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Background: Algorithms to solve combinatorial search and optimisation problems typically exhibit complementary perfor-
mance – on problem instances where one fails, another shines. Selecting the best algorithm for each problem instance, rather
than relying on a single algorithm, is crucial for optimal performance. This is known as the Algorithm Selection Problem,
which is usually solved by training Machine Learning models that predict the performance of available algorithms. However,
the labelling cost, i.e., the cost of collecting the training data to build such models, can be extremely high, as it involves running
algorithms on all training instances.
Objectives: Rather than following the traditional approach of exhaustively running all algorithms on all training instances
to train algorithm selection models, we propose a more frugal approach using active learning to intelligently decide which
algorithms to run on which problem instances, thus reducing the labelling cost to build algorithm selection systems.
Methods:We find that standard active learning strategies perform poorly in algorithm selection settings, where labelling
costs are inherently non-uniform due to the highly variable runtimes of algorithms across problem instances. Therefore, we
propose novel active learning strategies for algorithm selection that leverage a dynamic time limit mechanism, together with
auxiliary models for predicting timeouts and algorithm runtimes, to decide which algorithm runs strike the best balance
between cost and informativeness.
Results: The proposed active learning strategies significantly outperform traditional approaches in terms of frugality,
achieving competitive performance at substantially lower labelling cost. Our results demonstrate that we can save up to
90% of the labelling cost associated with generating training data for algorithm selection models without loss in algorithm
selection performance.
Conclusions: Our Frugal Algorithm Selection framework, which leverages a dynamic time limit mechanism, prediction
uncertainty, and the auxiliary models for timeout and runtime prediction, can dramatically reduce labelling cost without
compromising predictive performance. This allows the training of algorithm selection systems to be more efficient for
combinatorial optimisation problems.
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1 Introduction
Solving combinatorial optimisation problems often requires large computational resources, with different ap-
proaches competing to deliver the most efficient solution. Different algorithms, in which we include bothmodelling
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and solver choices, tend to exhibit complementary performance across different problem instances. Selecting the
most suitable algorithm for a given instance has been shown to yield substantial efficiency gains (Xu, Hutter,
H. H. Hoos, et al. 2008).
Choosing the most suitable algorithm for a given problem instance is known as the Algorithm Selection

Problem (AS) (Rice 1976). Machine Learning (ML) has proven to be a powerful approach for automating this
process. By examining instance features and algorithm performance, ML models can be trained to recommend
suitable algorithms, improving computational efficiency and overall problem-solving performance (see, e.g.,
Kerschke, H. H. Hoos, et al. 2019; Kotthoff 2016). A key limitation, however, is the labelling cost, as constructing
the training set for the ML models requires running candidate algorithms on each training instance to identify
the best-performing one, which is often computationally expensive.
In this work, we propose a Frugal Algorithm Selection (FAS) framework, where frugality refers to minimising

the computational cost of constructing the training set by selecting only the most informative and inexpensive
runs. It is an iterative approach that uses Active Learning (AL) (Cohn et al. 1994) to determine which runs (i.e.,
the execution of a single algorithm on a single problem instance) to select to construct the training set. AL is
a subfield of ML that is particularly useful for problems where obtaining labels is expensive, and it iteratively
selects data points to label. This often achieves performance comparable to using the full training set with only a
small fraction of labelled samples.
Standard AL methods minimise labelling cost by reducing the number of labelled samples, assuming that

all labels can be obtained at the same cost. However, in algorithm selection, labelling cost is not uniform, as
different algorithms take different amounts of time on the same instance. Further, many runs are censored due
to predefined time limits, and their true runtime and the label for the problem instance remain unknown even
after incurring a cost. Following the AS literature (Lindauer, van Rijn, et al. 2019), we use pairwise classification
as the core AS approach, comparing pairs of runs to predict which algorithm performs better, and build frugal
algorithm selection strategies on top of it.
As the first technical contribution, we introduce two frugality mechanisms that address the limitations of

standard AL in AS: timeout prediction (TO) and dynamic time limits (DTL). TO is used to improve frugality in
the query by filtering out pairs of runs that are likely to time out, as they are costly and uninformative. DTL
enhances frugality in labelling by starting with a low time limit and gradually increasing it, prioritising the
labelling of inexpensive pairs of runs and reducing time spent on those likely to time out. Further details of these
two mechanisms and how they are combined are provided in Section 4.2.

As the second technical contribution, we introduce cost-awareness into the selection process to further enhance
frugality, using two new metrics: predicted cost (PC) and predicted runtime difference (PD). For a pair of runs, PC
corresponds to the total estimated computational cost, while PD corresponds to the estimated absolute runtime
difference between the two algorithms. These metrics become particularly important when both algorithms time
out for a particular instance, as in this case, we obtain no new information yet pay the maximum possible cost. To
evaluate the effectiveness of these cost-aware metrics and their combination with the uncertainty metric used in
standard AL in a multi-objective setting, we use both lexicographic ordering, which prioritises metrics sequentially
based on a predefined order, and Pareto optimisation, where metrics are treated as equally important and runs are
selected from the Pareto front. Further details of these cost-aware metrics and multi-objective selection strategies
are provided in Section 4.3 and Section 4.4.

We evaluate the proposed selection strategies on 16 ASLib (Bischl et al. 2016) scenarios to assess their frugality.
Our results show that standard AL alone has limited effectiveness. Although it reduces the number of runs used
for training, it does not effectively reduce labelling cost, as it frequently selects expensive runs. Adding TO and
DTL makes standard AL substantially more frugal, with DTL consistently improving all strategies. Amongst
all methods, our proposed AL framework with Pareto-based selection achieves the highest frugality, reducing
labelling cost by up to 90% while maintaining comparable AS performance to training on the full data.
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To summarise, our contributions are as follows:

• A cost-aware active learning framework for algorithm selection that reduces labelling cost whilemaintaining
strong predictive performance.
• Two mechanisms that improve frugality in querying and steer the process towards informative and
inexpensive runs: timeout prediction (TO) and dynamic time limits (DTL).
• New metrics for cost-aware selection, predicted cost (PC) and predicted runtime difference (PD), together
with lexicographic and Pareto-based strategies that integrate these metrics with uncertainty.
• A comprehensive empirical study on 16 ASlib scenarios, demonstrating the gains in frugality and perfor-
mance achieved by the proposed methods.

2 Background
This section introduces the key concepts used in our study. We begin with automated AS, which chooses the
most suitable algorithm for a given problem instance using instance features and performance data. We then
define FAS, which extends the AS framework by reducing labelling cost while preserving AS performance. For
our empirical evaluation, we use ASLib, a well-established collection of AS scenarios from different problem
domains. Finally, we discuss AL, a machine learning framework that iteratively selects the most informative data
points for labelling.

2.1 Automated Algorithm Selection
The AS problem was introduced by Rice (Rice 1976). It involves identifying the most suitable algorithm for solving
a given problem instance, usually from a predefined algorithm portfolio (Gomes and Selman 2001) and based
on instance features. The objective is to optimise a chosen performance metric across a distribution of problem
instances. In this work, we focus on runtime-based AS scenarios, where we minimise the time required to solve
each instance rather than other criteria, such as solution quality.

Formally, let A = {𝑎1, 𝑎2, . . . , 𝑎𝑛} denote a portfolio of 𝑛 algorithms, each exhibiting complementary strengths
across different instances. Let DI be a problem instance distribution, where each instance 𝑖 ∼ DI is represented
by a d-dimensional feature vector 𝑣 (𝑖). The feature representation may include continuous, categorical, ordinal,
or integer features, depending on the problem domain. Let 𝑐 (𝑖, 𝑎) denote the cost of solving instance 𝑖 using
algorithm 𝑎 ∈ A. The objective of AS is to learn a selector function 𝑓 that maps 𝑣 (𝑖) of an instance 𝑖 to the
algorithm 𝑎 ∈ A expected to perform best on 𝑖 . More precisely, we want to find 𝑓 that minimises the expected
cost:

minimise
𝑓

E𝑖∼DI [𝑐 (𝑖, 𝑓 (𝑣 (𝑖)))] .

In practice, we are often given a set of problem instances sampled from DI . This set is split into a training
set and a test set. A machine learning-based AS approach would then use the training set to build an algorithm
selector, and the performance of this selector is evaluated on the test set.
Passive learning. In practice, most AS approaches rely on full performance data – each algorithm in the

portfolio is run on each training problem instance, and the resulting performance data are used to train models to
select the best algorithm for each problem instance. We term this approach passive learning. However, obtaining
full training data is expensive, as many algorithm runs can take a long time.

To address this limitation, we introduce the concept of frugal algorithm selection, which reduces the labelling
cost of data collection while maintaining AS performance.
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2.2 Frugal Algorithm Selection
FAS achieves frugality by selecting a subset of runs instead of running every algorithm on every instance. It
focuses on runs that are most informative and inexpensive. Formally, we define full labelling cost as:

𝐶 (I × A) =
∑︁
𝑖∈I

∑︁
𝑎∈A

𝑐 (𝑖, 𝑎),

where I is the training instance set. Our objective is to select the subset of runs L ⊂ I × A with minimal
labelling cost such that the expected cost of solving a problem instance with the selector function 𝑓L trained on
L is at most as big as the expected cost for the selector function 𝑓I×A trained on the full set of runs:

argmin
L⊂I×A

𝐶 (L) s.t. E𝑖∼DI [𝑐 (𝑖, 𝑓L (𝑣 (𝑖)))] ≤ E𝑖∼DI [𝑐 (𝑖, 𝑓I×A (𝑣 (𝑖)))]).

In particular, we expect 𝐶 (L) ≪ 𝐶 (I × A).
In this context, different AS learning formulations define the structure of the prediction task and the associated

labelling requirements. More specifically, there are three types of AS approaches that are commonly used (Lindauer,
H. H. Hoos, et al. 2015): (i) multiclass classification-based AS, which directly predicts the best algorithm for a
given problem instance; (ii) regression-based AS, which predicts the performance of each algorithm on a given
instance and selects the algorithm with the best predicted performance; and (iii) pairwise classification-based AS,
which builds a binary classifier for each pair of algorithms to predict the better algorithm on a given instance and
selects the algorithm with the highest number of votes. These formulations differ in their labelling requirements.
For (i), labelling each training data point requires running all algorithms on a given problem instance. For (ii),
each label involves running one algorithm on an instance. Finally, (iii) requires running a pair of algorithms on a
given instance. In this work, we adopt pairwise classification as the foundational AS formulation. This choice is
motivated by its strong empirical performance in prior AS studies and competitions (Lindauer, van Rijn, et al.
2019). Because each label in this formulation is derived from an algorithm pair’s performance data, FAS identifies
pairs of runs that are both informative and inexpensive to obtain.

Throughout the remainder of this paper, the term uncertainty-based selection refers to the strategy that applies
a standard AL using an uncertainty acquisition function within the FAS framework (see Section 2.3). The term
AL is used more broadly as the general formulation of the underlying ML paradigm.

2.3 Active Learning
Active learning is an ML paradigm that achieves high predictive performance with less labelled data by iteratively
selecting the most informative data points for labelling (Cohn et al. 1994; Huang et al. 2014; Settles 2009). Rather
than relying on a large, fully labelled training set, AL begins with a small set of labelled data and incrementally
expands it by obtaining the ground truth labels for selected unlabelled data points. A typical AL loop consists of
the following four stages:

Initial Training A predictive model is trained on a small dataset of initial labels.
Query The trained model identifies data points and selects those whose labelling is expected to most reduce

uncertainty or improve predictive performance, based on a predefined acquisition strategy.
Labelling The selected data points are labelled with ground truth values. In pairwise-classification AS, this

involves comparing pairs of runs on the same instance to identify the better algorithm.
Update The model is retrained using the updated labelled data.
These core steps remain consistent across AL frameworks, but their implementation may vary depending on

assumptions about data access and the acquisition function used for determining what data points to obtain
ground truth labels for. These variations give rise to distinct AL variants (Cuong et al. 2013; Park and Pillow 2012;
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Wang et al. 2015; Zhu et al. 2010), each reflecting different constraints and opportunities in real-world settings.
The three most widely studied variants are:

Pool-based sampling The learner has access to a large pool of unlabelled data and selects queries from this
pool based on an acquisition function (Lewis and Gale 1994).

Stream-based sampling Unlabelled data points arrive sequentially, typically one at a time, from a data
source. For each data point, the learner must immediately decide whether to query its label or discard it,
often under the assumption that labelling is relatively inexpensive (Atlas et al. 1989; Cohn et al. 1994).

Membership query synthesis The learner is allowed to generate new data points synthetically and query
their labels, potentially exploring parts of the data space not present in the original data distribution (Angluin
1988).

As AS considers predefined problem instances rather than a continuous data stream, we adopt a pool-based
active learning setting, in which the learner selectively queries from a large pool of unlabelled data.
Regardless of the variant, a key component of AL is the acquisition strategy used to determine which data

points to label. Among these, uncertainty-based strategies are the most commonly used, as they select data points
where the model is least confident, thereby maximising the information gain from each query. The three most
widely used uncertainty measures are:

Least Confidence (LC) Selects data points for which the model’s most confident prediction has the lowest
posterior probability (Lewis and Catlett 1994).

Margin Sampling (MS) Chooses data points where the difference between the top two predicted probabilities
is smallest (Scheffer et al. 2001).

Entropy-Based Sampling (ES) Selects data points with the highest entropy over the full posterior distribu-
tion (Shannon 1948).

In FAS, the three uncertainty measures (LC, MS, and ES) lead to identical query selections across iterations.
Although defined differently, they identify the same maximally uncertain data points in our pairwise classification
learning formulation, where we have only two classes. Further details of these uncertainty measures are provided
in Section A.

2.4 The Algorithm Selection Library
The Algorithm Selection Library (ASLib) (Bischl et al. 2016) is a widely used benchmark repository for developing
and evaluating AS methods. It provides a standardised format for representing AS scenarios across diverse
problem domains and currently contains 45 datasets covering areas such as Boolean Satisfiability (SAT), Quantified
Boolean Formula (QBF), Maximum Satisfiability (MAX-SAT), Constraint Satisfaction Problems (CSP), Answer
Set Programming (ASP), Bayesian Network Structure Learning (BNSL), and other combinatorial optimisation
problems. ASLib includes both runtime-based and solution-quality-based performance measures; our study
focuses on runtime scenarios, where performance is determined by the algorithm’s runtime on a given instance.
As is standard in the AS literature, we rely on ASLib’s pre-recorded runtimes rather than re-running the algorithms.
ASLib was specifically designed to address the lack of a standard format for sharing and comparing approaches
across the community, and using its pre-recorded data is the intended and established use of this benchmark.
ASlib uses the following performance metrics and reference baselines.
PAR10 A penalised runtime metric that measures the algorithm’s runtime on each instance; if the algorithm

fails to solve an instance within the time limit, a penalty of ten times the time limit is applied.
Virtual Best Solver (VBS) An oracle baseline that, for every instance, selects the algorithm with the best

performance. It represents an upper bound on the performance achievable by any AS system.
Single Best Solver (SBS) The SBS serves as a natural baseline, representing the algorithm with the best

average performance across all training instances.
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Several ASLib scenarios require more than 200 CPU days for full data collection, with some demanding up to 3
CPU years. This labelling cost is a major limitation in AS systems, particularly when scaling to new domains or
expanding existing portfolios, and motivates the need for more efficient labelling strategies, as addressed by the
FAS framework.

3 Related Work
This section provides an overview of the related work on Algorithm Selection, Dynamic Time Limits, and Timeout
Prediction.

3.1 Algorithm Selection Techniques and Applications
Over the past two decades, AS has become a cornerstone of performance improvement across computational
domains, including Constraint Programming (CP) (O’Mahony et al. 2008; Spracklen et al. 2023; Zhang et al. 2024),
SAT (Xu, Hutter, Shen, et al. 2012; Xu, Hutter, H. H. Hoos, et al. 2008), AI planning (Rizzini et al. 2016; Vallati
et al. 2014), and combinatorial optimisation (Kerschke, Kotthoff, et al. 2018; Müller et al. 2022). The fundamental
premise of AS is to predict, for each problem instance, the algorithm expected to perform best based on measurable
instance features (Rice 1976). Its effectiveness arises from performance complementarity, the observation that no
single algorithm consistently dominates across all instances (Huberman et al. 1997).
Modern AS systems rely heavily on ML trained on problem instance features, portfolios of algorithms, and

performance metrics (Vanschoren 2019). Pioneering systems such as SATzilla (Xu, Hutter, H. H. Hoos, et al. 2008)
employed empirical performance models with handcrafted features to predict runtime or success probability.
Subsequent studies introduced many other approaches, including 𝑘-nearest neighbours (Collautti et al. 2013),
clustering-based selection (Ansótegui, Gabas, et al. 2016; Kadioglu et al. 2010), cost-sensitive pairwise classi-
fication (Xu, Hutter, Shen, et al. 2012) and more recently Large Language Model (LLM)-based selection (Wu
et al. 2024). Several practical enhancements have improved the robustness and generalisation of AS systems.
Pre-solving schedules (H. Hoos et al. 2014; Lindauer, H. H. Hoos, et al. 2015; Xu, Hutter, Shen, et al. 2012) execute
short runs before feature computation to efficiently handle trivial instances, while algorithm scheduling (Amadini
et al. 2014; Kashgarani and Kotthoff 2023; Liu et al. 2021; Margraf et al. 2025) constructs per-instance sequences
of algorithms to minimise the impact of prediction errors.
Research on AS has explored different execution paradigms, particularly sequential and parallel portfolios.

Early work introduced parallel portfolios, where multiple algorithms run concurrently to enhance robustness
and overall performance (Gomes and Selman 2001). Later studies demonstrated how effective parallel SAT
solvers can be automatically constructed from sequential ones (Lindauer, H. Hoos, et al. 2017) and examined
whether AS remains beneficial compared to executing algorithms in parallel, highlighting that parallel execution
is often less suitable due to performance trade-offs and resource contention (Kashgarani and Kotthoff 2021). In
contrast, the sequential setting, popularised by systems like SATzilla, selects a single algorithm per instance
to reduce redundant computation and improve efficiency. The sequential setting where a single algorithm is
selected remains the primary focus of most studies, including ours, owing to its efficiency and simplicity. For
comprehensive surveys of AS techniques and their applications, we refer the reader to (Kerschke, H. H. Hoos,
et al. 2019; Kotthoff 2016).
A major challenge in AS arises from incomplete or censored training data. Evaluating all runs to completion

is infeasible, which is why time limits are typically applied. Running all algorithms under these limits, while
feasible, remains computationally expensive. Several strategies have been proposed to mitigate this challenge.
ALORS (Mısır and Sebag 2017) formulates AS as a collaborative filtering problem, leveraging latent representations
of instances and algorithms to predict performance in sparse evaluationmatrices. Unlike traditional AS approaches
that require exhaustive evaluations, ALORS operates effectively on partially observed data by inferring missing
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performance values and recommending promising algorithms. Arbelaez and Hamadi Arbelaez et al. (2010)
proposed Continuous Search, a lifelong learning framework that alternates between solving and exploration
phases to improve heuristics as new instances are encountered iteratively, eliminating the need for predefined
training data. For censored runtimes, survival analysis provides a principled framework for handling incomplete
observations. Tornede et al. (Tornede et al. 2020) introduced Run2Survive for survival-based AS, and Margraf
et al. (Margraf et al. 2025) extended this idea in Run2ScheduleAndSurvive for algorithm scheduling, facilitating
risk-aware performance prediction under censored data.

Building on this foundation, our work takes a complementary perspective. While previous studies have mainly
focused on improving AS performance or handling missing information, our approach emphasises frugality by
selecting a small but informative subset of runs and minimising their labelling cost through cost-awareness
and frugality mechanisms, while still maintaining AS performance. The most closely related work is by Volpato
and Song (Volpato and Song 2019), who use AL to reduce the number of labelled samples required to train
a model for AS. However, their approach focuses solely on reducing the number of data points and does not
account for labelling cost. In algorithm selection, this distinction is important because it is a non-uniform-cost
problem: reducing the number of runs does not guarantee the same reduction in labelling cost, as runs vary in
cost. Therefore, selecting runs that are both informative and inexpensive is essential and the focus of this work,
rather than simply selecting fewer runs.

3.2 Dynamic Time Limit and Timeout Prediction
In AS, managing computational resources efficiently is essential for achieving robust performance across diverse
problem domains. Timeout prediction estimates whether a given algorithm will solve an instance within a
predefined time limit, thereby preventing unnecessary computation on runs likely to time out. In addition, a
dynamic time limit can be adjusted according to various criteria, such as observed algorithm performance or
predefined total computational budgets. Such adaptive mechanisms enable more informed resource allocation,
reduce wasted computation, and improve overall system reliability in real-world settings.
Several related approaches in hyperparameter optimisation (HPO) and automated algorithm configuration

have explored adaptive resource allocation to improve computational efficiency. Hyperband (Li et al. 2017),
a HPO method that builds on the principle of successive halving (Jamieson and Talwalkar 2016), employs a
multi-fidelity optimisation strategy that progressively allocates larger computational budgets to promising
configurations based on their early performance. By evaluating many configurations with small budgets and
iteratively promoting the best ones to receive more resources, Hyperband achieves an effective balance between
exploration and exploitation, avoiding full evaluations of unpromising candidates. Similarly, adaptive capping,
implemented in frameworks such as ParamILS (Hutter, H. H. Hoos, et al. 2009), irace (López-Ibáñez et al. 2016),
SMAC (Lindauer, Eggensperger, et al. 2022), and GGA (Ansótegui, Sellmann, et al. 2009), dynamically terminates
runs when intermediate results indicate that a configuration is unlikely to outperform the current best. This early
termination prevents unnecessary computation and allows the system to focus onmore competitive configurations.
Both approaches manage computational budgets effectively by prioritising promising evaluations, reducing cost
without harming model quality. However, our approach differs in how resource adaptation is applied. Rather than
dynamically reallocating budgets to explore promising configurations, we focus on selecting runs that are both
informative and inexpensive, and systematically minimise the evaluation of costly and uninformative runs. This
is achieved through our dynamic time limit mechanism, which maintains a low time limit unless AS performance
degrades, thereby aligning with the practical constraints of active learning in AS.
A similar motivation underlies the analysis and prediction of timeouts, which proactively identifies runs

unlikely to complete within a given time limit, thus avoiding wasteful computation. Kaulen et al. (Kaulen et al.
2025) applied timeout prediction within a dynamic termination framework for branch-and-bound-based neural
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network verification, using classification models to estimate whether an instance can be solved within a specified
time limit and terminating runs expected to exceed it. While their approach makes termination decisions during
execution, our method applies TO before execution, within the query phase of AL, to proactively exclude costly
and uninformative runs.

4 The Frugal Algorithm Selection Framework
Building on the foundations of AS, we introduce the Frugal Algorithm Selection (FAS) framework, which provides
a unified methodology for reducing labelling cost while preserving AS performance. The framework comprises a
set of strategies designed to improve labelling efficiency and analyse their trade-offs. We begin with random
selection and uncertainty-based selection as baseline cost-unaware approaches. We further propose selection
metrics that explicitly account for cost. Finally, we combine these metrics using multi-objective selection that
optimise both informativeness and cost, achieving frugality by balancing performance with labelling efficiency.
The parameter settings used in FAS are detailed in Section 5.2.

4.1 Cost-Unaware Run Selection
Pool-based sampling AL operates on a pool of unexecuted runs, from which informative runs are selected for
labelling.

4.1.1 Random Selection. As a baseline, random selection samples run uniformly from the pool without relying
on model predictions, uncertainty estimates, or any additional metrics. Its simplicity makes it a useful baseline
for comparing more informed selection strategies.

4.1.2 Uncertainty-Based Selection. A widely used strategy in AL is uncertainty-based selection, which maximises
the informativeness of each query by selecting runs for which the ML models show the lowest confidence. The
underlying assumption is that highly uncertain runs are more informative for refining the decision boundary,
and therefore improve model performance more effectively than random sampling.

In pairwise classification for AS, runs are queried in pairs, comparing each algorithm pair on a given instance.
For any unexecuted pair of runs, the classifier estimates the probability of which algorithm is likely to perform
better. Pairs with probabilities close to 0.5 reflect high uncertainty and are considered most informative; therefore,
they are prioritised in the query phase.
Algorithm 1 presents a schematic overview of our uncertainty-based selection strategy, which follows the

standard uncertainty-based selection implementation (Cohn et al. 1994; Nguyen et al. 2022; Settles 2009) adapted
to the AS setting. We begin by constructing the initial labelled set of runs L ⊆ I × A. To construct this, we
randomly selected a subset of problem instances and executed all algorithms on them to obtain complete run
information. The remaining runs are added to the pool of unexecuted runsU = (I × A) \ L. At each iteration,
the uncertainty score of every unexecuted pair of runs (𝑖, 𝑎 𝑗 , 𝑎𝑘 ) in the pool are calculated using the acquisition
function 𝜙 (𝑀 𝑗,𝑘 , 𝑖), where 𝑀 𝑗,𝑘 ∈ M is the pairwise classifier between algorithms 𝑎 𝑗 and 𝑎𝑘 , and 𝜙 returns
the uncertainty of𝑀 𝑗,𝑘 on instance 𝑖 based on least confidence (LC). The pairs are then ranked based on their
uncertainty scores, and the top 𝑞 most informative ones are selected for labelling, where 𝑞 is the query size. For
each selected pair, the evaluation function EvaluateRuns is used to execute the algorithms on instance 𝑖 up to
time limit 𝑡 , only if their runtimes have not been obtained from any previously executed pair, in which case the
recorded results are reused to avoid redundant execution. After labelling, the selected pairs are removed fromU.
If a pair is not a double-timeout, the observed performance is used to generate labels, which are added to L. The
pairwise models are retrained on the expanded labelled set, and the process continues until the stopping criterion
is reached. The stopping criterion can be defined in various ways, such as reaching a target performance or when
the labelling budget is exhausted.
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Algorithm 1 Uncertainty-Based Selection

1: Input: Algorithm portfolio A = {𝑎1, . . . , 𝑎𝑛}, set of pairwise AS modelsM = {𝑀𝑗,𝑘 | 1 ≤ 𝑗 < 𝑘 ≤ 𝑛}, initial
subset of runs L, pool of unexecuted runs U, uncertainty measure 𝜙 (𝑀𝑗,𝑘 , 𝑖) returns the uncertainty of
model𝑀 𝑗,𝑘 on instance 𝑖 , query size 𝑞, time limit 𝑡

2: while stopping criterion not satisfied do
3: compute uncertainty 𝜙 (𝑀𝑗,𝑘 , 𝑖) for all (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) ∈ U
4: select top 𝑞 most uncertain pairs of runs
5: for each selected (𝑖, 𝑎 𝑗 , 𝑎𝑘 ) do
6: EvaluateRuns(𝑖, 𝑎 𝑗 , 𝑎𝑘 , 𝑡 )
7: if not both (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) time out then
8: extend L with (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 )
9: end if
10: remove (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) fromU
11: end for
12: end while

13: function EvaluateRuns(𝑖, 𝑎 𝑗 , 𝑎𝑘 , 𝑡 )
14: execute (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) up to 𝑡
15: end function
16: Output: L

4.2 Dynamic Time Limit and Timeout Prediction as Frugality Mechanisms
To improve the frugality of selection, we propose two complementary frugality mechanisms: DTL and TO. To
clearly discuss labelling costs in the pairwise classification setting, we define the following terminology: a
double-timeout pair of runs refers to a case where both algorithms in the pair time out on the same instance, while
a single-timeout pair of runs is when only one of them times out. These distinctions help clarify the sources of
labelling cost and support the development of more effective frugal selection strategies.

4.2.1 Timeout Prediction. The first frugality mechanism, TO, enhances frugality in the query phase of active
learning. It identifies runs that are potentially expensive and uninformative, as they provide no useful information
for AS model training, while incurring a high cost. In pairwise classification, a clear example of such cases is
a double-timeout pair of runs. These runs are highly expensive, as neither algorithm finishes within the time
limit, and they provide no useful information for model training, since no performance comparison between
the two algorithms can be established on that instance. In contrast, single-timeout pair of runs, where only one
algorithm exceeds the time limit, remain valuable for training because they provide a label. In such cases, a clear
performance difference can be established, as the algorithm that finishes is considered to perform better than the
one that times out. These runs are particularly useful under penalty-based performance metrics such as PAR10,
where the distinction between a completed run and a timeout run is explicitly reflected in the score, making them
important for AS.
To obtain timeout information, we train additional binary classifiers that predict whether an algorithm will

time out on a given instance. These timeout predictors are trained using the same subset of runs used to train the
AS models, for consistency and avoiding additional labelling cost. During the query phase, the queried pair of
runs is then filtered using these predictions: if both algorithms in a pair are predicted to time out, the pair is
discarded before labelling, as it is likely to be a double-timeout pair of runs.
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4.2.2 Dynamic Time Limit. The DTL strategy introduces an adaptive time limit mechanism to control how
long queried runs are allowed to execute. If a run does not finish within the current time limit, its execution
is paused. When at least one algorithm in a queried pair finishes within the limit, the relative performance
of the algorithms can still be determined. Otherwise, both runs in the pair are returned to the pool, where
they may be reconsidered in future iterations with an increased time limit if they remains among the most
uncertain or informative candidates. The time limit is increased when no further improvement is observed in
the AS performance on the validation set, showing that the current limit is too restrictive. This avoids costly
uninformative runs by potentially stopping them before having used a large amount of resources, especially in
single-timeout pair of runs where one run finishes quickly.
TO can be effectively integrated into the DTL strategy by training the predictor to estimate whether a given

algorithm will time out for a given time limit, retraining it as the time limit changes. Although this procedure
incurs a small computational cost, it is negligible relative to the savings obtained by avoiding expensive runs. As
shown in Algorithm 2, the main difference from Algorithm 1 is that the evaluation function uses both DTL and
TO: TO prevents the execution of potential double-timeout pairs of runs, while DTL limits the execution of the
remaining runs to the current time limit; all other steps follow Algorithm 1 unchanged.

Algorithm 2 Frugality Mechanisms DTL & TO

1: Input: All inputs from Algorithm 1, timeout predictor Ψ = {𝜓 𝑗 | 1 ≤ 𝑗 ≤ 𝑛}, initial time limit 𝜏 , and the time
limit increase Δ𝜏 .

2: while stopping criterion not satisfied do
3: compute uncertainty 𝜙 (𝑀𝑗,𝑘 , 𝑖) for all (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) ∈ U
4: select top 𝑞 most uncertain pairs of runs
5: for each selected (𝑖, 𝑎 𝑗 , 𝑎𝑘 ) do
6: EvaluateRunsWithDTLTO(𝑖, 𝑎 𝑗 , 𝑎𝑘 , 𝜏,𝜓 𝑗 ,𝜓𝑘 ) ⊲ Evaluation function with DTL and TO
7: if not both (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) time out then
8: extend L with (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 )
9: end if
10: remove (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) fromU
11: end for
12: if AS validation performance does not improve then
13: 𝜏 ← 𝜏 + Δ𝜏
14: end if
15: end while

16: function EvaluateRunsWithDTLTO(𝑖, 𝑎 𝑗 , 𝑎𝑘 , 𝜏,𝜓 𝑗 ,𝜓𝑘 )
17: if 𝜓 𝑗 (𝑖) = timeout ∧𝜓𝑘 (𝑖) = timeout then
18: return ⊲ skip execution for this pair
19: end if
20: execute (𝑖, 𝑎 𝑗 ) and (𝑖, 𝑎𝑘 ) up to 𝜏
21: end function
22: Output: L

4.3 Cost-Aware Selection Metrics
To further improve frugality, we integrate cost-awareness into the selection process through twometrics: predicted
cost (PC) and predicted runtime difference (PD). For a given pair of runs, PC estimates the total computational
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cost of executing both algorithms on a given instance. PD measures the expected performance gap between the
two algorithms, with an emphasis on instances where an incorrect choice would incur a significant penalty.
To derive these metrics, we use runtime regression models to predict the runtime of an algorithm on a given

instance. Similar to the timeout predictors, the regressors are trained using the same subset of runs that are
used for the AS models. Note that while the runtime predictions could also be used to predict timeouts, we keep
our separate timeout predictors as predicting runtime is more challenging (Hutter, Xu, et al. 2014) than simply
whether a run will time out or not.

4.3.1 Predicted Cost. PC allows to prioritise pairs of runs which are inexpensive to label, but also informative.
Under a static time limit, the PC is the full expected runtime for both algorithms. Under a dynamic time limit,
where runs may be paused and reselected across iterations, PC accounts for partial computation that has already
been performed. Instead of considering the full expected cost, it only captures the additional predicted cost
required to complete the run, where smaller PC values correspond to less expensive and thus more desirable
pairs of runs.
Formally, let 𝑅(𝑎, 𝑖) denote the predicted runtime of algorithm 𝑎 on instance 𝑖 , and let 𝑅el (𝑎, 𝑖) represent the

elapsed runtime from a previously-paused run. The predicted cost for a single algorithm is defined as:

PC(𝑎, 𝑖) =max
(
𝑅(𝑎, 𝑖) − 𝑅el (𝑎, 𝑖), 0

)
We lower bound the cost at zero to account for cases where the observed runtime exceeds the predicted value

due to noise or estimation error. The total predicted cost for a pair of runs is their sum.

4.3.2 Predicted Runtime Difference. In AS, we care most about the problem instances where algorithms exhibit
very different performances – one might solve the instance in fractions of a second, while another times out after
hours. The PD metric captures this behaviour by prioritising runs that help identify such cases and ensuring that
they are considered during training. It is defined as:

PD(𝑎𝑖 , 𝑎 𝑗 , 𝑖) =
��𝑅(𝑎𝑖 , 𝑖) − 𝑅(𝑎 𝑗 , 𝑖)��

Pairs of runs with large PD values denote where the most consequential decisions have to be made, while low
PD values indicate that the decision does not matter much – even if the worse algorithm is selected, there is only
a small performance penalty.

4.4 Cost-Aware Multi-Objective Run Selection
Individual metrics such as uncertainty, PC, and PD each provide valuable insights for guiding run selection. To
leverage their complementary strengths, we propose two multi-objective selection strategies that combine all
three metrics: a lexicographic ordering approach and a Pareto-based selection strategy. These strategies allow
multiple forms of information to be jointly considered without manually specifying arbitrary trade-offs between
the metrics.

4.4.1 Lexicographic Ordering. This strategy ranks candidate runs using all three metrics according to a predefined
priority order. We explore all six possible orders of uncertainty, PC, and PD. Runs are first ranked by the primary
metric, with ties resolved using the secondary metric, and further ties resolved using the tertiary metric. Similar
to single-metric selection, a fixed number of top-ranked runs are selected. Among these metrics, we expect
uncertainty to have low variation, mainly due to double timeout pairs of runs frequently producing uncertainty
values of 0.5.
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4.4.2 Pareto Based Selection. In contrast, the Pareto-based selection strategy identifies runs that lie on the Pareto
set, which represents the set of non-dominated runs across multiple metrics. A run is considered non-dominated
if no other run performs better in all metrics simultaneously, and it is better than all other runs according to at
least one metric. Similar to the other selection strategies, we select a fixed number of non-dominated runs, which
are obtained by randomly sampling from the Pareto set. If the size of the Pareto set is smaller than the fixed
number of required runs, the process is repeated iteratively by removing already selected runs and recomputing
the Pareto set until the desired number of runs is obtained.

To explore the trade-offs between cost and informativeness from different perspectives, we apply this strategy
in both two-objective and three-objective settings. Specifically, we compute the full Pareto set using all three
metrics, as well as all Pareto sets formed by all possible combinations of two metrics.

5 Experimental Setup
Building on the methodology described in the previous sections, this section presents the experimental setup used
to evaluate the effectiveness and efficiency of the proposed run selection strategies within the FAS framework in
the pairwise classification-based AS setting.

5.1 Datasets
To evaluate the effectiveness of the proposed strategies, we conduct experiments on 16 scenarios from ASLib.
These benchmarks cover a diverse range of combinatorial problem-solving domains, including Answer Set
Programming (ASP), Bayesian Network Structure Learning (BNSL), Constraint Programming (CP), Boolean
Satisfiability (SAT), and Quantified Boolean Formula (QBF). The datasets exhibit substantial heterogeneity:
algorithm portfolio sizes range from 2 to 31 algorithms with 22 to 155 instance features and between 296 and
4642 problem instances.

Table 1 summarises the datasets used in this study, including the total computational cost (in CPU hours) for
running all algorithms in the portfolio on all problem instances.

5.2 Algorithm Selection Setup
We use random forests for all predictive models, and their performance is evaluated using 10-fold cross-validation.
We assess performance using PAR10, and average the results over five random seeds and ten folds to reduce
variability from randomness in training and partitioning. Within each training fold, we split 10% of the run in the
train set into a validation set to determine whether the DTL should be increased. To make results comparable
across scenarios we normalise the PAR10 scores by the performance gap between the Single Best Solver and the
Virtual Best Solver, following (Lindauer, van Rijn, et al. 2019):

�𝑃𝐴𝑅10𝐴𝑆 =
𝑃𝐴𝑅10𝐴𝑆 − 𝑃𝐴𝑅10𝑉𝐵𝑆

𝑃𝐴𝑅10𝑆𝐵𝑆 − 𝑃𝐴𝑅10𝑉𝐵𝑆

Our run selection strategies begin with an initial subset of runs, obtained by selecting 20 problem instances
and running all algorithms on these instances to collect complete runs. In each iteration, we select 1% of the total
number of runs in the ASlib scenario. The initial time limit used for DTL is set to 100 seconds and is increased
by 100 seconds whenever no improvement in AS performance is observed on the validation set. A preliminary
sensitivity analysis on the DTL parameters revealed that lower time limits yield better results; however, they also
require finer-grained execution steps, resulting in a larger number of iterations. We therefore adopt the 100𝑠
initial limit with 100𝑠 increments as a practical and stable baseline.
We evaluate four families of selection strategies: cost-unaware strategies, including random selection and

uncertainty-based selection, and cost-aware strategies, including lexicographical ordering and Pareto-based
selection. For uncertainty-based selection, we use the pairwise classification variant adapted to the AS setting.
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Table 1. Summary of ASlib benchmark scenarios used in our experiments. Since the proportion of double timeouts is high in
most of these datasets, this observation motivates the use of frugality mechanisms and cost-aware strategies to mitigate
their impact on labelling cost.

Scenario Instances Algorithms Features Total Labelling Cost Double Timeouts

ASP-POTASSCO 1294 11 138 2,085h 9.42%
BNSL-2016 1179 8 86 3,272h 11.44%
CPMP-2015 527 4 22 682h 11.67%
CSP-2010 2024 2 86 435h 0.00%
CSP-MZN-2013 4642 11 155 26,263h 44.99%
MAXSAT12-PMS 876 6 37 1,472h 11.34%
MAXSAT15-PMS-INDU 601 29 37 7,582h 22.01%
MAXSAT19-UCMS 572 7 54 545h 7.97%
MAXSAT-WPMS-2016 630 18 37 5,113h 30.45%
QBF-2011 1368 5 46 2,352h 22.44%
QBF-2014 1254 14 46 6,510h 30.17%
QBF-2016 825 24 46 5,832h 19.77%
SAT11-HAND 296 15 115 1,851h 32.73%
SAT11-RAND 600 9 115 1,829h 19.35%
SAT12-HAND 767 31 115 9,069h 37.76%
SAT12-INDU 1167 31 115 12,272h 20.75%

This corresponds to the AL framework proposed by Volpato and Song (Volpato and Song 2019), as their approach
applies standard active learning without any frugality mechanisms, making it equivalent to our cost-unaware
uncertainty-based baseline. Our work, therefore, directly extends this setting by introducing cost-aware selection
strategies.

To evaluate the efficiency of the proposed strategies, we compare their performance against a passive learning
baseline. In the context of frugality, we assess labelling cost by analysing when each selection strategy reaches
the AS performance of passive learning. To determine whether the performance differences between strategies
are statistically significant, we follow the literature (Demšar 2006) and apply the Friedman test (Friedman 1937)
to compare multiple strategies across multiple datasets. When significant differences are detected (p < 0.05), we
perform the Nemenyi post-hoc test (Nemenyi 1963) to identify which pairs of strategies differ significantly based
on their average ranks. We visualise the statistical comparisons using critical difference (CD) diagrams, generated
with the Orange3 toolkit (Demšar et al. 2013). In the CD diagrams, methods are ranked based on frugality, where
a lower rank (positioned further to the left) indicates greater efficiency in achieving the desired AS performance
with lower labelling cost. Strategies connected by horizontal bars are not significantly different, showing that
their performance cannot be statistically distinguished under the Nemenyi test.
All source code, data, and experimental results are available at https://doi.org/10.5281/zenodo.20095993.

6 Evaluation and Analysis of Selection Strategies
We focus on labelling cost as the primary evaluation metric rather than the number of runs, due to the non-
uniform cost nature of algorithm selection. For example, in the ASP-POTASSCO scenario, PARETO (U - PC) (DTL)
executes 8,698 runs compared to 2,371 runs for uncertainty-based selection, but this corresponds to about 100
CPU hours of labelling cost for Pareto versus 626 CPU hours for uncertainty-based selection. This shows that
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the number of runs alone is a misleading measure of frugality. We focus on labelling cost and give details of the
reductions in the number of runs in Section F.

The cost of training and retraining the AS models, runtime prediction models, and timeout prediction models
represents only about 0.024% of the total labelling cost, and we therefore do not explicitly consider it here.
Our key findings are as follows:

• PARETO (U - PC) (DTL) is the most frugal method overall, followed by the cost-unaware UNCERTAINTY
(DTL + TO).
• Uncertainty-based selection is not effective in a setting like ours where labelling costs are highly non-
uniform.
• TO enhances uncertainty-based selection by filtering out expensive and uninformative runs. DTL further
improves frugality by limiting costly evaluations; the combination (DTL + TO) provides the largest cost
savings.
• Multi-objective selection methods, particularly PARETO (U - PC), are the most frugal strategies.
• The RANDOM (DTL) strategy emerges as a surprisingly strong baseline.
• Lexicographic strategies that prioritise PC perform reasonably well, but show limited frugality improve-
ments under DTL compared to Pareto-based methods.
• Strategies without DTL, particularly those relying on PD, perform the worst.
• PC does most to reduce labelling cost in Pareto-based selection, followed by U, while PD increases labelling
cost on average.

6.1 Frugality-Based Ranking of Selection Strategies
We compare all strategies in terms of labelling cost when the AS performance matches that of passive learning.
The Friedman test indicates statistically significant differences across all comparisons. We show critical difference
(CD) diagrams based on Nemenyi post-hoc tests to compare all strategies.

The overall comparison in Figure 1 shows that strategies without frugality mechanisms are not competitive in
terms of labelling cost. Adding TO and DTL improves performance, with UNCERTAINTY (DTL + TO) emerging as
the most frugal cost-unaware strategy. TO hurts random selection however, with RANDOM (TO) being the worst-
ranked variant in this group. DTL substantially improves the frugality of random selection, making RANDOM
(DTL) the strongest variant within the random family.

Among the cost-aware strategies, the Pareto-based variants achieve the highest level of frugality across all
evaluated methods. In particular, PARETO (U – PC) (DTL), PARETO (U – PD – PC) (DTL), and PARETO (U – PD)
(DTL) obtain top ranks. Moreover, PARETO (U – PC) is the best-performing approach among all strategies without
TO or DTL. Interestingly, the lexicographical configurations LEXICAL (PC→ U→ PD) and LEXICAL (PC→ PD
→ U) rank directly after PARETO (U – PC), demonstrating the competitiveness of lexicographical ordering in the
absence of frugality mechanisms. However, when DTL is applied, their ranks improve less than those of most
other strategies, indicating that lexicographical ordering benefits only marginally from the frugality mechanism;
notably, even RANDOM (DTL) outperforms all lexicographical configurations under DTL.
Based on these results, we select PARETO (U - PC) as the representative Pareto-based strategy and LEXICAL

(PC→ PD→ U) as the representative lexicographical strategy for further analysis, to avoid overwhelming the
reader with detailed results for all 28 strategies. Note that LEXICAL (PC→ U→ PD) achieves identical ranks with
no statistically significant difference, and therefore either strategy can be used as a representative. Additional CD
diagrams demonstrating performance trends at 75%, 50%, and 25% of passive learning performance are provided
in Section B for comprehensive analysis.
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UNCERTAINTY (DTL + TO)
PARETO (U - PD) (DTL)
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RANDOM (TO)
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LEXICAL (PD  U  PC)
LEXICAL (PD  PC  U)

CD

Fig. 1. CD diagram presenting the average ranks of all evaluated selection strategies across 16 benchmark datasets. Lower
ranks (further to the left) indicate better frugality performance. Strategies that are not statistically significantly different,
according to the Nemenyi test, are connected by horizontal bars. Colours distinguish strategy families: blue for Pareto-based
methods, orange for lexicographic methods, green for uncertainty-based methods, and red for random baselines. Strategies
using frugality mechanisms, such as DTL and TO, are annotated accordingly. The best overall frugality performance, with
statistical significance, is achieved by PARETO (U – PC) (DTL). DTL consistently improves frugality across all strategy families.
Conversely, strategies without DTL or TO and those relying primarily on PD generally exhibit poorer frugality.

6.2 DetailedQuantitative Analysis of Frugality
To further evaluate the effectiveness of the selected methods, we now quantitatively analyse their frugality
by examining labelling cost across datasets in Figure 2. Among all evaluated methods, the cost-aware strategy
PARETO (U – PC) (DTL) demonstrates the highest frugality, requiring only 2.7% to 19.1% of the full labelling cost
to achieve passive learning performance.
For cost-unaware strategies, both random and uncertainty-based selection require approximately 50% of the

labelling cost to match passive learning performance without TO or DTL; substantially less with those techniques.
Specifically, uncertainty-based selection incurs a labelling cost ranging from 20.3% to 82.7% across datasets
and introducing TO moderately reduces this to 22.2%–65.8%. Applying DTL alone achieves better frugality,
lowering the labelling cost to 6.8%–39.3%. The most frugal configuration within the uncertainty-based family
is the combined DTL + TO variant, which further reduces the labelling cost to just 3.1%–33.1%. For random
selection, the labelling cost ranges from 25.5% to 87.1%. When TO is applied, the average labelling cost changes
to between 26.7% and 86.8%, indicating that TO is not effective in improving frugality for random selection. The
most frugal configuration within the random selection family is RANDOM (DTL), which substantially reduces the
labelling cost to between 7.1% and 30.2%.

For lexicographical ordering, the strategy LEXICAL (PC→ PD→ U) incurs a labelling cost ranging from 14.3%
to 63.8%. When DTL is applied, the cost reduces to 3.1%–28.6%. However, the gains are comparatively smaller
than in other families, suggesting that DTL offers limited additional benefit for lexicographical ordering. The
detailed labelling costs for each strategy are provided in Section C, and the actual labelling time (in hours) can be
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Fig. 2. Average labelling cost (in %) and standard deviation across 16 ASlib benchmark datasets for a selected subset of
representative strategies from each strategy family. Each row corresponds to a specific selection method, including the
representative variants of Pareto-based, Lexicographic, Uncertainty-based, and Random strategies, with and without frugality
mechanisms such as DTL and TO. Darker blue regions indicate lower labelling costs, while lighter blue regions correspond to
higher labelling costs. PARETO (U – PC) (DTL) achieves the lowest overall labelling cost, while UNCERTAINTY (DTL + TO) is
the most effective cost-unaware strategy.

found in Section D. The actual runtime incurred by executing the selected algorithms on the test instances is
reported in Section E to assess the practical applicability of each selection strategy.

6.3 Performance for Different Labelling Budgets
Figure 3 illustrates how different selection strategies achieve AS performance relative to passive learning as
labelling cost increases. In this figure, 100% performance corresponds to the level achieved by passive learning.
To highlight the impact of cost-awareness and frugality, we compare the best cost-aware strategy against the
standard cost-unaware strategies. Across most benchmarks, PARETO (U - PC) (DTL) demonstrates strong early
gains and reaches high AS performance with relatively low labelling cost, reflecting its ability to consistently
prioritise informative and inexpensive runs.
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In comparison to the Pareto-based strategy, both uncertainty-based selection and random selection show
slower performance gains as the labelling budget increases. Uncertainty-based and random selection show similar
overall trends, with neither consistently outperforming the other. In some datasets, uncertainty-based selection
improves more with higher budgets, while in others random selection performs better, or both strategies produce
comparable results. For a direct comparison of the best-performing variant within each family, see Section G.
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Fig. 3. Labelling cost over AS performance across benchmarks for three representative strategies. Each line shows the
labelling cost required to achieve different levels of AS performance, where 100% corresponds to the performance of passive
learning. PARETO (U - PC) (DTL) consistently achieves robust AS performance with minimal labelling effort and represents
the top-performing strategy across all datasets. In contrast, there is no consistent winner between uncertainty-based selection
and random; their relative performance varies across datasets, with neither demonstrating a clear overall advantage.
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6.4 Ablation Analysis of Dynamic Time Limits and Selection Metrics
To analyse the individual effects of DTL and the selection metrics on labelling cost, we perform an ablation study
that isolates their contributions.
Figure 4 presents the ablation analysis for DTL. We show the mean rank across strategies belonging to the

same family. The results show that DTL substantially improves the frugality of all selection strategy families,
with a clear rank separation compared to their non-DTL counterparts. PARETO (DTL) achieves the best overall
rank, confirming it as the most frugal option. Interestingly, RANDOM (DTL) ranks second despite RANDOM
ranking last, though there is no statistically significant difference between the two, suggesting that DTL alone is
a strong driver of frugality regardless of the selection strategy. In contrast, the lexicographical ordering strategies,
which are second best in the non-DTL setting, become the worst-performing family under DTL. Further details
of this analysis are provided in Section H.
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PARETO (DTL)
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UNCERTAINTY (DTL)
LEXICAL (DTL) PARETO

LEXICAL
UNCERTAINTY
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CD

Fig. 4. CD diagram for DTL comparingmean ranks for cost-aware strategy families (Pareto and Lexicographical ordering) with
random and uncertainty-based selection, ranked by overall frugality. All DTL-enhanced strategies significantly outperform
their non-DTL counterparts, with PARETO (DTL) achieving the best overall rank.

Figure 5 shows the effect of different metric combinations on the frugality of Pareto-based strategies. Among
all Pareto variants, PARETO (U - PC) (DTL), which combines uncertainty and predicted cost, achieves the best
average rank. Adding PD to this results in the second-best configuration U - PD - PC, while removing PC leads to
the third-ranked variant U - PD. Among the DTL-enhanced strategies, the PD - PC combination performs worst.
A similar trend is observed for the non-DTL variants, where the combination of uncertainty and predicted cost
again yields the most frugal behaviour, while configurations relying primarily on PD perform the worst. Overall,
these results confirm that configurations based on PC have a stronger positive impact on frugality, and that
combining PC with uncertainty results in the most frugal selection strategy. Additional details on the ablation
study can be found in Section I.
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Fig. 5. CD diagram for selection metrics for Pareto-based strategies with and without DTL, ranked by frugality. The U-PC
configuration is the most frugal among both DTL and non-DTL variants.
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7 Conclusions and Future Work
In this work, we introduced and evaluated a range of strategies to reduce labelling cost in algorithm selection for
combinatorial search and optimisation. These strategies form the foundation of Frugal Algorithm Selection, an
active learning framework designed to minimise labelling effort while preserving algorithm selection performance.
Our approach extends traditional active learning by incorporating frugality mechanisms to mitigate bias in
uncertainty-based selection, and by integrating selection metrics that prioritise runs that are both informative
and inexpensive.

We assessed the effectiveness of these strategies across 16 ASlib scenarios. Among all evaluated methods, the
cost-aware strategy PARETO (U – PC) (DTL) achieved the highest level of frugality, reducing labelling cost by
approximately 90% on average. This highlights the advantage of integrating cost-awareness in multi-objective
selection. DTL consistently improved frugality across all strategies, particularly when combined with cost-aware
metrics. Even cost-unaware methods, such as uncertainty-based selection, benefited substantially when combined
with DTL and TO.

Overall, our findings demonstrate that integrating DTL and cost awareness into active learning substantially
reduces labelling cost without compromising algorithm selection performance. In resource-intensive domains such
as combinatorial search, this enables the training of state-of-the-art algorithm selection systems at significantly
lower cost, making this powerful methodology more widely accessible. From a practical perspective, we suggest
that Frugal Algorithm Selection can be deployed in real-world settings by explicitly defining a labelling budget; a
small percentage of the total labelling cost, for which an upper bound can be obtained easily by assuming that all
algorithm runs time out, is sufficient to train well-performing algorithm selection systems.
As future work, we plan to investigate algorithm pre-selection mechanisms to further reduce labelling cost,

along with more advanced cost-aware strategies that incorporate algorithm features. We also aim to improve
the predictive components by developing unified runtime models for both estimation and timeout prediction,
and by exploring early stopping strategies to avoid unnecessary labelling. Furthermore, we intend to explore
the effectiveness of the proposed Frugal Algorithm Selection framework in other learning paradigms, such as
AS based on multi-class classification. Since the labelling of each training data point in such a setting requires
executing all algorithms on a given instance, we expect a decrease in the flexibility and effectiveness of the
frugality mechanisms. Finally, we plan to extend the framework to a wider range of AS scenarios, particularly in
combinatorial optimisation, to assess its generalisability and scalability.
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In AL, uncertainty measures are frequently used as acquisition functions. While several uncertainty measures
exist, the most common ones (LC, MS, and ES) result in identical ordering in pairwise classification. Their
definitions are as follows:
• Least Confidence: For a given input 𝑥 and predicted label 𝑦, the model provides a posterior probability
𝑃 (𝑦 | 𝑥). Least Confidence ranks and selects data point 𝑥∗ for which the maximum posterior probability
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• Entropy-Based Sampling: This method considers the full posterior distribution across all posterior probabili-
ties. It selects data points 𝑥∗ with the highest predictive entropy, indicating maximum uncertainty:

𝑥∗ = argmax
𝑥

−
∑︁
𝑖

𝑃 (𝑦 |𝑥) log 𝑃 (𝑦 |𝑥) (3)
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In pairwise classification, these three uncertainty strategies always rank the data points in the same way.
This is because all three measures are monotonic functions of the same underlying probability distribution. For
prediction probabilities 𝑝1 and 𝑝2 for a given input 𝑥 , with 𝑝1 ≥ 𝑝2, uncertainty increases when:

LC(𝑥) = 1 − 𝑝1 and ES(𝑥) = − [𝑝1 log(𝑝1) + 𝑝2 log(𝑝2)]

have higher values, whereas

MS(𝑥) = 𝑝1 − 𝑝2

has lower values. Despite their opposite monotonic behaviours, they give the same ranking of data points:

LC(𝑥1) > LC(𝑥2) ⇔ MS(𝑥1) < MS(𝑥2) ⇔ ES(𝑥1) > ES(𝑥2).

All three measures reach maximum uncertainty when the probability distribution is uniform, and minimum
uncertainty when it is deterministic.

B Comparative Ranks of Selection Strategies Across Performance Levels
This appendix presents CD diagrams comparing the average ranks of selection strategies across different perfor-
mance thresholds (75%, 50%, and 25% of passive learning performance). The results highlight the effectiveness of
cost-aware strategies, particularly PARETO (U–PC) (DTL), in achieving strong labelling efficiency.
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Fig. 6. CD diagram displaying the average ranks of selection strategies based on the labelling cost required to reach 75% of
passive learning performance. PARETO (U – PC) (DTL) remains top-performing, confirming its effectiveness in minimising
labelling cost under high-performance demands. On average, cost-aware strategies rank better than cost-unaware ones
across the overall results.
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Fig. 7. CD diagram showing the average labelling cost ranks of selection strategies achieving 50% of passive learning
performance. As the performance threshold increases, the relative ranking of strategies remains largely consistent, with only
minor variations. Pareto-based methods incorporating DTL continue to hold top positions, while unconfigured strategies
consistently rank lower in labelling efficiency.
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Fig. 8. CD diagram showing the average ranks of all evaluated selection strategies across 16 ASlib benchmark datasets,
based on labelling cost required to reach 25% of passive learning performance. PARETO (U – PC) (DTL) and UNCERTAINTY
(DTL + TO) rank highest, indicating strong cost-efficiency early in the early stages of learning.
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C Labelling Cost Comparison of All Selection Strategies
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Fig. 9. The heatmap presents all proposed selection methods, including those with DTL and TO, aggregated over all splits
and seeds. Each cell reports the average labelling cost along with its standard deviation. Darker blue regions indicate
lower labelling costs and thus higher cost-efficiency on the corresponding datasets, whereas lighter blue regions denote
comparatively less cost-efficient methods.
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D Total Labelling Hours for Selection Strategies

Table 2. Labelling cost (in hours) of different selection and cost-efficient strategies compared to passive learning across all
scenarios. Lower values indicate more efficient labelling cost while maintaining comparable performance to passive learning.
The PASSIVE LEARNING row represents the baseline trained on the full train set. The TEST SET COST row denotes the cost
of running all algorithms on all test instances for each scenario, serving as an additional reference point; notably, PARETO (U
- PC) (DTL) achieves a labelling cost lower than the full test set cost across most scenarios.
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LEXICAL (PC→ PD→ U) 286h 847h 108h 42h 3865h 284h 781h 88h 806h 978h 1569h 2167h 500h 372h 4290h 3157h
LEXICAL (PC→ PD→ U) (DTL) 140h 648h 54h 43h 1029h 185h 173h 25h 381h 486h 530h 1208h 274h 268h 1783h 1082h
LEXICAL (PC→ U→ PD) 297h 962h 94h 42h 4285h 280h 735h 89h 833h 860h 1539h 2081h 502h 358h 4400h 3131h
LEXICAL (PC→ U→ PD) (DTL) 136h 634h 64h 43h 1305h 183h 194h 29h 368h 413h 503h 1253h 239h 259h 1824h 1160h
LEXICAL (PD→ PC→ U) 1015h 1854h 187h 94h 15893h 760h 3187h 168h 3071h 1520h 3894h 3806h 788h 1021h 6086h 8235h
LEXICAL (PD→ PC→ U) (DTL) 247h 623h 52h 41h 4579h 318h 1477h 39h 1261h 562h 1023h 776h 371h 445h 1814h 3114h
LEXICAL (PD→ U→ PC) 1025h 1854h 187h 94h 15821h 758h 3146h 168h 3071h 1519h 3898h 3815h 788h 1021h 6088h 8195h
LEXICAL (PD→ U→ PC) (DTL) 247h 623h 52h 41h 4420h 316h 1432h 39h 1268h 562h 1024h 762h 368h 444h 1813h 3088h
LEXICAL (U→ PC→ PD) 537h 854h 138h 40h 6390h 394h 2142h 125h 2178h 942h 3113h 3390h 756h 670h 5275h 4804h
LEXICAL (U→ PC→ PD) (DTL) 131h 426h 45h 23h 1065h 180h 354h 59h 1016h 586h 705h 793h 300h 628h 1890h 1545h
LEXICAL (U→ PD→ PC) 554h 881h 143h 40h 6543h 460h 2297h 137h 2261h 1092h 3261h 3381h 759h 651h 5165h 5319h
LEXICAL (U→ PD→ PC) (DTL) 125h 419h 46h 25h 1299h 195h 460h 41h 890h 552h 670h 636h 377h 595h 1864h 1431h

PARETO (PD - PC) 724h 1455h 96h 86h 10949h 477h 1669h 120h 1413h 1285h 3442h 3422h 652h 587h 5992h 5919h
PARETO (PD - PC) (DTL) 171h 536h 33h 51h 2942h 192h 453h 32h 420h 489h 756h 626h 321h 271h 1321h 1463h
PARETO (U - PC) 318h 776h 70h 27h 3086h 229h 758h 109h 736h 568h 1689h 2312h 487h 391h 3779h 3038h
PARETO (U - PC) (DTL) 100h 433h 26h 19h 470h 65h 205h 29h 257h 211h 341h 591h 246h 260h 1138h 947h
PARETO (U - PD - PC) 552h 1001h 106h 66h 7491h 398h 1316h 109h 1052h 1023h 2747h 3458h 606h 579h 6032h 5080h
PARETO (U - PD - PC) (DTL) 113h 402h 35h 40h 2185h 132h 265h 35h 314h 329h 431h 477h 273h 270h 1198h 1200h
PARETO (U - PD) 954h 1225h 161h 64h 10893h 480h 2597h 169h 1629h 1155h 3076h 3807h 722h 712h 5989h 6673h
PARETO (U - PD) (DTL) 196h 462h 49h 28h 2186h 108h 278h 31h 347h 319h 442h 510h 322h 250h 1233h 1259h

RANDOM 694h 1221h 122h 54h 4535h 553h 2431h 121h 2596h 858h 2472h 3713h 747h 741h 5611h 7368h
RANDOM (DTL + TO) 128h 716h 43h 31h 3099h 150h 377h 30h 626h 343h 335h 425h 324h 391h 1470h 1556h
RANDOM (DTL) 131h 557h 47h 33h 2031h 144h 411h 33h 562h 281h 328h 397h 396h 413h 1264h 1544h
RANDOM (TO) 701h 1389h 116h 50h 5616h 549h 2934h 123h 2657h 925h 2534h 3695h 712h 790h 5562h 7456h

UNCERTAINTY 626h 925h 128h 36h 6556h 471h 2119h 171h 2345h 1218h 3091h 3530h 940h 551h 5533h 5499h
UNCERTAINTY (DTL + TO) 123h 398h 49h 18h 1479h 125h 169h 49h 717h 419h 438h 361h 257h 451h 1304h 1324h
UNCERTAINTY (DTL) 143h 447h 41h 23h 1601h 232h 373h 68h 890h 624h 932h 759h 334h 538h 1738h 1172h
UNCERTAINTY (TO) 485h 607h 131h 40h 4496h 243h 1214h 121h 1029h 678h 2164h 2809h 575h 486h 4083h 3400h

PASSIVE LEARNING 1528h 2341h 435h 181h 17805h 969h 5483h 428h 3799h 1705h 4624h 4269h 1462h 1368h 6728h 9065h

TEST SET COST 209h 327h 68h 44h 2626h 147h 758h 54h 511h 235h 651h 583h 185h 183h 907h 1227h
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E Algorithm Runtime in Hours for Selection Strategies

Table 3. Average AS performance among seeds and splits measured as test set runtime (in hours) for different selection
strategies compared to passive learning across all scenarios. Instead of PAR10, the reported values reflect the actual runtime
incurred by the algorithm selected for each test instance. If the selected algorithm fails to solve an instance within the
time limits, all candidate algorithms in the portfolio are subsequently run on that instance to identify the best-performing
algorithm. The TEST COST row denotes the cumulative runtime of executing all candidate algorithms on all test instances
for each dataset, and serves as an additional reference point.
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LEXICAL (PC→ U→ PD) (DTL) 28h 39h 21h 7h 547h 4h 30h 15h 25h 30h 134h 128h 54h 24h 169h 71h
LEXICAL (PD→ PC→ U) 28h 42h 20h 7h 583h 4h 31h 15h 24h 29h 134h 118h 52h 22h 168h 73h
LEXICAL (PD→ PC→ U) (DTL) 28h 39h 20h 7h 551h 4h 31h 15h 26h 29h 127h 116h 51h 23h 162h 76h
LEXICAL (PD→ U→ PC) 28h 42h 20h 7h 581h 4h 31h 15h 23h 29h 134h 119h 52h 22h 168h 73h
LEXICAL (PD→ U→ PC) (DTL) 28h 39h 20h 7h 547h 4h 32h 16h 28h 30h 128h 117h 52h 22h 162h 77h
LEXICAL (U→ PC→ PD) 26h 39h 20h 7h 518h 4h 28h 15h 25h 29h 130h 122h 50h 23h 172h 78h
LEXICAL (U→ PC→ PD) (DTL) 28h 39h 20h 7h 540h 4h 30h 16h 26h 29h 129h 118h 54h 24h 167h 75h
LEXICAL (U→ PD→ PC) 28h 38h 21h 7h 518h 4h 27h 15h 25h 29h 132h 122h 49h 23h 157h 72h
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UNCERTAINTY (DTL) 29h 39h 21h 7h 566h 4h 28h 15h 29h 29h 133h 118h 52h 24h 172h 77h
UNCERTAINTY (TO) 29h 39h 20h 7h 495h 4h 27h 15h 24h 29h 132h 120h 51h 22h 169h 70h

PASSIVE LEARNING 30h 42h 22h 7h 624h 4h 35h 16h 28h 30h 139h 127h 55h 25h 161h 79h

TEST SET COST 209h 327h 68h 44h 2626h 147h 758h 54h 511h 235h 651h 583h 185h 183h 907h 1227h
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F Analysis of the Fraction of Runs Used Across Selection Strategies
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Fig. 10. Fraction of runs (in %) and standard deviation across 16 ASlib benchmark datasets for all selection strategies
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G Additional Analysis for Different Budgets
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Fig. 11. Labelling cost versus algorithm selection performance across benchmark datasets for four representative strategies.
Each line shows how much labelling cost is required to reach different levels of algorithm selection performance, where 100%
corresponds to the performance of passive learning trained with the full labelled dataset. PARETO (U - PC) (DTL) consistently
achieves high performance with minimal labelling effort. While the lexicographic strategy performs worse than the Pareto
and uncertainty-based approaches, its efficiency is comparable to the RANDOM (DTL) baseline, suggesting limited benefit
from lexicographic ordering.
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H Ablation Analysis of the Impact of DTL on Aggregated Selection Strategies
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Fig. 12. Labelling cost (%) across all lexicographic and Pareto-based strategies, compared to representative uncertainty-based
and random baselines. Each box shows the interquartile range (25th–75th percentiles) of performances across the different
strategies of the respective strategy family, with the median marked by a horizontal line and annotated, and whiskers
indicating the full observed range. Pareto-based strategies consistently achieve the lowest median labelling costs across both
setups, confirming their superior overall performance. Under non-DTL conditions, lexicographic strategies perform similarly
to the random and uncertainty-based baselines, while Pareto strategies remain clearly superior. Lexicographic strategies
benefit less from DTL than random and uncertainty-based approaches.
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I Ablation Study of Selection Metrics in Pareto-Based Selection
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Fig. 13. Impact of different selection metrics used in Pareto-based selection strategies, both with and without Dynamic Time
Limits (DTL). Each bar shows the average labelling cost (%) for a specific metric configuration: U - PC, U - PD, PD - PC, and
U - PD - PC. Within each group, Δ denotes the labelling cost difference relative to the best-performing strategy (U - PC).
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