
Kernel-Based Learning of Safety Barriers

OLIVER SCHÖN∗, ETH Zürich, Switzerland
ZHENGANG ZHONG, University of Warwick, United Kingdom
SADEGH SOUDJANI,Max Planck Institute for Software Systems, Germany and University of Birmingham,
United Kingdom

The rapid integration of AI algorithms in safety-critical applications such as autonomous driving and healthcare is raising
significant concerns about the ability to meet stringent safety standards. Traditional tools for formal safety verification
struggle with the black-box nature of AI-driven systems and lack the flexibility needed to scale to the complexity of real-world
applications. In this paper, we present a data-driven approach for safety verification and synthesis of black-box systems with
discrete-time stochastic dynamics. We employ the concept of control barrier certificates, which can guarantee safety of the
system, and learn the certificate directly from a set of system trajectories. We use conditional mean embeddings to embed data
from the system into a reproducing kernel Hilbert space (RKHS) and construct an RKHS ambiguity set that can be inflated to
robustify the result to out-of-distribution behavior. We provide the theoretical results on how to apply the approach to general
classes of temporal logic specifications beyond safety. For the data-driven computation of safety barriers, we leverage a finite
Fourier expansion to cast a typically intractable semi-infinite optimization problem as a linear program. The resulting spectral
barrier allows us to leverage the fast Fourier transform to generate the relaxed problem efficiently, offering a scalable yet
distributionally robust framework for verifying safety. Our work moves beyond restrictive assumptions on system dynamics
and uncertainty, as demonstrated on two case studies including a black-box system with a neural network controller.
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1 Introduction
We are living in a truly remarkable time of technological progress powered by AI. Autonomous cars, for instance,
have recently been reported to have surpassed human level safety whilst driving under controlled conditions —
an achievement supported largely by extensive and costly testing (Kalra and Paddock 2016). Yet, achieving a level
of safety sufficient to earn societal trust in AI-powered safety-critical systems presents a significant challenge.
With a rapid adoption of embodied AI across various domains, including smart grids and advanced medical
technologies, we are facing an unprecedented demand for safe and trustworthy AI that testing cannot meet. In
fact, in a world governed by non-determinism, exhaustively testing embodied AI against all possible edge cases is

∗Corresponding Author.

Authors’ Contact Information: Oliver Schön, orcid: 0000-0002-0214-6455, oschoen@ethz.ch, ETH Zürich, Zürich, Switzerland; Zhengang
Zhong, orcid: 0009-0002-8262-5217, zhengang.zhong@warwick.ac.uk, University of Warwick, Coventry, United Kingdom; Sadegh Soudjani,
orcid: 0000-0003-1922-6678, sadegh@mpi-sws.org, Max Planck Institute for Software Systems, Kaiserslautern, Germany and University of
Birmingham, Birmingham, United Kingdom.

This work is licensed under a Creative Commons Attribution International 4.0 License.

© 2026 Copyright held by the owner/author(s).
doi: 10.1613/jair.1.21679

Journal of Artificial Intelligence Research, Vol. 86, Article 25. Publication date: July 2026.

https://doi.org/10.1613/jair.1.21679
https://orcid.org/0000-0002-0214-6455
https://orcid.org/0009-0002-8262-5217
https://orcid.org/0000-0003-1922-6678
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/deed.en
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1613/jair.1.21679


25:2 • Schön, Zhong, & Soudjani

infeasible. To address these challenges, the ability to enforce logical constraints — such as safety and invariance —
on AI systems is emerging as a critical capability.
Formal methods for the verification and synthesis of dynamical systems are being developed to bring forth

tools for certifying whether an AI system can be trusted (Belta et al. 2017; Lavaei et al. 2022; Yin et al. 2024). More
precisely, rich (stochastic) models of the target system’s behavior are subjected to temporal logic constraints
to obtain rigorous probabilistic measures of their well-behavedness. As exact system representations are rarely
available, models are often derived from data. To compensate for the arising epistemic uncertainty, formal
methods are equipped to deal with model ambiguity. The formal nature of the results, however, comes at the
cost of onerous assumptions and a substantial computational burden. In fact, formal reasoning amidst unknown
dynamics is only possible if the data is supplemented with information on the regularity of the system dynamics.
However, this often restricts the applicability of results to specific classes of systems, such as linear, polynomial,
or control-affine systems. Extending these methods to encompass more general AI-driven systems, such as those
governed by neural network (NN) controllers, could act as a catalyzer for the development of safe AI systems.
Existing work on formal methods is dominated by a bipartite narrative of approaches that are either funda-

mentally abstraction-based or abstraction-free. Whilst the former is attributed to suffer from the excruciating
curse of dimensionality, the latter is expected to be more scalable. At a closer examination, however, this division
becomes less clear. As the arguably most popular abstraction-free formal tool, control barrier certificates1 (CBCs)
allow one to reformulate the verification of safety by proving the existence of a function — a so-called barrier
— satisfying a given set of mathematical inequalities. The resulting global optimization problem involving the
latent system dynamics is in general a robust optimization problem featuring infinitely many constraints. Thus,
many approaches rely on some form of spatial abstraction, i.e., partitioning of the system domain into discrete
states and inputs, to solve the complex optimization problem (cf. Section 6.2). To address these shortcomings, we
draw from a line of research that has thus far received only little attention from the formal methods community:
(reproducing) kernel methods.

Recent advancements in machine learning (ML) have underscored the significance of representing models as
functions within reproducing kernel Hilbert spaces (RKHS) (Berlinet and Thomas-Agnan 2004; Schölkopf and A. J.
Smola 2002; Steinwart and Christmann 2008). An RKHS is a Hilbert space of functions where evaluation at any
point is a continuous linear operation, making the RKHS formulation well-suited for analyzing and manipulating
functions in high-dimensional spaces. The RKHS framework has sparked a deeper understanding of complex
ML algorithms and led to the development of tools such as conditional mean embeddings (CMEs) (Klebanov et al.
2020; Song et al. 2009). CMEs provide a way to embed conditional probability measures into an RKHS, enabling
the computation of conditional expectations of random variables as simple inner products. This approach is
particularly powerful for analyzing the expected behavior of stochastic processes, as it captures dependencies
and relationships within data without requiring explicit density estimation.
In control applications, kernel-based tools such as CMEs offer several benefits over traditional data-driven

optimization techniques. They allow the reformulation of nonlinear problems as linear ones within the RKHS
framework, thus simplifying computations (Berlinet and Thomas-Agnan 2004; Schölkopf and A. J. Smola 2002).
Additionally, they bypass intermediate steps such as density estimation and numerical integration, facilitating the
direct computation of conditional expectations on the observed data. Unlike many existing formal methods for
verification and synthesis, which often rely on structural assumptions or Lipschitz continuity, CMEs can enable
the approximate reformulation of the original problem using finite data based only on a standard assumption
used in CME theory. Paired with statistical results based on concentration inequalities, probabilistic guarantees
for the latent data-generating system can be obtained from small and noisy data sets (Z. Li et al. 2022). This
versatility and computational efficiency make CMEs particularly appealing for formal verification and synthesis.

1We refer to CBCs and discrete-time control barrier functions (CBFs) (Cosner et al. 2024) jointly as CBCs since their definitions are equivalent.

Journal of Artificial Intelligence Research, Vol. 86, Article 25. Publication date: July 2026.



Kernel-Based Learning of Safety Barriers • 25:3

1.1 Contributions
In this work, we study utilizing the CME theory for verification and control synthesis of stochastic systems
without explicit model knowledge via the concept of control barrier certificates (CBCs) (Prajna, Jadbabaie, et al.
2007). By reformulating the probabilistic CBC constraints into a data-driven optimization problem, we derive
distributionally robust characterizations based on an ambiguity set of candidate transition kernels. We show
how these characterizations can be extended to satisfy temporal logic specifications beyond safety using an
automata representation of the specification and the concept of Streett supermartingales (Abate, Giacobbe, et al.
2024). From a computational perspective, our central innovation lies in the application of a Fourier expansion
to the barrier function, yielding a computationally efficient and expressive Fourier control barrier certificate.
We show that for safety verification, this approach collapses the complex CME term into a tractable spectral
representation, enabling constraint evaluation at equidistant sample lattices via the fast Fourier transform (FFT).
The resulting spectral formulation reduces the semi-infinite program to a finitely constrained linear program
(LP), leveraging bounding results for trigonometric polynomials (Pfister and Bresler 2018). Our method relaxes
restrictive assumptions of existing approaches and scales favorably across benchmarks.

A subset of the results of this paper was published in the conference paper by Schön, Zhong, et al. (2024). This
manuscript provides substantial extensions of previous results along the following directions.

(a) We generalize the theoretical framework to handle non-autonomous dynamics, yielding data-driven CBC
conditions based on a general standard assumption used in CME theory. This removes the need for restrictive
assumptions prevalent in related work (cf. related work in Section 1.3).

(b) In order to address temporal logic specifications beyond safety, we provide robust inequalities based on
CME theory, an automata representation of the specification, and Streett supermartingales, by raising
appropriate assumptions on the system.

(c) With focus on safety verification, we provide a detailed study of robust optimization and semi-infinite
programming techniques applicable to the derived program. These include monolithic and divide-and-
conquer strategies, which we juxtapose based on their theoretical complexity and our experimental findings.

(d) For the general squared-exponential kernel and safety verification, we develop a truncated Fourier expansion
that eliminates the reliance on large amounts of spatial support vectors, yielding a computationally efficient
method. A scalable sampling-based scheme, leveraging the FFT, enables practical LP reformulations for
complex stochastic systems.

(e) The newly provided benchmarks include complex safety specifications and neural network controllers.

1.2 Paper Organization
The rest of the paper is organized as follows. After a brief review of related work, we present the preliminaries and
problem statement in Section 2. The concepts of RKHS and kernel mean embeddings for (conditional) probability
measures are introduced in Section 3. We derive inequality constraints for computing CBCs directly from data in
Section 4. The application of kernel mean embeddings to general classes of temporal logic specifications beyond
safety is discussed in Section 5. With a focus on safety specifications, we characterize the resulting semi-infinite
problem and provide a thorough comparison of possible solutions in Section 6. In Section 7, we present a spectral
approach based on a spectral Fourier expansion that admits a solution of the data-driven verification problem as
an LP. We demonstrate the performance of the proposed approach on two benchmarks followed up by concluding
remarks in Sections 8 and 9, respectively.

1.3 Related Work
There exists a substantial body of work on data-driven formal approaches for safety verification and control
synthesis of stochastic systems. We will focus on “abstraction-free” approaches via CBCs/CBFs, and refer to the
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complimentary publications by Banse et al. (2023), Chekan and Langbort (2023), Gracia et al. (2023), Kazemi,
Majumdar, et al. (2024), Makdesi et al. (2024), Nazeri et al. (2025), Schön, Huijgevoort, et al. (2024), Schön, Naseer,
et al. (2024), and Zhang et al. (2024) for a recent selection of abstraction-based work addressing uncertain systems.
For data-driven CBCs/CBFs, many existing approaches are limited to linear or control-affine dynamics (see,

e.g., Cohen et al. 2022; Jagtap, Pappas, et al. 2020; Lopez and Slotine 2023). Furthermore, many approaches rely
on known Lipschitz constants to provide formal guarantees and/or address only partially unknown dynamics.
For instance, Gaussian processes are employed by L. Wang et al. (2018) and by Jagtap, Pappas, et al. (2020) to
learn partially unknown dynamics of nonlinear systems whilst assuming the affine control-dependent part of
the dynamics to be known. Systems with unknown additive disturbance are addressed by Chekan and Langbort
(2023). Similarly, Mathiesen et al. (2024) assume the deterministic part of the dynamics to be accurately known,
whilst the CBC-based safety control method proposed by Mazouz et al. (2024) focus on known noise distributions
instead. Approaches to fully unknown dynamics are scarce. Salamati et al. (2024) study the computation of
CBCs for fully unknown discrete-time systems relying on known Lipschitz constants. Uncertain continuous-time
systems are studied by C. Wang et al. (2023), employing Bayesian inference and local Lipschitzness. Importantly,
Lipschitz bounds directly constrain the variation of the unknown dynamics, whereas our RKHS-based assumption
instead restricts the complexity of the function in a kernel-induced hypothesis space, which may be significantly
more flexible depending on the choice of kernel.

In the pursuit of a more flexible method, NN-based approaches for synthesizing so-called neural barriers have
gained popularity due to their functional expressiveness (Abate, Ahmed, et al. 2021; Abate, Bogomolov, et al. 2024;
So et al. 2023). For instance, So et al. (2023) train neural CBFs based on finite sample sets, acknowledging that their
verification can be performed using NN verification tools such as the bound propagation techniques leveraged
by X. Wang et al. (2024). The field of NN verification is highly active, with numerous tools and methodologies
being developed to ensure reliability and safety in AI systems (see, e.g., Henriksen and Lomuscio 2021; Katz
et al. 2017; Kouvaros and Lomuscio 2021; Xu et al. 2020). Neural networks as compact representations have
been utilized by Majumdar et al. (2023) for memory-efficient formal verification and synthesis. Noteworthy
adjacent work by Kazemi and Soudjani (2020) and Kazemi, Perez, et al. (2024) studies temporal logic control via
model-free reinforcement learning with convergence guarantees and assume guarantee contracts. Apart from our
previous work (Schön, Zhong, et al. 2024), the only known publication on correct-by-design control via CMEs is
due to Romao et al. (2023), which embeds the transition kernel for abstraction-based control. In contrast, we
consider CMEs in an abstraction-free setting. In extension to our previous work, Chen, Y. Li, et al. (2025) propose
a CBC-based approach for reach-avoid properties based on the Wasserstein distance.

2 Preliminaries and Problem Statement
Notation. We denote the sets of positive integers and non-negative reals as N>0 and R≥0, respectively. Consider

a Polish sample space X (Bogachev 2007). Let (X,B(X), P) be the underlying probability space equipped with
a Borel 𝜎-algebra B(X) defined over X, and a probability measure P. For a random variable 𝑋 , let 𝑝𝑋 be the
pushforward probability measure of P under 𝑋 such that 𝑋 ∼ 𝑝𝑋 ( · ). The expected value of a function 𝑓 (𝑋 ) on
X is written as E𝑝𝑋 [𝑓 (𝑋 )]. If it is clear from the context, we abbreviate and write E[𝑓 (𝑋 )]. We denote the set of
all probability measures for a given measurable space (X,B(X)) as P(X). The 𝑛-dimensional Gaussian measure
with mean 𝜇 ∈ R𝑛 and covariance matrix Σ ∈ R𝑛×𝑛 is given by

N(𝐴 | 𝜇, Σ) :=
∫
𝐴

𝑑𝜆𝑛 (𝑥)√︁
(2𝜋)𝑛 |Σ|

exp
[
−1

2
(𝑥 − 𝜇)⊤Σ−1 (𝑥 − 𝜇)

]
,

where 𝜆𝑛 : B(X) → [0,∞] denotes the usual 𝑛-dimensional Lebesgue measure and |Σ| is the determinant of
Σ. The Dirac delta measure 𝛿𝑎 : B(X) → [0, 1] concentrated at a point 𝑎 ∈ X is defined as 𝛿𝑎 (𝐴) = 1 if 𝑎 ∈ 𝐴
and 𝛿𝑎 (𝐴) = 0 otherwise, for any measurable set 𝐴 ∈ B(X). We denote the uniform distribution over X as
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UX with realizations 𝑥 ∼ UX ( · ). For two measurable spaces (X,B(X)) and (Y,B(Y)), a probability kernel is
a mapping p : X × B(Y) → [0, 1] such that p(𝑋 = 𝑥, · ) : B(Y) → [0, 1] is a probability measure for all 𝑥 ∈ X,
and p( · , 𝐵) : X→ [0, 1] is measurable for all 𝐵 ∈ B(Y). A probability kernel associates to each point 𝑥 ∈ X a
measure denoted by p( · |𝑋 = 𝑥).

The transpose of a vector or matrix 𝐴 is indicated as 𝐴⊤. Let the 𝑁 × 𝑁 dimensional identity matrix be given
by 𝐼𝑁 . Let 𝑋𝑁 := [𝑥𝑖 ]𝑁𝑖=1 be a column vector with 𝑥𝑖 ∈ X. We denote the element-wise evaluation of a function
𝑓 : X → R on 𝑋𝑁 as 𝑓 (𝑋𝑁 ) := [𝑓 (𝑥𝑖 )]𝑁𝑖=1. Similarly, we may write 𝐴 = [𝑎𝑖 𝑗 ]𝑁𝑖,𝑗=1 to denote a matrix with its
elements. For a vector 𝑣 , we denote by 𝑣−1 its element-wise inverse.

2.1 Discrete-Time Stochastic Systems
In this work, we consider systems expressible as Markov decision processes over continuous state and input
spaces, formally defined as follows.

Definition 1 (Markov decision process (MDP)). An MDP is a tuple M = (X,X0,U, t), comprising a state
space X ⊂ R𝑛 with states 𝑥 ∈ X; initial states 𝑥0 ∈ X0 ⊂ X; an input space U with inputs 𝑢 ∈ U; and a probability
kernel t : X × U × B(X) → [0, 1].

In every execution, given a current state 𝑥 ∈ X and control input 𝑢 ∈ U, the MDP evolves to a consecutive
state 𝑥+ ∈ X, which is obtained as a realization 𝑥+ ∼ t( · |𝑋 = 𝑥,𝑈 = 𝑢). As a notable class of systems that can be
captured using MDPs, we may consider black-box systems with Markovian discrete-time stochastic dynamics

M :
{
𝑥𝑡+1 = 𝑓 (𝑥𝑡 , 𝑢𝑡 ,𝑤𝑡 ), 𝑤𝑡 ∼ 𝑝𝑤 ( · ), (1)

where the system state and control input at the 𝑡 th time-step are denoted by 𝑥𝑡 and 𝑢𝑡 , respectively. The state
evolution of the system, described by the function 𝑓 : X × U ×W → X, is subject to independent, identically
distributed (i.i.d.) noise𝑤𝑡 ∼ 𝑝𝑤 ( · ) supported on a setW. The corresponding probability kernel is given by

t(𝑑𝑥+ |𝑥𝑡 , 𝑢𝑡 ) =
∫
W
𝛿 𝑓 (𝑥𝑡 ,𝑢𝑡 ,𝑤 ) (𝑑𝑥+) 𝑝𝑤 (𝑑𝑤).

2.2 System Safety
In this paper, we aim to synthesize a control policy 𝜋 such that the resulting closed-loop system 𝜋 ×M is safe.
We characterize safety associated with a time horizon 𝑇 ∈ N>0 as a property of state trajectories: a trajectory
is said to be safe if it does not enter a designated unsafe set X𝑢 ⊂ X for all 𝑡 ∈ [0,𝑇 ]. As stochastic systems do
generally not admit a binary notion of safety, this induces a safety probability on the underlying closed-loop
system, defined as the probability that the trajectory of 𝜋 ×M starting from any initial state 𝑥0 ∈ X0 remains in
the safe set X \ X𝑢 . In the following, we focus on a finite-horizon formulation. Thus, we quantify the probability
of reaching X𝑢 in a given finite horizon𝑇 < ∞ and compute its complement. A (finite-horizon) safety specification
𝜓safe := (X𝑢,𝑇 ) is hence fully characterized by an unsafe set X𝑢 and a time horizon 𝑇 . The system 𝜋 ×M satisfies
𝜓safe with probability at least 𝑝 ∈ (0, 1) if the probability of its trajectories starting in X0 and avoiding X𝑢 within
horizon 𝑇 is at least 𝑝 . This is denoted by 𝑃𝜋safe (M) := P(𝜋 ×M ⊨ 𝜓safe) (Baier and Katoen 2008), for which we
require 𝑃𝜋safe (M) ≥ 𝑝 . To illustrate this, consider the following concrete example.

Example 1. Fig. 1 shows an autonomous vehicle (in blue) overtaking a leading vehicle. The dynamics of the ego
vehicle are given by Dubin’s car model with additive noise:

𝑥𝑡+1
𝑦𝑡+1
𝜙𝑡+1

 =


𝑥𝑡
𝑦𝑡
𝜙𝑡

 + 𝜏

𝑣 cos(𝜙𝑡 )
𝑣 sin(𝜙𝑡 )

𝑢𝑡

 +

𝑤1
𝑡

𝑤2
𝑡

𝑤3
𝑡

 , (2)
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X0 X𝑢

X𝑢

Fig. 1. Examples of safety-critical embodied AI systems in the transport sector.

with time discretization 𝜏 := 0.5, where (𝑥,𝑦) denotes the relative position in longitudinal and lateral direction, and
𝜙 is the heading angle. The maneuver starts in X0 (blue region). Let the noise𝑤 𝑖

𝑡 , 𝑖 ∈ {1, 2, 3}, be zero-mean Gaussian
with standard deviation 0.01, 0.01, and 0.001, respectively. The steering angle 𝑢𝑡 = 𝜋 (𝑥𝑡 ) is supplied by a neural
network (NN) controller 𝜋 : X→ U, which is trained to steer clear of the sides of the road and overtake the leading
vehicle without collision; that is, as illustrated in Fig. 1, avoiding the unsafe regions X𝑢 and reaching a target set
ahead of the leading vehicle. The goal of this paper is to determine (probabilistically) if the controlled system 𝜋 ×M
is safe.

We remark that for finite-horizon safety, maximizing 𝑃𝜋safe (M) with respect to the policy 𝜋 would require
policies that are Markov and time-variant (Puterman 1994). In contrast, the inequality 𝑃𝜋safe (M) ≥ 𝑝 may be
satisfiable by any type of policies. For simplicity, we consider stationary (i.e., time-invariant) policies of the form
𝜋 : X→ U.

2.3 Control Barrier Certificates
Whilst certifying the safety of a continuous-space stochastic system is generally challenging, control barrier
certificates (CBCs) and control barrier functions (CBFs) leverage the concept of set invariance to arrive at an
abstraction-free formulation. This has made CBCs/CBFs popular tools for safety verification and synthesis (Prajna,
Jadbabaie, et al. 2007). We briefly recall the definition of a CBC, based on the theory of Kushner (1967), dubbed
stochastic barrier functions by Santoyo et al. (2021).

Definition 2 (Control barrier certificate (CBC)). A function 𝐵 : X → R≥0 is called a CBC of an MDP
M = (X,X0,U, t) with reference to an unsafe set X𝑢 , if we have
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(a) ∀𝑥0 ∈ X0 : 𝐵(𝑥0) ≤ 𝜂;
(b) ∀𝑥𝑢 ∈ X𝑢 : 𝐵(𝑥𝑢) ≥ 1; and
(c) ∀𝑥 ∈ X, ∃𝑢 ∈ U : Et [ 𝐵(𝑋 +) | 𝑋 = 𝑥, 𝑈 = 𝑢 ] − 𝐵(𝑥) ≤ 𝑐;

for some constants 𝜂 ∈ [0, 1) and 𝑐 ≥ 0.

Intuitively, condition (c) of Definition 2 restricts the CBC 𝐵 to elicit a relaxed supermartingale property for
any non-zero constant 𝑐 . Note that this implies the existence of a stationary policy 𝜋 : X→ U generating the
corresponding control inputs 𝑢 ∈ U. If a CBC can be found for a systemM, then, a lower bound on the probability
of M being safe is given by the following proposition due to Kushner (1967, Theorem 3).

Proposition 1 (Finite-horizon safety). Consider an MDP M = (X,X0,U, t) and a safety specification𝜓safe =

(X𝑢,𝑇 ). Suppose there exists a CBC 𝐵 with respect to X𝑢 (Definition 2) with constants 𝜂 and 𝑐 . Then, there exists a
stationary policy 𝜋 such that

𝑃𝜋safe (M) ≥ 1 − (𝜂 + 𝑐𝑇 ).

Remark 1 (Infinite-horizon safety). Finding a CBC (Definition 2) for a non-negative constant 𝑐 > 0 is
generally easier than for 𝑐 = 0. If, however, a CBC can be obtained for 𝑐 = 0, Proposition 1 provides safety guarantees
for an unbounded time horizon 𝑇 → ∞. This recovers the results by Prajna, Jadbabaie, et al. (2007).

2.4 Problem Statement
The aim is to synthesize a safety policy 𝜋 for a black-box systemM, where the transition kernel t is unknown
and only observed through a finite set of observations of the form {𝑥𝑖 , 𝑢𝑖 , 𝑥𝑖+}𝑁𝑖=1, 𝑁 ∈ N>0, where 𝑥𝑖+ ∼ t( · | 𝑋 =

𝑥𝑖 , 𝑈 = 𝑢𝑖 ) for uniformly drawn 𝑥𝑖 ∼ UX ( · ) and 𝑢𝑖 ∼ UU ( · ). This corresponds to drawing i.i.d. samples from
the joint distribution

(𝑋,𝑈 ,𝑋 +) ∼ t(𝑋 + |𝑋,𝑈 ) UX (𝑋 ) UU (𝑈 ). (3)

Note that this setting admits a plethora of target systems. We formalize the problem statement as follows.

Problem 1. Consider a given safety specification 𝜓safe and a confidence level 1 − 𝜌 ∈ (0, 1). Without
knowledge of the transition kernel t of M and based only on i.i.d. observations {𝑥𝑖 , 𝑢𝑖 , 𝑥𝑖+}𝑁𝑖=1, 𝑁 ∈ N>0, find a
policy 𝜋 : X→ U and threshold 𝑝𝜋

𝑁
∈ (0, 1) such that 𝑃𝜋safe (M) ≥ 𝑝𝜋

𝑁
with confidence at least 1 − 𝜌 .

The confidence in Problem 1 is w.r.t. a random draw of 𝑁 data samples used to obtain the safety bound 𝑝𝜋
𝑁
, i.e.,

we have P𝑁 (𝑃𝜋safe (M) ≥ 𝑝𝜋
𝑁
) ≥ 1 − 𝜌 , where P𝑁 denotes the joint probability distribution over 𝑁 data samples.

In this work, we address Problem 1 under the assumption of minimal complexity information (see Assumption 1)
and use CBCs to certify probabilistic safety. The main challenge in establishing CBCs for unknown stochastic
systems arises from the stochastic constraint in condition (c) (Definition 2). We show how CBCs can be generated
from data by embedding the conditional probability measure via kernel methods, which cast the stochastic
constraint in terms of an inner product We construct an RKHS ambiguity set that is centered at the empirical
mean embedding and can be inflated to robustify against out-of-distribution dynamics. As a result, the problem
of synthesizing a robust policy is cast as a semi-infinite program. For the special case where a policy 𝜋 is given,
i.e., system verification, we present an efficient algorithmic solution. Based on a finite Fourier expansion of the
kernel, we establish a relaxation of the semi-infinite program as a scalable linear program.
In the following section, we give a brief introduction to RKHS theory and provide the results for embedding

(conditional) probability measures into RKHSs.
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3 Kernel Mean Embeddings
RKHS basics. A symmetric function 𝑘X : X × X→ R is called a (positive definite) kernel (note the distinction

from probability kernels) if for all 𝑁 ∈ N>0 we have
∑𝑁

𝑖=1
∑𝑁

𝑗=1 𝑎𝑖𝑎 𝑗𝑘X (𝑥𝑖 , 𝑥 𝑗 ) ≥ 0 for 𝑥1, . . . , 𝑥𝑁 ∈ X ⊂ R𝑛 and
𝑎1, . . . , 𝑎𝑁 ∈ R. A prominent example is the squared exponential (SQExp) kernel (Kanagawa et al. 2018; Rasmussen
and Williams 2005):

𝑘X (𝑥, 𝑥 ′) := 𝜎2
𝑓

exp
(
−1

2
(𝑥 − 𝑥 ′)⊤Σ−1 (𝑥 − 𝑥 ′)

)
, Σ := diag(𝜎𝑙 )2, (4)

with amplitude 𝜎2
𝑓
≥ 0 and lengthscale coefficients 𝜎𝑙 ∈ R𝑛 . For this work, we assume that all kernels are bounded

on their domain, i.e., E [𝑘X (𝑥, 𝑥)] < ∞, 𝑥 ∈ X. Given a kernel 𝑘X on a non-empty set X, there exists a unique
corresponding reproducing kernel Hilbert space (RKHS) H𝑘X of functions 𝑓 : X → R equipped with an inner
product ⟨ · , · ⟩H𝑘X

with the celebrated reproducing property such that for any function 𝑓 ∈ H𝑘X and 𝑥 ∈ X we
have 𝑓 (𝑥) = ⟨𝑓 , 𝑘X ( · , 𝑥)⟩H𝑘X

. Note that 𝜙X := 𝑘X ( · , 𝑥) : X→ H𝑘X is a real-valued function, which is also called
an implicit canonical embedding or feature map such that 𝑘X (𝑥, 𝑥 ′) = ⟨𝜙X (𝑥), 𝜙X (𝑥 ′)⟩H𝑘X

for all 𝑥, 𝑥 ′ ∈ X. For
an RKHS H𝑘X , we use the associated feature map 𝜙X and kernel 𝑘X interchangeably for ease of notation and
comprehensibility. The inner product induces the norm | |𝑓 | |H𝑘X

:=
√
⟨𝑓 , 𝑓 ⟩H𝑘X

of the RKHS. A Hilbert space H is
said to be separable if it admits a countable dense subset. Throughout this paper, we assume that all RKHSs are
separable. Refer to the monograph by Berlinet and Thomas-Agnan (2004) for a comprehensive study on RKHSs.
Given 𝑁 i.i.d. samples 𝑋𝑁 := [𝑥𝑖 ]𝑁𝑖=1 with 𝑥𝑖 ∈ X, the Gram matrix of 𝑘X is given by 𝐾𝑁

𝑋̂
:= [𝑘X (𝑥𝑖 , 𝑥 𝑗 )]𝑁𝑖,𝑗=1.

Furthermore, we define the vector-valued function 𝑘𝑁
𝑋̂
(𝑥) := [𝑘X (𝑥, 𝑥𝑖 )]𝑁𝑖=1 .

Tensor product Hilbert spaces. For two kernels 𝑘X : X × X→ R and 𝑘Y : Y × Y→ R with associated RKHSs
HX and HY, HXY := HX ⊗ HY is the tensor product of the Hilbert spaces HX and HY with reproducing kernel
𝑘XY ((𝑥,𝑦), (𝑥 ′, 𝑦′)) = 𝑘X (𝑥, 𝑥 ′) 𝑘Y (𝑦,𝑦′), for 𝑥, 𝑥 ′ ∈ X, 𝑦,𝑦′ ∈ Y. HX ⊗ HY is equipped with the inner product
⟨𝜑X ⊗ 𝜑Y, 𝜑 ′

X ⊗ 𝜑 ′
Y⟩HX⊗HY = ⟨𝜑X, 𝜑 ′

X⟩HX ⟨𝜑Y, 𝜑 ′
Y⟩HY , for 𝜑X, 𝜑 ′

X ∈ HX and 𝜑Y, 𝜑 ′
Y ∈ HY, where its elements

𝜑X ⊗ 𝜑Y are called tensors. The associated norm is given by | |𝜑X ⊗ 𝜑Y | |HX⊗HY = | |𝜑X | |HX | |𝜑Y | |HY (Arai 2018,
Chapter 2). For feature vectors 𝜑X (𝑥) and 𝜑Y (𝑦), 𝜑X (𝑥) ⊗ 𝜑Y (𝑦) indicates their outer product.

3.1 Embedding Probability Measures
To reason about the expected value of a random variable, embedding the variable into a (higher dimensional)
space is a well-established concept in ML (Schölkopf and A. J. Smola 2002; Steinwart and Christmann 2008). The
(kernel) mean embedding (ME) follows the same reasoning and represents the projection of a probability measure
into an RKHS (A. Smola et al. 2007).

Definition 3 (Mean embedding (ME)). Given an RKHSH𝑘X induced by a kernel 𝑘X : X × X→ R, the mean
embedding of a probability measure 𝑝 : B(X) → [0, 1] is computed via the mean map 𝜇𝑘X : P(X) → H𝑘X as

𝜇𝑘X (𝑝) := E𝑝 [𝜙X (𝑋 )] =
∫
X
𝜙X (𝑥) 𝑑𝑝 (𝑥).

Note that the reproducing property of the kernel carries on to the ME, facilitating the computation of the
expected value of a function 𝑓 ∈ H𝑘X via the inner product (A. Smola et al. 2007), that is

E𝑝 [𝑓 (𝑋 )] = ⟨𝑓 , 𝜇𝑘X (𝑝)⟩H𝑘X
. (5)

If 𝑘X is characteristic, any probability measure 𝑝 ∈ P(X) is injectively mapped to a unique ME 𝜇𝑘X (𝑝) ∈ H𝑘X

(Gretton et al. 2012). This gives rise to the definition of a distance metric between two probability measures in
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terms of their embeddings in RKHS — the maximum mean discrepancy (MMD). For a characteristic kernel 𝑘X, the
MMD between two prob. measures 𝑝, 𝑝′ ∈P(X) in H𝑘X is defined as

����𝜇𝑘X (𝑝) − 𝜇𝑘X (𝑝′)����H𝑘X
(Gretton et al. 2012).

3.2 Embedding Conditional Probability Measures
Analogous to generic probability measures, there exists a similar notion for embedding conditional probability
measures of the form p : X × B(Y) → [0, 1] with realizations 𝑌 ∼ p( · |𝑋 = 𝑥) for a conditioning variable
taking concrete values 𝑥 ∈ X. More specifically, we use the measure-theoretic conditional mean embedding
(CME) introduced by Park and Muandet (2020). To this end, we equip the space of the conditioning random
variable 𝑋 ∈ X and the space of the target random variable 𝑌 ∈ Y with individual kernels 𝑘X : X × X→ R and
𝑘Y : Y × Y→ R, respectively.

Definition 4 (Conditional mean embedding (CME)). Given two RKHSsH𝑘X andH𝑘Y with the associated
kernels 𝑘X and 𝑘Y, the CME of a conditional probability measure p : X×B(Y) → [0, 1] is an 𝑋 -measurable random
variable taking values in H𝑘Y given by

𝜇𝑘Y |𝑘X (p) ( · ) := Ep [𝜙Y (𝑌 ) | 𝑋 = · ] .

Refer to Park and Muandet (2020) for a comprehensive mathematical dissemination of the CME. Analogous to
the non-conditional case, we can compute the conditional expectation of a function 𝑓 ∈ H𝑘Y via its inner product
with the CME, i.e., almost surely

Ep [𝑓 (𝑌 ) | 𝑋 = 𝑥] = ⟨𝑓 , 𝜇𝑘Y |𝑘X (p) (𝑥)⟩H𝑘Y
. (6)

Since the CME of a conditional measure p is generally unknown (and potentially infinite dimensional), we may
obtain an empirical estimate from a finite set of training data.

Proposition 2 (Empirical CME). Let a finite dataset (𝑋𝑁 , 𝑌𝑁 ) := ( [𝑥𝑖 ]𝑁𝑖=1, [𝑦𝑖 ]𝑁𝑖=1) of samples (𝑥𝑖 , 𝑦𝑖 ) ∈ X × Y
from a conditional probability measure p : X × B(Y) → [0, 1] be given such that 𝑦𝑖 ∼ p( · |𝑋 = 𝑥𝑖 ). For kernels 𝑘X,
𝑘Y, the empirical CME of p given (𝑋𝑁 , 𝑌𝑁 ) is

𝜇𝑁
𝑘Y |𝑘X ( · ) := 𝑘𝑋̂ ( · )

⊤
[
𝐾𝑁

𝑋̂
+ 𝑁𝜆𝐼𝑁

]−1
𝜙Y (𝑌𝑁 ),

with a regularization constant 𝜆 ≥ 0. For 𝑁 → ∞, the empirical CME converges in expectation, that is,

EUXUU
[����𝜇𝑁

𝑘Y |𝑘X (𝑋,𝑈 ) − 𝜇𝑘Y |𝑘X (p) (𝑋,𝑈 )
����
H𝑘Y

]
→ 0.

Here and in the following, we assume that [𝐾𝑁

𝑋̂
+ 𝑁𝜆𝐼𝑁 ] (and equivalent terms) are invertible. Note that this is

always true if the regularization constant 𝜆 is strictly positive. By virtue of the reproducing property we have for
any function 𝑓 ∈ H𝑘Y almost surely that

Ep [𝑓 (𝑌 ) | 𝑋 = 𝑥] ≈ ⟨𝑓 , 𝜇𝑁
𝑘Y |𝑘X (𝑥)⟩H𝑘Y

= 𝑘𝑁
𝑋̂
(𝑥)⊤

[
𝑘𝑁
𝑋̂
+ 𝑁𝜆𝐼𝑁

]−1
𝑓 (𝑌𝑁 ). (7)

Note that the empirical estimate improves in probability as more data becomes available.

4 Data-Driven Barrier Formulation
In this section, we establish the supermartingale-like property (c) in Definition 2 for a system with unknown
transition kernel t using its CME based on i.i.d. training data generated from the unknown true system (3), that
is, data of the form

(𝑋𝑁 ,𝑈𝑁 , 𝑋
+
𝑁 ) := ( [𝑥𝑖 ]𝑁𝑖=1, [𝑢𝑖 ]𝑁𝑖=1, [𝑥+1 ]𝑁𝑖=1), with 𝑥+𝑖 ∼ t( · |𝑋 = 𝑥𝑖 , 𝑈 = 𝑢𝑖 ), (8)

generated from the unknown black-box system as shown in (3).
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Table 1. Overview of the kernels and RKHSs.

RKHS Kernel Feature Map

H𝑥 𝑘𝑥 : X × X→ R 𝜙𝑥 : X→ H𝑥

H𝑢 𝑘𝑢 : U × U→ R 𝜙𝑢 : U→ H𝑢

H+ 𝑘+ : X × X→ R 𝜙+ : X→ H+
H𝑥𝑢 𝑘𝑥𝑢 : (X × U) × (X × U) → R not used
G Γ : (X × U) × (X × U) → L(H+) not used

Our theoretical analysis assumes uniform i.i.d. samples to simplify concentration arguments — a common
assumption in formal settings. In particular, this assumption stems from established results (e.g., Park andMuandet
2020) on the consistency of the empirical CME (see Proposition 2). Whilst access to i.i.d. data of the form (8) is a
strong assumption, the guarantees established in this manuscript can be preserved under substantially weaker
conditions, such as ergodicity, geometric mixing, or risk-based notions, by replacing the nominal sample size 𝑁
with an effective sample size 𝑁eff that accounts for temporal dependence (see, e.g., Massiani et al. 2024; Steinwart
and Christmann 2009; Ziemann and Tu 2022). Whilst the development of new concentration inequalities lies
beyond the scope of this paper, it has been shown that kernel-based methods such as the CME can be applied
even with dependent data — such as data sequences — in many settings (see, e.g., Massiani et al. 2024; Steinwart
and Christmann 2009; Ziemann and Tu 2022).
In the following, we will use three kernels, one for each of the three components 𝑋𝑁 ,𝑈𝑁 , and 𝑋 +

𝑁
, namely

𝑘𝑥 : X × X→ R, 𝑘𝑢 : U × U→ R, 𝑘+: X × X→ R, (9)
with their associated RKHSs H𝑥 , H𝑢 , and H+, respectively. We will assume that 𝑘+ is characteristic. Furthermore,
we define the tensor product space H𝑥𝑢 := H𝑥 ⊗ H𝑢 with the associated kernel 𝑘𝑥𝑢 := 𝑘𝑥 · 𝑘𝑢 . Table 1 gives a
brief summary of the notation used in the remainder of the paper.
To reason about the unknown dynamics in a mathematically rigorous way, we must restrict the system

dynamics to a known function space. In particular, we will assume that the CME of the transition kernel t lives in
a vector-valued RKHS of mappings X ×U→ H+, which we indicate by G (Park and Muandet 2020, Section 2.3).2
We will call G the latent hypothesis (function) space of the system. Under standard assumptions, G is dense in
𝐿2 (X × U,B(X × U), t;H+), where 𝐿2 (X × U,B(X × U), t;H+) is the space of strongly (B(X × U) − B(H+))-
measurable and Bochner square-integrable functions X × U→ H+ with respect to t, with B(X × U) and B(H+)
being the Borel 𝜎-fields of X × U and H+, respectively (Z. Li et al. 2022). This assumption imposes minimal
structural constraints on the underlying dynamics. In fact, in contrast to many existing approaches based on
finite Taylor approximations of the unknown dynamics — which are limited to approximating analytic functions
of bounded degree — the RKHS framework adopted here allows approximation of a far broader class, e.g., of
all smooth functions via the squared exponential kernel. This property affords significantly greater modeling
flexibility and expressiveness. Moreover, the choice of kernel provides a natural mechanism for incorporating
prior knowledge, where available. With this, we raise the following standard assumption.

2For a fixed choice of (𝑥,𝑢 ) ∈ X × U, the vector-valued RKHS G reduces to the regular RKHS H+.
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Assumption 1. Let the CME 𝜇𝑘+|𝑘𝑥𝑢 (t) be well-specified, i.e., 𝜇𝑘+|𝑘𝑥𝑢 (t) ∈ G. Furthermore, given confidence
1 − 𝜌 ∈ (0, 1), let a bound 𝜀 ≥ 0 be known such that

P

(������𝜇𝑘+|𝑘𝑥𝑢 (t) − 𝜇𝑁𝑘+|𝑘𝑥𝑢 ������G ≤ 𝜀
)
≥ 1 − 𝜌,

for the empirical CME based on (𝑋𝑁 ,𝑈𝑁 , 𝑋
+
𝑁
), which is given by

𝜇𝑁
𝑘+|𝑘𝑥𝑢 := 𝑘𝑁

𝑋̂𝑈̂
( · )⊤

[
𝐾𝑁

𝑋̂𝑈̂
+ 𝑁𝜆𝐼𝑁

]−1
𝜙+ (𝑋 +

𝑁 ). (10)

It is common practice to introduce a robustness radius 𝜀 (as in Assumption 1) to account for uncertainty in
empirical estimates such as the estimated conditional expectation (7) by constructing an RKHS ambiguity set
centered at the empirical CME. Although theoretical results exist that relate this radius to the probability of
the true CME of the black-box dynamics t lying within the ambiguity set — achieving minimax rates of order
O(log(𝑁 )/𝑁 ) (Z. Li et al. 2022; Mollenhauer et al. 2022) — such concentration bounds tend to be excessively
conservative in practice. Consequently, the radius is often chosen manually or calibrated using data-driven
techniques such as MMD-based bootstrapping (see, e.g., Nemmour et al. 2022, for an approach using non-
conditional MEs).

To learn CBCs from data, we start by reformulating the conditional expectation in the left-hand side of condition
(c) in Definition 2 via the inner product with the CME 𝜇𝑘+|𝑘𝑥𝑢 (t) as shown in (6), that is, almost surely

Et [𝐵(𝑋 +) |𝑋 = 𝑥, 𝑈 = 𝑢] = ⟨𝐵, 𝜇𝑘+|𝑘𝑥𝑢 (t) (𝑥,𝑢)⟩H+ .

Since the CME 𝜇𝑘+|𝑘𝑥𝑢 (t) is unknown, we construct an ambiguity set C𝑁
𝜀 ⊂ G centered at the empirical CME 𝜇𝑁

𝑘+|𝑘𝑥𝑢
constructed from the data in (8) (via Proposition 2) and choose an MMD radius 𝜀 ≥ 0 such that the CME of t lies
within the ambiguity set C𝑁

𝜀 with a confidence of at least 1− 𝜌 ∈ (0, 1), i.e., such that P(𝜇𝑘+|𝑘𝑥𝑢 (t) ∈ C𝑁
𝜀 ) ≥ 1− 𝜌 ,

with the ambiguity set

C𝑁
𝜀 :=

{
𝜇 ∈ G

���� ������𝜇 − 𝜇𝑁𝑘+|𝑘𝑥𝑢 ������G ≤ 𝜀
}
. (11)

With this, we obtain the following result.

Theorem 1. Let data (𝑋𝑁 ,𝑈𝑁 , 𝑋
+
𝑁
) in (8) from an unknown MDPM and kernels 𝑘𝑥𝑢 and 𝑘+ (characteristic)

be given. Consider the resulting empirical CME 𝜇𝑁
𝑘+|𝑘𝑥𝑢 in (10) and the ambiguity set C𝑁

𝜀 in (11) with confidence
bound 1 − 𝜌 . If there exists a function 𝐵 : X→ R≥0, 𝐵 ∈ H+, satisfying

∀𝑥 ∈ X, ∃𝑢 ∈ U, ∀𝜇 ∈ C𝑁
𝜀 : ⟨𝐵, 𝜇 (𝑥,𝑢)⟩H+ − 𝐵(𝑥) ≤ 𝑐, (12)

for some constant 𝑐 ≥ 0, then, 𝐵 satisfies CBC condition (c) of Def. 2 w.r.t. M with probability at least 1 − 𝜌 .

With the following theorem, we provide a way of establishing Theorem 1 by reformulating the left-hand side
of (12) for the RKHS norm-ball ambiguity set in (11). For this, let 𝐾𝑁

𝑋̂ + and 𝐾
𝑁

𝑋̂𝑈̂
be the Gram matrices associated

with (𝑘+, 𝑋 +) and (𝑘𝑥𝑢, [(𝑥𝑖 , 𝑢𝑖 )]𝑁𝑖=1), respectively.

Theorem 2. Consider the setup of Theorem 1. If there exists a function 𝐵 : X→ R≥0, 𝐵 ∈ H+, with some
𝐵 ≥ ||𝐵 | |H+ such that

∀𝑥 ∈ X, ∃𝑢 ∈ U : 𝑤 (𝑥,𝑢)⊤𝐵(𝑋 +
𝑁 ) − 𝐵(𝑥) ≤ 𝑐 − 𝜀𝐵𝜅 (𝑥,𝑢), (13)
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for some constant 𝑐 ≥ 0, 𝜅 (𝑥,𝑢) :=
√︁
𝑘𝑥 (𝑥, 𝑥)

√︁
𝑘𝑢 (𝑢,𝑢), and weighting function

𝑤 (𝑥,𝑢)⊤ := 𝑘𝑁
𝑋̂𝑈̂

(𝑥,𝑢)⊤
[
𝐾𝑁

𝑋̂𝑈̂
+ 𝑁𝜆𝐼𝑁

]−1
, (14)

with constant 𝜆 ≥ 0, then, 𝐵 satisfies CBC condition (c) of Definition 2 with respect toM with probability at
least 1 − 𝜌 . Note that this implies the existence of a policy 𝜋 : X→ U satisfying (13).

Proof. We start by rewriting the inner product in (12) as

⟨𝐵, 𝜇 (𝑥,𝑢)⟩H+ = ⟨𝐵, 𝜇 (𝑥,𝑢) − 𝜇𝑁
𝑘+|𝑘𝑥𝑢(𝑥,𝑢)⟩H+ + ⟨𝐵, 𝜇𝑁

𝑘+|𝑘𝑥𝑢(𝑥,𝑢)⟩H+ .

Via (7), the latter term yields 𝑤 (𝑥,𝑢)⊤𝐵(𝑋 +
𝑁
). For the prior term, let Γ : (X × U) × (X × U) → L(H+) be the

operator-valued positive definite kernel of G (see, e.g., Z. Li et al. 2022, Definition 1) given by Γ((𝑥,𝑢), (𝑥 ′, 𝑢′)) :=
𝑘𝑥𝑢 ((𝑥,𝑢), (𝑥 ′, 𝑢′)) IdH+ , where L(H+) is the Banach space of bounded linear operators from H+ to H+ and
IdH+ is the identity operator on H+. Then, it follows from the reproducing property of Γ (cf. Z. Li et al. 2022,
Equation (2)ff.) that

⟨𝐵, 𝜇 (𝑥,𝑢)−𝜇𝑁
𝑘+|𝑘𝑥𝑢(𝑥,𝑢)⟩H+ = ⟨Γ( · , (𝑥,𝑢))𝐵, 𝜇 − 𝜇𝑁

𝑘+|𝑘𝑥𝑢 ⟩G,
≤ 𝜀 | |Γ( · , (𝑥,𝑢))𝐵 | |G ,

= 𝜀
√︁
⟨Γ( · , (𝑥,𝑢))𝐵, Γ( · , (𝑥,𝑢))𝐵⟩G,

= 𝜀
√︁
⟨𝐵, Γ((𝑥,𝑢), (𝑥,𝑢))𝐵⟩H+ ,

≤ 𝜀𝐵
√︁
| |Γ((𝑥,𝑢), (𝑥,𝑢)) | |,

= 𝜀𝐵
√︁
𝑘𝑥𝑢 ((𝑥,𝑢), (𝑥,𝑢)) .

Reordering yields (13), concluding the proof. □

Intuitively, the conservatism introduced due to the worst-case approach w.r.t. the unknown transition kernel t is
captured by the term 𝜀𝐵𝜅, thus proportional to the radius 𝜀. Ensuring that (13) holds for an adequate offset 𝜀𝐵𝜅
gives the necessary headroom to provide guarantees for dynamics deviating from the empirical observations,
captured in the CME. As we design the CBC 𝐵, an upper bound 𝐵 can be estimated via analytical expressions or
numerical estimation (Berlinet and Thomas-Agnan 2004; Kanagawa et al. 2018). With the following proposition,
we quantify the safety probability of a black-box system based on the results from Theorem 2.

Theorem 3 (Data-driven finite-horizon safety). Consider the data-based setup in Theorem 2 and a
safety specification𝜓safe = (X𝑢,𝑇 ). Suppose there exists a function 𝐵 satisfying the conditions in Theorem 2 for
a constant 𝑐 ≥ 0 and policy 𝜋 . If there exists a constant 𝜂 ∈ [0, 1) such that
(a) ∀𝑥0 ∈ X0 : 𝐵(𝑥0) ≤ 𝜂; and
(b) ∀𝑥𝑢 ∈ X𝑢 : 𝐵(𝑥𝑢) ≥ 1;

are satisfied, then, with probability at least 1 − 𝜌 we have

𝑃𝜋safe (M) ≥ 1 − (𝜂 + 𝑐𝑇 ).

Theorem 3 follows trivially from Theorem 2 and Proposition 1.

5 Extension to General Classes of Temporal Logic Specifications
The results presented in the previous section can be extended to develop a data-driven approach for computing
a lower bound on the satisfaction of more general specifications beyond safety. Examples include developing

Journal of Artificial Intelligence Research, Vol. 86, Article 25. Publication date: July 2026.



Kernel-Based Learning of Safety Barriers • 25:13

AI systems satisfying liveness, fairness, and complex temporal properties in scenarios involving cooperation or
human interaction.

5.1 Linear Temporal Logic over Finite Traces
The work by Jagtap, Soudjani, et al. (2021) introduces a model-based procedure for using CBCs to compute a
lower bound on the probability of satisfying LTL specifications over finite traces (LTLF). The procedure comprises
the following steps:

(i) The specification is negated;
(ii) The negated specification is translated into a DFA;
(iii) The resulting DFA is decomposed into a sequence of reachability tasks;
(iv) For each individual task, an upper bound on its satisfaction probability is computed using CBCs; and
(v) The individual bounds are composed, based on the structure of the DFA, to obtain a lower bound on the

probability of satisfying the original LTLF specification.
This procedure relies primarily on knowledge of the specification and uses CBCs as a subroutine to establish

bounds on the individual reachability probabilities. In scenarios where a model of the system is not available
but an LTLF specification is given, the identical procedure outlined above can be applied in conjunction with
data-driven CBCs constructed using the results of Section 4. Further technical details are omitted here, as the
overall approach remains unchanged from that of Jagtap, Soudjani, et al. (2021), with the only difference being
the substitution of model-based CBCs by their data-driven counterparts developed in Section 4.

5.2 Specifications Modeled via Co-Büchi Automata
In an effort to address a broader class of specifications beyond LTLF, the work by Anand et al. (2024) proposes
a method for computing a lower bound on the probability of satisfying 𝜔-regular specifications in networked
stochastic systems. However, the approach is based on a fundamental simplification: the original specification
is reduced to an automaton with a co-Büchi acceptance condition — that is, an acceptance criterion requiring
certain states to be visited only finitely often. Consequently, the method is effectively restricted to a strict subset
of 𝜔-regular specifications.

The approach of Anand et al. (2024) comprises the following steps:
(i) The 𝜔-regular specification is modeled as a DFA with a Rabin acceptance condition;
(ii) The specification is strengthened by replacing the Rabin condition with a co-Büchi acceptance condition;
(iii) A subset of satisfying traces with repeating cycles is extracted from the resulting automaton;
(iv) These traces are decomposed into sequences of safety specifications;
(v) CBCs are employed to compute individual lower bounds on the probability of satisfying these safety

specifications; and
(vi) The individual bounds are combined to obtain a lower bound on the probability of satisfying the original

specification.
As for the approach proposed by Jagtap, Soudjani, et al. (2021) reviewed previously, the above procedure relies
primarily on knowledge of the specification and uses CBCs as a subroutine to obtain bounds on the individual
safety probabilities. Thus, the data-driven results of Section 4 can be used to extend the procedure to a model-free
setting. The underlying steps remain unchanged, and so the mathematical details are omitted.

5.3 𝝎-Regular Specifications
To address the general class of 𝜔-regular specifications, we build on the concept of Streett supermartingales,
proposed by Abate, Giacobbe, et al. (2024), and provide a data-driven version that can be established without
model knowledge and based only on data from the system. For this, let a Streett pair, i.e., a pair of sets (𝐹, 𝐼 ) with
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𝐹, 𝐼 ∈ B(X), be given. The following result is an extension of Theorem 3 by Abate, Giacobbe, et al. (2024) to
systems with control inputs.

Proposition 3 (Streett supermartingale). For an MDPM = (X,X0,U, t) and a Streett pair (𝐹, 𝐼 ), suppose
there exist two functions 𝑉 : X→ R, 𝐵 : X→ R≥0, and positive constants 𝜒, 𝜈 > 0, such that for all 𝑥 ∈ X there is a
𝑢 ∈ U satisfying the following conditions:

(a) 𝑉 (𝑥+) ≤ 𝑉 (𝑥) almost surely with 𝑥+ ∼ t( · |𝑋 = 𝑥, 𝑈 = 𝑢), if 𝑥 ∈𝑊 ;
(b) Et [ 𝐵(𝑋 +) | 𝑋 = 𝑥, 𝑈 = 𝑢 ] − 𝐵(𝑥) ≤ −𝜒 , if 𝑥 ∈ (𝐹\𝐼 ) ∩𝑊 ;
(c) Et [ 𝐵(𝑋 +) | 𝑋 = 𝑥, 𝑈 = 𝑢 ] − 𝐵(𝑥) ≤ 𝜈 , if 𝑥 ∈ 𝐼 ∩𝑊 ; and
(d) Et [ 𝐵(𝑋 +) | 𝑋 = 𝑥, 𝑈 = 𝑢 ] − 𝐵(𝑥) ≤ 0, if 𝑥 ∈𝑊 \(𝐹 ∪ 𝐼 );

where𝑊 = {𝑥 ∈ X | 𝑉 (𝑥) ≤ 1}. Then, we call 𝐵 a Streett supermartingale and there exists a control policy
𝜋 : X→ U under which the MDP starting from any 𝑥0 ∈𝑊 almost surely either visits 𝐹 a finite number of times or
visits 𝐼 infinitely often.

From the four conditions in Proposition 3, the last three involve the computation of conditional expectations.
These conditions can be replaced with their data-driven version using CMEs. The first condition, however,
requires the inequality to hold almost surely. To satisfy the first condition, we raise the following assumption.

Assumption 2. For the MDPM = (X,X0,U, t), the support of t is known, i.e., there is a set 𝑆 (𝑥,𝑢) such that
t(𝑆 (𝑥,𝑢) |𝑥,𝑢) = 1 for all 𝑥 ∈ X and 𝑢 ∈ U.

Remark 2. When the system is directly represented with dynamics in (1), the above assumption can be satisfied
by requiring that the deterministic part of the dynamics 𝑓 and the supportW of 𝑤𝑡 are known, but the measure
𝑝𝑤 ∈ P(W) of𝑤𝑡 is unknown. In this case, 𝑆 (𝑥,𝑢) = {𝑓 (𝑥,𝑢,𝑤) | 𝑤 ∈ W}.

The next theorem presents the conditions for the CME-based computation of Streett supermartingales under
Assumption 2.

Theorem 4. Let data (𝑋𝑁 ,𝑈𝑁 , 𝑋
+
𝑁
) in (8) from an unknown MDP M under Assumption 2 and kernels 𝑘𝑥𝑢

and 𝑘+ (characteristic) be given. Consider the resulting empirical CME 𝜇𝑁
𝑘+|𝑘𝑥𝑢 in (10) and the ambiguity set

C𝑁
𝜀 in (11) with confidence bound 1 − 𝜌 . For a Streett pair (𝐹, 𝐼 ), suppose there exist two functions 𝑉 : X→ R,
𝐵 : X→ R≥0, 𝐵 ∈ H+, and positive constants 𝜒, 𝜈 > 0, such that for all 𝑥 ∈ X there is a 𝑢 ∈ U such that
(a) 𝑉 (𝑥+) ≤ 𝑉 (𝑥), for all 𝑥+ ∈ 𝑆 (𝑥,𝑢), if 𝑥 ∈ 𝐼 ;
(b) 𝑤 (𝑥,𝑢)⊤𝐵(𝑋 +

𝑁
) − 𝐵(𝑥) ≤ −𝜒 − 𝜀𝐵𝜅 (𝑥,𝑢), if 𝑥 ∈ (𝐹\𝐼 ) ∩𝑊 ;

(c) 𝑤 (𝑥,𝑢)⊤𝐵(𝑋 +
𝑁
) − 𝐵(𝑥) ≤ 𝜈 − 𝜀𝐵𝜅 (𝑥,𝑢), if 𝑥 ∈ 𝐼 ∩𝑊 ; and

(d) 𝑤 (𝑥,𝑢)⊤𝐵(𝑋 +
𝑁
) − 𝐵(𝑥) ≤ −𝜀𝐵𝜅 (𝑥,𝑢), if 𝑥 ∈𝑊 \(𝐹 ∪ 𝐼 );

where𝑊 = {𝑥 ∈ X | 𝑉 (𝑥) ≤ 1}, 𝐵 ≥ ||𝐵 | |H+ , 𝜅 (𝑥,𝑢) :=
√︁
𝑘𝑥 (𝑥, 𝑥)

√︁
𝑘𝑢 (𝑢,𝑢), and𝑤 (𝑥,𝑢)⊤ given in (14). Note

that this implies the existence of a policy 𝜋 : X→ U satisfying the conditions above. Then, we call 𝐵 a Streett
supermartingale and the MDP M starting from any 𝑥0 ∈𝑊 and under the policy 𝜋 almost surely either visits
𝐹 a finite number of times or visits 𝐼 infinitely often.

Any 𝜔-regular specification can be modeled with a deterministic finite automaton with a Streett acceptance
condition (Baier and Katoen 2008; Streett 1981). The acceptance condition consists of a finite set of Streett pairs
{(𝐹𝑖 , 𝐼𝑖 ), 𝑖 = 1, 2, . . . , 𝑝}. A trajectory satisfies the acceptance condition if for each 𝑖 = 1, 2, . . . , 𝑝 , it either visits 𝐹𝑖
a finite number of times or visits 𝐼𝑖 infinitely often. Hence, almost-sure satisfaction of an 𝜔-regular specification
can be checked by finding Streett supermartingales for each pair, where each Streett supermartingale associates a
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winning domain𝑊𝑖 . Then, a lower bound on the satisfaction probability can be computed by solving reachability
to the intersection of the winning domains ∩𝑖𝑊𝑖 .

Theorem 5. Consider the data-driven setup in Theorem 4 and a Streett condition {(𝐹𝑖 , 𝐼𝑖 ) : 𝑖 = 1, . . . , 𝑘}.
If for a shared control policy 𝜋 : X → U each pair (𝐹𝑖 , 𝐼𝑖 ) admits a Streett supermartingale 𝐵𝑖 according to
Theorem 4 with an associated winning domain𝑊𝑖 , then the trajectories under 𝜋 satisfy the Streett acceptance
condition almost surely from any initial state 𝑥0 ∈ ∩𝑖𝑊𝑖 .

6 Problem Characterization and Comparison of Solution Approaches
For a comprehensive investigation of computational techniques, we focus on safety verification in the rest of the
paper. Therefore, the control policy is assumed to be given, and the controlled system is denoted by the same
notation after eliminating the input from the mathematical expressions.

We start by summarizing and characterizing the optimization problem identified for computing CBCs from
data, which implements the conditions from Theorems 2–3:

min
𝐵,𝑐,𝜂

𝜂 + 𝑐𝑇 , (15a)

s.t. ∀𝑥0 ∈ X0 : 𝐵(𝑥0) ≤ 𝜂, (15b)
∀𝑥𝑢 ∈ X𝑢 : 𝐵(𝑥𝑢) ≥ 1, (15c)

∀𝑥 ∈ X𝑤 (𝑥)⊤𝐵(𝑋 +
𝑁 ) − 𝐵(𝑥) ≤ 𝑐 − 𝜀𝐵𝜅, (15d)

∀𝑥 ∈ X : 𝐵(𝑥) ≥ 0, (15e)
𝑐 ≥ 0, 𝜂 ∈ [0, 1), 𝐵 ∈ H+,

with coefficients 𝜅 ≥ sup𝑥∈X
√︁
𝑘𝑥 (𝑥, 𝑥)3, 𝐵 ≥ ||𝐵 | |H+ , and weight function

𝑤 (𝑥)⊤ := 𝑘𝑁
𝑋̂
(𝑥)⊤

[
𝐾𝑁

𝑋̂
+ 𝑁𝜆𝐼𝑁

]−1
.

Clearly, (15) constitutes an optimization problem with infinitely many constraints. Furthermore, recall that any
barrier 𝐵 ∈ H+ can be represented based on a linear combination of spatial support vectors 𝑥1, 𝑥2, . . . ∈ X and
coefficients 𝑏𝑖 ∈ R, namely

𝐵(𝑥) :=
∑︁
𝑖

𝑏𝑖𝑘+ (𝑥𝑖 , 𝑥). (16)

For popular choices of the kernel 𝑘+ such as the Gaussian, SQExp, or Matérn kernels, the semi-infinite program
(15) is generally not convex. We elaborate on possible (partial) dualizations in Subsection 6.1. The optimization
problem (15) therefore belongs to the general category of non-convex semi-infinite problems (SIPs). There exists a
collection of approaches from the robust optimization and semi-finite programming literature relevant to this
problem category (Djelassi et al. 2021). In the following subsections, we provide an overview of the approaches we
tested in implementation. More concretely, we juxtapose the frameworks based on their theoretical complexity
and report our experimental findings. We also note that, as all the approaches discussed take (15) as a starting
point, they are all based on the fundamental Assumption 1. That being said, we emphasize that this assumption
can be set arbitrarily general and we do not raise/consider any strong assumptions such as linear, affine, or
polynomial dynamics that could be exploited by special solvers.

3The reformulation of 𝜅 for translation invariant kernels 𝑘𝑥 is exact.
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6.1 Monolithic Solutions
Control barriers have been developed to reduce the computational burden associated with formal methods. In
particular, they have been developed as a supposedly “abstraction-free" alternative to address the so-called curse
of dimensionality, that arises from approaches based on the spatial partitioning of the system domain, aptly
dubbed “abstraction-based". Over the years, a list of customary assumptions has been established in the literature
to obtain feasible formulations of the barrier problem that can be efficiently solved monolithically, i.e., without
spatial or spectral subdivision. In the model-based case, the most typical assumptions include control-affine
polynomial dynamics and polynomial barriers (both of known maximum degree). In the model-free/data-driven
case, additional Lipschitz bounds on the dynamics and intermediate functions (Salamati et al. 2024) are inevitable,
knowledge assumed given even though the dynamics are deemed unknown. Evidently, it is unclear how these
assumptions can be rigorously justified.

6.1.1 Sum-of-Squares. The sum-of-squares (SOS) approach has gained notable popularity for establishing barriers
in polynomial system models (Prajna, Papachristodoulou, et al. 2005), with Schön, Zhong, et al. (2024) being the
first to cast data-driven barrier problems into SOS form. This method relies on several assumptions: polynomial
barrier functions, sets X,X0,X𝑢 ⊂ R𝑛 given in semi-algebraic form, and, in the data-driven case, dynamics that
are polynomially dependent on the state 𝑥 (i.e., H𝑥 limited to the RKHS of the polynomial kernel). Furthermore,
the computational complexity hinges directly on the maximum polynomial degree appearing in the resulting
program. There exist extensions to bases beyond polynomials, known as kernel SOS (KSOS) (Marteau-Ferey et al.
2020). For instance, Bagnell and Farahmand (2015) restrict a kernel machine to functions of SOS form from the
product RKHS H ′ := H ⊗ H based on a kernel

𝑘 ′ (𝑥, 𝑥 ′) := ⟨𝜙 (𝑥) ⊗ 𝜙 (𝑥), 𝜙 (𝑥 ′) ⊗ 𝜙 (𝑥 ′)⟩H′ = ⟨𝜙 (𝑥), 𝜙 (𝑥 ′)⟩2
H .

We provide further examples of such methods for hard-constraining kernel-machines in Subsection 6.2. Note,
that in the multivariate case 𝑛 > 1 SOS functions only constitute a subset of non-negative functions, hence
introducing some conservatism (Parrilo 2003). Nevertheless, the SOS approach is very popular for obtaining
well-behaved/convex relaxations of complex programs such as the SIP in (15) as it avoids domain discretization
and nonlinear optimization.

Although nomenclature-wise abstraction-free, the SOS approach is not immune to the curse of dimensionality,
as it covertly associates a semi-definite program (SDP) for which the number of variables scales exponentially
with the system dimension 𝑛 and the maximum polynomial degree 𝑑 . The resulting complexity of the SOS is
polynomial in the number of variables. Additionally, solving barrier problems such as the SIP (15) usually requires
the expression of the setsX,X0,X𝑢 , the constants 𝜂 and 𝑐 −𝜀𝐵𝜅 , and additional Lagrange multipliers in the chosen
kernel basis, which can be cumbersome (especially in an infinite basis) and increase the size of the SDP. There
exist sampling-based extensions that can (partly) bypass this additional overhead and even exploit sparsity under
the assumption of poisedness (Cifuentes and Parrilo 2017; Lofberg and Parrilo 2004). As developing efficient SOS
solvers is an active field of research, there exist many relevant recent advancements (Coey et al. 2022; Cunis and
Legat 2022). Refer to the paper by Parrilo (2003) for a more detailed dissemination of the SOS approach as well as
Jagtap, Soudjani, et al. (2021, Sec. V.C.1) and Schön, Zhong, et al. (2024) for its application to barrier certificates.

6.1.2 Dual Reformulation. In an effort to find similar variants of the SIP (15) that can be efficiently computed
monolithically but that require less restrictive assumptions, dual reformulation of the constraints may be consid-
ered. For example, for a polyhedral set X𝑢 := {𝑥𝑢 ∈ X | 𝐻𝑢𝑥𝑢 ≤ ℎ𝑢} with matrix 𝐻𝑢 and vector ℎ𝑢 of appropriate
dimension, the equivalent dual to (15c) is given by

min
𝜆𝑢≤0

𝐵∗ (𝐻⊤
𝑢 𝜆𝑢) − 𝜆⊤𝑢 ℎ𝑢 ≤ −1, (17)
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where 𝐵∗ is the Fenchel conjugate4 of 𝐵. Closed-form solutions for (17) can be obtained for specific choices of the
kernel 𝑘 , as shown with the following example.

Example 2 (Exponential kernel). Consider 𝐵 ∈ H with H the RKHS of the exponential kernel 𝑘 (𝑥, 𝑥 ′) :=
𝛼𝑒𝛽𝑥

⊤𝑥 ′
, 𝛼, 𝛽 > 0. Then, 𝐵 can be expressed in the form 𝐵(𝑥) = 𝛼 ∑

𝑖 𝑎𝑖𝑒
𝛽𝑥⊤

𝑖 𝑥 , where {𝑥𝑖 }𝑖∈I ⊂ X is an orthogonal
basis of X. Furthermore, the Fenchel conjugate 𝐵∗ is given by

𝐵∗ (𝜆) = 1
𝛽

∑︁
𝑖

1
| |𝑥𝑖 | |

𝑥⊤𝑖 𝐻
⊤
𝑢 𝜆. (18)

For an orthonormal basis {𝑥𝑖 }𝑖∈I we additionally have | |𝑥𝑖 | | = 1,∀𝑖 ∈ I. The derivation is omitted for brevity.

Even though this shows that we can indeed obtain convex closed-form reformulations of individual constraints
for specific choices of the kernel, it is not possible to convexify the entire optimization problem (15) in this
way. In fact, non-linear convexity of both constraints (15b) and (15c) is contradictory. Furthermore, the Kushner
constraint (15d) is generally neither convex nor concave. We will revisit dual reformulation in the context of
local optimization problems as used in branch-and-bound optimizers in Subsection 6.2.

6.2 Divide-and-Conquer Solutions
The main take-away from the previous subsection is that solving the non-convex SIP (15) in a monolithic
fashion is only feasible under carefully chosen assumptions. But even then, the solution approach suffers —
similar to abstraction-based approaches — from the curse of dimensionality. For those that strive for maximal
flexibility and minimal assumptions, in this subsection, we discuss approaches that (at least partially) leverage a
spatial subdivision of the domain of the system/barrier. Although bearing similarities to traditional abstraction-
based approaches, they leverage the barrier as a mathematical vehicle for storing information and guiding the
spatial abstraction process. In comparison, abstraction-based approaches often suffer from significant memory
requirements and adaptive abstraction regimes rely on ad-hoc principles such as the approximation of local
Lipschitz constants (Kazemi, Majumdar, et al. 2024; Soudjani and Abate 2013).

One-stage vs. Two-stage solutions. Approaches to solving the SIP (15) can be applied in both one-stage and
two-stage frameworks. One-stage methods determine valid barriers directly, while two-stage methods involve
(i) candidate barrier identification and (ii) candidate barrier verification. For instance, the CEGIS approach is a
two-stage method that iterates between learning candidate barriers and verifying them using a counterexample
approach (Edwards et al. 2024). Typically, verifying a candidate barrier is less complex than generating it, rendering
two-stage methods generally more computationally efficient. In Section 7, we present an efficient sampling-based
algorithm for generating barriers that are valid by design, thus avoiding the computational challenges associated
with CEGIS. For completeness, we will discuss and compare various verification approaches in the following.

6.2.1 SAT/SMT Solvers. Satisfiability (SAT) solvers and satisfiability modulo theory (SMT) solvers are useful
algorithmic tools for determining if a given set of equations can be satisfied. Thus, SMT solvers such as Z3
(De Moura and Bjørner 2008) and dReal (Gao, Kong, et al. 2013) have found widespread use in applications
requiring formal correctness guarantees. For example, Huang et al. (2017) use Z3 to verify the safety of neural
networks. Similarly, the recent barrier tool by Edwards et al. (2024) relies on SMT solvers to verify the soundness
of generated candidate barriers. Although the aforementioned solvers can handle (some) nonlinear expressions,
their numerical complexity is prohibitive. Whilst the exact complexity of solving an SIP such as (15) via SMT
solvers is problem dependent, the general complexity of 𝛿-SMT programs such as the ones solved by dReal is
NP-complete (Gao, Avigad, et al. 2012). The involved 𝛿-decision procedures construct a symbolic representation
4The Fenchel conjugate of a function 𝑓 : X→ R is defined as 𝑓 ∗ (𝑦) = sup𝑥 ∈X

(
𝑦𝑇 𝑥 − 𝑓 (𝑥 )

)
(Boyd and Vandenberghe 2004).
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of the problem by replacing nonlinear expressions with symbolic variables. The constraints are subsequently
evaluated over the continuous domain by applying interval arithmetic. The resulting number of paths to be
checked scales exponentially in the number of symbolic variables; a phenomenon known as path explosion.

6.2.2 Global Optimizers. Another approach to finding a feasible solution to the SIP (15) are global optimizers
with deterministic guarantees for finding the global optimum (within tolerance) in finite time (Horst and Tuy
2013). Global optimizers themselves can be subcategorized depending on their operating principle. For instance,
branch-and-bound (B&B) optimizers such as BARON (Sahinidis 1996), SCIP (Bestuzheva et al. 2021), and MAiNGO
(Bongartz et al. 2018) solve the problem by iteratively subdividing the domain and performing local convex
relaxations to obtain upper and lower bounds on possible function values. Similar to SMT solvers, they decompose
the nonlinear program by assigning symbolic variables to nonlinear expressions. For kernel-based methods such
as GPs, the number of nonlinear terms scales quadratically in the number of training samples. See Schweidtmann
et al. (2021) for a dissemination of global optimization of GPs based on branch-and-bound algorithms. For the
specific case of neural barrier verification, interval analysis tools such as immrax (Harapanahalli et al. 2024)
can be used. In contrast to SMT solvers, global optimizers can provide information beyond logical feasibility
and determine the actual (approximate) value of the global optimum. However, SMT solvers typically leverage
combinatorial techniques such as conflict-driven clause learning (CDCL) and are generally not less well equipped
to solving SIPs over continuous domains than global optimizers leveraging convex relaxations. Notably, the
tool MAiNGO provides dedicated relaxations for common kernel functions. The worst-case complexity of any
B&B algorithm is exponential. However, the average complexity of the algorithm can be significantly lower on a
case-by-case basis. In our experiments using the SQExp kernel, neither the SMT solver dReal nor any of the
previously mentioned B&B optimizers was able to produce results in a reasonable time frame for a minimal
example of the SIP (15) involving all constraints.

6.2.3 Compact Coverings. Most approaches to hard shape constraints for kernel methods use a compact covering
of the domain. For instance, the covering-based method outlined by Aubin-Frankowski and Szabo (2020) invokes
inequality constraints on function derivatives by sampling equidistant points. Similar to global optimizers, compact
coverings leverage regularity information of the optimization problem. In fact, a compact cover abandons the
iterative B&B scheme and constitutes its limit case by forming branches according to a globally unified regularity
property. Thus, compact coverings do not exclude regions of sure constraint satisfaction (that could be known
from a convex relaxation) from the computations. This results in a inferior computational complexity of O(𝑟𝑛),
where 𝑟 is the resolution of the discretization and 𝑛 the number of system dimensions (Lasserre 2001). To give
an intuition, for the SQExp kernel (4), the resolution 𝑟 required to obtain an error is highly dependent on the
amplitude 𝜎2

𝑓
of the kernel.

6.2.4 Other Approaches. There are a few noteworthy approaches that do not directly fit into the aforementioned
categories or are currently impractical. For example, the non-convex scenario optimization approach recently
presented by Garatti and Campi (2024) breaks down the solution of an SIP into the identification of the least
complex finite (i.e., having the fewest possible finitely many constraints) subproblem. However, obviously,
determining this subproblem is generally difficult. In contrast, B&B identifies a relaxed problem via a strategical
iterative procedure.

Next, we present our approach to the SIP (15). Whilst all of the previously mentioned approaches operate on the
spatial domain of the SIP, choosing a kernel inducing a Fourier basis allows us to obtain a spectral representation
of the problem. More specifically, we choose a finite Fourier feature expansion of the SQExp kernel that is
essentially a spectral abstraction of the system. We draw from the mathematical foundation of kernel-based
methods to construct correct-by-design barriers based on an explicit mathematical characterization of the space
of candidate barriers and the system’s hypothesis space G.
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7 Fourier Barrier Solution
To address the SIP in (15), a central observation is made: although modeling nonlinear state evolutions, at its
core, a CME corresponds to a linear operator in RKHS. However, as characteristic RKHSs are typically infinite-
dimensional, performing explicit computations within RKHS is generally not possible. To obtain a tractable
approximation, a Fourier series expansion of the characteristic squared exponential kernel is employed. This
yields a finite-dimensional spectral approximation of the associated RKHS, which remains expressive enough to
capture both the system dynamics and candidate barrier functions.

In contrast to compact covering methods (see Subsubsection 6.2.3), where the number of spatial support vectors
scales exponentially with the dimensionality of the system, the spectral density of the squared exponential kernel
is concentrated near the origin (see Fig. 3), allowing for a compact and efficient basis requiring comparatively few
spectral support vectors. The resulting formulation is a semi-infinite linear program (SILP), which can be solved
efficiently as a standard linear program (LP) using trigonometric bounding techniques (Pfister and Bresler 2018).
Notably, the ambiguity arises here in the frequency domain, introducing uncertainty over the frequency response
of the system. While this paper focuses on establishing the overall framework, quantifying the induced abstraction
error and identifying principled strategies for selecting an optimal spectral basis remain open challenges for
future work. We provide an overview of the proposed algorithmic verification solution in Fig. 2.

Collect samples {(𝑥𝑖 , 𝑥𝑖+)}𝑁𝑖=1 Fit the estimator E[ 𝑓 (𝑋 +) |𝑋 = 𝑥 ]

Construct the feature
map 𝜙𝑀 : X → R2𝑀+1

Construct periodic lattice on X̃

Filter lattices on X,X0,X𝑢

Compute coefficients
𝐶𝑁̃ , 𝐴

X̃\X
𝑁̃

, 𝐴
X̃\X0

𝑁̃
, 𝐴
X̃\X𝑢
𝑁̃

Apply the feature map
to the lattice points

Solve the LP (27)

Proposed Framework

Specify X,X0,X𝑢

Barrier certificate 𝐵

Safety probability 𝑝𝜋
𝑁

Fig. 2. Sequence of steps to generate a Fourier barrier certificate.
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7.1 Finite Fourier Feature Expansion
It is well known that for popular translation-invariant kernels Bochner’s theorem provides an infinite series
expansion (Rahimi and Recht 2007). In the remainder of this paper, we focus on the SQExp kernel (4), which
admits a Fourier expansion of the form

𝑘 (𝑥, 𝑥 ′) ≡ 𝜎2
𝑓

∫
R𝑛

N(𝑑𝜔 |0, Σ−1)𝑒𝑖𝜔⊤ (𝑃 (𝑥 )−𝑃 (𝑥 ′ ) ) , Σ := diag(𝜎𝑙 )2, (19)

associated with an infinite-dimensional RKHS, where 𝑥 ↦→ 𝑃 (𝑥) is an affine mapping from X onto the unit
hypercube [0, 1]𝑛 . To this end, we assume X to be of hyperrectangular form. Recall that for the CME we have
𝜇𝑘+|𝑘𝑥𝑢 (t) (𝑥,𝑢) ∈ H+ for any (𝑥,𝑢) ∈ X ×U. We deliberately restrict ourselves to designing barriers from a finite
space H𝑀 , that is spanned by a truncated Fourier basis

𝜙𝑀 (𝑥) = 𝜎𝑓



w0√
2w1 cos(𝜔⊤

1 𝑃 (𝑥))√
2w1 sin(𝜔⊤

1 𝑃 (𝑥))
...√

2w𝑀 cos(𝜔⊤
𝑀
𝑃 (𝑥))√

2w𝑀 sin(𝜔⊤
𝑀
𝑃 (𝑥))


,

characterized by𝑀 ∈N>0 wavenumbers (spatial frequencies) 𝜔 𝑗 ∈R𝑛 , 𝑗 = 1, . . . , 𝑀 , and weights w0, . . . ,w𝑀 ∈R≥0.

Frequency Selection. Here, we define equally spaced frequency bands on the hypercube [−𝜗, 𝜗] ⊂ R𝑛 , with
𝜗 := 6𝜎−1

𝑙
/(2𝑀 + 1), capturing 99.73% of the kernel’s spectral measure (see Fig. 3). In particular, we have

𝜔 𝑗 := diag(𝜁 𝑗 ) · 𝜗 , with multi-indices 𝜁 𝑗 ∈ N𝑛≥0. Importantly, note that the resulting basis 𝜙𝑀 is generally not
periodic on X. Moving forward, it will prove useful to define the domain

X̃ := 𝑃−1 ( [0, 2𝜋] ⊗ 𝜗 ), (20)

which is the smallest domain on which𝜙𝑀 is periodic. In particular, we have X̃ ≡ X for when 𝜎𝑙,𝑖 = 6/(2𝜋 (2𝑀+1)),
for all 𝑖 = 1, . . . , 𝑛, or equivalently 𝜗 = 1𝑛 , with unit vector 1𝑛 ∈ R𝑛 . We denote the highest frequency 𝑓𝑚𝑎𝑥 ∈ N≥0
w.r.t. X̃ as 𝑓max := max𝑗=1,...,𝑀 ; 𝑖=1,...,𝑛 𝜁 𝑗𝑖 .

Remark 3 (Effect of the lengthscale). Note that as the lengthscale 𝜎𝑙 increases — dilating the spatial extent
of the SQExp kernel 𝑘 in (4) on X × X — the associated Gaussian spectral measure depicted in Fig. 3 contracts. This
corresponds to restricting the associated RKHS to progressively smoother functions.

Fourier CBC. As shown in Fig. 3, the correspondingweights of𝜙𝑀 are efficiently computed via the𝑛-dimensional
cumulative distribution function (CDF):

w2
𝑗 :=

∫ 𝜔 𝑗+𝜗/2

𝜔 𝑗−𝜗/2
N(𝑑𝜉 |0, Σ−1), 𝑗 = 0, . . . , 𝑀.

Note that𝜔0 := 0. This allows us to expand and write the barrier 𝐵 as a finite Fourier series with 2𝑀+1 coefficients:

𝐵(𝑥) = 𝜙𝑀 (𝑥)⊤𝑏 = 𝛼0 +
𝑀∑︁
𝑖=1

𝛼𝑖 cos(𝜔⊤
𝑖 𝑃 (𝑥)) + 𝛽𝑖 sin(𝜔⊤

𝑖 𝑃 (𝑥)), (21)

with 𝑏 =

[
𝛼0

𝜎2
𝑓
w2

0

𝛼1
2𝜎2

𝑓
w2

1

𝛽1
2𝜎2

𝑓
w2

1
. . .

𝛼𝑀

2𝜎2
𝑓
w2

𝑀

𝛽𝑀

2𝜎2
𝑓
w2

𝑀

]⊤
,

where the coefficients 𝑏 ∈ R2𝑀+1 act as spectral amplitudes. Naturally, we dub barriers of the spectral form (21)
as Fourier control barrier certificates. We visualize several components of an example Fourier barrier in Fig. 4.
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𝜔3 𝜔2 𝜔1 𝜔0 = 0

w2
0

𝜔1

w2
1

2

𝜔2

w2
2

2

𝜔3

w2
3

2

±3𝜎−1
𝑙

𝜎2
𝑓

𝜔

Fig. 3. Abstraction of a 1-dimensional Gaussian spectral measure of the SQExp kernel for𝑀 = 3.

Compared to the typical spatial form (16) based on spatial support vectors 𝑥1, 𝑥2, . . . ∈ X, the spectral form (21) is
a much more efficient representation for higher-dimensional systems. The number of spatial support vectors
needed to construct adequately expressive barriers grows exponentially in the dimensionality of the system. We
avoid this. In fact, the same principle is leveraged by memory-efficient file formats such as JPEG.

Filtered Dynamics. Apart from the memory efficiency of the spectral barrier form, we can apply the same
idea to collapse the complex CME term in (15d) via the fast Fourier transform (FFT). That is, we obtain spectral
coefficients 𝐻 ∈ R(2𝑀+1)×(2𝑀+1) such that

𝑘𝑁
𝑋̂
(𝑥)⊤

[
𝐾𝑁

𝑋̂
+ 𝑁𝜆𝐼𝑁

]−1
(Φ𝑁

𝑀,𝑋̂ +)⊤𝑏 ≈ 𝜙𝑀 (𝑥)⊤𝐻𝑏, (22)

where Φ𝑁

𝑀,𝑋̂ + := [𝜙𝑀 (𝑥+1 ), . . . , 𝜙𝑀 (𝑥+
𝑁
)]. In fact, this approximation corresponds to applying a low-pass filter to

the dynamics with a cut-off frequency of 𝑓max. Whilst projection onto a truncated Fourier basis introduces an
approximation error, the error decreases exponentially with the cardinality of wavenumbers in the basis (Rahimi
and Recht 2007).

Linear SIP. Substituting the barrier 𝐵 ∈ H𝑀 of the form (21) and the approximation of the CME term in
(22) into the SIP (15), we obtain the semi-infinite linear program (SILP)

min
𝑏,𝑐,𝜂

𝜂 + 𝑐𝑇 , (23a)

s.t. ∀𝑥0 ∈ X0 : 𝜙𝑀 (𝑥0)⊤𝑏 ≤ 𝜂, (23b)
∀𝑥𝑢 ∈ X𝑢 : 𝜙𝑀 (𝑥𝑢)⊤𝑏 ≥ 1, (23c)
∀𝑥 ∈ X : 𝜙𝑀 (𝑥)⊤ (𝐻𝑏 − 𝑏) ≤ 𝑐 − 𝜀𝐵𝜅, (23d)
∀𝑥 ∈ X : 𝜙𝑀 (𝑥)⊤𝑏 ≥ 0, (23e)

𝑐 ≥ 0, 𝜂 ∈ [0, 1), 𝑏 ∈ R2𝑀+1,

with coefficients 𝜅 ≥ 𝜎𝑓 and 𝐵 ≥ ||𝑏 | |2.
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(a) 𝜁0 = (0, 0) (b) cos, 𝜁1 = (1, 0) (c) sin, 𝜁1 = (1, 0)

(d) cos, 𝜁2 = (2, 0) (e) sin, 𝜁2 = (2, 0) (f) cos, 𝜁3 = (0, 1)

(g) sin, 𝜁3 = (0, 1) (h) cos, 𝜁4 = (1, 1) (i) sin, 𝜁4 = (1, 1)

(j) cos, 𝜁5 = (2, 1) (k) sin, 𝜁5 = (2, 1) (l) cos, 𝜁6 = (0, 2)

Fig. 4. Components of the spectral basis expansion used for the barrier in Section 8.1 with a maximum frequency of 𝑓max = 2.
Note that Fourier barriers are thus composed of a superposition of standing waves yielding a Fourier series expansion.
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7.2 Finite-Constraint Relaxation
There exist results that establish deterministic sampling-based bounds for multivariate trigonometric polynomials
(Cifuentes and Parrilo 2017; Pfister and Bresler 2018) that can be applied to the bandlimited spectral barrier in (21).
This allows us to relax the SILP (23) to a linear program (LP) with finitely many constraints by sampling a finite
set Θ𝑁̂ ⊂ X of cardinality 𝑁̂ . By choosing 𝑁̂ = 𝑄𝑛 equidistant points that form a discrete lattice of points to cover
the (state) space, the corresponding constraints can be efficiently evaluated in O(𝑄 log(𝑄)) operations using the
inverse FFT. Note that this also substantially reduces the number of evaluations of the computationally expensive
CME term in (15d), which requires O(𝑁 2) operations per evaluation. Refer to the Petersen-Middleton theorem
(Petersen and Middleton 1962), which generalizes the Nyquist-Shannon sampling theorem to higher-dimensional
Euclidean spaces, for further details.
We establish the following lemma based on the results of Pfister and Bresler (2018).

Lemma 1 (Trigonometric bounds). Consider the Fourier CBC 𝐵 : X→ R in (21) with maximum degree
𝑓max ∈ N≥0 and define the sampling lattice

Θ𝑁̃ :=
{
𝑃−1

(
2𝜋𝑙
𝑄̃
𝜗

)
, 𝑙 = 0, . . . , 𝑄̃ − 1

}
⊂ X̃, 𝑁̃ := 𝑄̃𝑛, 𝑄̃ ≥ 2𝑓max + 1,

with contraction/dilation coefficient 𝜗 := 3𝜎−1
𝑙

/(2𝑀 + 1) ∈ R𝑛 and X̃ in (20). Let 𝐵̂𝑁̃ := max𝑥∈Θ
𝑁̃
𝐵(𝑥) and

𝐵̌𝑁̃ := min𝑥∈Θ
𝑁̃
𝐵(𝑥). Then, we have for all 𝑥 ∈ X,

1
2

(
𝐵̂𝑁̃ + 𝐵̌𝑁̃ −𝐶𝑁̃

(
𝐵̂𝑁̃ − 𝐵̌𝑁̃

))
≤ 𝐵(𝑥) ≤ 1

2

(
𝐵̂𝑁̃ + 𝐵̌𝑁̃ +𝐶𝑁̃

(
𝐵̂𝑁̃ − 𝐵̌𝑁̃

))
,

with a constraint-tightening coefficient given by

𝐶𝑁̃ :=
(
1 − 2𝑓max

𝑄̃

)− 𝑛
2
. (24)

Proof. Note that the barrier in (21) is a real-valued trigonometric polynomial with maximum degree 𝑓max
that is periodic on the domain X̃ defined in (20). According to Corollaries 1 & 2 by Pfister and Bresler (2018), if
𝑄̃ ≥ 2𝑓max + 1 — i.e., the minimum/Nyquist sampling rate is met — then we have for all 𝑥 ∈ X̃ that

1
2

(
𝐵̂𝑁̃ + 𝐵̌𝑁̃ −𝐶𝑁̃

(
𝐵̂𝑁̃ − 𝐵̌𝑁̃

))
≤ 𝐵(𝑥) ≤ 1

2

(
𝐵̂𝑁̃ + 𝐵̌𝑁̃ +𝐶𝑁̃

(
𝐵̂𝑁̃ − 𝐵̌𝑁̃

))
.

As 𝐵 is periodic on X̃, the same bounds hold for any arbitrary domain X. □

Via Lemma 1, we can obtain a finite-constraint relaxation of upper/lower bounds on the barrier; however, this
holds only for constraints enforced on the entire periodic domain X̃. In fact, not only must (23b) and (23c) be
selectively enforced only on X0 and X𝑢 , respectively, but the state space X may differ from X̃ too, affecting the
relaxation of (23d) and (23e).

Local Relaxation. Without loss of generality, let S ∈ {X0,X𝑢,X}. According to Pfister and Bresler (2018,
Lemma 2) we have for 𝑄̃ ≥ 2𝑓max + 1 that for all 𝑥 ∈ X̃

𝐵(𝑥) = 1
𝑁̃

∑︁
𝑥∈Θ

𝑁̃

𝐵(𝑥)𝐷𝑛

𝑓max,𝑄̃−𝑓max
(𝑥 − 𝑥),
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with 𝐷𝑛
𝑎,𝑏

: R𝑛 → R the Vallée-Poussin kernel, defined as

𝐷𝑛
𝑎,𝑏

(𝑧) :=
1

(𝑏 − 𝑎)𝑛
𝑛∏
𝑖=1

sin( 𝑏+𝑎2 𝑧𝑖 ) sin( 𝑏−𝑎2 𝑧𝑖 )
sin2 ( 𝑧𝑖2 )

.

For the set S, we have for all 𝑥 ∈ X̃

𝐵(𝑥) ≤ 𝐵̂S
𝑁̃

1
𝑁̃

∑︁
𝑥∈Θ

𝑁̃

𝐷𝑛

𝑓max,𝑄̃−𝑓max
(𝑥 − 𝑥)︸                             ︷︷                             ︸

(𝑎)

+
(
𝐵̂
X̃\S
𝑁̃

− 𝐵̂S
𝑁̃

) 1
𝑁̃

∑︁
𝑥∈Θ

𝑁̃
\S
𝐷𝑛

𝑓max,𝑄̃−𝑓max
(𝑥 − 𝑥)︸                                ︷︷                                ︸

(𝑏 )

, (25)

where 𝐵̂S
𝑁̃

:= max𝑥∈Θ
𝑁̃
∩S {𝜙𝑀 (𝑥)⊤𝑏} and 𝐵̂X̃\S

𝑁̃
:= max𝑥∈Θ

𝑁̃
\S {𝜙𝑀 (𝑥)⊤𝑏} are computed on the lattice. We can

bound (a) as in Pfister and Bresler (2018, Lemma 4):
1
𝑁̃

∑︁
𝑥∈Θ

𝑁̃

𝐷𝑛

𝑓max,𝑄̃−𝑓max
(𝑥 − 𝑥) ≤ 𝐶𝑁̃ ,

where 𝐶𝑁̃ is the constraint-tightening coefficient from Lemma 1. Term (b) can be computed numerically using,
e.g., particle swarm optimization; we write

𝐴
X̃\S
𝑁̃

:=
1
𝑁̃

∑︁
𝑥∈Θ

𝑁̃
\S
𝐷𝑛

𝑓max,𝑄̃−𝑓max
(𝑥 − 𝑥) . (26)

Based on this decomposition, we establish upper and lower bounds akin Lemma 1 for subsets S ⊂ X̃. The
following result is based on Pfister and Bresler (2018, Cors. 1 & 2), and the full proof can be found in App. A.

Lemma 2 (Local trigonometric bounds). Consider the Fourier CBC 𝐵 : X→ R in (21) with maximum de-
gree 𝑓max ∈ N≥0 and the sampling latticeΘ𝑁̃ in Lemma 1 on X̃. For a subset S ⊂ X̃, let 𝐵̂S

𝑁̃
:= max𝑥∈Θ

𝑁̃
∩S 𝐵(𝑥),

𝐵̌S
𝑁̃

:= min𝑥∈Θ
𝑁̃
∩S 𝐵(𝑥), 𝐵̂X̃\S

𝑁̃
:= max𝑥∈Θ

𝑁̃
\S 𝐵(𝑥), and 𝐵̌X̃\S

𝑁̃
:= min𝑥∈Θ

𝑁̃
\S 𝐵(𝑥). Then, we have for all 𝑥 ∈ S,

1
2

(
𝐵̂S
𝑁̃
+𝐵̌S

𝑁̃
−𝐶𝑁̃

(
𝐵̂S
𝑁̃
−𝐵̌S

𝑁̃

))
+𝐴X̃\S

𝑁̃

(
𝐵̌
X̃\S
𝑁̃

−𝐵̌S
𝑁̃

)
≤ 𝐵(𝑥) ≤ 1

2

(
𝐵̂S
𝑁̃
+𝐵̌S

𝑁̃
+𝐶𝑁̃

(
𝐵̂S
𝑁̃
−𝐵̌S

𝑁̃

))
+𝐴X̃\S

𝑁̃

(
𝐵̂
X̃\S
𝑁̃

−𝐵̂S
𝑁̃

)
,

with the constraint-tightening coefficients 𝐶𝑁̃ and 𝐴X̃\S
𝑁̃

defined in (24) and (26), respectively.

Via Lemma 2, we obtain a finite-constraint relaxation of the SILP (23) based on the following constraint-
tightening reasoning (S ∈ {X0,X𝑢,X}):

1
2
(
𝐵̂S
𝑁̃
+ 𝐵̌S

𝑁̃
−𝐶𝑁̃

(
𝐵̂S
𝑁̃
− 𝐵̌S

𝑁̃

) )
+𝐴X̃\S

𝑁̃

(
𝐵̌
X̃\S
𝑁̃

− 𝐵̌S
𝑁̃

)
≥ lb =⇒ ∀𝑥 ∈ S : 𝐵(𝑥) ≥ lb,

for some desired lower bound lb ∈ R. Thus, we obtain strengthened constraints of the form

𝐵̌X̃
𝑁̃
≥

2lb + (𝐶𝑁̃ − 1)𝐵̂S
𝑁̃
− 2𝐴X̃\S

𝑁̃
𝐵̌
X̃\S
𝑁̃

𝐶𝑁̃ − 2𝐴X̃\S
𝑁̃

+ 1
.

For an upper bound ∀𝑥 ∈ S : 𝐵(𝑥) ≤ ub, we obtain analogous constraints of the form

𝐵̂S
𝑁̃
≤

2ub + (𝐶𝑁̃ − 1)𝐵̌S
𝑁̃
− 2𝐴X̃\S

𝑁̃
𝐵̂
X̃\S
𝑁̃

𝐶𝑁̃ − 2𝐴X̃\S
𝑁̃

+ 1
.
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Remark 4. Note that the separation of S and X̃ \ S in (25) is arbitrary. Instead, we can also choose, e.g., a superset
of S for (a), shrinking (𝑏) and yielding a potentially less conservative bound, as most of the functional mass of the
Vallée-Poussin kernel is assigned locally around 𝑥 . In practice, we compute the terms for a superset of S inflated by,
e.g., 2%, yielding an only marginal contribution of (25)(b) to the local bound on the barrier 𝐵.

7.3 Linear Program
We are ready to present the LP relaxation of the SILP (23). Additionally to Θ𝑁̂ and Θ𝑁̃ we form discrete sets
{𝑥 (1)

0 , . . . , 𝑥
(𝑁̂0 )
0 } ⊂ X0 and {𝑥 (1)

𝑢 , . . . , 𝑥
(𝑁̂𝑢 )
𝑢 } ⊂ X𝑢 of cardinality 𝑁̂0, 𝑁̂𝑢 ∈ N. For given 𝐵, 𝐶𝑁̃ , 𝐴

X̃\X0

𝑁̃
, 𝐴
X̃\X𝑢
𝑁̃

, and

𝐴
X̃\X
𝑁̃

, we obtain the following LP:

min
𝑏,𝑐,𝜂

𝐵̌
X0
𝑁̃

,𝐵̂
X𝑢
𝑁̃

,𝐵̌XΔ ,𝐵̂
X
𝑁̃
,𝐵̂
X̃\X0
𝑁̃

,𝐵̌
X̃\X𝑢
𝑁̃

,𝐵̌
X̃\X
𝑁̃

,𝐵̂
X̃\X
Δ

𝜂 + 𝑐𝑇 ,

subject to 𝐵̌
X0
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 )
0 )⊤𝑏 ≤ 𝜂, 𝑖 = 1, . . . , 𝑁̂0,

𝛾 ≤ 𝜙𝑀 (𝑥 (𝑖 )
𝑢 )⊤𝑏 ≤ 𝐵̂

X𝑢
𝑁̃
, 𝑖 = 1, . . . , 𝑁̂𝑢,

𝐵̌XΔ ≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤ (𝐻𝑏 − 𝑏) ≤ Δ̂, 𝑖 = 1, . . . , 𝑁̂ ,

𝜉 ≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏 ≤ 𝐵̂X
𝑁̃
, 𝑖 = 1, . . . , 𝑁̂ ,

𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏 ≤ 𝐵̂
X̃\X0

𝑁̃
, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂0,

𝐵̌
X̃\X𝑢
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂𝑢,

𝐵̌
X̃\X
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂ ,

𝜙𝑀 (𝑥 (𝑖 ) )⊤ (𝐻𝑏 − 𝑏) ≤ 𝐵̂
X̃\X
Δ , 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂ ,

𝑐 ≥ 0, 𝜂 ∈ [0, 1), 𝑏 ∈ R2𝑀+1,

(27)

with 𝜅 ≥ 𝜎𝑓 , 𝐵 ≥ ||𝑏 | |2, and constraint-tightening coefficients

𝜂 :=
2𝜂+(𝐶

𝑁̃
−1)𝐵̌X0

𝑁̃
−2𝐴X̃\X0

𝑁̃
𝐵̂
X̃\X0
𝑁̃

𝐶
𝑁̃
−2𝐴X̃\X0

𝑁̃
+1

, 𝛾 :=
2+(𝐶

𝑁̃
−1)𝐵̂X𝑢

𝑁̃
−2𝐴X̃\X𝑢

𝑁̃
𝐵̌
X̃\X𝑢
𝑁̃

𝐶
𝑁̃
−2𝐴X̃\X𝑢

𝑁̃
+1

,

Δ̂ :=
2(𝑐−𝜀𝐵̄𝜅 )+(𝐶

𝑁̃
−1)𝐵̌XΔ−2𝐴X̃\X

𝑁̃
𝐵̂
X̃\X
Δ

𝐶
𝑁̃
−2𝐴X̃\X

𝑁̃
+1

, 𝜉 :=
(𝐶

𝑁̃
−1)𝐵̂X

𝑁̃
−2𝐴X̃\X

𝑁̃
𝐵̌
X̃\X
𝑁̃

𝐶
𝑁̃
−2𝐴X̃\X

𝑁̃
+1

.

Any solution to the LP (27) that satisfies | |𝑏 | |2 ≤ 𝐵 is a feasible solution to the SIP (15). We provide more details on
the derivation of the LP (27) from the SILP (23) via the constraint-tightening procedure outlined in Subsection 7.2
in Appendix B.

Remark 5 (Computational complexity). The LP in (27) scales most critically with the periodic lattice size 𝑁̃
and the chosen Fourier barrier basis size𝑀 (see Fig. 6b for an ablation study). The computational complexity of LPs
differs between solution algorithms: While the simplex algorithm admits an exponential worst-case complexity, its
practical performance is typically much better (Spielman and Teng 2004). Interior-point methods, on the other hand,
have polynomial worst-case complexity in the problem size.
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The matrix 𝐻 in (22) is computed via an FFT–based decomposition. The FFT has complexity O(𝑄 log𝑄), where
𝑄 denotes the lattice resolution, which depends on the maximum frequency 𝑓max considered. In our setting, 𝑄 ≥
(2𝑓max + 1)2 by the Nyquist–Shannon sampling theorem. Since 𝐻 is computed only once during LP construction, this
step contributes only a minor fraction of the overall runtime compared to solving the LP, which dominates the overall
runtime in our experiments.

8 Experimental Results
We demonstrate the proposed Fourier barrier approach on two benchmarks. To this end, we developed the toolbox
Lucid (Casablanca et al. 2026), which implements the framework and theory introduced in this paper and is used
to carry out all reported experiments. For all examples, we draw 𝑁 = 1,000 samples from the unknown system,
which we found to provide a good trade-off between computational cost and empirical accuracy. The inverse
of the Gram matrix is computed with a regularization 𝜆 = 10−5, which we found to provide numerically stable
results across the benchmarks. To construct the finite-constraint LP (27), we generate a discrete lattice of 𝑁̂ points
on X (as reported in the individual benchmarks). For simplicity, we use a rectangular sampling lattice, leaving
the exploration of more complex (optimal) sampling lattices for future work. The numerical results reported are
obtained on a machine running an AMD Ryzen 9 5950X 16-core CPU and 64 GB of memory. Lucid uses a serial
implementation to generate the LP. For solving the LP, we use Gurobi (Gurobi Optimization, LLC 2024), which is
allowed to execute solution methods concurrently by default. We set its feasibility tolerance to the minimum of
10−8, keeping the remaining settings at default.

8.1 Complex Safety Specification
The first benchmark is inspired by the example Barr3 from the deterministic benchmarks by Abate, Ahmed,
et al. (2021), which we extend by adding stochastic noise𝑤𝑡 ∼ N( · |0, 0.01𝐼2) to arrive at the two-dimensional
nonlinear stochastic dynamics [

𝑥1,𝑡+1
𝑥2,𝑡+1

]
=

[
𝑥1,𝑡
𝑥2,𝑡

]
+ 𝜏

[
𝑥2,𝑡

1
3𝑥

3
1,𝑡 − 𝑥1,𝑡 − 𝑥2,𝑡

]
+𝑤𝑡 ,

with 𝜏 := 0.1. We illustrate the setup in Fig. 5. The goal is to compute the probability that the system initialized in
[𝑥1,0, 𝑥2,0]⊤ ∈ X0 (blue regions) does not enter the unsafe regions X𝑢 (in red) within 𝑇 = 5 time steps. Note that
the specified regions X0 and X𝑢 are in close proximity to each other, rendering the barrier synthesis particularly
challenging.

Setup. We generate the LP based on a fixed lattice Θ𝑁̃ with a resolution of 𝑄̃ = 40 · (2𝑓max + 1) (i.e., 40-times
Nyquist sampling rate), leading to a periodic lattice of size 𝑁̃ = 𝑄̃2. To demonstrate the expressiveness of different
spectral bases, we synthesize barriers for (a)𝑀 = 62 − 1 and (b)𝑀 = 102 − 1 wavenumbers (with 𝑓max = 6 and 15,
respectively), resulting in barriers with 2𝑀 + 1 = 71 and 199 coefficients 𝑏0, 𝑏1, . . . ∈ R, respectively. We fix the
kernel hyperparameters to 𝜎𝑓 = 1 and 𝜎𝑙 = [2.993, 4.629] for the input kernel 𝑘𝑥 , and obtain 𝜎𝑙 = [0.143, 0.358]
(resp. 𝜎𝑙 = [0.326, 0.327]) for the output kernel 𝑘+ via hyperparameter optimization. For the computation of the
constraint-tightening coefficients, we inflate the sets by 2% (cf. Remark 4). We further use an upper bound 𝐵 = 7
and 𝜀 = 0.001 for both experiments.

Results. We solve the corresponding LPs and obtain the barriers shown in Fig. 5. For (a), we find 𝜂 = 0.277 and
𝑐 = 0.072, meaning that the identified barrier certifies a lower bound on the safety probability of the system of
at least 36.3% (via the formula in Theorem 3). The barrier basis (b) is richer, enabling us to find 𝜂 = 0.263 and
𝑐 = 0.047, leading to a robust lower bound on the safety probability of the system of at least 50.0%. For comparison,
we estimate the true safety probability 𝑃safe using Monte Carlo simulation. We run 10,000 simulations starting
from a fixed initial state [𝑥1,0, 𝑥2,0] = [1, 0.5] with a maximum length of𝑇 time steps. Using Chebychev’s inequality
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(a)𝑀 = 35, 𝑝𝑁 = 36.3% (b)𝑀 = 99, 𝑝𝑁 = 50.0%

Fig. 5. Robustified CBCs and level sets at 𝐵(𝑥) = 1 (in red) and 𝜂 (in blue) computed for the benchmark in Section 8.1,
robustified with 𝜀𝐵𝜎𝑓 = 0.007 and with (a)𝑀 = 35 wavenumbers or (b)𝑀 = 99 wavenumbers.

with a confidence level of 90% we obtain an estimated satisfaction probability of 85 − 88%. Note that even for an
infinitely complex barrier (i.e.,𝑀 → ∞) and data 𝑁 → ∞, this latent probability might not be attainable due to
the inherent conservatism of the general barrier approach. This is in contrast to abstraction-based approaches, for
which the lower bound converges to the true solution as the partitioning of the state space is refined and more
data is accumulated (Laurenti and Lahijanian 2023). The effect is particularly strong here due to the closeness
of the safe and unsafe regions (see Fig. 5). See Fig. 6 for an ablation study on the influence of𝑀 and 𝑁̃ on the
certified safety probability 𝑝𝑁 and runtime (𝜀 = 0).

8.2 Overtaking Scenario Featuring a Neural Network Controller
Now, we move to a system controlled by a NN controller. For this, consider the overtaking scenario in Example 1,
visualized in Figures 1 and 7. The NN controller 𝜋 : X→ U was trained using a twin-delayed deep deterministic
(TD3) policy gradient RL algorithm and features two layers of 200 neurons each and issues a steering wheel
angle 𝑢𝑡 ∈ [−𝜋, 𝜋]. We set a fixed velocity 𝑣 = 1. The goal is to certify that the controlled system remains safe by
computing the probability that the system initialized in [𝑥0, 𝑦0, 𝜙0]⊤ ∈ X0 does not enter the unsafe region X𝑢
within 𝑇 = 5 time steps.

Setup. The LP is generated based on a lattice Θ𝑁̃ of size 𝑁̃ = 703. We select a spectral basis of 𝑀 = 53 − 1
wavenumbers, resulting in a barrier characterized by 2𝑀 + 1 = 249 coefficients 𝑏0, 𝑏1, . . . ∈ R. The kernel
hyperparameters are selected to be 𝜎𝑓 = 7 and 𝜎𝑙 = [0.054, 0.094, 5.078] for the input kernel 𝑘𝑥 and 𝜎𝑙 =

[0.525, 0.05, 0.525] for the output kernel 𝑘+. For the computation of the constraint-tightening coefficients, we
inflate the sets by 3% (cf. Remark 4). Throughout all experiments, we set 𝐵 = 6.1.

Results. For 𝜀 = 0, 𝑐 ≈ 0 (within Gurobi’s tolerance), and 𝜂 = 0.463, we obtain the barrier shown in Fig. 8a,
which certifies safety with a probability of at least 53.7%. Note that this is only certifying safety w.r.t. the empirical
distribution, i.e., the CME constructed from the observed data. In order to robustify the result to out-of-distribution
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(a) Safety probability 𝑝𝑁 (b) Runtime in minutes

Fig. 6. Ablation study on the influence of𝑀 and 𝑁̃ for the benchmark in Section 8.1.

X0

Fig. 7. Control performance of the NN controller for the overtaking scenario (Section 8.2), demonstrated on 10 random
trajectories initialized in X0 (in blue), trained to avoid the unsafe regions X𝑢 (in red) and reach a target set (in black).

behavior, we increase the robustness coefficient 𝜀 and report its influence on the lower bound on the safety
probability, 𝑝𝜋

𝑁
, in Fig. 9. Intuitively, increasing 𝜀 tightens the Kushner constraint (15d) by enforcing the barrier

to decay by at least 𝜀𝐵𝜎𝑓 in every time step. Note that this is demanding the barrier to be more complex, as
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(a) Empirical CBC (𝜀𝐵𝜎𝑓 = 0), 𝑝𝜋
𝑁

= 53.7% (b) Robust CBC (𝜀𝐵𝜎𝑓 = 0.897), 𝑝𝜋
𝑁

= 5.07%

Fig. 8. CBCs and level sets at 𝐵(𝑥) = 1 (in red) and 𝜂 (in blue) computed for the overtaking scenario (Section 8.2) shown for a
fixed 𝜙 = 0, (a) based only on the empirical data, and (b) robustified with 𝜀 = 0.021 and 𝐵 = 6.1. We indicate the intersections
of the barrier and the level sets as dashed lines.

observed in an exponentially increasing complexity of the barrier, measured through | |𝑏 | |. Simultaneously, the
distance between the level sets 𝐵(𝑥) = 1 and 𝜂 is shrinking, prompting the robust safety probability 𝑝𝜋

𝑁
to decline.

For the highest reported 𝜀 = 0.021, the required decay reaches 𝜀𝐵𝜎𝑓 = 0.897, satisfied by the barrier shown in
Fig. 8b, for which the robust safety probability is 5.07%.

9 Concluding Remarks
This work contributes to the verification and synthesis of stochastic systems without explicit model knowledge
by leveraging the theory of conditional mean embedding and introducing a data-driven approach to control
barrier certificates (CBCs). Through the reformulation of probabilistic CBC constraints into a distributionally
robust optimization problem, we showed how to obtain the CBC characterization using data with probabilistic
correctness guarantees. We showed how the approach can be generalized to temporal logic specifications beyond
safety using an automata representation of the specification and the concept of Streett supermartingales. For the
data-driven computation of safety barriers, we introduced a finite Fourier expansion to cast the optimization as a
linear program.
Whilst this paper provides an algorithmic solution for safety verification, the resulting linear formulation

does not generally extend to black-box control synthesis. In the synthesis setting, the control input enters the
constraint nonlinearly through the input kernel, preventing the problem from being recast as a linear program
as done here for verification. Only in special cases — such as systems linear in the control input (Santoyo et al.
2021) — a more tractable structure arises. In the general case, the synthesis problem may need to be addressed
using gradient-based solvers or custom nonlinear global optimizers with deterministic convergence guarantees.
Exploring this extension remains an important avenue for future work.
Further investigation is needed to reduce the conservatism of the approach and determine sharp ambiguity

set radii 𝜀 with high confidence values 1 − 𝜌 , including the use of alternative concentration theorems tailored
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Fig. 9. Robust safety probability 𝑝𝜋
𝑁

(in blue) and required barrier complexity | |𝑏 | | (in black) for the overtaking scenario
(Section 8.2) generated for different robustness radii 𝜀.

to the class of barrier functions (e.g., via Rademacher complexity) and alternative algorithmic solutions to the
Fourier barrier program (23). Albeit the presented spectral barrier design lifts the need for an exponential number
of spatial support vectors, the number of samples required by the trigonometric sampling bounds remains
exponential in the system dimensionality; the FFT only mitigates this effect. It will therefore be interesting
to combine the Fourier barrier formulation with nonlinear global optimizers with deterministic convergence
guarantees, potentially requiring the development of a custom semi-infinite solver to exploit the problem structure
fully. Moreover, techniques such as kernel herding (see, e.g., Chen, Welling, et al. 2010) could be explored to
alleviate the cubic complexity of the CME, although this lies outside the scope of the present work. Additionally,
further exploration of hyperparameter tuning and an optimal selection of the spectral basis are needed.
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A Proof of Lemma 2
Proof. The proof follows the same steps as Pfister and Bresler (2018, Corollaries 1 & 2). We first prove the

upper bound and then the lower bound.

Upper bound: We start by defining the trigonometric polynomial 𝐹 : X̃→ R,

𝐹 (𝑥) := 𝐵(𝑥) −
𝐵̂S
𝑁̃
+ 𝐵̌S

𝑁̃

2
,

which is the barrier 𝐵 with the output on S re-centered around zero. 𝐹 satisfies
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Via (25) and (28), we have for all 𝑥 ∈ S that
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matching the upper bound in Lemma 2.

Lower bound: As for the upper bound, we start by defining a trigonometric polynomial,

𝐹 ′ : X̃→ R, 𝐹 ′ (𝑥) :=
𝐵̂S
𝑁̃
+ 𝐵̌S

𝑁̃

2
− 𝐵(𝑥), (29)
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which, compared to 𝐹 , is flipped in sign. 𝐹 ′ satisfies

max
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Starting from (29), we have for all 𝑥 ∈ S that
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Reordering yields the upper bound in Lemma 2, concluding the proof. □

B SILP to LP Relaxation
We provide further details on the finite-constraint relaxation of the SILP (23) to the LP (27). Let {𝑥 (1)

0 , . . . , 𝑥
(𝑁̂0 )
0 } ⊂

X0, {𝑥 (1)
𝑢 , . . . , 𝑥

(𝑁̂𝑢 )
𝑢 } ⊂ X𝑢 , Θ𝑁̂ := {𝑥 (1) , . . . , 𝑥 (𝑁̂ ) } ⊂ X, and Θ𝑁̃ := {𝑥 (1) , . . . , 𝑥 (𝑁̃ ) } ⊂ X̃ be sampling lattices

with a common 𝐶𝑁̃ as in Lemma 1. Based on the constraint-tightening reasoning outlined in Subsection 7.2, we
have that the first constraint (23b) given by ∀𝑥0 ∈ X0 : 𝜙𝑀 (𝑥0)⊤𝑏 ≤ 𝜂 holds if
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≤ 𝜙𝑀 (𝑥 (𝑖 )
0 )⊤𝑏, 𝑖 = 1, . . . , 𝑁̂0, 𝐵̂X0

𝑁̃
≥ 𝜙𝑀 (𝑥 (𝑖 )

0 )⊤𝑏, 𝑖 = 1, . . . , 𝑁̂0, and 𝐵̂X̃\X0

𝑁̃
≥

𝜙𝑀 (𝑥 ( 𝑗 ) )⊤𝑏, 𝑗 = 1, . . . , 𝑁̃ . We call 𝐵̂X0
𝑁̃

=: 𝜂 and thus get

𝐵̌
X0
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 )
0 )⊤𝑏 ≤ 𝜂, 𝑖 = 1, . . . , 𝑁̂0,

𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏 ≤ 𝐵̂
X̃\X0

𝑁̃
, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂0,

𝜂 :=
2𝜂+(𝐶

𝑁̃
−1)𝐵̌X0

𝑁̃
−2𝐴X̃\X0

𝑁̃
𝐵̂
X̃\X0
𝑁̃

𝐶
𝑁̃
−2𝐴X̃\X0

𝑁̃
+1


=⇒ ∀𝑥0 ∈ X0 : 𝜙𝑀 (𝑥0)⊤𝑏 ≤ 𝜂.

Similarly, we obtain for the constraint (23d) that

𝐵̌XΔ ≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤ (𝐻𝑏 − 𝑏) ≤ Δ̂, 𝑖 = 1, . . . , 𝑁̂ ,
𝜙𝑀 (𝑥 (𝑖 ) )⊤ (𝐻𝑏 − 𝑏) ≤ 𝐵̂

X̃\X
Δ , 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂ ,

Δ̂ :=
2(𝑐−𝜀𝐵̄𝜅 )+(𝐶

𝑁̃
−1)𝐵̌XΔ−2𝐴X̃\X

𝑁̃
𝐵̂
X̃\X
Δ

𝐶
𝑁̃
−2𝐴X̃\X

𝑁̃

+ 1


=⇒ ∀𝑥 ∈ X : 𝜙𝑀 (𝑥)⊤ (𝐻𝑏 − 𝑏) ≤ 𝑐 − 𝜀𝐵𝜅.
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For the remaining lower bounds in the constraints (23c) and (23b), the constraint-tightening reasoning outlined
in Subsection 7.2 gives

𝛾 ≤ 𝜙𝑀 (𝑥 (𝑖 )
𝑢 )⊤𝑏 ≤ 𝐵̂

X𝑢
𝑁̃
, 𝑖 = 1, . . . , 𝑁̂𝑢,

𝐵̌
X̃\X𝑢
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂𝑢,

𝛾 :=
2+(𝐶

𝑁̃
−1)𝐵̂X𝑢

𝑁̃
−2𝐴X̃\X𝑢

𝑁̃
𝐵̌
X̃\X𝑢
𝑁̃

𝐶
𝑁̃
−2𝐴X̃\X𝑢

𝑁̃

+ 1


=⇒ ∀𝑥𝑢 ∈ X𝑢 : 𝜙𝑀 (𝑥𝑢)⊤𝑏 ≥ 1,

𝜉 ≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏 ≤ 𝐵̂X
𝑁̃
, 𝑖 = 1, . . . , 𝑁̂ ,

𝐵̌
X̃\X
𝑁̃

≤ 𝜙𝑀 (𝑥 (𝑖 ) )⊤𝑏, 𝑖 = 1, . . . , 𝑁̃ − 𝑁̂ ,

𝜉 :=
(𝐶

𝑁̃
−1)𝐵̂X

𝑁̃
−2𝐴X̃\X

𝑁̃

𝐵̌

X̃\X

𝑁̃
𝐶𝑁̃ − 2𝐴X̃\X

𝑁̃
+ 1


=⇒ ∀𝑥 ∈ X : 𝜙𝑀 (𝑥)⊤𝑏 ≥ 0,

respectively. Substituting the relaxed constraints into the SILP (23), we obtain the LP (27).

Received 19 January 2026; accepted 14 March 2026

Journal of Artificial Intelligence Research, Vol. 86, Article 25. Publication date: July 2026.


	Abstract
	1 Introduction
	1.1 Contributions
	1.2 Paper Organization
	1.3 Related Work

	2 Preliminaries and Problem Statement
	2.1 Discrete-Time Stochastic Systems
	2.2 System Safety
	2.3 Control Barrier Certificates
	2.4 Problem Statement

	3 Kernel Mean Embeddings
	3.1 Embedding Probability Measures
	3.2 Embedding Conditional Probability Measures

	4 Data-Driven Barrier Formulation
	5 Extension to General Classes of Temporal Logic Specifications
	5.1 Linear Temporal Logic over Finite Traces
	5.2 Specifications Modeled via Co-Büchi Automata
	5.3 bold0mu mumu accepted-Regular Specifications

	6 Problem Characterization and Comparison of Solution Approaches
	6.1 Monolithic Solutions
	6.2 Divide-and-Conquer Solutions

	7 Fourier Barrier Solution
	7.1 Finite Fourier Feature Expansion
	7.2 Finite-Constraint Relaxation
	7.3 Linear Program

	8 Experimental Results
	8.1 Complex Safety Specification
	8.2 Overtaking Scenario Featuring a Neural Network Controller

	9 Concluding Remarks
	Acknowledgments
	A Proof of Lemma 2
	B SILP to LP Relaxation

