairness analysis may be used to inform exploratory studies of various
social phenomena.
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Fig. 9. The correlation between the (normalized) unfairness of the search-query cancer classifier and the cost of care. Each
point in the plot corresponds to one type of cancer, as specified by the point’s label. The x-axis shows the average annual
per-patient cost of care for the cancer type in USD, based on (American Cancer Society 2019). The y-axis shows ratio between
the unfairness value and the fraction of true-positives for the cancer type.

8.3 Minimizing the Discrepancy when there are Only Two Sub-Populations

In this section, we discuss and demonstrate two phenomena that can arise when minimizing the discrepancy
over distributions in which all or almost all of the probability mass is concentrated on only two sub-populations.
These phenomena can sometimes limit the usefulness of lower-bounding the discrepancy in these cases, since
the resulting lower bound may be significantly lower than the true unfairness. This is a direct result of the small
number of meaningful aggregate statistics that are available in this case. Nonetheless, any obtained lower bounds
are still valid.

As discussed in Section 4, a fair classifier has a confusion matrix A which is the same for each of the sub-
populations. A given set of Inputs statistics is consistent with a fair classifier if and only if there exists a matrix
A € My, such that ATz, = p, for each g € G. Equivalently, for each g € G, p; = nja) + n,(1 - a;). Thus,
each sub-population induces one linear constraint. A has two degrees of freedoms. Therefore, if there are only
two sub-populations, this problem is always feasible, unless the solution is outside of the legal range of [0, 1].
This means that in general, in problems in which almost all of the probability mass is concentrated on two
sub-populations, it should be unsurprising if a classifier’s minimal unfairness based on Inputs is found to be
zero or close to zero.

A second phenomenon that can sometimes be observed in data sets with only two sub-populations, is the
possible irrelevance of the value of f when minimizing mindiscg. In cases where the same confusion matrix
minimizes both the unfairness and the error, mindiscg would have the same solution regardless of . This can be
the case, for instance, if in all sub-populations, the frequency of positive predictions is larger than the frequency
of true positives, or vice versa. Formally, consider a case of Inputs in which the following holds:

Vg € Q,ﬁ; > ﬂ; orVg € g,ﬁ; < Jl'gl. (16)
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Fig. 10. The correlation between the (normalized) unfairness of the mortality prediction classifier and the survival rate of the
cancer type. Each point in the plot corresponds to one type of cancer, as specified by the point’s label. The x-axis shows
5-year relative survival rate the cancer type, based on (American Cancer Society 2019). The y-axis shows ratio between the
unfairness value and the fraction of true-positives for the cancer type.

Note that Eq. (16) is much more likely when there is a small number of possible sub-populations. Consider
a classifier that satisfies the former inequality of Eq. (16); the latter inequality is symmetric. In this case, the
minimal error for the given Inputs is obtained by assuming that there are no false negatives in either of the
sub-populations. More specifically, the error is minimized when assuming the following confusion matrix for
each sub-population g € G:

1wy pony
Ay =

0
g
0

Note that in this solution, the positive label does not induce any unfairness, since the second row is the same for
all sub-populations. This may be the reason that when Eq. (16) holds, it is common to have no effect of  on the
minimizing solution for mindiscg.

We demonstrate the two phenomena described above with two data sets that have been widely used in the
fairness literature. The first is the UCI Adult data set (Becker and Kohavi 1996). This data set is used in many
algorithmic fairness works (e.g., (Calders et al. 2009; Kumar et al. 2023; Turgut 2023)). It includes data on over
48,000 individuals. For each individual, 14 demographic features are provided. The goal is to predict whether
an individual’s income is below or above $50,000. The protected attribute can be set to the sex or the race of
the individual. The sex attribute has two possible values, matching the discussion on distributions with only
two-sub-populations. The race attribute has 5 possible values. However, more than 96% of the examples have one
of only two races, Black and White. Thus, this is also a relevant example for this discusssion.

The second data set is the Propublica COMPAS Recidivism data set (ProPublica 2016), also used in many fairness
works (see, e.g., (Rudin et al. 2020; Zafar, Valera, Rogriguez, et al. 2017)). This data set includes demographic and
historical data on over 5,000 defendants from Broward County, Florida, from 2013 and 2014. The label indicates
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Table 2. Values of Inputs parameters for the four tested classifiers. The table uses the following shorthand: African-American,
Cauc. for Caucasian, log-reg for logistic regression. The last column provides an experiment number, which is used in the
tables below to refer to a specific experiment. It can be seen that in experiments I, II, 1lI, V, Vg € Qﬁ; < 7'[91. In contrast, this
is not the case in experiments IV, VI. This distinction is relevant to the effect of  on the solution for mindiscg, as we discuss
in Section 8.3.

Dataset  Classifier Protected Sub- Wy 7 by #Exp
Attribute population
Sex Female 33.30% 10.88% 8.45% I
Male 66.70% 29.98% 27.21%
Amer-Indian-Eskimo 0.98%  11.95% 6.29%
vanilla k-NN Asian-Pac-Islander 2.95% 27.71% 23.33%
Race Black 9.59% 11.47% 9.48% 1I
Other 0.83% 18.52% 7.41%
Adult White 85.66% 25.03% 22.47%
Sex Female 33.30% 10.88% 11.20% m
Male 66.70% 29.98% 35.11%
Amer-Indian-Eskimo 0.98%  11.95% 7.55%
weighted k-NN Asian-Pac-Islander 2.95%  27.711% 27.92%
Race Black 9.59% 11.47% 13.45% IV
Other 0.83% 18.52% 14.81%
White 85.66% 25.03% 29.00%
vanilla log-reg Race African-American 59.01% 54.57% 51.56% v
COMPAS Caucasian 40.99% 37.96% 28.15%
. African-American 59.01% 54.57% 57.30%
weighted log-reg  Race Caucasian 40.99% 37.96% 32.91% 1

whether these individual have re-offended within the next two years. The protected attribute in this data set is
race, and only two races are represented in the data: African-American and Caucasian.

We generated two classifiers for each data set. For each data set, the first classifier was a simple classifier,
which turned out to satisfy Eq. (16). To obtain also classifiers in which Eq. (16) does not hold, we generated a
second classifier for each data set, in which the positive label was assigned a higher weight than its default weight
based on the training data set. We report in Table 2 the values of Inputs for each valid combination of data set,
classifier, and protected attribute.

The first classifier for the Adult data set was a vanilla k-Nearest-Neighbors classifier with 9 neighbors and
a normalized Euclidean distance, as implemented by Matlab’s fitcknn procedure. The first classifier for the
COMPAS data set was a vanilla logistic regression classifier, as implemented by python’s sklearn package. It
can be seen in Table 2 that in both data sets, the vanilla classifier (#Exp L, II, V) satisfies Eq. (16). For the Adult
data set, a weighted variant of the k-Nearest-Neighbor classifier was generated by initializing the classifier to
use a different prior distribution of the labels, assigning 30% to positive labels and 70% to negative labels. For
the COMPAS data set, a weighted logistic regression classifier was generated by setting the weight ratio of the
positive labels to negative labels to 1.1. This has led to two classifiers that did not satisfy Eq. (16) (#Exp IV, VI)
and one that did (#Exp III).
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Table 3. Results of unfairness and error minimization for the experiments in Table 2. error is the value of mindiscy and
unfairness is the value of mindisc;. The last column indicates whether the value of § when calculating mindiscg has any

effect on the resulting minimizing solution.

#Exp unfairness Min. unfairness error Min. error Eq. (16) holds? f affects solution?

I 5.10% 0.52% 16.18% 2.66% Yes No
II 4.79% 0.27% 16.18% 2.66% Yes No
11 7.49% 2.07% 17.33% 3.53% Yes Yes
v 6.00% 0.52% 17.33% 3.67% No Yes
\% 10.44% 3.34% 33.93% 5.80% Yes No
VI 10.91% 3.59% 33.98% 3.67% No Yes

Table 4. For those experiments in Table 3 in which g affects the solution, this table provides the values of the found solutions
and the ranges of  in which each value was obtained.

#Exp p range solution unfairness solution error
I 0-0.78 3.27% 3.53%
11 0.79-1.0 2.07% 7.66%
v 0.01 -0.05 3.67% 3.67%
v 0.06-0.1 3.47% 3.68%
v 0.06 —0.32 2.16% 3.83%
v 0.33—-1.0 0.52% 4.57%
VI 0-0.98 3.67% 3.67%
VI 0.99 -1.00 3.59% 6.72%

Table 3 reports the values of mindiscg that correspond to the minimal unfairness value and the minimal error
value for each of the classifiers given Inputs, using Alg. 1. These values are compared to the true unfairness
and error, reported in the same table. It can be seen that indeed, in some cases (#Exp LILIV) the minimal
unfairness is close to zero although the true unfairness is not, demonstrating the first phenomenon discussed
above. Nonetheless, note that in the other experiments, the ratio between the true unfairness and the lower bound
is non-trivial, ranging between 3.1 and 3.6. Thus, in these cases minimizing the discrepancy is more informative.

The second phenomenon, in which the value of § does not affect the solution to mindiscg, can also be observed
in the last two columns of Table 3. It can be seen that § has no effect in 3 out of 4 experiments in which Eq. (16)
holds, but does have an effect in all of the experiments in which Eq. (16) does not hold. For the experiments in
which f had an effect on the solution, Table 4 reports the ranges of f that led to each of the identified solutions
to mindiscg. The small number of solutions across the range of possible f3 is again related to the small number
of sub-populations in these experiments, which results in a small number of meaningful constraints on the
minimization problem.

We conclude that in general, while calculating mindiscg is always possible, its value may be less informative
in some distributions that are concentrated on two sub-populations.
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9 Discussion

Machine learning models increasingly influence decisions in domains such as credit scoring, hiring, healthcare,
and criminal justice. When these systems behave unfairly, whether by amplifying existing biases in the data, or
by treating certain groups systematically worse, the resulting harms can be significant. These harms are often
compounded by the opacity of machine learning models, making it difficult for affected individuals or external
auditors to identify and contest unfair treatment.

Recent work on algorithmic fairness has developed a wide range of definitions and learning methods, with
equalized odds emerging as a central group-fairness criterion and inspiring many approaches for training
fair classifiers. Fairness auditing has also grown into a substantial research area, with methods that typically
assume access to individual-level data, protected attributes, and often the classifier itself. When any of these
components are missing, existing techniques generally rely on imputing protected attributes or leveraging
individual covariates. Our work goes beyond these techniques by showing how fairness and performance can be
quantified without assuming access to individual-level attributes or full model transparency, complementing
research on the trade-offs between accuracy and fairness and extending the scope of fairness auditing to a more
restrictive and practically relevant regime.

In this work, we showed that aggregate statistics on classifiers can be used to draw useful conclusions about
the fairness and the accuracy of these classifiers. We defined the new unfairness measure, which facilitates
a quantifiable study of classifiers that are not completely fair, and provided several procedures for bounding
unfairness, error and the trade-offs between them. Our experiments demonstrate how such analyses can be useful
in various areas of study. In addition, such analyses can help in classifier design, when individual labeled data is
not available. The unfairness measure is constructed so as to be easily interpretable: as discussed in Section
5, its value indicates what fraction of the population is treated unfairly (that is, differently from the baseline).
Therefore, practitioners can use this measure to identify the size of the unfairly-treated population when using a
given classifier, informing reporting, compliance auditing and decision making such as classifier choice. Moreover,
as discussed in Section 7, by assigning costs to treating any one individual unfairly and to mis-classifying any one
individual, and combining them using a coefficient based on the application-specific cost ratio, the discrepancy of
a classifier becomes equivalent to its cost. Therefore, the bounds on the discrepancy that can be obtained using
our methods provide information about the cost of a classifier. This can be used for decision making, for instance
to decide whether a given classifier should be used in cost-sensitive environments.

Our experiments in Section 8.2 show specific cases where harms imposed by classifiers can be detected through
aggregate statistics. In our analysis of cancer detection data, we compared state-level statistics with the number
of search engine users who were labeled as having different types of cancer via a simple algorithm. The results
of our analysis allow us to test whether, for example, users in specific states are less likely to be identified as
suffering from a specific cancer. If, for example, companies use this model to help guide users to treatment (e.g.,
(Yom-Tov 2020)), the implication is that users in some states might be discriminated against for various reasons.
The proposed algorithm provides a direct measure of this unfairness, allowing officials to take steps to mitigate
this unfairness.

Our analysis of election data shows how to identify where election polls fail to correctly represent the will of
people. This is of societal importance, because when polls misrepresent people’s voting patterns, they can distort
the perceived legitimacy of electoral outcomes and undermine confidence in democratic institutions. Moreover,
voting polls can serve to guide the priorities of candidates in campaigning. Therefore, misleading polls can affect
the final results of elections, and if they are misleading in some locations more than others, then this is also an
issue of equity. Identifying where and why such failures occur is therefore essential to ensuring that all segments
of society are equally visible in the democratic process.
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Thus, as classifiers become more abundant and influential in our daily lives, studying their properties from
limited information becomes more and more important. This work shows that this is possible and can provide
meaningful information. We expect that future work will expand on this vision and extend this approach to other
performance metrics and other types of classification tasks.

Limitations. In this work, we studied unfairness with respect to the Equalized Odds fairness criterion. Other
fairness measures, such as Equal Opportunity and Demographic Parity, require a separate treatment, since they
would induce a different set of constraints on population statistics, which would require other minimization
algorithms. Any use of the methods provided here should take into account the application and the appropriateness
of Equalized Odds and its generalization to unfairness, with respect to the desired fairness properties of the
specific application. The accuracy of the methods in this work depends on the accuracy of the probability estimates
of the statistics used by the methods. If these are inaccurate, a commensurate inaccuracy is expected in the
output of the methods. The definitions and methods in this work are designed for binary classifiers, in which
each individual is classified into one of two categories. A follow-up work (Sabato, Treister, et al. 2025) generalizes
the measure to multiclass classifiers and proposes relevant computational approaches.
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A Proof of Theorem 2

In this section, we prove Theorem 2. We start with the observation that each of the functions s;(arb) defined in
Lemma 1 is continuous in ap. Thus, F can be redefined using continuous functions. Define

mgg(atp, sy (en)) + my7p(an, vy + qgsy (@) s(ep) € domyg,
o otherwise.

VgeGricldl, fi(an) :={

In addition, for g € G \ G*, define

i Yy tplal, 1=p)) i=1
fylay) = {Ooy g b 9

otherwise.

Then, it easily follows that F(ar) = Xje g Wy min;e[4) ]‘gi(ab).

The following lemma shows that each of the functions fgi is concave in atl) on an appropriate segmentation of
its domain. A technical detail is that in some cases, jfgi(ab) might not be continuous in aé at atl) =0 or at atl) =1.
This is because the function 7 is not continuous in its first argument in specific cases: For b € {0, 1}, we have
1 =lim,—p n(a, b) # n(b, b) = 0. Thus, in some cases the concavity holds on a restricted domain, which does not
include 0 or 1.

LEMMA 4. Fix ag € [0,1]. Forg € G, i € [4], consider the function 0([1) — fgi(ag, a})) and the domain I; on which
it is finite. Define 0 (zy) as follows:

max{ry, 0} i=1ge@Gt;
min{ry +qg, 1} i=2,9€G";
9;(0:2) =qrg+ qgag i€{3,4}, g€ Q+,a2 € domyg;
1-py, i=lL,g€eGm=1
0 otherwise.

Then ay +— fj(a), ;) is concave on each of the intervals (0,0} ()] N I} and [0} (a}), 1) N I. Moreover, if 6} () €
(0, 1), then this holds also for the closed intervals.

Proor. For given g € G,i € [4], define 00 = s;(ab), and 0! := rg + qgvo. First, let i € [3],g € G*, and assume
s;(ag) € domy. In this case, j;i(ab) = ngp(ap, 0°) + my75(a, 0"). Observe that s, 7, s
0° does not depend on aé, and the same holds for Tﬁ((lg, 0°). Therefore, from the definition of 7, the function
atl’ — ﬁ;(ab) is an affine function of ry(aé, ') (with non-negative coefficients). Note that ! does not depend on
aé. It is easy to verify that for any fixed v? € (0, 1), aé — ry(aé, o!) is concave on the interval [0,0!] and on the
interval [0!, 1] (see illustration in Figure 2 (right)). Therefore, all) = jfgi(ab) is also concave on the same intervals.
Substituting o' with its definition, we get 0] (a;) as defined above. If o' € {0, 1} then the function is concave on
(0,2'] and on [0}, 1).

Next, consider i = 4, g € G*. Note that we have I; = [rg.qy + 4] N [0,1], since a; € I; iff o® = s;‘(aé) € dom,.
In this case, we have ! = aé, thus ry(atl,, o') = 0and so rﬁ(aé, o!) is linear in aé. In addition, rﬁ(ag, 0°) is an affine
function of 17(0(8, %) = q(ag, (aé —14)/qq). This function is linear in aé on each of the intervals [0, 7, + qgag] n Igi

are constant in ag, thus

and [ry + g, 1] N I;. Thus, & — fg“(ab) is linear on each of these intervals.

Lastly, consider g € G \ G*. In this case, only i = 1 is finite. If 713 =1, then aé — fgl(otb) is constant. If JTgl =1,
then ];1 .is an affine function with positive coefficients of n (e, 1 - ﬁ;" ). Similarly to the first case, this implies that
a — J; (ep) is concave on [0, 1 —ﬁ;] and on [1 - pg, 1]. ]
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From the concavity property proved in Lemma 4, we can conclude that it is easy to minimize F(ay) over atl)
when ag is fixed, since there is only a small finite number of solutions. This is proved in the following lemma.

LEMMA 5. Let ag € [0,1], and define

O(ayp) = {05 (ap) }gegiicra) U {0, 1}.

Then,
min F(ap) = min F(ap).
aye[0,1] aj€0(a))
Proor. Fix ag. Ordering the points in @(ag) in an ascending order and naming them 0 = p; < p2 < ... <

pN =1, where N = |®(ag)|, define the set of intervals 7 = {[p;, pir1] \ {0, 1} }ie[n-1]. Observe that the intervals
in I partition (0, 1) (with overlaps at end points). Moreover, for all g € G*, i € [4], each of the intervals I € T
satisfies either I C (0, 0;(0(8)] N I; or] C [9;(0(8), 1) N I_;. By Lemma 4, it follows that for all g € G*,i € [4],
aé - ];gi(ab) is concave on I.

F is a conic combination of minima of concave functions on I, thus it is concave on I. Thus, on each I € 7 which
is a closed interval (that is, with endpoints other than 0 or 1), F(«},) is minimized by one of the endpoints of I. Now,
consider I with an endpoint 0 or 1. For simplicity, assume I = (0, p,]; the other case is symmetric. F(ayp) is concave
on I. Thus, it is either minimized on I at p, or satisfies limy, 0 F(ap) < infaéd(F(ab)). In the latter case, there
are two options: if aé + F(ayp) is continuous at 0, then F (ag, 0) = limg, o F(ayp), implying that the function is
minimized on I by atl) = 0. If it is not continuous at 0, this can only happen if r, + qgs;(ab) = 0, which leads to
ry((xé, rg + qgs;(ab)) =0, whereas hma;—m r](aé, rg + qgs;(ab)) = 1. Thus, in this case, F(ag, 0) < limg, o F(ap).
It follows that in this case as well, F is minimized on I by 0.

It follows that the minimizer of atl) — F(ayp) must be one of the end points of @(ag), as claimed. O

Now, due to the complete symmetry of the problem definition between the two labels, Lemma 5 implies also the

symmetric property, that for a fixed &} € [0, 1], Mingoe(o ] F(ayp) = minage(;)(aé) F(ay), where © is symmetric

to © and is obtained by switching the roles of y = 1 and y = 0 in all definitions. By explicitly calculating the
resulting values, we get that

é(a;) =WU {(atl, - rg)/‘]g}geg+=
@(ag) =ViuU {rg + qgag}g€g+,

Where V;, V; are defined as in Theorem 2. Using the above results, we can now prove Theorem 2.

oF THEOREM 2. By Eq. (14), mindiscg = ming, c[o1]2 F(@p). Thus, we have left to show that there exists a
minimizer for F(ay) in the set Pairs defined in Theorem 2. From Lemma 5, it follows that there exists a minimizing
solution (a’, a') € argmin,, (o, F(ep) such that a' € ©(a"). The symmetric counterpart of Lemma 5 implies
that there exists some b° € ©(a') such that (b°, a') € argmin,, ()2 F(@b). Thus, at least one of the following
options must hold:

o (b al) e Vy x V1.

e a' ¢ Vi; this implies that a' = ry + g4a° for some g € G*.

o b" ¢ Vp; this implies that b° = (a' - ry)/q, for some g € G-
In the first case, there exists a minimizer in V; X V;. In the second and third case, there exists a minimizer in the
set {(v,7y + qgv) | v € [0,1],g € G*}. Thus, in all cases there is a minimizer in the set Pairs, as required. O
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B Proof of Lemma 3

oF LEMMA 3. Let ¢[a, b,c,d](x) :=1—(c+dx)/(a+bx). Denotea’ =1—a—b,¢’ =1-c—d,x" =1—x. Then,
it can be easily verified that

¢la, b, c,d](x) a+bx>c+dx
ola’,b,c’,d](x") a +bx' > +dx'.
Note that a+bx > c+dx & a’+bx’ < ¢’+dx’. Therefore, it suffices to find an upper bound on |d¢[a, b, c, d] (x) /dx|

‘(z:?;ﬂ, for a,b,c,d such that b > 0 and d > 0, on x € [0, 1] such that a + bx > ¢ + dx, and a + bx,c + dx € [0, 1].

We consider the possible cases.

n(a+ bx,c + dx) :{

e Supposed =0
~ Ifc > 0 then a + bx > ¢, thus |dg[a, b, ¢, d] (x) /dx| = 1252 < 1o = p/c.
— If ¢ =0, then bc — ad = 0, thus the derivative is zero.
- If ¢ < 0, then ¢ + dx < 0, thus the domain is empty.
e Otherwise, d > 0. Let x; such that a + bx; = 0 and x, such that ¢ + dx; = 0. Then x; = —a/b, x, = —c/d.
Note that we must have x > max{xy, x5 }.
- If x; < x5 (—a/b < —c/d) then a + bx > a+ bx, > a+ bx; = 0. Since |a + bxz| = |a — bc/d| = |bc — ad|/d,
we have |dg[a, b, c,d] (x) /dx| = {525 < d?/|be - ad].
- Ifx; > x5 (—a/b > —c/d),then ¢ + dx; > ¢+ dx; =0 =a+ bx;. Thus,c —a+ (d — b)x; > 0. Let x be any
value in the feasible domain. Then a + bx > ¢ + dx, hencec —a+ (d — b)x < 0.
* If d — b = 0 then this contradicts the property of x;, thus there is no such x.
* Ifd — b > 0, then x < xy, thus a + bx < 0, again implying that x is not in the domain. Thus, in this case
the domain is empty as well.
* Ifd—b < 0,thenx > (c—a)/(b—d) > x;,thusa+bx > a+b(c—a)/(b—-d) > a+bx; > 0. Therefore,
ldgla b e, d (x)/dx] = G555 < apiesaromay
- If x; = x5, Then —¢/d = —a/b, which means that ad = bc, thus the derivative in this case is zero.
Combining the cases gives the upper bound for the derivative of i as given by D(a, b, c,d), for x such that
a+ bx > ¢ + dx. In the special case that b = d, this holds for all x if a > ¢ and for no x otherwise. In this special
case, if a > ¢, then D(a, b, c,d) = d*/|bc — ad| =d/|a — c|.
For the other case in the definition of 1, the upper bound is obtained by D(a’, b, ¢’, d) as described above,
including the special case b =d and @’ > ¢/, thatisa < c. m]
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