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Modelling qualitative uncertainty in formal argumentation is essential both for practical applications and theoretical un-
derstanding. Yet, most existing work focuses on abstract models of argumentation under uncertainty. Following a recent
trend in the literature, we tackle the open question of studying plausible instantiations of these abstract models. To do so,
we root the uncertainty of arguments in their components in structured models: rules and premises. Our main conceptual
contribution is to provide an intuitive notion of comparative expressivity suitable for both abstract and structured formalisms.
Roughly, one formalism for arguing with qualitative uncertainty is at least as expressive as another if the former can generate
the same set of abstract argumentation frameworks (completions) as the latter. On the technical side, we prove negative
and positive results comparing the expressivity of abstract and structured models of argumentation with uncertainty. These
results concern incomplete abstract argumentation frameworks and their extension with dependencies, on the abstract side,
and ASPIC*, assumption-based argumentation (ABA) and deductive argumentation on the structured side.
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1 Introduction

Uncertainty plays an important role in the construction and use of arguments. Considering different sets of
background assumptions or different inference rules as applicable determines which conclusions are allowed. In
debates, awareness of the inferential skills of an opponent (or an audience) and of what facts they take for granted
funnels the use of specific arguments. From a broader Artificial Intelligence perspective, the analysis of uncertainty
in argumentation constitutes a central problem in Knowledge Representation and Reasoning. Recent years have
witnessed increasing interest in interactive Al systems—such as intelligent debaters, argumentative dialogue
systems, and Al assistants—designed to engage users through explanation, persuasion, or deliberation (Bar-Haim
et al. 2021; Gurevych et al. 2016; Slonim et al. 2021). Such systems must operate under conditions of incomplete
information, heterogeneous reasoning standards, and partially shared background knowledge (Habernal and
Gurevych 2017; Ruggeri et al. 2023). Consequently, they require principled mechanisms for representing and
reasoning about uncertainty in argumentative contexts, where the strength and acceptability of arguments
depend not only on logical structure but also on agents’ assumptions and inferential competences.

In computational argumentation, there are two modelling paradigms, with different capacities to represent
uncertainty. The first one is abstract argumentation (Dung 1995), which is formally based on argumentation
frameworks, i.e. directed graphs representing arguments (the nodes) and their defeats (the arrows), and where
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uncertainty can be about these two entities. The other is structured argumentation, instantiated by various
formalisms such as ASPIC* (Modgil and Prakken 2013, 2014), assumption-based argumentation (ABA) (Bon-
darenko et al. 1997; Toni 2014), deductive argumentation (Besnard and Hunter 2001, 2014), and defeasible logic
programming (DeLP) (Garcia and Simari 2004, 2014). Here, the fundamental entities are argument components,
such as premises and inference rules, and uncertainty may concern any of them.

The general research question that we want to tackle is how uncertainty compares in abstract and structured
argumentation. Our main aim here is to define a systematic approach to enable such a comparison, which in
principle allows us to map the relative expressivity of different formalisms for handling uncertainty. Establishing
general expressivity results is a way to address many issues about the use of abstract argumentation in structured
contexts. In fact, the most relevant concern is that the information contained in structured frameworks is often
lost when moving to their abstract counterpart, insofar as many argumentation frameworks are not plausible
instantiations of structured ones (Prakken and De Winter 2018). This holds for many specifications of abstract
argumentation, such as preference-based and value-based, gradual, bipolar, and probabilistic argumentation. This
motivated a new branch in the formal argumentation literature that consists of revisiting abstract frameworks to
find the structured counterpart; see, among others, (Cohen et al. 2018; Prakken 2024; Rapberger and Ulbricht
2023).

Our general method involves three steps. First, we extend and systematise previous characterisations of
structured argumentation formalisms with uncertain components. Our characterisations are built upon the ASPIC*
framework but are straightforwardly transferable to other formalisms such as ABA or deductive argumentation.
Second, we set a standard framework for uncertainty in abstract argumentation. The one we employ here is
argument-incomplete argumentation frameworks with dependencies (dep-arg-IAFs) (Fazzinga et al. 2021a). In this
context, uncertainty is encoded by the set of arguments that are left undecided, and expressivity is measured
by the number of possible completions, i.e. the ways uncertainty can be settled. More precisely, and within this
paper, a completion is just a directed graph (i.e., an abstract argumentation framework). The third step consists of
“lifting” a specific structured formalism with uncertainty to the abstract level. This means endowing structured
formalisms with an abstract counterpart and then comparing them with different subclasses of dep-arg-IAFs in
terms of their relative expressivity.

The notion of “expressivity” adopted in this paper is motivated by the question, stated above, of whether
abstract argumentation formalisms provide an adequate tool for “expressing” structured ones, which is a potential
challenge to the widely adopted view that the most relevant aspects of an argumentative situation can be
represented by a directed graph (as originally proposed by Dung). Within this perspective, asking which forms
of qualitative uncertainty a formalism can capture amounts to asking which sets of abstract argumentation
frameworks it can represent. The proposed notion of expressivity captures this representational power in this
precise sense, by generalising previous proposals in the literature (Mailly 2024, 2022; Yuste-Ginel and Herzig
2023) in order to deal with structured formalisms. Roughly speaking, we say that a formalism F is at least as
expressive as another G if for each instance of G we can find one of F with an equivalent set of completions. Our
notion of equivalence (Section 3.2) is basically a lifting of the notion of isomorphism from graphs to sets of graphs.
Hence, any assertion about the relative expressivity of F and G assumes that both classes of formalisms come
equipped with an abstraction mechanism (a way to extract directed graphs from their components when there is
no uncertainty) and a completion function (a way of extracting a set of directed graphs from their components
when they have uncertain components). However, this dependence does not preclude the applicability of our
notion; we can study expressivity maps for formalisms using different abstraction and completion mechanisms.
Importantly, our notion of equivalence (and therefore of expressivity) is independent of the chosen argumentation
semantics (hence, it can be deemed “structural” or “syntactic”).

Our expressivity results are mainly relative to the ASPIC* formalism and are presented in Section 4 (summarised
in Figure 1). Essentially, they show that ASPIC" with uncertainty is strictly more expressive than general
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argument-incomplete argumentation frameworks without dependencies, but strictly less than frameworks with
dependencies. They also show that rule-incomplete ASPIC* systems are strictly more expressive than premise-
incomplete ones. The part of these results providing lower and upper bounds of expressivity extends to ABA
and (a specific instance of) deductive argumentation. However, some of their distinctive features prevent the
complete transfer of the results from ASPIC*.

We proceed as follows. Section 2 illustrates the state of the art of formalisms for uncertainty in abstract and
structured argumentation. In Section 3, we provide the basics of abstract argumentation and its extension to
incomplete argumentation frameworks with argument-incompleteness. Further, we introduce the fundamental
notion of relative expressivity among classes of incomplete AFs, which is key to comparing structured and abstract
formalisms. In Section 4, we introduce ASPIC" as our reference framework for structured argumentation and
endow it with two types of uncertainty: premise-incompleteness and rule-incompleteness. We then proceed to
compare the expressivity of different types of dep-arg-IAFs with incomplete ASPIC* frameworks. Section 5 shows
that our characterisation of uncertainty and the method of lifting structured into abstract formalisms can be
straightforwardly extended to ABA and deductive argumentation. However, the bulk of our expressivity results
on ASPIC™ does not extend automatically to these formalisms due to some subtle differences in the definition
of argument. Here we discuss these issues and formulate some conjectures, leaving their analysis for future
investigation. Section 6 concludes the paper.

2 State of the Art and Contribution

Abstract argumentation has argumentation frameworks as its basic formal tool and extensions thereof. Recent
literature on abstract argumentation includes models based on different approaches to representing uncertainty,
either in a probabilistic fashion (Hunter et al. 2021) or through qualitative methods (Mailly 2022), that is, without a
numerical representation. The qualitative frameworks share a common idea for representing uncertainty, namely
that of working with a plurality of argumentation frameworks, called completions, as possible worlds.

In this paper we use incomplete abstract argumentation frameworks (IAFs) as our abstract model of qualitative
uncertainty (Baumeister, Jarvisalo, et al. 2021; Baumeister, Neugebauer, et al. 2018; Baumeister, Rothe, et al.
2015; Cayrol et al. 2007), and restrict our focus to the case where incompleteness concerns only the arguments
(arg-IAFs) and not their defeats (def-IAFs), as they subsume almost all relevant forms of structured argumentation,
except for two cases that we discuss in Section 6. As mentioned, to achieve an adequate level of granularity, we
employ an extension of arg-IAFs, namely arg-IAFs with dependencies (Fazzinga et al. 2021a) (see (Fazzinga et al.
2021b) for the defeat-incomplete version of this formalism). Intuitively, dependencies are specific constraints on
which arguments should or should not be present in a completion (see Section 3). It has been shown elsewhere
(Fazzinga et al. 2021a,b) that finite IAFs with dependencies can generate every subset of possible completions.
Here we straightforwardly extend this result to the infinite case (Section 3) as needed for the present context,
where structured argumentation systems easily generate infinite sets of arguments. Moreover, we show that to
express structured argumentation systems it is sufficient to employ a strict subclass of dep-IAFs, consisting of
IAFs with only implicative dependencies among arguments, thus establishing a lower threshold for expressivity,
and therefore a lower computational complexity for the associated reasoning tasks in the finite case. In particular,
lower complexity was shown for arg-IAFs with a particular kind of implicative dependency (the one we will use
below) and for the possible verification task under admissible and stable semantics (Fazzinga et al. 2021a).

Unlike abstract, structured argumentation is instantiated by a plurality of baseline formalisms such as ASPIC*
(Modgil and Prakken 2013, 2014), assumption-based argumentation (ABA) (Bondarenko et al. 1997; Toni 2014),
deductive argumentation (Besnard and Hunter 2001, 2014), and defeasible logic programming (DeLP) (Garcia and
Simari 2004, 2014). All these approaches share two fundamental entities: premises, which may be divided into
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defeasible (assumptions) and non-defeasible ones (facts), and inferential rules, which are also divided into non-
defeasible (strict) and defeasible ones. In such frameworks, uncertainty may concern elements of these categories,
giving rise to either premise-incompleteness or rule-incompleteness. ASPIC* also involves preferences among
arguments, where uncertainty may apply to the way arguments are ranked. Although preference-incompleteness
can be dealt with in the same way as premise- and rule-incompleteness, we defer its treatment to a future occasion,
briefly discussing it in Section 6, to keep our approach more compact.

Compared to abstract argumentation, attempts to model uncertainty in structured argumentation are more
recent and, to date, less systematic (Odekerken, Lehtonen, Wallner, et al. 2025; Yuste-Ginel 2024; Yuste-Ginel and
Proietti 2023). One contribution of this paper is to provide a uniform and systematic treatment of such formalisms.
In this sense, the present work expands and consolidates previous work (Odekerken, Lehtonen, Wallner, et al.
2025; Yuste-Ginel 2024; Yuste-Ginel and Proietti 2023), which addresses only some of the instances considered
in Section 4, and exclusively in the context of ASPIC*. More precisely, Definitions 12 and 13 (rule-incomplete
frameworks and their completions) were first introduced by Yuste-Ginel and Proietti (2023). That work also
contains Proposition 2 and a defective version of Theorem 3. A simpler version of Definitions 15 and 16 (premise-
incomplete models and their completions) was introduced by Odekerken, Lehtonen, Wallner, et al. (2025); that
version only considers strict premises and defeasible rules over a propositional language of literals. Importantly,
apart from the just-mentioned result, the present paper does not reuse substantive results from previous work,
but rather builds upon and extends the underlying definitions.

All remaining definitions, constructions, and results in Section 4, summarised in Figure 1, are new to this paper.
These definitions can be exported to ABA and deductive reasoning with uncertainty via the same notational
standard (Section 5). We adopt ASPIC* notation for the sake of uniformity and because its syntax allows discerning
among all different categories (e.g. strict and defeasible rules) that may come as merged in other formalisms.
With this, we by no means claim that ASPIC* somehow encompasses other systems, as discussed in Section 5
(see also the work by Arieli et al. (2021) for comparisons among different formalisms). Despite its interest and
widespread applications, we leave DeLP aside in our treatment for the simple reason that it does not use Dung’s
argumentation frameworks as its abstract counterpart.

As a key to establishing relative expressivity results between abstract and structured formalisms, we define a
notion of expressive equivalence, establishing the conditions for replicating each incomplete structured framework
with an incomplete abstract one and vice-versa, where, roughly speaking, replicating means something as
generating the “same” set of completions. The definition we provide in Section 3.2 refines a previous one from the
literature (Herzig and Yuste-Ginel 2021; Mailly 2024) in order to make it applicable to both abstract and structured
formalisms. A related notion of expressiveness has been studied in the context of abstract argumentation semantics
via signatures of semantics (Dunne et al. 2015), which compares semantics based on the sets of extensions they
can generate. While our focus is on comparing formalisms through the sets of possible completions they can
represent under uncertainty, both approaches share the common idea of characterising expressiveness in terms
of sets of abstract outcomes.

3 Abstract Argumentation with Qualitative Uncertainty

Most of the systems of structured argumentation are endowed with an abstract representation, a derived or
associated graph, usually called an argumentation framework. In the derived graph, all plausible inferential
constructions allowed by the structured framework are the nodes, whereas the different types of conflicts (usually
determined by some contrariness function among propositions) are the arrows. Argumentation frameworks are
defined as follows:

Definition 1 (Dung, 1995). An abstract argumentation framework (AF) is a directed graph AF = (A, D)
where A is a set of arguments and D C A X A is a defeat relation among them. In what follows, we assume
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as given a background set of arguments (names) U = {ay, ..., a,, ...} such that the domain A of any AF is a
subset of U.

Intuitively, defeats are meant to encode all possible conflicts between two arguments, such as negating the other
argument’s premises, negating its conclusion, its inferential soundness, etc.

The key concept in abstract argumentation is that of argumentation semantics. Roughly speaking, semantics
encode the notion of justifiable conclusion from structured argumentation as the conclusion of some “acceptable”
node. Formally, a semantics o is a map (A, D) — p(A),! where o((A, D)) provides all sets E of arguments
which constitute a “justified position” within (A, D), in other words, a set of jointly acceptable arguments (also
called an extension or a solution). To capture the informal notion of acceptability, extensions are required to
satisfy several specific constraints. As an example, consider admissible extensions, which are asked to satisfy
conflict-freeness (i.e., E € admissible({(A, D)) implies that no x, y € E are such that xDy) and self-defense (i.e.,
E € admissible({A, D)) implies that for every x € A such that xDy for some y € E, there is a z € E such that
zDx). Here, we won’t provide further details about argumentation semantics, since they are somehow orthogonal
to our topic of interest in the present work. For a systematic presentation of abstract argumentation semantics
and their insights, the reader is referred to Baroni et al. (2018).

3.1 Abstract Argumentation Frameworks with Uncertain Arguments

In order to deal with uncertain arguments, we need to refine our definition of AFs by specifying two distinct sets
of arguments. The definition runs as follows.

Definition 2 (Baumeister, Rothe, et al., 2015). An argument-incomplete abstract argumentation framework
(arg-IAF) is a tuple arg-IAF = (A, A?, D) where A and A’ are two pairwise disjoint sets of arguments and
D c (AFUAT) x (AF UAY).

Compared to the standard notion of an AF, arguments are partitioned into two disjoint sets: the set A’ of
fixed or certain arguments, i.e. arguments that are “always there", and the set A’ is that of uncertain arguments.
The role played by this distinction becomes clear with the definition of completion. We make use of the following
notation: given a relation S C B X B and a set B’ C B, the restriction of S to B’, defined as S N (B’ X B’), and it
is abbreviated as S;p'.

Definition 3 (Baumeister, Rothe, et al., 2015). A completion of arg-IAF = (AL, A’, D) is any AF (A*, D*)
such that:

e AF cA* cAf v A"

e D = @rﬂ*.
We denote by com(arg-1AF) the set of completions of arg-IAF. We adopt the same convention for the other
formalisms that include completions in their definition.

A completion thus represents a possible way uncertain arguments can be added to fixed ones to form an AF. It
is important to note that defeats in an arg-IAF are instead all “certain”, and the second item of the definition
guarantees that they are always present in a completion once their endpoints are there.

Example 1. The following figure depicts an arg-IAF, arg-IAF = (AL, .‘ﬂg, Dy), where ﬂ(f = {a}, .?{g ={b,c}
and Dy = {(b, a), {c, a) }, where uncertain arguments are represented as dashed nodes:

N

’
PG

~ S~ -

Its completions are the following AFs:

1We use g throughout the paper to denote the power set operator.
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AF,

O—O—0|O—O O—O|®

As mentioned in the introduction, simple arg-IAFs lack the power to discriminate among possible completions,
therefore lacking a sufficient level of granularity for our present purposes. One way to achieve such granularity
is to allow dependency conditions between (sets of) arguments. These conditions express things such as “at least
one argument of the set Y is always present in a completion whenever all arguments in the set X are present”
(implicative dependencies) or else “at least some argument from the set X should be there" (disjunctive depen-
dencies), or again “not all arguments from the set X can occur together" (NAND-dependencies). More formally,
given an argument-incomplete abstract argumentation framework arg-IAF = (AF, A’, D), a dependency over
arg-1AF is an expression of the form IMPLYY (X, Y), OR(X) or NAND(X) where X and Y are non-empty subsets
of A’. The precise meaning of these dependencies is specified in the following definition.

Definition 4 (Fazzinga et al.,, 2021a). An argument-incomplete abstract argumentation framework with
dependencies (dep-arg-IAF) is a tuple dep-arg-IAF = (AF, A%, D, Ay where (AF, A’, D) is an argument-
incomplete abstract argumentation framework and A is a set of dependencies over (AF, A’, D). A completion
of (AF, A’, D, A) is any AF (A*, D*) such that:
o (A*, D*) is a completion of (AF, A’ D); and
o forall § € A:
- If § = IMPLYY(X, Y), then X C A* implies Y N A* # 2.
- If § = OR(X), then X N A* # @.
- If § = NAND(X), then X N A* C X.
An implicative argument-incomplete abstract argumentation framework (imp-arg-IAF) is a tuple
imp-arg-1AF = (AF, A’ D, A) where A only contains dependencies of the kind IMPLYY (X, Y) where Y is a
singleton set. Given a dependency of this kind IMPLY" (X, {y}), we simplify notation and write IMPLY (X, y).

Example 2. If we augment the arg-IAF of Example 1 with Ag = {IMPLY({b}, ¢)}, then completion AF; is excluded
(ie., AF; ¢ com({AL, ﬂg, Dy, Ny)). Analogously, if we take A; to be {OR({b, c})} then com({ AL, ﬂg, Do, A1) =
com((AL, AL Dy)) \ {AF3}.

The following result shows that dep-arg-IAFs are sufficiently powerful to isolate any possible set of completions
of the underlying arg-IAF.

Proposition 1. Let arg-IAF = (AF, A°, D) be an arg-IAF and X C com(arg-lAF) a subset of its possible comple-
tions. There is always a set A of dependencies such that com({AF, A’ D,A)) = X.

Proor. The argument provided by Fazzinga et al. (2021a) for finite arg-IAFs can be generalised to the infinite
case. If we look at A’ as a set of propositional variables, then dependencies over (ﬂF JAY D) can be translated
into formulas of the infinitary propositional language £(A’) given by the BNF:

p:=x| AX—>VY|VX|-AXwherex € A’ and X, Y € p(A") \ {2}

In this picture, completions of (A¥, A, D) correspond to propositional valuations over A’ where variables
corresponding to arguments in the completions evaluate to true and other variables are set to false. Further,
completions of (AF, A’, D, A) are those among the just described set of valuations that satisfy all formulas from
A.

Importantly, any set of valuations over A’ can be encoded as a formula ¢/ over A’ in conjunctive normal form
(possibly using an infinitary language with infinite conjunctions and disjunctions if the set A’ is infinite), where
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every conjunct corresponds to (the negation of) a valuation not in the set. This formula can then be translated
into an equivalent set of formulas of I' € £(A’) (i.e., to a set of dependencies!), reasoning by cases over the
conjuncts of . If a conjunct X only contains positive literals xy, ..., xp, ... then, we put \/ X into I'. If it only
contains negative literals —x, ..., =xy, ..., then we add = A{x1, ..., Xp, ...} to T. Finally, if X contains both positive
and negative literals {x1,...,%Xp,...,"Y1... 7Y, ...}, then we add A{y1,.... ¥k, ...} = V{x1,...,x0,...} tO
I. |

Remark 1. Our definition of an argument-incomplete argumentation framework with dependencies differs from
the one provided by Fazzinga et al. (2021a) because we exclude CHOICE-dependencies. However, as explained
by these authors (Fazzinga et al. 2021a, p. 191) and generalised in the previous proposition, this simplification
does not affect the expressive power of dep-arg-IAFs, which will be our main focus of interest here. Moreover, in
this regard, it is equivalent to using constrained argument-incomplete argumentation frameworks, a subclass of
the more general constrained incomplete argumentation frameworks (Herzig and Yuste-Ginel 2021; Mailly 2021,
2024; Yuste-Ginel and Herzig 2023). In these structures, dependencies are expressed through a Boolean formula
in a language that contains a propositional variable for each argument in A’.

3.2 Relative Expressivity

The formalisms we have just presented can be compared with respect to their ability to express different sets
of completions. To this end, and to deal with structured (i.e., non-abstract) formalisms, we refine a notion of
expressivity previously introduced in the literature (Herzig and Yuste-Ginel 2021; Mailly 2024).

Definition 5. Given two sets of AFs (i.e., of completions) S = {(Ay, Dy), ...} and " = {{(A], D7), ...} we say that
they are equivalent (in symbols, S 2 ') iff there is a bijective function i : Uz pyes A = U(ar,pryesr A’ such
that {(i[AL i[D]) | (A, D) € S} =5’, where i[A] = {i(x) | x € A} and i[D] = {(i(x),i(y)) | (x,y) € D}
Note that if such a function exists, then it is a one-to-one isomorphism among the elements of S and S’.

Given two classes of argumentative formalisms with qualitative uncertainty X and Y (e.g., arg-IAFs, imp-arg-
IAFs, dep-arg-IATs, etc),? we say that X is at least as expressive as Y (in symbols, YV < X) iffforall Y € ¥
there is an X € X such that com(X) = com(Y). If the function i is clear enough from context, we omit it and
identify each x with i(x).

Fact 1. < is reflexive and transitive.

Remark 2. When dealing with two classes of abstract formalisms X and Y (whose arguments belong to U), one
can show that the notion of equivalence boils down to identity as far as expressivity is concerned. That is to say,
Y < X holds iff for all Y € Y there is an X € X such that com(X) = com(Y). This is precisely the notion of
expressivity used for abstract formalisms that we took as a departure point (Fazzinga et al. 2021a,b; Mailly 2024,
2022; Yuste-Ginel and Herzig 2023). Hence, our proposal is a conservative extension of a standard notion.

Fact 2. arg-IAFs < dep-arg-IAFs. To see this, note that com({AF, A’, D)) = com((AF, A’, D, @)) (Where @
is a set of dependencies).

Fact 3. imp-arg-IAFs % dep-arg-IAFs. To see this, take dep-arg-IAF = (AF, A%, D, Ay with AF = @, A’ =
{a,b} and A = NAND({a, b}). It is easy to see, by checking all possible imp-arg-IAFs with a and b as arguments,
that there is none with the same set of completions.

Remark 3 (On weaker notions of equivalence). One might wonder whether our notion of equivalence is just too
strong. For instance, it might seem at first sight that it is enough to require the existence of a bijection i : S§ — S’

2Formally, given a background set of arguments U/, an argumentative formalism with qualitative uncertainty is any formalism X equipped
with a function com(-) that assigns to X its set of completions com(X), that is, a set of directed graphs over U.
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such that for each (A, D) € S, (A, D) is isomorphic to i({(A, D)). However, this weaker notion finds some
counterintuitive positive cases. For instance, the following S and S are equivalent under this alternative notion:

S S

(A0 |(@D—(b) (O—()| .00
a0 @@ |0—@)] @

Note that b gets accepted in one of the AFs of S under any of the semantics defined by Dung (Dung 1995); but it is
not accepted in any of the AFs of §’. Intuitively, sets of frameworks where one accepts different arguments cannot
be argumentatively equivalent. If we transpose the previous example to structured argumentation frameworks,
we could have equivalent frameworks in which non-equivalent propositions are accepted/believed, which is
a clear undesired consequence. To avoid this, our notion of equivalence keeps track of arguments’ identity
throughout the equivalent sets of completion.

4 ASPIC* Frameworks with Uncertain Components

We now move to ASPIC* as our first framework for structured argumentation. Here, the preliminary question
is how to define the notion of an incomplete ASPIC* framework. We have essentially three options, already
mentioned in the literature: uncertainty generated by uncertain inference rules (Baumeister, Jarvisalo, et al. 2021)
(studied more in detail by Yuste-Ginel and Proietti, 2023), by uncertain premises (Odekerken, Lehtonen, Borg,
et al. 2023) (later developed by Odekerken, Lehtonen, Wallner, et al., 2025), or by uncertain preference profiles
(Baumeister, Jarvisalo, et al. 2021). Here, we focus on the first two options, providing the formal details of their
definitions in Sections 4.2 and 4.3. We then proceed to the main task of comparing their expressive power, as
defined in Section 3.2, with respect to the abstract formalisms reviewed above.

4.1 ASPIC' in a Nutshell

Here we provide the necessary ASPIC* background in a self-contained but compact way. For the motivation
behind the definitions, as well as discussion of alternative notions, the reader is referred to (Modgil and Prakken
2013, 2014). As for AFs in abstract argumentation, the central notion here is that of a structured argumentation
framework (SAF) and its associated, derived AF. However, we need a number of previous notions before getting
there.

Definition 6 (Modgil and Prakken, 2013). An argumentation theory is a tuple AT = (£, R, 1, K) where:

e [ is a formal language.

o =: L — ¢(L) is a contrariness function. We say that:
— ¢ is a contrary of ¢ iff ¢ ewbutr// ¢ 0.
— ¢ is a contradictory of  iff g € ¢ and ¢/ € .
It is assumed that each ¢ € L has at least one contradictory, denoted —¢.

e R = R; URy with Ry N Ry = @ is a set of inference rules (pairs of finite sets of formulas and formulas,
R C prin(L) X L)% R, represents strict rules while Ry represents defeasible rules.

e 1 : R; — L is a partial naming function for defeasible rules.

e K C L is a knowledge base which comes split into two disjoint subsets K, (axioms) and K, (ordinary
premises).

3Given a set S, we denote by ©rin(S) the set of all its finite subsets.
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The central notion of argument is then defined as follows:

Definition 7 (Modgil and Prakken, 2013). The set of arguments of a given argumentation theory AT =
(L, R,n,K), denoted A({ L, R,n,K)), is defined inductively. Together with the notion of argument, we define
some auxiliary functions: Sub(+) (returns the subarguments of an argument), Prem(-) (returns the premises of
an argument), Conc(+) (returns the conclusion of an argument), and TopRule(-) (returns the last rule employed
in the construction of an argument). We establish that A € A({L,~, R, n, K)) iff A is any finite expression built
by the application of the following conditions:
e A=g]ifp e K, with
- Prem(A) = Conc(A) = {¢},
- Sub(4) = {[¢]}, and
— TopRule(A) is left undefined.
o A=[Ay, ..., A, ~»¢] (withn > 0) if A, ..., A, are arguments and ({Conc(A;), ..., Conc(A,)}, ¢) € Ry, with
- Prem(A) = Prem(A;) U ...UPrem(A,),
- Conc(A) = ¢,
— Sub(A) = {A} U Sub(A;) U...U Sub(A4,),
— TopRule(A) = ({Conc(Ay), ..., Conc(Ap)}, ¢).
o A=[A..,A, = ¢] (withn > 0)if Ay, ..., A, are arguments and ({Conc(A;), ..., Conc(Ap)}, @) € Ry,

with:
- Prem(A) = Prem(A;) U ... UPrem(A,),
— Conc(A) = ¢,

— Sub(A) = {A} USub(A;) U ... U Sub(Ap),

— TopRule(A) = ({Conc(Ay), ..., Conc(Ap)}, ¢).
We omit squared brackets whenever no ambiguity arises. Note that arguments do not depend on * nor on ,
so we sometimes abbreviate A((L,*, R, 1, K)) as A(L,R, K). Given A € A(AT) we define the rules of A as
R(A) = {TopRule(B) | B € Sub(A)}.

Remark 4 (Rules and arguments without premises). The previous definitions allow for (i) rules with an empty set
of formulas on the left-hand side (i.e., it is possible that ({}, ¢) € R); and consequently (ii) arguments with an
empty set of premises (= ¢ and—» ¢, but also more complex ones like» ¢, = ¥ = J). If an argument has no
premises, we say it is premiseless. We say that an argument is simple iff it is either a single formula (a premise)
or an argument of form = ¢ with 3¢ {»=}.

Remark 5 (Excluding infinite arguments). The original definition of ASPIC* arguments allows for infinite
arguments (Modgil and Prakken 2013): arguments which are rooted in a conclusion but keep growing infinitely
without “finding” a set of premises. These abnormal arguments are later excluded from the definition of associated
AF in the ASPIC* literature. We exclude them from the very definition of argument for presentational purposes.

Next, one needs to codify a notion of conflict among arguments.

Definition 8 (Modgil and Prakken, 2013). Given an argumentation theory AT = (L, R, 11, K), and two arguments
A, B € A(AT), we say that A attacks B iff A undermines, rebuts or undercuts B, where:
e Aundermines B (on B') iff Conc(A) € p for some B’ = ¢ € Prem(B) such that ¢ € K. In that case we
say that A contrary-undermines B if Conc(A) is a contrary of ¢.
e Arebuts B (on B') iff Conc(A) € ¢ for some B” € Sub(B) of the form B}, ..., B;, = ¢. In that case we say
that A contrary-rebuts B if Conc(A) is a contrary of ¢.
o A undercuts B (on B) iff Conc(A) € n(TopRule(B’)) for some B’ € Sub(B) with TopRule(B’) € Ry.
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A simple conflict is sometimes not enough to decide whether an argument wins over another. To this end,
ASPIC* adds a preference relation among arguments, which is integrated in the formalism as follows:

Definition 9 (Modgil and Prakken, 2013). A structured argumentation framework (SAF) is a tuple SAF =
(L,5 R, K, <) where AT = (L, R, 11,'K) is an argumentation theory and < is a preferential ordering (usually
a partial preorder) relation among arguments <C A(AT) X A(AT) (its strict counter-part of <, denoted <, is
defined as usual: <=< \ <71).

In many contexts and applications, preferences are usually defined among formulas or rules and then lifted
to arguments. Different lifting principles that respect rationality postulates (i.e., desirable properties about the
framework output) have been studied (see (Modgil and Prakken 2013)). The preference relation then allows us to
define a full-blown notion of defeat.

Definition 10 (Modgil and Prakken, 2013). Given SAF = (£, R,n, K, <), and A, B € A({L,~ R, n,K)), we say
that A defeats B iff:

(i) A undercuts/contrary-rebuts/contrary-undermines B; or

(if) A undermines/rebuts B (on B’) and A £ B'.

The set of all defeats for a given SAF is denoted D (SAF). We instead equate the set of arguments A(SAF)
of a given SAF with those of its underlying argumentation theory, i.e. A(SAF) = A(AT). In general, given
SAF = (L,7,R,n, K, <), we use L(SAF) to denote L and apply the same convention for the rest of the components
(including the non-primitive components A(SAF) and D(SAF)).

The following definition provides the key notion that lifts structured argumentation frameworks to the abstract
level by identifying their associated graph.

Definition 11 (Modgil and Prakken, 2013). Let SAF = (L, R, 1, K, <) be given, the abstract argumentation
framework associated to SAF is defined as AF(SAF) = (A(SAF), D(SAF)).

Example 3. Consider SAFy = (£, R, n, K, <), where:

L is the language of propositional logic;

= is given by classical negation (i.e., ¢ € ¥ iff ¢ = =) or Y = —¢);

o Ry ={{{u},~s)};

e Ra={{ph ). {whr), {sh-n}k

o 1 is only defined for n({{p},q)) =r;
o K, = {P,u};

o Kp={s,wh

o <={(s = -r,w>=>r)}L
The associated AF looks as follows, where each box is an argument and arrows represent the defeat relation:

[~]
»
U
J
3
]
l
B}
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4.2 Uncertain Inference Rules

To define incomplete structured frameworks, we first consider the set of rules of a given argumentation system as
a source of uncertainty, following the IAFs spirit. A definition along these lines was first suggested by Baumeister,
Jérvisalo, et al. (2021) and formally specified by Yuste-Ginel and Proietti (2023).

Definition 12 (Yuste-Ginel and Proietti, 2023). A rule-incomplete structured argumentation framework
(rul-ISAF) is a tuple rul-ISAF = (£,~, R, n, K, <), where every component is just as in a SAF except for the set of
rules R, which is split into four pairwise disjoint subsets R = R UR? U Rg v R;, representing respectively certain
strict rules, uncertain strict rules, certain defeasible rules and uncertain defeasible rules. We define RF = Rf U Rg
(the set of certain rules) and R’ = R} U R; (the set of uncertain rules).

Remark 6 (On uncertain strict rules). The notion of uncertain strict rule (elements of R?) might seem contradictory
at first sight. However, this kind of rule makes sense if we think of a rul-ISAF as a model of what an agent thinks
of its opponent’s (or simply other agents’) argumentative situation. Hence, a rule R} can be understood as a strict
rule whose application by the opponent is uncertain from the agent’s perspective.

For a given rul-ISAF, we can define its completions analogously to Definition 3, here considering the addition
of all possible sets of uncertain rules (instead of abstract arguments):

Definition 13 (Yuste-Ginel and Proietti, 2023). A rule-completion of rul-ISAF is any SAF* = (£,*, R*, n*, K, <*)
such that:
e R =R:U R’ is such that:
- RF c R ¢ (REURY); and
F * F ?
-R, ¢ Rd;(RdURd).
e " =nnN(R*xL).
o <*=< N(A* X A*) where A" is the set of arguments generated using R* (i.e., A* = A(L, R*, K)).
We denote by rul-com(ISAF) the set of rule-completions of rul-ISAF.

Two specific rule-completions will be used for proving our central results, namely:

o SAFF is the rule-completion whose set of rules is RF.

o SAF™@ is just rul-ISAF (i.e., the rule-completion that uses both certain and uncertain rules R U R?).
SAFF is the minimal completion, where all uncertain rules are discarded, while SAF™* is the maximal one, where
all rules are accepted. Let SAF* € rul-com(ISAF) and let X € A(SAF*), we define the set of uncertain (resp.
certain) rules of argument X as R’(X) = R(X) N R? (resp. RF(X) = R(X) N RF). This function is lifted to sets of
arguments by setting R’(T') = Uycr R*(Y).

To compare the expressivity of incomplete formalisms, we again need to lift them at the abstract level by
defining the abstract completions of a given rul-ISAF. These simply correspond to the abstract argumentation
frameworks associated with its rule-completions.

Definition 14 (Yuste-Ginel and Proietti, 2023). The set of (abstract) completions of a given rul-ISAF is:

com(rul-ISAF) ={AF(SAF*) | SAF* € rul-com(rul-ISAF)}.
Example 4. Consider rul-ISAF, = (L, R, 1, K, <), where every component is as in the SAF of Example 3 except
for R, which is defined as follows:
° Rf = @;
o RY = {({u}, ~s)};
o Rl = {({w},r), ({s},-r)}; and
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o Ry ={{p} )}

This rul-ISAF has four rule-completions (one for each subset of R?) and four abstract completions. These are
represented as follows:

[<]
%)
]
J
[<]
[77)
U
J
e
U
Q

[]

U
4
a~
]
Q

]

Remark 7. The definition of rul-ISAFs and rule-completion assumes that for each rule R € R, it is known whether
R is strict or defeasible. The only thing that might not be known is whether R is applicable.

The first observation about rul-ISAFs is that they generate only argument-incompleteness and not defeat-
incompleteness at the abstract level.

Proposition 2. Let rul-ISAF be a rul-ISAF, and let (A, D1), (A2, D7) € com(rul-ISAF). Then, for every X,Y €
ﬂ] N ﬂz, <X, Y) [S] Dl U?(X, Y> € Dz.

Proor. By definition of completion, we have that (A;, D) and (A, D,) are generated by the rule-completions
SAF; and SAF; respectively. Since X, Y € A; NAj,, we have that both rule-completions share at least the uncertain
rules that take part in the construction of X and Y. Now, suppose that (X, Y) € D;. The latter is the case iff (i) X
undercuts/contrary-undermines/contrary-rebuts Y (with respect to SAF;), or (ii) X undermines/rebuts Y (with
respect to SAF;) and X #£; Y’. On the one hand, we have that X undercuts/contrary-undermines/contrary-rebuts
Y (with respect to SAF;) iff X undercuts/contrary-undermines/contrary-rebuts Y (with respect to SAF;), because
the definition of undercutting/contrary-undermining/contrary-rebuttal only involves (parts of) components of
SAF; that are also present in SAF, (namely, =1, the rules of Y and n;). Similarly, we have that X undermines/rebuts
Y on Y’ (with respect to SAF;) and X #; Y’ iff X undermines/rebuts Y on Y’ (with respect to SAF;) and X %, Y.
To see this, note that every element taking part in the definition of undermining and rebuttal for X and Y are
shared by SAF; and SAF;, and we have that X #; Y’ iff X #; Y’ holds by the definition of completions for
rul-ISAFs. O
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Our first central result shows that rul-ISAFs are at least as expressive as arg-IAFs from Section 3.1. Its proof
proceeds by showing how to associate, to any arg-IAF, a corresponding rul-ISAF with an equivalent set of
completions.

Theorem 1. arg-IAFs < rul-ISAFs.

Proor. Let arg-IAF = (AF, A’ D) be an arg-IAF, we construct the target rul-ISAF = (£,5, R, n, K, <) as
follows:
° -1: = {px»_‘Px | X € ‘ﬂF Uﬂ?}-
e = is given by two clauses:
(C1) p € =pand —p € p for every p,~p € L.}
(C2) px € py iff (x,y) € D.
o R ={{{},px) | x e A’}
o« K, = {pe | x € AT},
o The other components of rul-ISAF are empty.
Observe that the set of all arguments that might appear in the completions of rul-ISAF is K, U RZ. More complex
arguments cannot be formed because all rules of the defined argumentation system have empty antecedents. The
function i : (AF UA’) — (KU Rl?i) that establishes the equivalence between the two sets of completions is just

P if x € AF
i(x) =
= py, ifxeA’
It is immediate to check that i is bijective, since i[Af] = K, and i[A’] = RZi'
We then show that

{{[A*),i[D*]) | (A*, D*) € com(arg-IAF)} = com(rul-ISAF).

Which amounts to showing two things:
(T1) For every (A*, D*) € com(arg-IAF), (i[A*],i[D*]) € com(rul-ISAF); and
(T2) For every (A’,D’) € com(rul-ISAF), there is a (A*, D*) € com(arg-1AF) such that (i[A*],i[D*]) =
(A", D).

For (T1), suppose that (A*, D*) € com(arg-lAF). This implies, by definition of completion for arg-IAFs, that

@) AF c A* ¢ AF U A’; and

(b) D* = Dy a-

We need to show two things.

i) Kp C i[A] €K, U R?d; and

(i) i[D*] = D(rul-ISAF) i1

Note that (i) is implied by (a) and the fact that i is monotonic, i.e., the fact that for all X, Y C AP U AT, we
have that X C Y implies i[X] C i[Y]. We leave details to the reader.

As for (ii), let us show both inclusions. From left to right, suppose (i(x),i(y)) € i[D*], which implies
(x,y) € D* (by definition of i), and then by (b) that (x,y) € D and x,y € A* (and hence i(x),i(y) € i[A*]).
If (x,y) € D, then we have by (C2) that p, € p,. Reasoning by cases on the membership of i(x) and i(y) to
K, and R?d, and applying the ASPIC*definition of defeat, we can arrive to (i(x), i(y)) € D(rul-ISAF). Therefore,
(i(x),i(y)) € D(rul-ISAF);.a+]. From right to left, suppose that (i(x),i(y)) € D(rul-ISAF);;#+1, which implies

4This clause is only included to make sure that each formula has at least one contradictory, as required in Definition 6.
SRecall that there can be rules with empty antecedent/body (Remark 4).
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that x,y € A" (by the definition of i). Since (i(x),i(y)) € D(rul-ISAF), we can arrive, reasoning by cases on
the definition of defeat to p, € p, (note that there are no undercuts because n is empty). The latter implies by
(C2) that (x,y) € D, which together with x,y € A" (that we already knew) and (b) implies (x,y) € D*, which
implies (i(x),i(y)) € i[D*] (by definition of i).

As for (T2), let (A’, D’) € com(rul-ISAF). We need to find a completion of arg-IAF whose i-image is (A’, D).

Let us simply show that (i"![A’],i"![D’]) is indeed a completion of arg-IAF. This amounts to showing:

(T3) AF c i [A'] c AT U A’; and

(T4) i_l [D,] = Drifl[ﬂl].
For the first inclusion of (T3), suppose that x € AF, which implies p, € K, (by definition of rul-ISAF), which
implies p, € A’ (by the definition of ASPIC* arguments and the definition of completions for rul-ISAFs), which
implies by definition of i that i~ '(py) = x € i"![A’]. For the second inclusion, suppose that x € i '[A’]. We
proceed by cases on the value of i(x). If i(x) = py, then x € A" (by definition of i). If i(x) == py., then x € A’
(by definition of i). Hence x € A" U A”.

For the left-to-right inclusion of (T4), suppose that (x, y) € i"![D’]. Reasoning by cases on the membership of
i(x) and i(y) to K, U R?d and applying the definition of rul-ISAF we can arrive to p, € p,, which implies by (C2)
that (x,y) € D (it is immediate to see that x,y € i~![A’]). The right-to-left inclusion follows an analogous line
of reasoning in the opposite direction. O

The naturally ensuing question is whether the inverse claim holds, i.e. if arg-IAFs are at least as expressive as
rul-ISAFs. The answer is negative.

Theorem 2. rul-ISAFs X arg-IAFs.

ProoF. A simple rul-ISAF satisfying the statement is obtained by setting Rf = R? = @, Rg ={{{q},r)}, and
R?d = {{{p}, ¢)} (where L is the language of propositional logic and - is given by classical negation), K, = @,
K, = {p}, and <= @. There are then two rule-completions and two associated AFs (two completions), namely,
{p}, @) and {p,p = q.p = q = r},@). It is easy to show that no IAF has a set of completions equivalent to
those AFs. Suppose there was such an IAF; then (the arguments corresponding to) p = q and p = q = r must
belong to A’, because they don’t appear in all completions, and therefore they cannot be certain. But then there
should be a completion with p = q and without p = g = r, but this is not the case (contradiction!).

m]

We can nonetheless achieve a positive expressivity result by extending arg-IAFs to their implicative extension
of arg-IAFs presented in Section 3.1. The following theorem corrects Theorem 1 of Yuste-Ginel and Proietti (2023),
where something similar is claimed for a subclass of imp-arg-IAF that only admits singleton sets on the left-hand
side of implicative dependencies.

Theorem 3. rul-ISAFs < imp-arg-IAFs.

Proor. Let rul-ISAF = (£,7, R, 1, K, <) be a rule-incomplete structured AF with R = RFUR’.
Now, we build the target imp-arg-IAF (AF, A’ D, A) as follows:

o A = A(SAFF).

o A" = A(SAF™) \ AL

o D = D(SAF™),

o A ={IMPLY(T,X) | R*(X) c R(I')}.°

®Recall that T € A’ (non-empty) and X € A’ (Definition 4).
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Any injective function i : A(SAF™*) — U will do the job here for proving equivalence among the two sets
of completions, so we just identify each X € SAF™** with its abstract name i(X). Then, we need to show that
both directions of the equality com(rul-ISAF) = com({AF, A?, D, A)) hold:

[S] Suppose (A*, D*) € com(rul-ISAF), which amounts by definition of com to

(HO) (A*, D*) = AF(SAF*) for some SAF* € rul-com(ISAF).

Hence, we need to check that (A*, D*) satisfies the conditions for being a completion of (AF, A?, D, A) (Section
3.1). To do so, we need to establish the following claims, whose proof we omit:

Lemma 1. Let SAF, SAF’ € rul-com(ISAF). Then:
(i) R(SAF) C R(SAF") implies A(SAF) € A(SAF’).
(i) R(SAF) C R(SAF’) implies D(SAF) = D(SAF'); a(saF)-
(iii) For everyT C A(SAF™) and every X € A(SAF™*) we have that:
IfT C A(SAF) and R’(X) C R*(T'), then X € A(SAF).

Each of the conditions follows from (H0) and its corresponding item of the previous lemma. In particular, the
condition A" ¢ A* ¢ AF U A’ follows by verifying that item (i) of Lemma 1 entails that A(SAFF) ¢ A* C
A(SAF™3X) In the same way, item (ii) of Lemma 1 entails D* = D (SAF"%*), 4. Finally, item (iii) ensures that
for all the dependencies listed in the definition, I' C A*, then X € A*.

[2]7 Suppose (A*, D*) € com((AF, A’, D, A)), we have that:

H1) AF cAa* cAalvA’.
(H2) D" = Dy a1
(H3) For all IMPLY(T, X) € AifT C A*, then X € A*.

Now, we need to find a rule-completion of ISAF, SAF” such that AF(SAF’) = (A*, D*). We define SAF’ =

(L,7,R",n, K, <*) as the rule-completion determined by the set of rules:

R = RF UR?(A").

Hence, £ and K are as in the original rul-ISAF rul-ISAF and n* and <* are the original components relativised to
the set of argument A (L, R’, K) (see Definition 13).

We need to check three things about this SAF, namely:

(iv) SAF’ € rul-(ISAF).

v) A* = A(SAF).

(vi) D* = D(SAF).

For (iv), we need to show Rf ¢ R” C (RF U R?). The first inclusion holds by definition of R’. For the second
inclusion, suppose that r € R, which implies r € RF U R?(A*) (by definition of R’), which implies r € RF U R’
(by (H1) and definition of A°).

For (v), we show that both inclusions hold. [S] Suppose X € A*, which implies by (H1) that X € A U A"
We proceed by cases. In the case that X € AF, we have that X € A(SAFF) (by definition of A’), which implies
X € A(SAF’) (by definition of R’ and Lemma 1.(i)). In the case that X € A’, we have that R(X) C R(SAF’) (by
definition of R’), which implies X € A(SAF’) (by definition of ASPIC*-argument). [2]® Suppose X € A(SAF’),
this entails (by definition of SAF’) that R(X) € RF UR’(A*), which implies (by definition of R?) R?(X) C R?(A*).
From this it follows (by definition of A) that (A", X) € A, which in turn entails (by definition of completion of
imp-arg-IAFs) that X € A*).

"This direction did not hold in a previous work by Yuste-Ginel and Proietti (2023).
8This inclusion was unprovable in (Yuste-Ginel and Proietti 2023).
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For (vi), we show that both inclusions hold. [C] Suppose (X, Y) € D*, which implies (by definition completion
for imp-arg-IAFs) that (X, Y) € A*XA* and (X, Y) € D. This entails (by (v) and the definition of D, respectively)
that (X,Y) € A(SAF") x A(SAF’) and (X, Y) € D(SAF™%). The latter entails, by Lemma 1.(ii) and by the fact
that R(SAF’) C R(SAF™®) that (X,Y) € D(SAF’). [2] Suppose that (X,Y) € D(SAF’). This implies (by (v)
and Lemma 1.(ii), respectively) that X,Y € A" and (X, Y) € SAF™®, which entails (by definition of D) that
X,Y € A" and (X, Y) € D. It follows that (X, Y) € D* (by definition of completion for imp-arg-IAFs). O

Our next result establishes that imp-arg-IAFs are in fact strictly more expressive than rul-ISAFs. Its proof relies
on the following lemma:

Lemma 2. Let rul-ISAF = (£, R, 1, K, <) be a rul-ISAF, and letT' C A(SAF™*), X € A(SAF™™) we have that:
for every (A*, D*) € com(rul-ISAF), T C A* implies X € A*
iff
R?(X) c R*(T).
Proor. Let rul-ISAF = (£, R, 1, K, <) be a rul-ISAF, and let I' C A(SAF™¥), X € A(SAF™),
[=] Suppose that
for every (A*, D*) € com(rul-ISAF), T C A" implies X € A* (i)
Suppose also, reasoning by contradiction, that
r e R%(X),butr ¢ R*(I') (ii)

Now, let SAFT = (£,7,RF U R7(F), n*, K, <*), which is a rule-completion of rul-ISAF. It is clear that I' C A(SAFD).
However, since r ¢ R(SAF") (because of (ii)), we have that X ¢ A(SAF"), which contradicts (i).

[<] Suppose that

R’(X) C R*(T) (iii)

Let (A*, D*) € com(rul-ISAF) (which means by definition of com that there is a rule-completion, name it
SAF*, such that AF(SAF*) = (A*, D*)). Suppose that T € A* (i.e, T € A(SAF)). This implies, by definition of
ASPIC-argument, that R’(I') C R(SAF*), which implies by (iii), that R’(X) C R(SAF*), which again by definition
of argument implies X € A(SAF") (i.e., X € A"). O

This allows us to prove the following:
Theorem 4. imp-arg-IAFs X rul-ISAFs

PROOF (SKETCH). Let imp-arg-IAF = (AF, A°, D, Ay where A" = @, A’ = {a,b,c}, D = @, and A =
{{{a, b}, c)}, this imp-arg-IAF can be shown not to have any rul-ISAF with an equivalent set of completions. First
of all, note that such rul-ISAF should have no premises; otherwise AF would not be empty. Now, reasoning
towards contradiction, suppose that there is such a rul-ISAF, call it ISAF. Then i(c) € A(ISAF) can be shown,
using Lemma 2, to have at least two premiseless rules, which are themselves members of all the completions
where i(c) appears. But then ({i(c)}, @) is not a completion of ISAF (while it should by assumption!). O

4.3 Uncertain Premises

A second option for grounding argument-incompleteness in the components of an ASPIC* structured argu-
mentation framework is to consider sets of premises, i.e. knowledge bases, as possible sources of uncertainty,
as suggested by Odekerken, Lehtonen, Borg, et al. (2023) and Odekerken, Lehtonen, Wallner, et al. (2025). We
generalise their definition (which was restricted to a fragment of ASPIC*) and adapt the terminology to ours for
the sake of homogeneity.
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Definition 15 (After Odekerken, Lehtonen, Borg, et al., 2023). A premise-incomplete structured argumen-
tation framework (prem-ISAF) is a tuple prem-ISAF = (£, R, 11, K, <) where every component is exactly as
in a SAF except for the knowledge base, that comes split into four disjoint subsets K = KX U K U 7(5 U 7(;
representing, respectively, certain axioms, uncertain axioms, certain ordinary premises and uncertain ordinary
premises. As before, we define KT = KL U 7(; and similarly for K.

Completions are then defined in the same way as they were for rule-incompleteness.

Definition 16 (After Odekerken, Lehtonen, Borg, et al,, 2023°.). A premise-completion of prem-ISAF =
(L,5Rn, K, <) is any SAF SAF* = (£L,~ R, n, K*, <*) where:
o K* =K, UK, with:
- K cK:  (KFUK?); and
- K, CK, < (K5 UK).
o <*=x; g+ with A* = A(L,R, K*)).

We denote as prem-completions(ISAF) the set of all premise-completions of prem-ISAF. Here again, two premise-
completions, the minimal and the maximal ones, will be key for our proofs:

e SAFF is the premise-completion whose knowledge base is KT = K U 7(5 .
o SAF™% is just prem-ISAF (i.e., the completion generated using certain and uncertain premises, i.e., all
formulas in K).

Let SAF € prem-com(ISAF) and let X € A(SAF), we define the set of uncertain (resp. certain) premises of
argument X as Prem’(X) = Prem(X) N K’ (resp. Prem® (X) = Prem(X) N KT). This function is lifted to sets of
arguments by setting Prem’ (') = Uy ¢y Prem’(Y) (and the same for F).

As before, we define the set of completions of prem-ISAF as the abstract AFs associated with its premise-
completions.
Definition 17. The set of completions of a given prem-ISAF is defined as:
com(prem-ISAF) = {AF(SAF*) | SAF* € prem-completions(ISAF)}.
Remark 8. The definition of prem-ISAFs and premise-completion assumes that it is known whether ¢ belongs

to K, or K,, (i.e., whether ¢ is an axiom or an ordinary premise) whenever ¢ is indeed a premise. Hence, it is
assumed that uncertainty only concerns the presence of premises, not their status.

Example 5. Let prem-ISAFy = (£, R, 1, K, <) where every component is defined just as in the SAF of Example
3 except for K, which is as follows:

o K, = {p.u};
. 7(,?1 = @;

. 7(5 = {s}; and
. 7(;, = {w}.

This prem-ISAF has two premise-completions (i.e., one with premise w and one without it) and two associated
AFs:

Premise-completions are called “future argumentation frameworks” by Odekerken, Lehtonen, Borg, et al. (2023).
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As with uncertain rules, we can show that uncertain knowledge bases only generate argument-incompleteness
at the abstract level.

Proposition 3. Let prem-ISAF be a prem-ISAF, and let (A1, D1), (Az, D7) € com(prem-ISAF). Then, for every
X, Ye A NALX,Y) e Dy iff (X,Y) € Ds.

Proor. The proof is very similar to that of Proposition 2. The key point is that the presence/absence of a set of
premises does not affect the presence/absence of defeats, given that the involved arguments are present. ]

Also, analogously to rule-incompleteness, knowledge base-incompleteness is expressive enough to subsume
standard arg-IAFs at the abstract level.

Theorem 5. arg-IAFs < prem-ISAFs.

ProoF. Let arg-IAF = (AF, A, D) be an arg-IAF, we construct the target prem-ISAF = (£, R, 1, K, <) as
follows:
o L={px,px|x€ AF Uﬂ?}-
e T is given by two clauses:
(C1) p € =p and —p € p for every p,—p € L.
(C2) px € pyiff (x,y) € D.
« K = {py | x € A},
oﬂgz{pxlxeﬂ?}.
e The other components of prem-ISAF are empty.

Note that all arguments of prem-ISAF (i.e., arguments of A(SAF™*)) happen to be formulas since there are
no inference rules. The function i : A(SAF™®) — (A U A’) is defined as i(p,) = x. It is easy to check that
i is bijective and induces a bijection among the sets of arguments of completions of both formalisms. As for
the defeat relation, it is enough to use (C2) to check that (x,y) € D(SAF™) iff (i(x),i(y)) € D.Hence, iis a
function satisfying the conditions of Definition 5. ]

The naturally ensuing question is whether arg-IAFs are at least as expressive as prem-ISAFs. Again, the answer
is negative.

Theorem 6. prem-ISAFs % arg-IAFs.

Proor. Consider a prem-ISAF (L,~, R, n, K, <) where L = {p,q,r}, (K]f = {p}, ’K; ={q},Rg = {{(g, 1)}, " is
given by classical negation, and the rest of the components are empty. We then get two completions, namely
{p}, @) and {({p,q,q = r}, @), which can be easily shown not to correspond to the set of completions of any
arg-1AF. O
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As for the case of rule-incompleteness, it is, however, possible to retrieve a sufficient level of expressivity by
adding implicative dependencies to the abstract framework. This follows, by the transitivity of < (Fact 1), from
Theorem 3 and from Theorem 10, proved below, establishing that rul-ISAFs are more expressive than prem-ISAFs.
However, it is possible to prove this result directly in the same way as for Theorem 3. We provide the direct proof,
since it is informative about the technical aspects of lifting ASPIC* systems to AFs.

Theorem 7. prem-ISAFs < imp-arg-IAFs.

Proor. Let prem-ISAF = (L, R, 1, K, <) be a premise-incomplete structured AF with K = ‘K,fU‘KIfU‘KfU‘K;.
We define the target imp-arg-IAF (AF, A’ D, A) as follows:
o A = A(SAFF).
o A" = ASAF™) \ AL
o D = D(SAF™),
e A = {IMPLY(T, X) | Prem’(X) C Prem’(I')}.1°
Any injective function i : A(SAF™%) — U will do the job here for proving equivalence among the two sets
of completions, so we just identify each X € SAF™® with its abstract name i(X). We show that both directions
of the equality com(prem-ISAF) = com({AF, A’, D, A)) hold:
[C] Suppose (A*, D*) € com(prem-ISAF), which amounts by definition of com to
(HO) (A*, D*) = AF(SAF*) for some SAF* € prem-com(ISAF)
Hence, we just need to check that (A*, D*) satisfies the conditions for being a completion of (AF, A’ D, A). To
do so, we need to establish the following claims, whose proof we omit:

Lemma 3. Let SAF, SAF’ € prem-com(ISAF). Then:

(i) K(SAF) C K(SAF’) implies A(SAF) C A(SAF).

(ii) K(SAF) € K(SAF’) implies D(SAF) = D (SAF');a(sAF)-

(1) For everyT C A(SAF™) and every X € A(SAF™) we have that:

IfT C A(SAF) and Prem’(X) C Prem’(T), then X € A(SAF).

As for Lemma 1 of Theorem 3, each item of the previous lemma guarantees the satisfaction of the corresponding
condition for being a completion.

[2] Suppose (A*, D*) € com({(AF, A’, D, AY), we have that:
H1) AF c A* c AT U A"
(H2) D* = Dy a-.
(H3) For all IMPLY(T,X) € Aif T € A*, then X € A*.

Now, we need to find a premise-completion of prem-ISAF, SAF’, such that AF(SAF’) = (A*, D*). We define
SAF" = (L,5,R,n, K, <’) where the only component that has to be specified is K" = K, U 7([', where:

K = KE U (Prem’(A*) N K.); and
K, = 7(5 U (Prem’(A*) N 'K;)

We need to check three things about SAF’, namely:

(iv) SAF’ € prem-com(ISAF).

(v) A* = A(SAF).

(vi) D* = D(SAF).

For (iv), we need to show

10Recall that T € A’ (non-empty) and X € A’ (Definition 4).
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e KF c K, c (KETUK)).

o Ky C K, (K, UK,).
The left-hand side inclusions (KL € K and ‘K; C K;) hold by definition of K”. As for the right-hand side
inclusion, suppose that ¢ € K, (resp. ¢ € K), which implies, by definition of K", ¢ € KE U (Prem’(A*) N K;,)
(resp. ¢ € ‘K;: U (Prem’(A*) N K,)). This entails, by (H1) and definition of A’, that ¢ € KE U K. (resp.
@€ ‘Kg U 7(;)

For (v), we show that both inclusions hold. [C] Suppose X € A*, which implies by (H1) that X € AF U A"
We proceed by cases. In the case that X € AF, we have that X € A(SAFF) (by definition of A’), which implies
X € A(SAF’) (by definition of K’ and Lemma 3.(i)). In the case that X € A’, we have that Prem(X) C K (SAF’)
(by definition of K”), which implies X € A(SAF’) (by definition of ASPIC*-argument). [2] Suppose X € A(SAF’),
which implies (by definition of SAF’) that Prem(X) € KT U Prem’(A*). This entails (by definition of Prem?)
Prem’(X) C Prem’(A*), and in turn (by definition of A) that (A*, X) € A. From here it follows (by definition of
completion of imp-arg-IAFs) that X € A*.

For 3, we show that both inclusions hold. [C] Suppose (X, Y) € D* which implies (by definition completion
for imp-arg-IAFs) that (X, Y) € A* X A* and (X, Y) € D which implies (by (v) and definition of D, respectively)
that (X,Y) € A(SAF’) X A(SAF’) and (X, Y) € D(SAF™¥) (which implies, by Lemma 3.(ii) and by the fact
that K(SAF’) C K(SAF™%)) that (X, Y) € D(SAF’). [2] Suppose that (X, Y) € D(SAF’) which implies (by (v)
and Lemma 3.(ii), respectively) that X, Y € A* and (X,Y) € SAF™%*, which implies (by definition of D) that
X,Y € A" and (X, Y) € D, which implies (X,Y) € D* (by definition completion for imp-arg-IAFs). O

The next question is whether prem-ISAFs are sufficient to express imp-arg-IAFs. The answer is negative, and,
as for the previous result, it is possible to prove this indirectly. The direct proof we provide below (Theorem 8)
requires the following Lemma.

Lemma 4. Let prem-ISAF = (L, R, n, K, <) be a prem-ISAF, and letT C A(SAF™*), X € A(SAF™*) we have
that:

for every (A*, D*) € com(prem-ISAF), I C A" implies X € A*
iff
Prem’(X) C Prem’(T).

Proor. From left to right, suppose that
(H1) for every (A*, D*) € com(prem-ISAF), ' C A" implies X € A*
and, reasoning by contradiction, suppose that
(H2) there is a ¢ € Prem’(X) such that ¢ ¢ Prem’(T")

Note that SAF, = (£, R, 1, KF UPrem?(T'), <*) is a prem-completion of prem-ISAF, where <* is the restriction
of < to A({L,R, KT U Prem?(I))) as established in Definition 16. Moreover, it is clear that I' C A(SAF,) (by
definition of argument and SAF,). However, X ¢ A(SAF,) (because of (H3) and the definition of SAF,). But since
AF(SAFy) € com(prem-ISAF), we have that (H1) must be false (contradiction!).

From right to left, suppose that
(H3) Prem’(X) C Prem’(A), and
(H4) (Aq, D1) € com(prem-ISAF) and T C A; (with the aim to show that X € A,).

From (H4), we have that (A, D;) € AF(SAF;) for some SAF; € prem-com(ISAF) (by Definition 17). Also
from (H4) and by the definition of ASPIC* argument, we can deduce that Prem’(T') C K(SAF;). By (H3), we get
Prem’(X) C K(SAF,), which implies X € A;. m]
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This allows proving the following result.
Theorem 8. imp-arg-IAFs X prem-ISAFs.

PROOF. A simple witness of this existential claim is (A", A’, D, A) where:

o A = @.
o A’ = {a,b,c}.
e D=0.

e A = {IMPLY({a}, b), IMPLY({c}, b)}.

We have five completions (all with an empty defeat relation), namely {a, b}, {b}, {b,c}, {a, b, c} and @. Now,
reasoning toward contradiction, let us suppose that there is a prem-ISAF prem-ISAF = (£,% R, n, K, <) with
a set of completions that is equivalent to the previous one. For simplicity, we identify each X € SAF™%* with
i(X) € {a, b, c} in the remainder of the proof. Two observations about prem-ISAF can be derived by noting that
there are no certain arguments. First, there are no rules with an empty antecedent and hence no argument with
an empty set of premises, since this argument would be certain. Second, K = @, as otherwise we would again
have at least a certain argument. Putting both observations together, we have that each argument has at least one
uncertain premise. By Lemma 4, we have that the previous set of completions implies that: Prem’(b) C Prem’(a),
Prem’(b) C Prem’(c) but Prem’(a) ¢ Prem’(b)UPrem’(c). If there are only uncertain premises and no argument
without premises, then there are ¢q, ¢, € Prem(a) such that ¢; ¢ Prem(b) U Prem(c). It is easy to check that
@1 # a, ¢1 # b and ¢; # c. However, ¢; must appear in a completion of prem-ISAF, hence the sets of completions
of arg-IAF and prem-ISAF are not equivalent (contradiction!). ]

4.4 Comparing Uncertain Rules and Uncertain Premises

One important question is how rule-incompleteness compares with premise-incompleteness, i.e whether rul-ISAFs
are more or less expressive than prem-ISAFs or else incomparable with them. This section shows that rul-ISAFs
are strictly more expressive. The first part of this proof consists of the following result.

Theorem 9. rul-ISAFs % prem-ISAFs.

Proor. The target rul-ISAF is defined as follows:
o L={ps,px|xec{ab,c}}

e T is given by —.

o Ry = {{{h o) {po}pa). (o} ped}-

o The other components are empty.

The completions of this rul-ISAF are equivalent to the ones of the imp-arg-IAF defined in the proof of Theorem
8, hence they are not equivalent to the completions of any prem-ISAF. O

We now move to the most difficult result of this section, showing that prem-ISAFs < rul-ISAFs. To prove this,
we need to take a detour. First, we show that prem-ISAFs are as expressive as one of their proper subclasses,
which we will call tidy prem-ISAFs, defined as follows.

Definition 18. Let us say a prem-ISAF prem-ISAF = (£, R, n, K, <) is tidy when K N {¢ | ({},¥) € R} = 2,
i.e., when there is no ¢ € £ such that ¢ is a premise and the head of a premiseless rule simultaneously. We denote
by t-prem-ISAFs the class of all tidy prem-ISAFs.

Equal expressivity is established by the next result.

Lemma 5. prem-ISAFs < t-prem-ISAFs.
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PrOOF. Let prem-ISAF = (£,7 R, 1, K, <) with K = KI U ’KZ U ‘K; U ’K;, its set of repetitions is defined as
REP =K n{p € L | {{},¢) € R}, that is, the set of all formulas that work both as premises and as heads of
premiseless rules. Hence prem-ISAF is tidy iff REP = @. We will use a fresh syntactic copy of L to get rid of
repetitions, that is, a set c(£) = {¢’ | ¢ € L} with £ N c(L) = @. We further assume that (1) : £ — ¢(L) is
injective. This map can be obtained, in the case of propositional languages, by using fresh copies of variables and
Boolean constants, and providing a straightforward recursive translation. Hence, for instance, we would have
that (p = (g & (p A —|s)))' =p" — (¢ & (p’ A —=s’)). The details of defining (-)’ for each language are left
unspecified.

We further define the following translation function z:
Y ify € REP;

Y otherwise.

e For premiseless rules: 7 (({},¢)) = ({}, e (¥))-

e For the rest of the rules: 7 (({¢1, ..., ou}, @) = {7r (1), ... T (@n) }, ).
e For atomic arguments: 74 (¢) = ¢.

e For simple premiseless arguments: 74 (= ) == ¢ (¥).
o For the rest of arguments: 74(A;, ..., Ap = ¢) = 14(A1), ..., Ta(4y) D ¢.

e For formulas: 7p(y) =

We drop the subscript from 7 whenever the context is clear.

Using 7, the equivalent tidy prem-ISAF we are after can be defined as prem-ISAF’ = (L',¥,R",n,/ K", <)

where:
o L'=LUc(L). .

=50 {p ) 0 0 0 V) | € ).
R =R\ {{{}.¢) | ¢ € REP}) U {z(r) | r € R}.
W =nU{(z(r).9) | (r,@) €n}.
K =K.
<'= (2 U{{A,7(B)), ((A), B),(r(A), 7(B)) | A = B (L r.%)-

We now show that 74 works as an equivalence function between the completions of both prem-ISAFs (see
Definition 5). We split this into several claims:

[Claim 1. For every X € A(prem-ISAF), 74(X) € A(prem-ISAF’)]!!
Let X € A(prem-ISAF), we continue by induction on X.

[Case: X = ¢ € K] We have that 74(X) = ¢ by definition of z4. It then holds that 74 (¢) € K by hypothesis and,
since K = K’ by definition of prem-ISAF’, we obtain 74 (X) € A(prem-ISAF’) by definition of argument.

[Case: X == ¢] We distinguish two subcases. First, if ¢ ¢ REP, 7(X) == ¢, but since ({}, ¢) € R’ by definition of
R’, we have that 74(X) € A(prem-ISAF’). Second, if ¢ € REP, 7(X) == ¢’. We have that 7 ({{}, ¢)) = ({}, ¢,
and we have that ({}, ¢’) € R’ by definition of R’. By definition of argument, we obtain 74(X) € A(prem-ISAF’).

[Case: X = Xj, ..., X, = ¢] Assume, as the inductive hypothesis, that
VX1, ... Xp € A(prem-ISAF), 7(X1), ..., T(Xy) € A(prem-ISAF’).

We distinguish two subcases. First, suppose that ({Conc(z(X3)), ..., Conc(7(Xy,))}, ¢) € R, this implies that
TopRule(X) € R’ (because all rules with premises belonging to R belong also to R’ by definition), and, using the
inductive hypothesis and the definition of argument, we arrive to 74(X) € A(prem-ISAF’). Second, suppose
that ({Conc(7(X3)), ..., Conc(7(Xn))}, ¢) € R. This implies that there are k arguments, {Z1, ..., Zx} € {Xj, ..., Xu}

't is easy to check that Uz p*)ecom(prem-isaF) A = A(prem-ISAF), and U= p*)ecom(prem-isar) A = A(prem-ISAF’).
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having the form = ¢’ for some ¢’ € ¢(£). So we have TopRule(X) = ({¢1, ..., @1, @k+1, - @n}, @) With @1, ..., @ €
REP and ¢k41, ..., ¢ ¢ REP. This implies, by definition of 7z and zr, that TopRule(X) € R’. The latter implies,
together with inductive hypothesis and the definition of argument, that 74 (X) € A(prem-ISAF’).

[Claim 2. 74 is injective]

Let X,Y € A(prem-ISAF) and X # Y. We want to show that 74(X) # 74(Y). We proceed by induction on X
and Y. When X and Y have different syntactic shapes, e.g., when X == g and Y = Y;,..., Y, ¢, the proofis
straightforward, as 74 clearly preserves these shapes and hence 74 (X) # 74(Y). We analyse the rest of the cases:

[Case: X = ¢,Y = /] We have that X # Y by hypothesis, and that 74(X) = 7p(X) and 74(Y) = zz(Y) by
definition, so it is enough to recall that zf is injective to see that 74(X) # z4(Y).

[Case: X == ¢,Y == ¢] We have that X # Y by hypothesis, 74(X) == 7r(¢) and 74(Y) == ¢ (¢) by
definition, so it is enough to recall that zf is injective.

[Case: X = X;, ... X 2 ¢, Y =Y1,.., Y = ¢] Assume, as the inductive hypothesis that for all Zy, ..., Z,.x,
Z; # Z; implies 74(Z;) # ta(Z;). Note that 74(X3, ... X = ¢) = 1a(X1), ..., 7a(X,) = ¢ and similarly for Y.
Now, suppose that X # Y, this leads, by definition of argument, to either {Xy,..., X, } # {Y1,..., Y} or ¢ # ¢. For
the latter case, we have that Conc(z4(X)) # Conc(z4(Y)), hence 74(X) # 74(Y). For the former case, suppose
reasoning towards contradiction that {z4(X3),...,7a(Xn)} = {za(Y1),...,7a(Yr)}. This implies that there are
X; € {ra(X1), ... ta(Xy)} and Y; € {74 (Y1), ..., 7a(Yx) } such that X; # Y; but 74(X;) = 7a(Y;), but this contradicts
the inductive hypothesis.

[Claim 3. 74 is surjective with respect to A (prem-ISAF’)]

Let X’ € A(prem-ISAF"). We want to show that there is X € A(prem-ISAF) such that 74(X) = X’. We do this
by induction of X’.

[Case: X’ = ¢] Then z4(X’) = X’ and we know X’ = ¢ € K, and therefore, X" € A(prem-ISAF).

[Case: X == §] We distinguish two cases. If § ¢ c¢(L), then by definition of 74, we have that = § €
A(prem-ISAF) and 74(2 6) == 6. If § € (L), then by the definition of 74 there is ¥ € L such that
= 1y € A(prem-ISAF) and 74 (= ¢) == 6.

[Case: X' = X|, ..., X, = ¢] As the inductive hypothesis we have that there are X, ..., X;, € A(prem-ISAF) such
that 74 (X1) = X|, ..., ta(Xy) = X;,. By definition of 74 and the inductive hypothesis we have that 74 (X, ... X, =
p) = X|,...X;, = ¢.Hence we just need to show that X = Xj,..,X,, = ¢ € A(prem-ISAF), which amounts
to showing that r = ({Conc(X3), ..., Conc(Xy)},¢) € R. Since X/, ... X], = ¢ € A(prem-I1SAF’), we have
r" = {({Conc(X]), ..., Conc(X;)}, ¢) € R". We distinguish two subcases. First, suppose that r’ € R, thenr’ = r
by definition of R’ and 7g (as otherwise we would get that there is a premise of a rule in R that belongs to
c(£L), which is absurd), and we are done. If r’ ¢ R, then we get by definition of R” that there is r; € R such that
tr(r1) = r’. We have, by definition of g, that r; = <{T;1(COI’IC(X{)), r;l(Conc(Xn))}, @). One can show, by
an easy induction on Z € A(prem-ISAF), that 74(Z) = Z’ implies Conc(Z) = ;' (Conc(Z’)). Applying this to
r1, we have r; = ({Conc(Xj), ..., Conc(Xy) }, ¢) = r, and therefore r € R.

[Claim 4. {(T(ﬂ*), (D*)) | (A*, D*) € com(prem—ISAF)} = com(prem-ISAF’)]

We will only prove the C-inclusion; the reverse one is completely analogous. Let (A*, D*) € com(prem-ISAF),
which means that 3K*. KT ¢ K* € KT U K such that AF((£,~, R, n, K*, <*)) = (A*, D*). Let us show that
T((A*, D*)) € com(prem-ISAF"), which amounts to showing that there is a prem-completion of prem-ISAF’ such
that its associated AF is 7((A*, D*)). We shall prove that this prem-completion is precisely (L’,*,R’, n’, K*, <*
), where fl:ﬁ,rﬂ(ﬂ,R@?(*)' We first prove 7(AL,5 R, K", <*)) = ANL,7,R,n',K*, <)) and later
(DL SR, KE <)) = DL, R,/ K, <)),
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[Claim 4.1. t(A((L,~ R, K*, <*)) € AL 7, R, n', K", <*'))] Suppose that X € A((L,~ R, n, K*, <*)). We
continue by induction on X.

[Case: X = ¢] By definition of 74 we have that 74 (X) € K™, and therefore 74(X) € A(L’,”, R, ', K*, <*)).

[Case: X == ¢] We reason by cases on ¢ € REP. If ¢ € REP, we have 74(X) == ¢’ (by definition of
74) and ({},¢’) € R’ (by definition of prem-ISAF’). Which implies 74(X) € A((L’,7,R’, v, K*, <)) (by
definition of argument). Analogously, if ¢ ¢ REP, we have that 74(X) = X and ({},¢) € R’, and therefore
a(X) € AL, 7, R, 0/, K", <*)).

[Case: X = Xi,..Xn = ¢] As the inductive hypothesis, suppose that 7(Xj),...,7(X,) €

AL, 7, R, 0, K, <*)). By definition of 74 we have that 74(X) = 74(X3),...,74(X,) = ¢. We have that
TopRule(X) € R’ (because 74 : A(prem-ISAF) — A(prem-ISAF’), as we showed before). From the previous
claims, the definition of argument, and the inductive hypothesis, we obtain that 74 (X) € A(L’,~, R, n’, K*, <*
))-
[Claim 4.2. A(L,”, R0, K* <)) € t(AL,Rn,K* <*)))] Let X’ € AL, R, n/,K*, <)), we
want to show that there is X € A((L,7Rn,K* <*)) such that 74(X) = X’. We have that 7,;'(X’) €
A(prem-ISAF) exists and is unique because 74 is bijective, as we have previously shown. Moreover, note that
the premises of arguments are not changed by 74, hence Prem(X’) = Prem(z~!(X’)) € %*. From the previous
claims and the definition of argument, we can conclude that 771(X’) € A({L,~ R, 1, K*, <*)).

[Claim 4.3. (D ((L,5 R, K*, <*))) = DL, 7, R, n', K*, <*))] For defeats, we will use a couple of proposi-
tions. The first one follows easily from the definition of <’:

(P1) for every X, Y € A(prem-ISAF), X < Y iff r(X) <’ =(Y).

The second one claims that the subargument relation is preserved and antipreserved by z4, and this can be
proved by induction on X:

(P2) for every X, Y € A(prem-ISAF), X € Sub(Y) iff 74 (X) € Sub(za(Y)).

[Claim 4.3.1. 7(D(L,5Rn, K", <)) c DEL, Y, R, K", <*))] Suppose that (X,Y) €
DL SR, K, <*)). We know that 74(X),74(Y) € AKL,”,R,n',K* <*)) by the previous items.
We want to show that (z4(X), 74(Y)) € D((L’,”,R’, 0/, K*, <*')). We do this by case reasoning on the definition
of defeat.

[Case: X undercuts Y (on Z € Sub(Y))] By definition of undercutting we have that:

(i) Conc(X) € n(TopRule(2)).
Moreover, note that, by definition of n’, we have.
(if) n’(TopRule(z(Z))) = n(TopRule(Z)).

Applying the identity of (ii) to (i), we obtain:

(iii) Conc(X) € n/(TopRule(z(2))).

We proceed by cases. First, if Conc(7(X)) = Conc(X), then we substitute identicals in (iii) and apply the

definition of ¥ to arrive at Conc(r(X)) € n’(TopRule(7(Z)) , which amounts to 7(X) undercutting 7(Y) (on
7(Z)) with respect to (L’,”, R, n’, K*, <*). Second, if Conc(7(X)) # Conc(X), this means that X == ¢ with
¢ € REP and Conc(7(X)) = ¢’. This implies, together with (iii) and the definition of *’, that Conc(7(X)) €
1’ (TopRule(7(Z))) , and we are done.

[Case: X undermines Y (on ¢ € Prem(Y)) and X £* ¢] By definition of undermining we have that:
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(H) Conc(X) € ¢ with ¢ € Prem(Y) and X £* ¢.

Note that ¢ € Prem(z4(Y)) (because 74 does not change premises by definition). So all we need to show is
that (i) Conc(tx (X)) € @’ and (ii) 74 (X) £* ¢. (ii) follows from (P1), (H) and the definition of <*'. As for (i),
we consider two cases. If Conc(X) = Conc(z4(X)), we are done (because of (H) and the definition of ). If
Conc(X) # Conc(z4(X)), then by definition of 74, X == & for some § € REP. Which implies by definition of 7,
that Conc(z4 (X)) = r(Conc(X)). This implies by definition of  that Conc(z4 (X)) € ¢.

[Case: X contrary-undermines Y (on ¢ € Prem(Y))] By definition of contrary-undermining, we have that
(H) Conc(X) € ¢ with ¢ € Prem(Y) and ¢ ¢ Conc(X).

Arriving at Conc(7(X)) € ¢’ and ¢ € Prem(z(Y)) is as in the previous case. So we just need to show that
¢ & (Conc(7(X)) . This can be done again by reasoning over cases on Conc(X) = Conc(7(X)) and applying the
definition of ¥, (H) and the definition of 7.

[Case: X rebuts Y (on Z) and X «* Z] By definition of rebuttal, we have the following:
(H) Conc(X) € Conc(Z) with Z € Sub(Y) and TopRule(Z) € Ry, and X £* Z.

We want to show that (i) Conc(7(X)) € Conc(r(Z)), with 7(Z) € Sub(z(Y)) and TopRule(z(Z)) € R/, and (ii)
7(X) £*. (ii) follows again from (P1), (H) and the definition of <*. For (i), note that both the subargument relation
and the type of top rule are preserved by z4, so it is only necessary to check that Conc(r(X)) € COI’IC(T(Z)),‘ This
can be done reasoning by cases on whether Conc(X) = Conc(z(X)) and Conc(Z) = Conc(z(Z)) and applying
the definition of 7. The details are omitted.

[Case: X contrary-rebuts Y (on Z)]

Arriving at Conc(7(X)) € Conc(r(Z)),, 7(Z) € Sub(z(Y)) and TopRule(7(Z)) € R/, is as in the previous case.
So, to show that 7(X) contrary-rebuts 7(Y) (on 7(Z)), we just need to show that Conc(z(2)) ¢ m/.
This is done by cases on Conc(X) = Conc(7(X)) and Conc(Z) = Conc(r(Z)). In all four cases, we need to use
the case hypothesis Conc(Z) ¢ Conc(X) and the definition of ='.

[Claim 4.3.2. D(L,7,R,n, K", <)) < (DL RnK",<*)))] Suppose that (X',Y') €
DL, R ', K", <*)). We know, by the previous items we have proved, that there are unique
X, Y € AL, Rn,K* <*)) such that (X,Y) € DL, R, K* <)) and 7(X) = X’ and 7(Y) = Y.
We just need to show that (X, Y) € D((L,~, R, n, K* <*)). We proceed by cases on the definition of defeat:

[Case: X’ undercuts Y’ on Z’] Recall that the existence and uniqueness of 7}(Z’) = Z is also guaranteed by
previous items of this theorem. Applying the definition of undercut to the case hypothesis, we have the following.

(H) Conc(X’) € n’(TopRule(Z’))’ with Z’ € Sub(Y”).

We already know that Z € Sub(Y) (by (P2)). We proceed by cases on Conc(X’) = Conc(X) and Z = Z'.
Let us just explain the first case. If both Conc(X’) = Conc(X) and Z = Z’, we substitute identicals in (H)
and obtain Conc(X) € n’(TopRuIe(Z))/. Using (H) again, and applying the definitions of n” and ~/, we get to
Conc(X) € n(Z), which together with Z € Sub(Y) means that X undercuts Y. For cases in which Z # Z’ or
Conc(X’) # Conc(X) we need to check that the definitions of n” and * force X to undercut Y in Z. We omit
details.

[Case: X’ undermines Y’ on ¢ and X’ £* ¢] Applying the definition of undermining, we have that Conc(X’) €
9@’ with ¢ € Prem(Y’) and X’ £* ¢. X’ £* ¢ is guaranteed by (P1). So we just need to show that Conc(X) € 9.
If Conc(X) = Conc(X"), we apply the definition of 7" and we are done. If Conc(X) # Conc(X”), then Conc(X) =
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7' (Conc(X)) (we know that X is a simple premiseless argument) and the definition of " guarantees again that
Conc(X) € .

Contrary-underminings and (contrary)-rebuttals follow the same reasoning patterns as their corresponding
cases in the proof of Claim 4.3.1. We omit further details. ]

After this, it is possible to show that any rul-ISAF can be translated into an equivalent tidy prem-ISAF, thereby
establishing the following theorem.

Theorem 10. prem-ISAFs < rul-ISAFs.

PROOF (SKETCH). Let prem-ISAF = (£,% R, 1, K, <) with R = R, URg and K = KF UK’ U 7(5 U ‘Ki?,. We can
assume without loss of generality, because of Lemma 5, that prem-ISAF is tidy (if it weren’t, we would just
transform it into an equivalent, tidy prem-ISAF).

Let us inductively define the following translation function for arguments in A (prem-ISAF):

»p ifpek
e t(p)={ = ¢ if(peq(l?,
¢ otherwise

o 7(= ¢) == ¢ for € {»=}.
o 7(X1, ... Xy 2 ) = 1(Xy), ... 1(Xy) D 0.

Now, we define an equivalent rul-ISAF as follows, rul-ISAF = (£, R’,n, K’, <), where:
e R" =Rl UR] URH UR], where:

- RF=R;.

- R ={{}Lo) 0 X5}

- RE=Rg.

- Ry ={{Lo) o € K}}.
e K =K\K".

o <'={(z(X),7(Y)) [ X < Y}.
The proof follows the same structure as that of Lemma 5. We sketch its structure (the main claims to be proved)
and point out the critical points.

[Claim: For all X € A(prem-ISAF), 7(X) € A(rul-ISAF)] This is proved by induction on X.

[Claim: 7 is injective, that is, for all X,Y € A(prem-ISAF), X # Y implies 7(X) # 7(Y)] This is done by
simultaneous induction on X and Y. We have nine cases on the possible syntactic shapes of X and Y (i.e.,
X =¢pandY = ;X == ¢ and Y = ¢, etc.). The inductive hypothesis is only needed for the case where
X =X1,...Xn 2 @pand Y = Yy,..., Yy = ¢. Importantly, the case X = ¢ and Y == ¢ (and the symmetric one,
X == ¢ and Y = 1) needs the assumption that prem-ISAF is tidy, which we justified at the beginning of this
proof.

[Claim: 7 is surjective (with respect to A (rul-ISAF)] By induction on X’ € A(rul-ISAF).

The next step is showing that prem-ISAF and rul-ISAF are indeed equivalent. That is, we need to show
that {z({(A*, D*)) | (A", D*) € com(prem-ISAF)} = com(rul-ISAF). For this, we establish a one-to-one
correspondence between the prem-completions (of prem-ISAF) and the rul-completions (of rul-ISAF). Let
K=K UK U 7(;7 be the set of premises of a prem-completion; its corresponding set of rules in the

rul-completion of rul-ISAF is R* = RF UR: U RZ? where:

o R’ ={({},9) | ¢ € XK;}; and
o RV ={({Lo) | 9 € K}
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The definition from R* to K™ is analogous. Finally, we prove that for every prem-completion (£, R, n, K*, <),
T(AF(({L,5 R, K, <)) = AF({L,7, R*,n, K", <’)) =. This is split into four claims.

[Claim: 7(A({L,5 R, n, K*, <*))) € AL, R* 1, K", <'))] By induction on X € A({L, R, 1, K*, <*)).
[Claim: A((L,~ R*,n, K", <)) € r(A(L,7 R n, K* <*)))] By induction on X’ € A({L,~ R*, n, K, <")).

[Claim: 7(D((L,7 R, 1, K*, <)) € D((L,~ R*,n,K", <’))] By cases on the definition of defeat (X defeats Y on
Z). In the cases where X (contrary-)undermines Y (on ¢) with respect to D ({L,~ R, n, K*, <*)), we distinguish
two subcases: 7(¢) € Prem(z(Y)), which leads to 7(X) (contrary-)undermines 7(Y); and 7(¢) ¢ Prem(z(Y)),
which leads to 7(¢) == ¢ € Sub(z(Y)) and, subsequently, to a (contrary-)rebuttal.

[Claim: D((L,% R*,n, K", <")) € D(A*({L,7 R, n, K", <*)))] By cases on the definition of defeat. The critical
case here is (contrary-)rebuttal, where we analyse two subcases again: whether the targeted defeasible rule is
certain or uncertain. In the former, we obtain that z~1(X) also (contrary-)rebuts 77!(Y). In the latter, we find
that 771(X) (contrary-)undermines r~1(Y).

m|

Remark 9 (On the scope of the previous theorem). The previous proof makes use of a rather strong and non-
standard assumption: our ASPIC* frameworks admit any preference relation among arguments. Although this is
indeed the case in some presentations of the literature, preferences in ASPIC* are usually assumed to be the result
of some lifting principles among the defeasible elements (rules and premises) of the involved arguments. Two of
the most popular of these principles are the weakest-link and the last-link principle (Modgil and Prakken 2013).
Importantly, the construction used in the proof does not work for either of these two principles (counterexamples
can be easily found). On the positive side, we have that the proof runs without problems whenever the arguments
of the involved ISAF are equally strong (the preference relation is either empty or total). We decided to leave the
proof as it stands to show that fully abstract preferences can actually be handled and because we think it paves
the way towards the adaptation of the result to different lifting principles.'

4.5 Summary of Results

The following diagram summarises what we have proved about the relative expressivity of some of the formalisms
defined up until now. An arrow from a formalism X to M/ expresses that X < Y. Reflexive and transitive arrows
are omitted for readability. Note that non-depicted arrows represent directions that have been shown not to hold
(or that are easily provable).

Th.5and 6 Th. 9 and 10 Th. 3 and 4
arg-1AFs an prem-ISAFs an rul-ISAFs an
and Fact 3

Fig. 1. Expressivity results for rul-ISAFs and prem-ISAFs

Remark 10. It is not difficult to show that neither disjunctive arg-IAFs (only allowing OR-dependencies) nor
nand-arg-IAFs (only allowing NAND-dependencies) are expressive enough to capture prem-ISAFs or rul-ISAFs.

Remark 11. Not all theorems proved in this section are independent of each other. For instance, it would be
enough to prove the depicted arrows and the absence of their reversal in Figure 1, and the rest of the results
(the non-depicted arrows) follow from transitivity of <. However, we find the proofs of each of these results
interesting due to the constructions they are based on.

12We thank an anonymous reviewer of JAIR for pointing this out.
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5 Other Structured Argumentation Frameworks with Uncertain Components

Besides ASPIC*, two general frameworks for structured argumentation can be lifted to the abstract level, where
incomplete counterparts can be defined along the same lines, namely ABA frameworks and deductive argumenta-
tion. In fact, the ASPIC* notation allows for encoding both formalisms. However, a number of differences in the
way these formalisms define the notions of argument and attack prevent a straightforward translation of these
systems as instances of ASPIC*. What is more, these differences force a different lifting to the level of abstract
argumentation and therefore do not allow the direct application of all the results of the previous section. For this
reason, here we will only hint at how to define incompleteness in ABA and deductive argumentation, indicating
which results are easily transferable from ASPIC* and which are not (and why). In what follows, we discuss these
formalisms separately.

5.1 Incompleteness in ABA

An ABA framework can be identified as a special type of SAF with no naming function, no preferences and a
restricted contrariness function. More formally, the definition runs as follows.

Definition 19 (Toni, 2014). An assumption-based argumentation framework (ABAF) is a tuple ABAF =
(L,R,K,*) where:

e [ is a formal language;

e RC gof,-n(L) x L is a set of inference rules, i.e., pairs of finite sets of formulas and formulas;
e K C L is a set of assumptions; and

e 7: K — [ is a (total) contrariness function.

In comparison to ASPICY, there are some salient differences:

e In ABA, there is only one type of rules, corresponding to strict rules. As a consequence, no rebuttal attacks
can be defined. Rules with empty body are called “facts” in the ABA literature.

o ABA features only one type of premises (assumptions) corresponding to ordinary premises in ASPIC* (i.e.,
there are no axioms).

o The contrariness function is defined only for assumptions in ABA, not for the whole language. Moreover,
the uniqueness of the contrary of a formula is assumed in ABA (as opposed to ASPIC*, where the range of
= is p(L)). Note that there are extensions of ABA where this assumption is dropped (e.g., Fan and Toni,
2014). We do not consider them here.

o The naming function n is missing in ABA. As a consequence, no undercutting attacks can be defined.

According to the first and fourth items, ABA can only feature undermining attacks, i.e. attacks on assumptions.
Further, in the standard variant of ABA, there is no explicit modelling of a preference relation among arguments.
There are proposals filling this gap (e.g., (Cyras and Toni 2016), but we leave them out of our analysis. What is
more, the very same notion of argument is different in ABA, and in fact, there is more than one in the literature.
An argument can be understood either as a set of assumptions or else as a derivation (see, e.g., Toni, 2014). As
a further complication, there are two different approaches for defining derivations: one based on a tree-style
construction and the other being inductive (either in a forward fashion or in a backward one). The tree-style and
the backward inductive style can be proven to be fully equivalent. In contrast, the forward inductive definition is
only equivalent to the other two modulo some semantic assumptions (see (Toni 2014) for details).

For the sake of our discussion, we concentrate on ABA with arguments as derivations, where derivations are
defined as trees (i.e., backward inductions). Moreover, we adapt the definition to the ASPIC* notation.

Definition 20. The set of (backward inductive derivation-based) arguments of a given ABAF ABAF =
(L,R,K,~), denoted A({L, R, K,7)), is defined inductively. Together with the notion of argument, we define
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some auxiliary functions: Sub(-) (returns the subarguments of an argument),’*> Prem(-) (returns the premises
or assumptions of an argument), and Conc(-) (returns the conclusion of an argument). We establish that
Ae AL R K, 7)) iff Ais any finite expression satisfying one of the following conditions:
o A=[gp]ifp € K, with
- Prem(A) = Conc(A) = {¢}, and
- Sub(A) = {[e]}.
o A=[Ay, ... A, »¢] (withn > 0) if A, ..., A, are arguments and ({Conc(A4;), .., Conc(A,)}, ¢) € R, with
- Prem(A) = Prem(A;) U ... UPrem(A,),
— Conc(A) = ¢, and
— Sub(A) = {A} U Sub(A;) U ... U Sub(A4,).
Squared brackets are omitted when they do not confuse. An argument whose conclusion is ¢ € L, whose
assumptions are S € K and uses all rules in R C R in its construction, is sometimes abbreviated as S Fg ¢ in the
specialised literature. Moreover, we drop the subscript from rg whenever R is clear from context.

This provides all the elements needed to define the abstract AF associated with a given ABAF.

Definition 21 (Toni, 2014). Given an ABAF ABAF = (£, R, K, "), its associated AF is AF(ABAF) = (A, D)
where:

o A=AKLRK);

e DCAxAisgivenby (S+ ¢, T+ o) EZ)iffS:(pforsome5€T.

Remark 12. The abbreviation S +r ¢ should not be used when there is more than one derivation from S to ¢ using
R, since each derivation counts as a different argument in the ABA definition of argument-as-derivation (Def. 20
and (Toni 2014, Section 4)) and therefore all of them must be included as different entities in the associated AF.
Analogously, the abbreviation S + ¢ shall not be used when we have derivations from S to ¢ using different sets
of rules. See (Lehtonen et al. 2023, Section 4) for a more detailed explanation of different ways for representing
derivation-based arguments in ABA.

As for ASPIC*, ABA also allows two forms of uncertainty, about inference rules and about assumptions. The
following definition captures the first option.

Definition 22. A rule-incomplete ABAF (rul-IABAF) is a tuple rul-IABAF = (£, R, K, =) where every com-
ponent is defined as in an ABAF except for R, which is split into two disjoint subsets RF and R’ representing,
respectively, certain and uncertain rules. A rule-completion of IABAF = (L, R, K, ) is any ABAF* = (L,R*, K,~)
where R* is any set such that Rf € R* ¢ RF U R?. The set of all rule-completions of rul-IABAF is denoted as
rul-com(IABAF).

Assumption incompleteness is defined in the same way as follows.

Definition 23. An assumption-incomplete ABAF (asu-IABAF) is a tuple asu-IABAF = (£, R, K, ~) where
every component is defined as in an ABAF except for K, which is split into two disjoint subsets KT and K”,
representing, respectively, certain and uncertain assumptions. An assumption-completion of IABAF is any
ABAF* = (L, R, K*,~) where K* is any set such that KF c K* € KF UK. The set of all assumption-completions
of asu-IABAF is denoted as asu-com(IABAF).

As for ASPIC™, the completions of a rul-TABAF or of an asu-IABAF correspond to the abstract counterparts of
their completions and are defined along the same lines.

13The notion of subargument is not usually taken into account in the ABA literature. However, it is needed for us to transfer the expressivity
results from the previous section.
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Definition 24. The set of completions of a given rul-IABAF is:

com(rul-IABAF) = {AF(ABAF*) | ABAF" € rul-com(IABAF)}.
Likewise, the set of completions of a given asu-IABAF is:

com(asu-IABAF) = {AF(ABAF") | ABAF* € asu-com(IABAF)}.

In perfect analogy with ASPIC™, it is possible to show that both rul-IBAFs and asu-IABAFs may generate
uncertain arguments but cannot generate uncertain defeats. This is provided by the next two results that we
state without proof.

Proposition 4. Let rul-IABAF be a rul-IABAF. Let (A1, D), (Az, D2) € com(rul-IABAF). Then, for every X,Y €
A NAL X Y) € Dy iff (X, Y) € Ds.

Proposition 5. Let asu-IABAF be a asu-IABAF. Let (A, D1), (Az, D;) € com(asu-IABAF). Then, for every
X,Y € A1 NA, (X, Y)Y € Dy iff (X,Y) € Ds.

Also in this context, it is possible to show that arg-IAFs are not expressive enough to capture rule-incomplete
ABAFs.

Theorem 11. rul-IABAFs £ arg-IAFs. 1
ProoF. Same as Theorem 2. m]
And the same holds for assumption-incomplete ABAFs:

Theorem 12. asu-IABAFs X arg-IAFs.

ProoOF. Same as Theorem 6. m|

Here, as well, it is possible to prove that argumentation frameworks with implicative dependencies are powerful
enough to capture (derivation-based) rule-incomplete ABAFs:

Theorem 13. rul-IABAFs < imp-arg-IAFs.

ProoF. Same as Theorem 3. |

As for ASPIC* the opposite does not hold:
Theorem 14. imp-arg-IAFs X rul-IABAFs

Proor. Same as Theorem 4. |

Therefore, rul-IABAFs behave as rul-ISAFs about their lower and upper bounds of expressivity.
With the techniques employed in the ASPIC” case, it is also possible to show that implicative dependencies are
enough to express assumption-incomplete IABAFs:

Theorem 15. asu-IABAFs < imp-arg-IAFs.
Proor. Same as Theorem 7. O

Unfortunately, there is not much more to say about asu-IABAFs, rul-IABAFs, and how they compare to each
other. The missing expected results — namely arg-IAFs < rul-IABAFs, arg-IAFs < asu-IABAFs, imp-arg-IAFs #
asu-IABAFs and asu-IABAFs < rul-TABAFs - cannot be directly imported from their counterparts in ASPIC*. The
main reason for this is that the corresponding proofs play with the fact that the contrariness function in ASPIC*
takes p( L) (instead of L) as a codomain. The results and open problems of this subsection are summarised in
Figure 2.

4Here, rul-IABAFs denotes the class of all rul-IABAFs together with the notion of argument and completion that we have given above.
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asu-IABAFs

Th. 15
\ S o
- 1 \ S S
1 S~a
arg-lAFs : ! ~7 imp-arg-lAFs
8 \ '
S \ !
.. ) )
~ 1
Tho11 sy Az and 14
rul-IABAFs

Fig. 2. Expressivity results for rul-IABAFs and asu-IABAFs. Reflexive arrows are omitted. Dashed arrows represent unknowns
about the < relation. Missing arrows indicate that the < relation does not hold.

5.2 Incompleteness in Deductive Argumentation

Deductive argumentation (Besnard and Hunter 2018, 2014) is the third rule-based formalism for structured
argumentation whose semantics are expressed in terms of abstract AFs. Different from ASPIC* and the version of
ABA that we have used, deductive argumentation does not explicitly use tree-based arguments. Its main idea is
to select, depending on the specific application, a base deductive logic from which one can construct arguments
according to its consequence relation. Typical such choices are, among others, simple logic, classical logic, modal
logics or paraconsistent logics.

As for ABA, a Deductive Argumentation framework can be regarded as a special type of SAF with no naming
function and no preferences.

Definition 25. A deductive argumentation framework (DAF) is a tuple DAF = (£, R, K, ) where:

e [ is a formal language;

® R C prin(L) X Lis the set of inference rules (i.e. pairs of sets of formulas and formulas) of a specific logical
calculus;

e K C L is a set of formulas of the language;

e =: L — (L) is a (total) contrariness function.

In comparison to ASPIC* and ABA, its peculiarities are:

o The set of inference rules is encoded by a specifically selected calculus (e.g. propositional, first-order, or
modal logic) and is typically infinite. Further, rules are all of the same type (corresponding to strict ones),
and therefore, there is no possible uncertainty about them.

o There is only one type of assumption, consisting of (arbitrary) formulas of the language.

o Contrariness is defined for any formula of the language (is a total function). Its range is (L)) but typically
corresponds to the complement of a given formula, i.e. the set of formulas that are logically equivalent to
its negation.

e The naming function 1 is missing as in ABA.

As a consequence of the fourth item, Deductive argumentation has only undermining and rebuttal attacks. As for
ABA, there is no preference relation among arguments.

In the case of deductive argumentation, the notion of argument is defined after the notion of deriva-
tion/consequence +;, of the selected logic L. An argument can be understood as a minimal derivation from
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%, i.e. An argument (with respect to K) is a pair (I, @) with ' € K such that T' +; & and AT” C T such that
I’ kL .

As mentioned, there are several instances of deductive argumentation, depending on the choice of the underlying
logic. For our present purposes, we discuss the case of simple logic, which displays a behaviour similar to that of
ABA.

Definition 26 (Besnard and Hunter, 2014). The language of simple logic L consists of a set of literals
L ={p,—p,q,q, ...} (propositional atoms or their negations) and a set of simple rules, i.e., formulas of the form
aiA---Aa, — B, where each @; and f are literals. For each literal @ € L we define its complement ~ « as follows:
~ a = p if @ = —p for some atom p, and ~ @ = = otherwise (note that for every two literals & and f it holds that
a =~ Biff ~ a = p). A simple knowledge base K is just a subset of the language L. The simple consequence
relation (with respect to K) is the smallest relation +;C 9(Ls) X Lg such thatT s fiff a; A+~ Aay = feK
and for every i such that 1 < i < n, either ¢; € K or K rs «;. A simple argument (with respect to K) is a
pair (T, @) such that T C K, @ € LT rg @ and AT’ C T such that I’ ¢ a. For each argument (T, a) we define
Prem((T, a)) = T and Conc((T, &)) = a."® Given two simple arguments A and B we say that there is a simple
undermining from A to B iff Conc(A) =~ q; for some o; € {ay, ..., an} witha; A -+ A ay — B € Prem(B).!°
Finally, the AF associated to simple knowledge base K is the pair AF(K) = (A(K), D(K)) where A(K) is
the set of all simple arguments (with respect to K) and D (K) are all simple underminings among the elements

of A(K).Y

Uncertainty about inference rules is not an option in deductive argumentation, since they are provided in bulk
by the underlying logic. Instead, uncertainty about the knowledge base can be introduced in the obvious way as
follows.

Definition 27. An incomplete simple knowledge base (ISLAF) is just a simple knowledge base that is split
into two disjoint parts K = KT U K7, the certain or fixed part (K¥) and the uncertain one (X°). The set of
completions of K is defined as

com(K) = {AF(K*) | KF ¢ K* < KF UK’}

As for previous formalisms, uncertain knowledge bases generate only argument uncertainty at the abstract
level.

Proposition 6. Let K be a incomplete simple knowledge base, and let (A1, D1), (A3, D) € com(K). Then, for
everyX,Y € A1 N A (X, Y) € Dy iff (X,Y) € Ds.

Again, standard arg-IAFs are not expressive enough to capture the kind of uncertainty generated by uncertain
knowledge bases for simple logic.
Theorem 16. ISLAFs £ arg-IAFs.

Proor. Same as Theorem 6. ]

As for ASPIC* and ABA, it turns out that adding implicative dependencies is enough to capture ISLAFs:
Theorem 17. ISLAFs < imp-arg-IAFs.

BCalled support and claim, respectively, in the specialised literature (Besnard and Hunter 2014).

16This form of defeat is called simple undercut in the specialised literature (Besnard and Hunter 2014). We changed the terminology to avoid
confusion with the one used for ASPIC* above. Moreover, a form of simple rebuttal can be considered. However, it does not affect our
discussion, so we decided to leave it out for simplicity.

17A form of simple rebuttal can also be taken into account (see (Besnard and Hunter 2014)). Still, it is irrelevant to our purposes here.
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Proor. Same as Theorem 7. O
But the reverse does not hold.

Theorem 18. imp-arg-IAFs & ISLAFs.
Proor. Same as Theorem 8. m|

Once again, the expected result arg-IAFs < ISLAFs cannot be proven via a direct application of the argument
given for Theorem 5, because the simple negation ~ cannot capture ASPIC’s contrariness function on its full
generality. Expressivity results and open problems about ISLAFs are summarised in Figure 3.

Fig. 3. Expressivity results for ISLAFs. Reflexive arrows are omitted. Dashed arrows represent unknown parts of the expressivity
relation. Missing arrows denote expressivity relations that have been shown not to hold.

Remark 13. We insist that the results stated in this section apply only, as far as we have checked, to deductive
argumentation with simple logic. This is because, in a simple argument (T, &), rules are encoded in the set I'. Hence,
the presence/absence of a rule in an incomplete knowledge base is transparently linked to its presence/absence
in the associated AF of all arguments containing that rule. This does not happen with other instantiations of
deductive argumentation, where rules remain implicit in the background knowledge.

6 Conclusions and Research Perspectives

The core motivation of this work has been to develop a general framework for modelling uncertainty in structured
argumentation formalisms and to study how this relates to existing abstract formalisms. To do so, we defined and
motivated a novel notion of expressivity, informally accounting for the kinds of situations that each of these
models can encode. The central focus with regard to structured formalisms has been ASPIC*, but we have also
shown how to extend our approach to other systems such as ABA and deductive argumentation. In this regard,
we modelled uncertainty component-wise: only about premises and only about inference rules.

Our main results show that models with uncertain rules are strictly more expressive than models with uncertain
premises, and we also provided lower and upper bounds of expressivity for the abstract counterpart of these
models (see Figure 1). As we show, simple arg-IAFs with no dependencies are too coarse-grained to express any
of the structured formalisms we introduced. On the other side of the coin, incomplete arg-IAFs with dependencies
are good enough to capture the type of uncertainty generated by structured formalisms. Indeed, weaker forms of
IAFs with only implicative dependencies are sufficient to deal with uncertain rules and premises. In fact, finding
precise abstract thresholds of expressivity can shed light on the precise nature of different forms of uncertainty
in structured argumentation. Our work provides such thresholds for ASPIC* formalisms, but in some cases,
these results are hardly transferable to other formalisms. The main conceptual takeaway of this work is that our
results dismantle the false assumption that combinatorial uncertainty (i.e. uncertainty a la IAF) at the level of
components (rules, premises and preferences) is reflected at the abstract level (arguments).

As for immediate future work, the current paper leaves many open questions. The most obvious is perhaps
what happens if other component-wise forms of uncertainty are allowed. If we look back at the definition
of ASPIC* structured argumentation framework, one could consider any of the three remaining components
(languages, contrariness functions and preferences) as uncertain. It is not difficult to see that, while uncertain
languages generate uncertain arguments at the abstract level, uncertain contrariness functions and preferences
create uncertain defeats. In this vein, a further natural thing to ask is whether and how things change if we allow
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combined forms of component uncertainty (e.g. ASPIC* systems with both uncertain rules and preferences).
An interesting venue for future work is therefore to expand the approach to context with multiple forms of
uncertainty.

As a further point of interest, our way of modelling components’ uncertainty assumes common knowledge
about which category uncertain elements belong to, e.g. whether a given inference rule is strict or defeasible or
whether a given premise is an axiom or a provisional assumption. Therefore, uncertainty concerns only whether
an object (e.g., an inference rule) is present or absent, and not whether it is strict or defeasible. A natural research
avenue consists of investigating what the consequences are of allowing uncertainty of the latter kind.

Further, as noted, parts of our result do not transfer from ASPIC* to ABA or deductive argumentation. In
particular, precise expressivity lower thresholds for these formalisms are still missing (see the dotted arrows in
Figures 2 and 3). As a further complication here, it is known in the ABA literature that choosing among the two
notions of arguments available for ABA (derivations and sets of assumptions) does not affect the result of the
central reasoning task of finding sets of acceptable assumptions (Toni 2014). However, it can be shown that this
choice does have an effect in terms of what kind of uncertain structures one obtains at the abstract level (e.g.,
uncertain rules generate uncertain derivation-based arguments, but they create uncertain defeats if one uses
assumption-sets-arguments). A more complex question remains unanswered: what happens when acceptability
and uncertainty are jointly considered within this setting? To put it in other words, does the choice about the
ABA notion of argument have any effect on acceptable arguments in their necessary/possible versions?

From a broader perspective, another interesting direction for future work is to investigate expressiveness
not only at the level of completions, but also with respect to argumentation semantics, by comparing the
sets of extensions induced by different formalisms under uncertainty, in the spirit of signature-based analyses
of semantics (Dunne et al. 2015). From this perspective, perhaps some technicalities that prevented us from
transferring results from ASPIC* to other formalisms (e.g., single versus multiple contraries) are less relevant.

Our inquiry was markedly theoretical. However, it should be mentioned that premise-incomplete ASPIC*
frameworks were developed with several practical applications in mind (see (Odekerken, Lehtonen, Borg, et al.
2023; Odekerken, Lehtonen, Wallner, et al. 2025) for the relation among these systems and the work of the Dutch
police). It remains an open question whether uncertain rules, our other main focus, can be applied so directly and
fruitfully to real contexts.

Finally, an interesting and relatively orthogonal direction concerns the relationship between our approach
and dynamics in structured argumentation. Two comments apply here. First, premise-incomplete structured
frameworks have already been studied from a dynamic perspective, insofar as the main focus of Odekerken,
Lehtonen, Wallner, et al. (2025) was the computational complexity of stability and relevance problems, which have
a clear dynamic flavour. Second, and one step further, while the present work focuses on static representations of
qualitative uncertainty via sets of completions, dynamic phenomena—such as belief revision, information update,
or argument change—can be viewed as transformations on such sets. Investigating how dynamic operators on
structured argumentation frameworks interact with the expressiveness notions studied here, possibly along
the lines of epistemic and dynamic approaches to abstract argumentation (Doutre and Mailly 2018; Proietti and
Yuste-Ginel 2021), is a natural avenue for future research.
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