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Neural networks find applications in many safety-critical systems that raise concerns about their deployment: Are we sure
they never advise doing anything catastrophic? Formal verification has been recently applied to prove whether an existing
neural network is certified for some property; i.e., if it satisfies the property for all possible inputs or not. Formal verification
can prove that a network satisfies a property but cannot fix the network in case it doesn’t. In this paper we focus on the
automated synthesis of certified neural networks, that is, on how to automatically build a network that is guaranteed to
respect some required properties expressed as logical constraints. We exploit a Counter Example Guided Inductive Synthesis
(CEGIS) loop that alternates Deep Learning, Formal Verification, and a novel data generation technique that augments the
training data to synthesize certified networks in a fully automated way. We identify a few conditions guaranteeing termination
of the approach. We also investigate a soft constraint acceleration technique to reduce the number of CEGIS iterations and we
test our approach to synthesize safety neural controllers for four case studies: a social robot application scenario, an expense
prediction scenario, and two versions of the Airborne Collision Avoidance System X for unmanned aircraft benchmark (HCAS

and ACASXu).
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1 Introduction and Related Work

Applications of neural networks include fields where they act as action advisors and controllers for safety-critical
systems, where safety is paramount, and errors can be extremely expensive or life-threatening. When a neural
network is deployed in a safety-critical system, it is of extreme importance to prove that it satisfies the desired
properties in all possible scenarios and under all possible inputs. Formal verification provides algorithms and
methodologies that can exhaustively explore the state space of a system to guarantee that the system itself
respects the desired properties, and it is routinely applied in the design of hardware and software systems. More
recently, the challenge of the certification of neural networks has been receiving attention from the formal
verification community: the annual competition VNN-COMP (Brix et al. 2023) and the standard format VNN-LIB
(Tacchella et al. 2022) have been established to compare state-of-the-art neural network verification tools and
share benchmarks and test cases. The interest by the industry is testified by the recent discussion on the use
of formal methods for neural networks certification in aviation (EASA and Collins Aerospace 2023), and by
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3:2 . Zavatteri, Bresolin & Navarin

legislative texts such as the Al act by the European Union (European Parliament 2024), that will require for all Al
systems categorized as high-risk to be assessed before being deployed.

Many of the current approaches to verify a neural network reduce the problem to finding a solution to a
constraint satisfaction problem (CSP). Such a CSP consists of a set of constraints encoding the neural network and
a set of constraints encoding the property, and it is typically formulated within the frameworks of Mixed Integer
Linear Programming (MILP), Satisfiability Modulo Theories (SMT), or more generally Constraint Programming
(CP). Some selected references of these (and other) formal verification methods can be found in (Albarghouthi
2021). Verifying ReLU neural networks against linear properties is NP-complete (Katz, Barrett, et al. 2017). To
address this computational challenge, some tools such as RELUPLEX (Katz, Barrett, et al. 2017) and Marabou
(Katz, Huang, et al. 2019) provide specialized versions of the SIMPLEX method to boost scalability of the formal
verification.

However, verification alone can only give a yes or no answer and cannot synthesize a neural network that is
guaranteed to respect the property when the answer to the verification problem is negative.

A few attempts in the literature to deal with the synthesis of certified neural networks have been provided.
Some of them are restricted to general monotonicity of the network (Liu et al. 2020; Sivaraman et al. 2020),
whereas others are limited to constraining the output for Hierarchical Multi-label classification Problems (Deng
et al. 2014; Dragone et al. 2021; Giunchiglia and Lukasiewicz 2021). Considering more general rules, some works
(Li, Gupta, et al. 2019; Li and Srikumar 2019; Wang and Pan 2020; Xie et al. 2019; Xu et al. 2018) propose to
inject constraints in the loss function of a neural network in such a way that the training of the model should
prefer solutions where the constraints are satisfied. (Minervini and Riedel 2018) generates counterexamples
(solving an optimization problem) that violate some constraints that are expressed in first-order logic (FOL)
and include them in the training set in NLP tasks. (Daniele and Serafini 2022) expresses constraints as logical
clauses directly incorporated in the network structure as an additional layer that adds trainable parameters
(clause weights) that represent the satisfiability level of constraints, providing explainability to the model as well
as increased generalization. Some other methods additionally provide guarantees on the considered constraints,
even though they either pose limitations on the constraints (Hoernle et al. 2022; Xu et al. 2018), or rely on an
external component to enforce the desired properties at run time (Alshiekh et al. 2018; Cornelio et al. 2023; Zhu
et al. 2019). Finally, a recent review of deep learning with logical constraints is provided in (Giunchiglia, Stoian,
et al. 2022).

The problem of automatically generating a computational system that provably satisfies a given high-level
specification has been studied in computer science since the seminal works of Church (Church 1964). One
relevant methodology developed by this line of research is the Counter Example Guided Inductive Synthesis
(CEGIS) workflow, initially proposed in (Solar-Lezama et al. 2006) for the automated synthesis of programs. The
CEGIS workflow has been recently applied to prove stability of neural controllers (Abate et al. 2021; Chang et al.
2019) and to generate invariants for dynamical systems (Chatterjee et al. 2023; Peruffo et al. 2021). While these
works exploit a learning-verify loop similar to our approach, they differ in a key aspect: they use learning to
prove that the system satisfies the desired properties, starting from an analytical description of the dynamical
system. A framework that is closer to our methodology is described in (Goldberger et al. 2022), where the CEGIS
loop maintains a list of points on which the network is known to produce a faulty result, and then finds a
modification to the weights of the network that simultaneously corrects all of these points. The loop is repeated
until the network is verified. While this work aims to minimize the changes needed to certify the network,
as we do, it restricts itself to change only the last layer of the network in the modification phase, due to the
computational complexity of the underlying optimization problem. Likewise, SpecREPAIR (Bauer-Marquart et al.
2022) is an architecture based on CEGIS where counterexamples are sought by solving an optimization problem
and a repair phase injects information on these counterexamples in the loss function to retrain the network.
Certification is guaranteed by a final phase of formal verification. (Boetius et al. 2023) studies the problem of
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Table 1. A comparison of Certified Al techniques in neural networks.
Approach Guarantees Scalability Properties Cost Main  refer-
ences
Verification | Sound approach (if | Typically =~ NP-hard | Robustness (i.e., | From P to | CROWN
methods counterexamples (handles  networks | find counterex- | NP-hard, de-| (Zhang et al
are found, then we | with a few hundreds | amples around | pending on | 2018), Reluplex
have evidence that | of neurons). a given point); | property type. | (Katz, Barrett,
the network is not linear (relating et al. 2017),
certified). May be pairs of inputs Marabou (Katz,
incomplete (depends and outputs). Huang, et al
on type of networks 2019)
and properties). Com-
plete for ReLU neural
networks with linear
properties.
Repair /| Tterative improvement: | Depends on the strat- | Depend on the | At least NP-| DeepSADE
synthesis each iteration aims | egy employed to re-| type of network. | hard due to | (Goyal et al.
guided by | at eliminating a set | pair parts of the net- formal verifi- | 2024), SperRE-
counterex- | of counterexamples.| work or to find coun- cation and/or | PAIR (Bauer-
amples In general, there | terexamples. Also, typ- solving op- | Marquart
is no termination | ically grows linearly timization et al. 2022),
guarantee. with the number of it- problems  for | Other CEGIS
erations. repair. approaches
(Zavatteri et al.
2024), (Boetius
et al. 2023).

termination in the counter-example guided inductive synthesis setting pointing out that for many interesting
classes of specifications, termination still remains to be fully investigated. Finally, another iterative approach
worth mentioning is DeepSADE (Goyal et al. 2024) in which a combination of MaxSAT and gradient descend is
used to certify the networks by changing the weights of the last layer of network. Table 1 provides a high-level
comparison of these Certified Al techniques.
Our setting differs from most of current approaches as it is based on a data generation technique. We start from
a dataset sampled from an unknown distribution, and we aim to preserve the accuracy of the network as much
as possible, without adding restrictions on how we modify the network or how we modify the training. Such a
technique is general as it works also with datasets whose data is scarce or even starting from empty datasets.

Contribution and Organization

This paper combines Formal Methods with Deep Learning and employs the Counter Example Guided Inductive
Synthesis (CEGIS) workflow for the automated synthesis of certified neural networks.

This work is an extended version of (Zavatteri et al. 2024) that was presented at the 27th European Conference on
Artificial Intelligence (ECAI 2024) in Santiago de Compostela, Spain. In what follows we provide the organization
of the paper and detail the extensions this paper provides.

e Section 2 provides background on feedforward ReLU neural networks and their formal verification with
respect to the properties that we consider in this paper. Differently from (Zavatteri et al. 2024), here we
also consider sets of properties instead of single properties.
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e Section 3 introduces the notion of e-certification to embed explicit and arbitrary closeness criteria to the
satisfaction of properties. This section provides new contribution with respect to (Zavatteri et al. 2024) and
will play an important role when discussing termination.

o Section 4 provides the general pipeline for the synthesis workflow and identifies, in a technology-independent
way, the building blocks that we need to obtain our goal. Furthermore, it discusses a novel data generation
technique that generates new data by repairing counterexamples. This part extends that introduced in
(Zavatteri et al. 2024) to sets of properties guaranteeing that the repair of counterexamples does not generate
new data points that violate some other property in the set.

e Section 5 provides theoretical results on termination of our approach. This section is new contribution
with respect to (Zavatteri et al. 2024).

e Section 6 extends the approach to properties involving multiple input-output pairs. This part revises the
repair technique introduced in (Zavatteri et al. 2024) for these kind of properties, extends it to conjunctions
of properties and highlights current computational challenges and limitations.

e Section 7 discusses a soft constraint acceleration technique that injects soft constraints during training in
order to reduce the number of CEGIS iterations. Such a technique works on the structure of the constraints
expressing properties and automatically computes a factor to add to the loss used during training phases.
This section provides new contribution with respect to (Zavatteri et al. 2024).

e Section 8 discusses and applies our results to a social robot scenario in which a neural network acts as a
safety controller to decide which actions are allowed next. Here, with respect to (Zavatteri et al. 2024), we
also consider more properties.

e Section 9 discusses and applies our results to the Horizonal Collision Avoidance Systems (HCAS) a spe-
cialzied version of the Airborne Collision Avoidance X for unmanned aircraft (ACASXu) where a set
of neural networks act a safety controller to advise horizontal mid-air maneuvers. This section is new
contribution with respect to (Zavatteri et al. 2024). We show that we can certify neural networks for several
properties altogether.

e Section 10 compares with DeepSADE (Goyal et al. 2024) and SpecREPAIR (Bauer-Marquart et al. 2022), two
state of the art, CEGIS-based approaches, for synthesizing certified neural networks. This section is new
contribution with respect to (Zavatteri et al. 2024). We show that our approach outperforms DeepSADE, and
we report on some limitations we encountered that made the comparison with SpecREPAIR not possible.

e Section 11 draws conclusions and discusses future work.

The sections not strictly introducing new results have been revised to provide a more thorough and clear
presentation of the original results in appearing in (Zavatteri et al. 2024).

2 Background

In this section, we give the needed background on feedforward ReLU neural networks and their formal verification.

2.1 Feedforward ReLU Neural Networks
A feedforward ReLU neural network is a directed weighted graph that meets the following restrictions:

o The network always includes an input layer, an output layer, and may include hidden layers in between. A
network with exactly one hidden layer is shallow; it is deep if there exist at least two hidden layers. We
denote with d the number of layers in the network. Layer 1 is the input layer, while layer d is the output
layer. Layers 2,...,d — 1 are the hidden layers.

o A layer is a vector of neurons (each neuron is modeled as a node in the graph). We denote with ¢; the size of
the i-th layer, that is, the number of neurons in the layer. The j-th neuron of layer i is denoted by v; ;. To
ease readability, we omit the subscript j when the corresponding layer consists of only one neuron.
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Fig. 1. A neural network with one hidden layer.

e Each neuron belonging to the i layer with 1 < i < d is connected to all neurons in the (i + 1) layer
through directed weighted edges.

o Hidden neurons serve as computational units. Every hidden neuron v; ; also has an associated bias b; j and
a non-linear activation function. The neuron computes a linear function over the output of the neurons in
the previous layer, and then it applies the activation function to generate its output. Here, we consider the
Rectified Linear Unit activation function: ReLU(x) := max(0, x).

e Output neurons also have associated biases but no activation functions. In this way, they compute a linear
combination of the outputs of the neurons in the last hidden layer.

Figure 1 gives an example of a feedforward ReLU neural network with a single input neuron v, 1, a single
output neuron vs 1, and a hidden layer containing 2 neurons v, 1, vz 2 with ReLU activation functions. Biases are
shown above the neurons, and weights label the edges. The network computes the function:

computed by vy, computed by vy 5

fn(x) := — (max(0, 2x + 8)) +5 (max(0, —3x — 7)) +2

where x is the single input of the network.

2.2 Properties

In this section we define the formal language we will use to formalize the properties that neural networks should
satisfy. Before going ahead, we point out some basic notation we will use throughout the paper.

e We write X = (x, ..., x,) to denote a vector of real variables;

e We write X = (Xq,...,Xy) € R" to denote a vector of variable valuations. That is, for eachi = 1,...,n, x is
the value assigned to the variable x;.

e We write (%, ) as a shorthand for (xy,...,%s, Y1, ..,ym) and, likewise, we write (X, y) as a shorthand for
(X1, --+>Xn, V15 - - -, Ym) (i€, vector concatenation).

e We use n,m € N to represent input and output dimensions of the neural network of interest. We use
h,k, z € N whenever we want to talk about dimensions that are not related to input nor to output.
e As already pointed out in Section 2.1, fy is the function computed by the neural network N.

We rely on the theory of linear real arithmetic (LRA) to write the properties. LRA formulas are first-order
logic formulas built on top of atoms that are linear constraints }.}_; c;x; >« b, where c;, b are rational constants,
and € {<, <, =, >, >, #}. To simplify the definitions, we restrict our attention to properties that are built from
monotone formulas with no negations nor strict inequalities <, >.
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3:6 .« Zavatteri, Bresolin & Navarin

Definition 2.1. Given a vector of real variables X = (xi, . .., xx), a non-strict monotone formula F(X) on linear
constraints over X is any formula arising from the following grammar:

k
F(%) :::b+Zc,~xi <O0|F(X) ANF(X) | F(X) V F(X) | (F(X))

i=1
where ¢;, b € Q.

Arbitrary linear constraints of the form Zle cix; > b, where <€ {<, =, >}, as well as the boolean constants
true and false, can be rewritten to follow the above definition.

The properties of interest typically impose conditions on the relation between inputs and output of the network,
and as such can be easily encoded in LRA.

Definition 2.2 (Property). Given a neural network N, a property is any formula that can be written as follows:
P(;C: ?7) = Fpre(;é) = Fpost(f; !7),

where X and i are respectively the inputs and outputs of the network, Fp(X) is a non-strict monotone formula
giving the precondition on the inputs, and Fpo. (X, ) is a non-strict monotone formula giving the postcondition on
the inputs and outputs of the network.

A neural network is certified with respect to a property if for all inputs respecting the precondition we have
that the relation between inputs and outputs given by the postcondition is respected as well, as formally stated
by the following definition.

Definition 2.3. Let N be a ReLU neural network with n inputs and m outputs, and P(X, 3j) a property. Then, N
is certified for the property if for all inputs X € R” such that Fp,.(X) is true, we have that Fpoq (X, f(X)) is true.

To give some examples, consider the following properties for the neural network N in Figure 1:

(1) when the input is less than or equal to zero, the output is less than or equal to zero;
(2) when the input is greater than or equal to minus two, the output is less than or equal to the input minus six.

Property (1) can be formalized by the formula x < 0 = y < 0. N is not certified for this property, since for
X = -3 we have that fiy(X) = 10, and thus the postcondition y < 0 is false.

Property (2) can be formalized by the formula x > -2 = y < x — 6, that can be rewritten as —x -2 < 0 =
y — x + 6 < 0 to formalize the precondition and the postcondition in the form given by Definition 2.1. Notice that
this property requires the use of both the input x and the output y in the postcondition to be encoded correctly.
N is not certified for this property either, since for X = —2 we have that fy(X) = —2, and thus the postcondition
y < x — 6 is false.

We are usually interested in certifying a network for more than one property, and we would like to guarantee
that all of them are respected at the same time. We can formalize this scenario by considering sets of properties:

P ={Pi(X.7).....Pa(x. 9},

where each P;(X, §) is a property according to Definition 2.2. Then, Definition 2.3 of certified neural network can
be extended to consider sets of properties as follows.

Definition 2.4. A ReLU neural network N is certified for a set of properties P = {P;(X,3), ..., Pn(X,7)} if it is
certified for every P;(X, ).

Figure 2 provides a geometrical interpretation of the situation under analysis. Figure 2 should be read as
follows:
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44 Property (1)
z<0,y<0

Property (2)
x> -2,y<z—6

Fig. 2. Geometrical interpretation of neural network (brown line), constraint regions (shaded areas), and counterexamples
(red dots).

(1) the piece-wise linear function in brown is the graphical representation of the neural network N form
Figure 1;

(2) the regions where both precondition and postconditions of property (1) and of property (2) are true are the
blue and the green ones, respectively. The orange region is the intersection of the two. Black thick lines
highlighting the borders of the regions.

(3) Whenever a precondition of a property is false, that property holds trivially; so, in this example, N trivially
satisfies property (1) for every x > 0, and (2) for every x < —2. Consequently, the picture shows that N
satisfies both property (1) and property (2) for all x > 0 (where both postconditions are true), and also
when —% < x < —2, where Property (2) is trivially true;

(4) Some counterexamples (red dots) can refer to more than (possibly all) properties; e.g., (=3, 10) is a coun-
terexample to both Property (1) and Property (2);

(5) Some counterexamples only refer to a single property; e.g., (-2, —2) is a counterexample to Property (2)
but not to Property (1).

The fact that counterexamples may impact different subsets of properties will play a central when we discuss
our repair technique in Section 4.

2.3 Formal Verification of ReLU Neural Networks

Formal verification is the process of mathematically proving whether a system satisfies a given specification or
not. If the system meets the specification, a proof of correctness is provided,; if it does not, the method produces a
counterexample, that is, a concrete scenario where the specification is violated.

When applied to ReLU neural networks, with specifications given as the properties defined in Section 2.2,
the formal verification problem can be rephrased as a constraint satisfaction problem comprising two set of
constraints:

(1) a set of constraints encoding the network;
(2) a set of constraints encoding violations of the property we would like to hold.

Solutions to such a CSP provide counterexamples to the property, that is, input-output pairs that do not respect
the required conditions. An unsatisfiable CSP gives a proof that the network is certified for the property.
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3:8 .« Zavatteri, Bresolin & Navarin

We will use the same theory of linear real arithmetic we used in Section 2.2 to formalize properties to build the
CSP encoding the neural network verification problem described above.
Let N be a ReLU neural network with d layers (where each layer k had £ neurons), n inputs X = (x1, ..., x,),
and m outputs § = (yy, . . ., Ym). To encode the network into an LRA formula we proceed as follows.
e For each neuron v; ; of N we add two auxiliary variables vl"; and v;’j‘ that represent respectively the input
and the output of the neuron. To improve readability, we use xy, . .., x, instead of the auxiliary variables
v{t’l, e, vif’n for the input layer, and yy, . . ., y,, instead of the auxiliary variables v;j‘lt, e, U;ﬁ; for the output
layer.
o Input neurons simply forward the input to the output. Hence, for each input neuron we add the conjunct:

__out
X _Ul,j

e For each hidden neuron v; j, where 1 < i < d, we add the following conjuncts:

li-1
0,"; =b;; + Z W(0;_1k,03j) - Ufiul,k
k=1
out
Lj
where a = max(0, b) can be encodedinLRA as:a>0Aa>bA(a=0Va=D>).
e For each output neuron vy j, we add the following conjuncts:

_ in
0% = max(0, ;'

ta-1

0y =bay+ ) w(Od-1e0a)) 03
k=1

yj =0y,

The LRA formula Fy (¥, 1) encoding the network N is built by taking the conjunction of all the equations
introduced above and then existentially quantifying all auxiliary variables Ul”; and vﬂ?t . After this step, the only
free variables in the formula are the inputs ¥ = (xi,...,x,) and the outputs § = (y1,...,ym) of the network.
Thus, for every pair (%,y) € R” x R™, we have:

Fn(%,¥) if and only if y = fy(X).

To give an example, if we apply the LRA encoding to the network in Figure 1 we obtain the following formula:
Fy (x,y) := 077, 03y, 031, 075, 035 031
x =o' A

in _ out out _ in
vy =8+ 2071 Aoy =max(0,05)A

in _ out out
Upp =—7—=3011 AUy,

= max(0, véf’z) A
vy =2 — o34 +509% A
y= vé’ﬁ)
Given a property P(X, 3), to complete the encoding of the network verification problem we have to show how
to encode violations of the property within an LRA formula. We can do this by conjoining the negation of the
property with the formula Fy (X, §) encoding the network, as formally stated by the following theorem.

THEOREM 2.5. Let N be a ReLU neural network and P(X, 1) a property. Then, N is certified for P(X, ) if and only
if the following formula is unsatisfiable:

FN,P(-;C: Z_j) = FN(-;C: Z_j) A Fpre(-i:) A _‘Fpost(fs 37),

Journal of Artificial Intelligence Research, Vol. 87, Article 3. Publication date: September 2026.



Certified Neural Networks: from Verification to Synthesis « 3:9

where Fy(X) and Fyoq(X, 1)) are the precondition and postcondition of the property, and Fx(X,9) is the formula
encoding the network.

Proor. We prove the theorem by showing that Fy p(%, ) is satisfiable if and only if the network N is not
certified the property P(%, 7).

-

(=) Suppose that Fy p(%, 1) is satisfiable, and let X € R", y € R™ be valuations for the free variables that make
the formula true. By the conjunct Fy (¥, 4) we have that § = fy(X). By the conjunct F,.(X) we have that
the valuation X satisfies the precondition of the property, while from the conjunct ~F (X, i) we have that
the postcondition is violated, thus proving that the network N is not certified for the property P(¥, 7).

(&) Now suppose that N is not certified for P(¥, 7). Then there must exists a valuation X € R" for the inputs
such that Fy..(X) is true, and Fpoq (X, fiv(X)) is false. We now show that if we take y = fy(X), we obtain a
valuation the free variables of Fy p(X, 7) that satisfies the formula. First of all, since y = fiy(X), we have
that the conjunct Fy (X, /) is true. Then, by the choice of input valuation we have that the conjunct F,.. ()
is true. Finally, since Fjoq (X, fiv (X)) is false, we have that the conjunct —Fpoy (X, /) is true.

]

Finally, we recall from Definition 2.4 that N is certified for a set of properties P = {P;(X,4),..., Pu(X,9)}
if it is certified for each one of them. This allows us to check separately unsatisfiability of the formulae

Fnp (X.3), ... Fnp, (X 9).

Natural Extensions

The encoding presented above naturally extends to any activation function expressible in LRA. As an example,
consider the Leaky ReLU, a commonly used piecewise-linear activation function that introduces a small positive
gradient « for negative inputs:

x ifx>0

f(x)={

ax ifx<0

out

The output value v}}" of neuron v; ; can be encoded in LRA as:

in out _ _in in out __ in
(Ui’j >0AD) = vi’j) Vv (vi’j <0AD)Y =av;

This extension also allows piecewise-linear activation functions to be associated with input and output neurons
whenever needed.

Our encoding also supports non-linear activation functions in a limited setting, specifically when they appear
only in the output layer. In this case, the non-linear activation functions of the output layer can be replaced with
LRA-definable ones, and the property can be rewritten accordingly, ensuring that certification of the modified
network with respect to the modified property implies certification of the original network with respect to the
original property. As an example, consider the sigmoid activation function:

1

o(x) =
() 1+e™*

When the network output has a binary interpretation, where positive values correspond to “true” and negative
ones to “false”, 0(x) can be replaced by the identity function id(x) = x. This substitution is valid because both
o and id preserve the sign of the input: a positive input yields a positive output, and a negative input yields a
negative output. Therefore, the binary interpretation of the network is preserved, and certification of the modified
network implies certification of the original one.
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3:10 « Zavatteri, Bresolin & Navarin

Note that this approach is only valid for output neurons. For hidden neurons, the value of the activation
function must be propagated to the next layer, which cannot be done exactly when the encoding language is
restricted to linear constraints.

3 Realizability and Epsilon-Certification

In the previous sections, we introduced the formal language used to define properties as well as what it means for
a neural network to be certified with respect to a property or a set of properties. In our setting, a neural network
is a function from the input domain R” to the output domain R™. Therefore, we focus on properties that are
realizable, i.e., such that there exists at least one function that satisfies them.

Definition 3.1 (Realizability of properties). Let P(X, 3j) be a property. We say that P(¥, 1)) is realizable if there exists
a function f: R"” + R™ such that for all inputs X € R” where Fp.(X) is true, Fyoq (X, f(X)) is true. Furthermore,
we say that a set of properties P is realizable if there exists a function f: R” +» R™ that simultaneously realizes
all properties in P.

From the universal approximation theorems for neural networks, we know that, given a closeness criterion
¢ > 0, if a property P(X, ) is realizable by a function f: R” — R™, then there exists a neural network N
with enough neurons to approximate f within ¢ (Park et al. 2021). Universal approximation theorems are limit
theorems: they do not guarantee that a network computing exactly f is eventually found. As a result, they do not
guarantee that a network certified for P(X, §j) can be eventually found either, but only that we can get “arbitrary
close” to the satisfaction of P(X%, j).

To formalize this approximating nature of neural networks, and state precisely the problem that our framework
addresses, we introduce the notion of e-certification of a neural network with respect to a property. The intuition
behind this notion is that we can relax the postcondition of a property to consider a given ¢ tolerance.

Definition 3.2 (e-relaxation of a property). Let P(X, ) be a property and let ¢ > 0. The e-relaxation of P(X, 3), in
symbols P (X, §j), is obtained by replacing every linear constraint b+ )., ¢;x; + 2,72 diy; < 0 in the postcondition
Fpost(X,9) with b + 31 cixi + X7, diy; < e

Going back to the example properties of Section 2.2, let us recall the formulae encoding properties (1) and (2):

Fpre (x) Fpus[ (x,y) Fpre (x) Fpost (x,y)
—_ —_ —_—~— —_—
Pi(X%y) =x<0=> y<0 Py(X,7) =—x-2<0=>y-x+6<0
Given ¢ > 0, we have that the ¢-relaxations of these two properties are:
Fpre(x) F;as[(x’y) Fpre(x) F;asl(x’y)
— —— e eman, e e——
Pi(X%]) =x<0=> y<e Pi(Xj) =-x-2<0=>y—-x+6<c¢

When ¢ < 10, the network N fails to satisfy either e-relaxation of the properties. Indeed, for input X = (-3), the
output y = fy(X) = (10) violates both postconditions.
We say that a neural network is e-certified for a property if it satisfies the e-relaxation of the property.

Definition 3.3 (e-certified neural network). Let N be a ReLU neural network, P(X, §) be a property, and let ¢ > 0.
Then, N is ¢-certified for P(X, 7j) if for all inputs X € R" such that F,.(X) is true, we have that Fpost (X, fn (%)) is
true. N is e-certified for a set of properties P = {P(X, %), ..., Pn(X,§)}, if it is -certified for every P;(%, 7j).

We are now ready to state the (synthesis) problem we want to solve.

Definition 3.4 (Problem statement). Given:

e a dataset D of input-output pairs disjointly partitioned in training, validation, and test,
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(a) Realizable set of properties. (b) Certified ReLU neural network. (c) e-Certified ReLU neural network.

Fig. 3. Realizability, certification, and e-certification.

e a realizable set of properties P = {P;(X,3), ..., Ph(¥, 1)},
e a closeness criterion ¢ > 0, and
e aloss function £,
synthesize a ReLU neural network N such that:
o N is e-certified for all properties in P;
e [ minimized on D.

Since the e-relaxation of a property is a rewrite of the property itself, we can easily extend Theorem 2.5 to
provide a solution to the e-certification problem for ReLU neural networks.

THEOREM 3.5. Let N be a ReLU neural network, P(X, ) be a property, and ¢ > 0 be a closeness criterion. Then, N
is e-certified for P(X, 1) if and only if the following formula is unsatisfiable:

Fyp(X,§) = FN (%, §) A Fpre(X) A =Fpoq (X, 9),

where Fx(X,) and Fyr(X) are the same of those in Theorem 2.5, whereas Fpos (X, 1) is the e-relaxation of the
postcondition of P(%, ).

The proof is the same of that given for Theorem 2.5 with respect to Fgost(f, 1j). Notice that F n.p is an LRA
formula whose set of solutions are counterexamples proving that N falsifies P*(X, /). More importantly, notice
that the negation of a formula with strict inequalities — here, F, zost(f, ) — is a monotone formula with no strict
inequalities, and thus F fv P(y_c', 1) is a whole non-strict monotone formula.

Figure 3 provides a gra’phical illustration of the concepts of realizability, certification, and e-certification (note
that the examples therein are unrelated to the network in Figure 1). The colored areas represent the regions
defined by the individual properties (cyan and green areas), their intersection (orange area), and the ¢-relaxation
(red areas):

o Figure 3a shows that there exists a function satisfying all properties (realizability);

e Figure 3b shows that the depicted ReLU neural network satisfies all properties (certification);

e Figure 3c shows that the depicted ReLU neural network satisfies the e-relaxation of all properties (e-
certification).

4 Counter Example Guided Inductive Synthesis

The framework proposed in this paper is based on the Counter Example Guided Inductive Synthesis (CEGIS)
workflow shown in Figure 4, originally proposed in (Solar-Lezama et al. 2006) for the automated synthesis of
programs, which we adapt and extend here to the neural network setting.
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Candidate

.. Opportunistic
Dataset Training Neural PP
search
no counter- Set of
examples properties

Repair and Formal Certified

Data Generation | counterexamples | Verification | no counterexamples
found

Fig. 4. The CEGIS loop employed for the synthesis of certified neural networks.

Our CEGIS workflow begins by generating a candidate neural network from the initial dataset. A subsequent
opportunistic search phase attempts to find counterexamples by feeding random inputs to the network and
checking whether the corresponding outputs satisfy the properties. If counterexamples are found, the workflow
proceeds to the repair and data generation phase. Only when the opportunistic phase produces no counterexamples
the network is formally verified. If formal verification finds no counterexamples either, the candidate network is
certified. Otherwise, the counterexamples found, either by the opportunistic search or by formal verification, are
used to augment the dataset and generate a new candidate network. This loop repeats until a candidate network
is formally proved to satisfy all properties.

Given a set of properties P and a dataset D of input-output pairs (X,y) € R" X R™, our CEGIS approach
starts by partitioning 9 into training, validation, and test set. We then create a neural network N as a result of
some training algorithm that works on train and validation sets only. After that, we verify N with respect to the
e-relaxation of each property P;(¥, 1) € P, first opportunistically by generating a random batch of inputs. If the
opportunistic search find no counterexamples, we formally verify the e-relaxation of each property P;(¥, 1) € P
in isolation by building the constraint satisfaction problem defined in Theorem 3.5. The output of the verification
part can lead to two situations:

(1) all formulae are unsatisfiable; this means that N is e-certified for all properties in P;
(2) some formulae are satisfiable; this means that N violates one or more properties and that we have a
counterexample for each violated property.

In the former case, the process is complete and we have proof that N respects all properties in P for all possible
values in the input domain, and not only for the inputs contained in the finite dataset D. In the latter case, we
use the counterexamples provided by the verification phase to extend D with new input-output pairs (X, y)
that satisfy the desired properties and then we proceed with the next iteration of the CEGIS workflow. These
new pairs are obtained by first replacing the component y in the counterexample with a ¥rep such that (X, ¥rep)
satisfies all properties in #, and then sampling around it to increase the number of pairs satisfying all properties
that are added to D. The following subsection details our data generation technique.

Counterexample Repair for Data Generation

Let N be a ReLU neural network and let P be a set of properties. Suppose that the verification phase of the
CEGIS loop found the network not to be ¢-certified for some property P;(%,y) € P, and let (X,y) be the found
counterexample.

To correct the behavior of the network, we want to build another input output pair (Xrep, yrep) such that:
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Algorithm 1 Neural Network verification and counterexample repair

Input: Feed-forward ReLU Neural Network N, set of properties P, batch size z > 0 for opportunistic search, tolerance ¢ > 0.
Output: 0 if N is e-certified for P, set of repaired counterexamples S otherwise.

1: C«0
2: for each property P(¥,4) € P do
3: opportunistic_search « false
4 fori=1,...,zdo > opportunistic verification phase
5 Generate an input X and compute y = N(X)
6 if P¢(X,y) is violated then
7: C—CuU{xy)}
8 opportunistic_search «— true
9 end if
10 end for
11: if opportunistic_search = false then > formal verification phase
12: (%,¥) < Veririer(N, P(%, §)), €)
13: if (X,y) # NULL then
14: C—Cu{xy}
15: end if
16: end if
17: end for
18: if C = () then
19: return 0 > No counterexamples, network is e-certified.
20: end if
21: S« 0
22: Let 5 := (sy,...,Sm) be a vector of fresh variables.
23: for each counterexample (X,y) € C do
24: R0 > Initialize set of constraints
25: for each property P(X,7) € P do > Find all properties whose preconditions are satisfied by the counterexample
26: Let P(X, ) = Fpre(X) = Fpost (X, 1))
27: if F,.(X) is true then
28: R — R U {Fpost (X, §) [X/X, ¥ @ 5/7j]}
29: end if
30: end for
31: Let S be the solution to the following mixed-integer quadratic programming (MIQP) problem: > § exists (Remark 1)
32: Minimize Y, 31'2
33: subject to  all constraints in R.
34: S—Su{xyos)}
35: end for
36: return S

(1) the value of the input variables do not change: that is, Xrep := X;

(2) (Xrep» Yrep) satisfies all properties in P.
Notice that in the second condition we require the new pair to respect not only the property P;(X,y) € £ from
which the counterexample comes from, but also all the properties in P in their non-relaxed form. This is needed,
on the one hand to prevent the repair phase from adding points to the dataset that satisfy P;(X,y) € P but violate
some other property P;(X,y) € £ with i # j, and on the other hand to make the learning more robust, and avoid
adding to the dataset points that are just below the ¢ tolerance. When the neural network violates more than one
property in P, we repeat the repair process for each property that is violated.
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Algorithm 1 shows how we can find counterexamples and repair them for all the properties that are violated
in every iteration of the CEGIS loop. In the pseudocode, VERIFIER(N, P(X, j), ¢) executes the formal verification
of N with respect to a single property P(X, ) and a tolerance ¢ > 0. This function returns NULL if the network
is e-certified for P(X, #j), and a counterexample otherwise. In line 28, Fjoq (X, ¥) [X/X, ¥ @ 5/y] is obtained from
Fpost (X, ¥) by substituting x; € X for the corresponding input variable in x; € X and the expressiony; +s; €y &5
for each output variable in §;, with @ representing the element-wise vector addition.

Finally, to speed up the next training phase we generate further points to add to D by sampling around
(Xreps Yrep) and adding a sample (X, ¥’) to the dataset D only if (X', y’) satisfies all properties in #. This way we
avoid solving multiple mixed-integer quadratic programming (MIQP) problems to generate additional data. We
recall that solving MIQP is NP-hard.

REMARK 1. The repair phase is always possible (=MIQP problems always admit a solution) because the set of
properties P is realizable.

As a result, the following invariant holds:
INVARIANT 1. The repair phase generates input-output pairs that always satisfy all properties in P.

Recall from the end of Section 2.3 that, for the neural network in Figure 1, we provided counterexamples for
both property (1) and (2). By following Algorithm 1, we show how the repairs are done.

Consider the counterexample (X,y) = (-3, 10). Since —3 makes true the precondition of property (1) only, we
repair it by solving:

2 2

min s min s
subject to = subject to
y < 0[-3/x,10 + s/y] 10+s<0

The optimal solution is § = (—~10), leading to the repaired example (Xrep, Yrep) = (—3,0).

Consider the counterexample (%,y) = (—2, —2). Since —2 makes true both the preconditions of property (1)
and property (2), we repair it by solving:
2

2 2

min s min s min s
subject to = subject to = subject to
y < 0[-2/x,-2+s/y] -2+s5s<0 —-2+s<0
y—x+6<0[-2/x,-2+s/y] (=2+s)—(-2)+6<0 6+s<0

The optimal solution is § = (—6), leading to the repaired example (Xrep, ¥rep) = (=2, —8).

Figure 5 provides a geometric interpretation of these repairs. The repair phase starts from the red dots that
depict the two counterexamples under analysis. The solutions to the related MIQP problems lead to the black
dots that satisfy both property (1) and property (2). Finally, the gray dots are the result of selecting further points
that satisfy the properties by sampling around the black ones.

Our property language represents a good balance between expressiveness and computational tractability.
Indeed, the language is expressive enough to encode neural networks with ReLU and other piecewise-linear
activation functions, making it at least as expressive as the network under certification. Furthermore, we support
disjunctions in both preconditions and postconditions, and allow for defining properties over multiple input-
output pairs. We therefore believe that the language has non-trivial expressiveness and covers the majority
of realistic specifications for the network architectures we considered. Additionally, linear arithmetic is well-
understood, decidable, and supported by a wide variety of solvers, making it both theoretically sound and
practically convenient.
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Property (2)
x> -2,y<z—6
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z<0,y<0

4 6 8 10

Fig. 5. Geometric interpretation of repair.

Besides non-linear properties, the most significant class of properties that our language cannot express are
those involving strict inequalities. This is, however, a deliberate design choice driven by the repair phase: allowing
strict inequalities would undermine the existence of optimal solutions to the MIQP solved during repair. To see
why, consider the following property for Figure 1:

Psrict(x,y) :=x < 0=y >0

Given the counterexample (-2, —2), the repair phase would create the following MIQP problem:

2 2 2

min s min s min s
subject to = subject to = subject to
y>0[-2/x,-2+s/y] -2+4+s>0 s> 2

which admits no optimal solution. Strict inequalities are therefore fundamentally incompatible with our optimization-
based repair strategy.

Computational Complexity

We now summarize the computational complexity of the three main components of our framework.

Training. The training phase grows linearly with the number of CEGIS iterations, as at each iteration a constant
number of counterexamples is added to the dataset. This controlled growth ensures that the overhead
introduced at each iteration remains predictable.

Formal Verification. Verification of ReLU neural networks is NP-complete, as already established in (Katz,
Barrett, et al. 2017).

Repair. The repair phase is NP-hard, as it reduces to a Mixed-Integer Quadratic Program (MIQP), whose feasibility
is at least as hard as that of MILP, a well-known NP-complete problem. Since both MILP and MIQP are
optimization problems rather than decision problems, we characterize their complexity in terms of hardness
only.

5 Termination

The overall goal of the CEGIS loop is to synthesize a function (in the form of a neural network) that respects
a given set of properties. Since there are uncountably many possible inputs for the function, the CEGIS loop
may go on forever, producing more and more counterexamples, even when a function respecting the property
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Fig. 6. Possible situations that may break termination of the approach.

exists. Since the property is a quantifier-free LRA formula, we know we can restrict the search to piecewise-linear
functions. We know that ReLU neural networks compute piecewise linear functions, and thus, from recent
universal approximation results for ReLU neural networks (Park et al. 2021), we can conclude that a network big
enough to respect the property exists. In this section we identify the conditions we need to prove termination
of the approach we have discussed so far. Intuitively, we want to prove that after we process a finite number
of counterexamples, our approach stops by returning a ReLU neural network N that is e-certified for a set of
properties $. To do so, we need to make the following assumptions (we provide geometric interpretations in
Figure 6, where again, the examples there are not related to the network in Figure 1).

(1) The set of properties P is realizable by a continuous function. Consider the properties P;(¥,7) :=x <0 =
y < —2and Py(X,§) := x = 0 = y > 2. The geometric representation of the corresponding regions is
depicted in Figure 6a. This set of properties is realizable only by functions that are discontinuous at x = 0.
ReLU functions are continuous, therefore they are incapable of modeling discontinuities. Considering
the e-relaxations of the properties does not help in this case. For ¢ > 2 a continuous function satisfying
the e-relaxations of the properties exists (as shown in Figure 6b). However, our e-certification approach
assumes that ¢ may be arbitrarily small, and thus, since no continuous function can satisfies the properties
for ¢ < 2 (as shown in Figure 6¢), we restrict our attention to properties that are realizable by continuous

function.

(2) The input domain is bounded. This is to avoid situations where increasingly large counterexamples are
generated indefinitely due to the learning of a different neural network. Figure 6d shows such a situation.
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(3) The hypothesis space of the learning algorithm is a uniformly Lipschitz class of functions. This means that
there exists a single constant £ > 0 such that every neural network function fy: R” — R™ satisfies

v (x) = fn (Pl < €llx -yl for every x,y € R".

If no such a uniform constant exists, we may end up in situations where at every iteration the learned
function grows faster and faster, as depicted in Figure 6e. We acknowledge that this is a strong requirement:
standard training procedures do not generally guarantee a uniform Lipschitz bound, particularly when
training components such as batch normalization or dropout are used, and this therefore represents a
practical limitation of this theoretical result. Nevertheless, this assumption can be satisfied in practice when
Lipschitz control is explicitly enforced, for example through certified Lipschitz architectures (Araujo et al.
2023; Hu et al. 2024), making this result applicable in settings where such guarantees are available.

(4) Zero learning error on the repaired counterexamples. Typically, a reasonable assumption is that training
outputs a network with zero error on all points in the training. Here, we need a weaker assumption to
avoid situations where the training phase cannot update the weights and biases of the network such that
the error is zero on the repaired counterexamples (as graphically depicted by Figure 6f).

Under the assumptions listed above, we can prove the following result.

THEOREM 5.1. Let P := {P1(X,1),..., Pn(X, 1)} be a set of properties, N be a feed-forward ReLU neural network,
and let ¢ € R. If:

(1) P is realizable by a continuous function,

(2) the input domain is bounded,

(3) at every CEGIS iteration the training algorithm produces a ReLU neural network N so that:
(a) the error of N on the repaired counterexamples is zero,
(b) fn is ¢-Lipschitz,

then, the CEGIS approach discussed in Section 4 terminates after processing a finite number of counterexamples.

Proor. We start the proof by observing that we can assume, without loss of generality, that every property in
P is of the special form

P(J_C), ﬁ) = Fpre(f) = D; V.-V Dy,

where Dy, ..., Dy are conjunctions of linear constraints (i.e., polyhedra). If this is not the case, we can take any
property Fpre(X) = Fpost (X, 1)), convert the postcondition into disjunctive normal form (DNF) to obtain a formula
is in the desired form. Notice that, since we do not have negations in our Fpost(?c, 1)), this conversion still outputs
a monotone non-strict boolean formula over the same linear constraints of Fyos; (X, /).

This initial assumption would allow us to prove the theorem one property at a time, by showing that the
CEGIS loop can generate only finitely many counterexamples violating a property. Consider now a property
P(X,1) := Fpre(X) = D1 V - - - V Dy, and suppose that at some iteration of the CEGIS loop the formal verification
phase returns a counterexample (Xcex, Ycex) Violating the property. By the implicative form of the property, we
have that X e, satisfies the precondition F,..(X), while (Xcex, Ycex) Violates all disjuncts in the postcondition.
The repaired counterexample (Xep, Yrep) is such that X, still satisfies the precondition F,. (X, §) (since input
variables are not changed), while (Xrep, Yrep) must satisfy at least one of the disjunct in the postcondition. Let D
be one the disjuncts satisfied by the repaired counterexample. Such a D has the following form:

z n m
D= /\ (bk + Z Ck,iXi + Z dk,iyi < 0)
k=1 i=1 i=1
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where z > 0 is the number of linear constraints in it. Notice that we can assume that all variables ¥, §j appears in
all the linear constraints. If some variable does not appear in the constraints, then we can add that variable to the
linear expression by setting the corresponding coefficient to zero.

We show that there exists a value § > 0 that depends only on ¢, the Lipschitz constant ¢ and the constants
of the constraints in D, such that for all inputs in the hypercube of radius § centered in Xrep, the output of the
network satisfies the relaxed property P¢(X, /). Let K be the maximum absolute value of all constants appearing
inDand § > 0. Let Xrep = (X1,...,Xn), Yrep = (V1. ..., ¥m) and let X’ be a point inside the hypercube of radius §
centered in Xrep, that is, a point such that

|x; — xi’| < §foreveryie {1,...,n}.

In the following, we denote with sgn(c) the sign of a constant ¢ and with fiy(X); the i-th component of the
function fy under input X. Given a constraint by + >\, ckix; + 2 ity di;y; < 0 in D, we have that the chain of
following inequalities holds:

n m
by + Z CriXi + Z drifn(X')i
i=1 i=1

n m

< b+ ) ki + sgn(er)d) + D diif () since |x; - x/'| < &
i=1 i=1
n m

< b+ ) ki + sgn(er)8) + ) dii(yi + sgn(dg,)td) since fy is £-Lipschitz
i=1 i=1
n n m m

b+ ) eeixit ) lokild+ Y diayi+ ) ldiltd
i=1 i=1 i=1 i=1

<bp+ ( > ck,ixi) +nKS + (Z dk,iy,-) + mKes by definition of K

i=1 i=1

Since (Xrep, Yrep) satisfies D, we have that by + Y7 ckixi + 21 diiyi < 0, and thus that if nKS + mKt5 < ¢,
then all points (X, fy (X')) satisfy the e-relaxation of the linear constraint.

Thus, by choosing a § < m we are guaranteed that all points in the hypercube satisfy P as well. Since
the value of § is fixed and does not depend on the network function fy, we have that this would be true also for
all subsequent iterations of the CEGIS loop. Since the input domain is bounded, we have that the polyhedron D is
bounded as well, and thus that after a finite number of iterations no counterexample can violate D anymore.

Since the number of properties in % is finite, and since every property has a finite number of disjuncts in the
postcondition, we have that the CEGIS loop must terminate after processing a finite number of counterexamples.

m]

6 Properties on Multiple Input-Output Pairs

In the previous sections, we addressed the problem of automatically synthesizing certified ReLU neural networks
for sets of properties defined over single input-output pairs. In this section we discuss a possible generalization
for sets of properties defined over multiple input-output pairs.

First of all, why do we need properties on multiple input-output pairs? To answer this question, let us get back
to our neural network in Figure 1. The language of properties defined in Definition 2.2 is incapable to formalize
this third property:

Journal of Artificial Intelligence Research, Vol. 87, Article 3. Publication date: September 2026.



Certified Neural Networks: from Verification to Synthesis « 3:19

(3) for any two inputs-output pairs, if the difference between the first and the second input is less than or equal to
one, then the first output is less than or equal to zero or the second output is greater than or equal to two.

Property (3) can be formalized by the formula x; —x; <1 = y; < 0V y, > 2, where x; and y; are the input
and the output of one copy of the neural network, while x, and y, are input and output of a second copy of the
network. It turns out that the neural network in Figure 2 is not certified for Property (3). A counterexample is the
pair of inputs x; = —3 and x; = —2 that leads to fy(x1) = 10 and fy(x2) = —2 making the precondition true and
the postcondition false.

Formulae
The language for specifying properties on multiple input-output pairs extends as follows.
Definition 6.1 (Property on multiple input-output pairs). Given a neural network N, a property over k > 1
input-output pairs (¥1,41), . . ., (¥, Jx) is any formula that can be written as follows:
P(fl; l_jl, cees fk: gk) = Fpre(;él, cees fk) = Fpost(fl, ﬁh . ,fk: gk)

where Xi,..., Xt and 7y, ...,k are k copies of the input and output vectors of the network, Fyr (X1, ..., Xk)
is a non-strict monotone formula giving the precondition on inputs, and Fys (X1, §1, - - ., Xk, k) is a non-strict
monotone formula giving the postcondition on input-output pairs.

Certified Networks
The notion of certification extends as follows.
Definition 6.2. Let N be a ReLU neural network with n inputs and m outputs, and P(X1, §1, . . ., Xk, Jk) @ property

over k > 1 input-output pairs. Then, N is certified for the property if for all inputs Xy, . .., %, € R¥*" such that
Fpre(X1, . .., Xx) is true, we have that Fyoq (X1, fy (X1), - . ., Xk, fv (Xx)) is true.

We consider sets of properties

P = {Pl(f1,§1,-~.,fk1,ykl), .. -,Ph(fl,!_jl, . ~-,fkh,gkh)}

where each property P; may be defined over a different number k; > 1 of input-output pairs. A network is certified
with respect to P if it is certified for all properties in P.

Opportunistic Search

The opportunistic search phase follows the same structure as Algorithm 1, with one key difference: at each
iteration, rather than generating a single input, it generates a batch of inputs of the same size as the number of
input-output pairs on which the property is defined. The corresponding network outputs are then computed, and
the e-relaxation of the property under analysis is checked against the entire batch.

Formal Verification
Since a property can now be defined over k > 1 input-output pairs, we need to include k copies of the encoding
of N in the encoding of the formal verification problem.
THEOREM 6.3. Let N be a ReLU neural network and P(X1, Yy, . .., Xk, Yk) a property over k > 1 input-output pairs.
Then, N is certified for P(X1, §1, - . ., Xk, Y ) if and only if the following formula is unsatisfiable:
k

Fnp GG B G0 = \ (BN G180 A Fore(Rr o5 A ~Fpost (GG, T T,
j=1
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where Fpre (X1, ..., Xk) and Fposi (X1, 1, . . ., Xk, k) are the precondition and postcondition of the property, and each
Fn (%), ;) is the formula encoding the network with respect to the j* input-output pair (¥}, j;).

The proof is similar to that of Theorem 2.5. And once again, since we consider sets of properties P :=
{P1(%1, §1, - - -, Xkys Uky)s - - - Pu(X1, Yo - - -, Xk, Uky, ) }» We can run formal verification separately for each property
to check if the network is certified for all properties.

Epsilon-Certification

The e-certification part extends as follows. When we have to identify variables inside multiple vectors X1, 1, . - . , Xk, Jk
of input-output variables, we will use the notation x; ; and y; ; to denote respectively the j-th component of the
input vector ¥;, and the j-th component of the output vector ;.

Definition 6.4 (e-relaxation of a property). Let P(X1,4,- .., Xk, Jx) be a property over k > 1 pairs and let
£ > 0. The e-relaxation of P(Xy, §1, ..., Xk, Yk ), in symbols P¢(¥1,4, ..., Xk, k), is obtained by replacing every
linear constraint b + Z’;Zl Y ciiXji + Zle Yitidjiyji < 0 in the postcondition Fyeq (X1, U1, - - -, Xk, Gk) With
b+ X5y S cpaxii+ S S djayg < e

The notion of e-certified neural network remains the same of that given in Definition 3.3 with respect to
properties over multiple input-output pairs. Finally, Theorem 6.3, can be extended to e-certification as follows.

THEOREM 6.5. Let N be a ReLU neural network, P(X1,41, .. ., Xk, Jx) be a property over k > 1 input-output pairs,
and ¢ > 0 be a closeness criterion. Then, N is e-certified for P(X1, 41, - . ., Xk, yx) if and only if the following formula
is unsatisfiable:

>w

Fop G i) = N\ (P (0 5)) A FreGar o1 F) A Pl GG B i),
j=1
where Fp (X1, ..., Xx) and each Fy (X}, 1;) are the same of those in Theorem 6.5, whereas Fﬁost(fl, Uy - - > Xhs Yi) IS
the e-relaxation of the postcondition Fpeg (X1, Y1, - - -, Xk Uk)-

As an example of the above definitions, given ¢ > 0, the e-relaxation of property (3) is:

Fpre(}lyfz) Fpost(}l,glyfz,yz)

Pg‘()?bgl,)?g, ]72) = X110~ X201 — 1<0=> Y11 <€ \Y Y21 + 2<e¢

It turns out that, if ¢ < 4, then N does not respect the e-relaxation of P3(¥1, 4j;, X2, §2), since for X; = (—3) and
X, = (—2) we have that y; = fiy(X1) = 10 and y, = fy(X2) = —2, violating the postcondition.

Repair
In this section, we show that when repairing counterexamples for properties on multiple input-output pairs

following the method discussed in Section 4, Invariant 1 no longer holds in general. In what follows, we highlight
a few possible scenarios and countermeasures. We continue the discussion with respect to Property (3).

Scenario 1. Consider this counterexample: (X1,¥1), (X2,¥2) = (0,1), (1,1). A first attempt to repair such a coun-
terexample needs to extend the approach in Section 4 to consider as many copies of s variables as the number of
input-output pairs. This leads to the following MIQP problem:

min s?, + 3%,1 mins? | +s3
subject to = subject to
Y11 S0V ysy >2[0/x11, 1+ s11/y1,1,1/%21, 1 + $21/y21] s 1S -1Vsyp 21
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Since the MIQP problem involves disjunctive constraints the optimal solution is not necessarily unique. Indeed,
there are two optimal solutions: (81,82) = (-1, 0) and (81,8;) = (0, 1). For the purpose of our method any of these
solutions is fine. Let consider the first. Then,

® Xrep, *

Zil = Oandfrrepl = 5)71 @gl = (yl,l + Sl,l) =1-1=0;
=X

L4 )?repz 2 =1and ;’rep2 = 5)’2 G932 = (yz,l + S2,1) =1+0=1;
and thus (Xrep,, Yrep,) = (0,0) and (Xrep,, Yrep,) = (1,1) are the repaired pairs that we add to the dataset whose
current state becomes the following:
D :={...,00,0),(1,1)}

Now, Invariant 1 is violated. By taking (X1,y;) = (1,1) and (X2,y2) = (0,0) the precondition of Property (3) is
true while the postcondition is false.

The problem with this repair is caused by the combination of three factors:

(1) the counterexample for Property (3) is made of two input-output pairs instead of a single one;

(2) the MIQP problem finds a solution where Property (3) is respected only if X; = 0 and X, = 1;

(3) Property (3) must be true also when we exchange the two input-output pairs, that is, when (%1,y;) = (1, 1)

and ()?2,5;2) = (0, 0)

This shows that to guarantee Invariant 1 we need to enforce the properties for all possible permutations of the
input-output pairs in the counterexample.

Scenario 2. Let us continue the example discussed in above. Assume that, despite having introduced violations of
Property (3) in the dataset, we retrained the network and that at the next verification phase we find this other
counterexample: (X1, V1), (X2,¥2) = (2,1), (4, 1). If we repair this counterexample as before, we need to solve:

min sil + 55,1 min sf’l + sg’l
subject to = subject to
Y11 S0V ys1 > 2[2/x11, 1+ s11/y11,4/x21, 1 + 521 /y21] S0 < -1Vsyp 21

whose optimal solutions are: (81,52) = (-1, 0) and (s1,8;) = (0, 1). Suppose we generate the repaired pair from
the second solution. Then,

® Xpep, = X1 =2and Yrep, :=y1 ©8; = (yr1+811) =1+0=1;

° Xl‘spz =Xy = 4 and yl‘epz =Y Dsy; = (YZ,1 + 52,1) =1+1=2;
and thus we add to the dataset the pair (Xrep,, Yrep,) = (2, 1) and (Xrep,> Yrep,) = (4, 2):

D={..,(00),(1,1),(2,1),(42)}

In this case we have that all permutations of (2, 1) and (4, 2) respect Property (3). However, Invariant 1 is now
violated also by taking (X1,y1) = (2,1) and (X,,y2) = (1, 1), since the precondition of Property (3) is true while
the postcondition is false.

Hence, this scenario shows that subsequent verification phases may introduce violations to the property by
combining the new counterexamples with the repaired counterexamples of the previous steps. This shows that
to guarantee Invariant 1 we need to enforce the properties for all possible permutations with repetitions of the
repaired counterexamples from all previous steps, and not only from the last one.

Generalized Verification-and-Repair Algorithm

Algorithm 2 presents a generalized verify-and-repair algorithm that works not only in the two scenarios presented
before, but also considers arbitrary sets of properties, where each property may be defined on a different number
of pairs. Beside the neural network N, the set of properties # and the tolerance ¢, it also takes as input the set
Sop that contains all repaired counterexamples from the previous iterations of the CEGIS loop.
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Algorithm 2 Generalized neural network verification and counterexample repair

In

put: Feed-forward ReLU Neural Network N, set of properties £ where each property is defined over an arbitrary number
of pairs, batch size z > 0 for opportunistic search, previous set of repaired counterexamples Sp, tolerance ¢ > 0.

Output: 0 if N is e-certified for P, set of repaired counterexamples S otherwise.

10:
11:
12:

1
2
3
4
5:
6
7
8
9

: S S@
: for each property P €  do
Let k be the number of pairs over which P is defined.
opportunistic_search «— false
fori=1,...,zdo > opportunistic verification phase
Generate k inputs X;, ..., Xx and compute y; = N(X1),...,¥x = N(Xx)
if P¢(Xy,...Xk, Y1, - - V&) is violated then
S < SU{ELy1)- .- Fr Y1)}
opportunistic_search « true
end if
end for
if opportunistic_search = false then > formal verification phase
(X1, Y15+ - -» Xk, Vi) < VERIFIER(N, P(X1, ..., Xk> Y15 - - - » Yk )5 €)
if (;(1, }71, ey ;(k, ;’k) # NULL then
S = SU{Eny1)-.. Gr ¥}
end if
end if
: end for
: if § = Sp then
return 0 > No new counterexamples, network is e-certified.
: end if
: For each (X,y) € S, let E(;(,g,) = (E(i,if),l, R, g(;(‘;,)’m)
R0
: for each property P € # do
Let k be the number of pairs over which P is defined.
Let P(X1, 41, - - -, Xk, Gi) = Fpre(R1s - -, Xk) = Fpost (X1, U1, - - - X, i)
for each permutation ((X1,y1),..., Xk, yx)) € II(S, k) do
if Fyre(X1,. .., %) is true then
R R U {Fpost (X1, 15 - - -» Xpe> i) [X1 /X1, 1 © S(z,.51) /U1 - - » Kb/ Xk Tie © Sz 50) [k}
end if
end for
: end for
: Let $ be the solution to the following mixed-integer quadratic problem (MIQP): > S exists (Remark 1)
Minimize Z(,;’;,)es pn (s(,—(i),i)z
subject to  all constraints in R.
: S {EYo3ay) | (RY) €S}
: return S

The operations involving VERIFIER(N, P(X, ), €) and substitutions in F,,s formulae remain as in Algorithm 1,

just extended to deal with multiple input-output pairs.

In contrast with Algorithm 1, Algorithm 2 generates a single MIQP problem that repairs all properties in a

single shot and also may change previously repaired pairs. To do so, it first computes the set S by adding to Sp
the new counterexamples obtained by verifying every property in #. If no new counterexamples are found, then
the network is e-certified and the algorithm terminates with success.
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When new counterexamples are found, the algorithm generates the MIQP problem by adding a vector of fresh
variables S; = (s;1,...,S;m) for each (X;,y;) € S.

Given the set S of input-output pairs, II(S, k) is the set of all permutations with repetitions of k elements
taken from S. For each property in P, Algorithm 2 checks every permutation (X1, 1), -, (Xk, ¥x) € II(S, k),
where k is the number of input-output pairs of the properties. If the vector of values (X1, ..., X) satisfies the
precondition of the property, then it adds a constraint to the MIQP problem that forces the values of the variables
S1,...,Sk to respect the postcondition of the property. The result consists in the set of repaired pairs S, that will
replace all the data points added so far by the CEGIS loop to the dataset, and will be the set Sp for the next call
of Algorithm 2.

Since the property is realizable, the MIQP problem built by Algorithm 2 admits a solution. However, the MIQP
problem has size ©(|S|¥) that increases with the number of CEGIS iterations. This shows that, while correct, the
general algorithm does not scale.

Sampling is also complicated in this context, since the sampled pairs may violate some property when considered
in combination with some other pair in S. A way to prevent this problem is to sample around the pairs in S, add
the corresponding pairs (X’,y’) to S, run again Algorithm 2 with Sy = S, and use the resulting S for the next
call of Algorithm 2.

The general algorithm applied to scenario 2. Let us get back to Scenario 2. The state of the dataset before doing
verification and repair was:

D={...,(0,0),(1,1)},

and the counterexample to Property (3) was (X1,¥1), (X2,¥2) = (2,1), (4, 1). Therefore, after the verification phase
we have that:

S :={(0,0), (1,1), (2,1), (4,1) }
—_—— —— —— ——

S1 S2 S3 S4

and the set of all permutations of two elements taken from S is:

I1(S,2) := {((0,0), (1, 1)), ((0,0),(2,1)), ((0,0),(41), ((1,1),(0,0), ((1,1),(21)), ((1,1),(41),
((2,1),(0,0), ((21,(1,1), ((21,(41), ((41),(0,0), ((41,(1,1), ((41),(21)}

By removing all permutations that do not satisfy the precondition of Property (3) we obtain the following set of
permutations:

{((0,0),(1,0)),  ((0,0),(2,1)), ((0,0),(41)), ((1,1),(0,0)), ((1,1),(21)), ((1,1),(41)),
000, ((2,1),(L1), ((21),(41), (465466 (4D, 4HH}
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Putting all together, Algorithm 2 builds the following MIQP problem:

|S] 1S
. 2 . 2
min » s7; min » s;,
i=1 i=1
subject to = subject to

Y1 <0Vyz 22
Y1 <0Vyz 22
Y1 <0Vyz 22

0/x1,1,0 + $11/Y1,1, 1/X21,0 + 821/ Y21
0/x1,1,0 + $11/Y1,1,2/X21, 1 + 831/ Y21
0/x1,1,0 + $11/Y1,1,4/X21, 1 + 841/ Y21

31,1 < OVSz’l >2
S1,1 < 0\/83’1 >1

S1.1 < 0\/84’1 >1

[ ]

[ ]

[ ]
Y11 <0V ysy > 2[1/x11, 1+ 521/Y1.1,0/%21,0 + $1.1/y21] S91 <=1V =2
Y11 S0V ysy > 2[1/x110, 1+ S21/Y1.1,2/%21, 1 + $3.1/Y21] S91 < —1Vs3y>1
Y11 S0V ysy > 2[1/x11, 1+ S21/y1.1,4/%21, 1 + Sa.1/Y21] S91 < -1V 21
Y11 S0V ysg >2[2/x11, 1+ 531/y1.1,1/%21,0 + $2.1/y2.1] s31 < —1Vsy1 =2
Y11 S0V ysy >2[2/x11, 1+ S31/y1.1,4/%21, 1 + Sa1/Y21] s31 < —1Vsgy =1

for which an optimal solution is: (S, S, 83,84) = (0, —1, —1, 0). Then, the repaired pairs in S are as follows:

o (0, 0) ;(rePI = )?1 =0and ifrepl = S;l @§1 = (Y1,1 + SL]) =0+0=0;
L] (l, 1): irepz = ;(1 =1and i’repg = 5;2 @32 = (Y2,1 + 8231) =1-10;

® (2,1): Xpep, = X1 = 2 and Yrep, = ¥3 @83 = (y31 +831) =1-1=0;
e (4,1): §rep4 =% =4and ;’rep3 =YD= (yg1 +841) =140=1;

and thus we add update the dataset as follows:

D ={...,00,0),(1,0),(20),(41)}

Globally repaired pairs

And Invariant 1 holds again, since all possible permutations of two elements in {(0,0), (1, 0), (2,0), (4, 1)} respect
Property 3.

Termination

The discussion on the repair algorithm shows that when properties are defined over multiple input-output pairs
we cannot analyze single input-ouput pairs in isolation. Hence, the proof strategy we used to prove termination
in Section 5 cannot be applied anymore. Several aspects make a termination analysis non-trivial in the multiple
input-output pairs setting. In the single input-output pair case, termination relies on the assumption of zero
training error on the repaired counterexamples. Combined with the e-tolerance, this guarantees that at every
iteration a portion of the input space, of at least a fixed minimum size, is cleared of counterexamples. A key
property of the single pair case is that repaired data persists in the dataset across all future CEGIS iterations,
ensuring that previously cleared portions of the input space remain counterexample-free.

In the multiple input-output pairs case, however, this persistence is not guaranteed, as the repair phase can
modify also input-output pairs that were added in previous phases (or even from the initial dataset). This means
that we cannot guarantee anymore that previously cleared portions remains counterexample-free, potentially
preventing termination. This fundamental mismatch makes it difficult to provide termination guarantees in the
general multi-pair setting.
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Computational Complexity

Single-pair properties are a special case of multi-pair properties, so the complexity lower bounds established
earlier carries over directly. The extensions discussed in this section introduce additional overhead, which we
summarize below.

Training The complexity remains the same as in the single-pair case. Even though part of the dataset is selectively
replaced in the repair phase, the increase in the size of the dataset is still linear with the number of iterations.

Formal Verification The encoding of the property requires adding one copy of the neural network per input-
output pair to the constraint satisfaction problem. However, the number of copies is a constant value that
is bounded by the length of the property. Thus, the verification problem remains NP-complete.

Repair The set of constraints of the MIQP grows exponentially with the number of repaired pairs added so far,
as it must account for all permutations of fixed length over those pairs. The complexity is therefore at least
NP-hard, and a tighter characterization is left for future investigation.

Permutations In general we consider permutations with repetitions leading Algorithm 2 to iterate over | S|
permutations for a given II(S, k). This bound can sometimes be reduced if we consider properties for
which reflexivity holds. For example, consider P(X1, §1, X2, §J2) := x1 < X2 = y1 < y» (i.e., non-decreasing
monotonicity of the function implemented by the neural network in Figure 1). Clearly, taking two pairs
(x1,y1) and (x2,y2) with x; = x; and thus fy(x1) = y1 = y2 = fv(x2) would be useless for the repair
phase. In such cases, Algorithm 2 can be adapted to consider only distinct pairs, reducing the number of

permutations (without repetitions) to 9(%) for a given I1(S, k).

7 Soft Constraint Acceleration

We discuss how we can reduce the total number of CEGIS iterations needed to synthesize a certified network. We
proceed by injecting soft-constraints into the training phase to try to enforce the property as early as possible.
The approach follows the usual idea of adding a term to the loss function that penalizes input-output pairs that
violate the property. In this section we provide an automated method for the general computation of such a term.
We start by defining the violation score (V5S) of an arbitrary non-strict monotone formula.

Definition 7.1 (VS). Let F(X) be any non-strict monotone formula. Let X be any valuation of X. The violation
score of F(X) with respect to %, in symbols VS(F(X),X) is inductively defined as follows:
ReLU(b + X1 ¢ix)) ifF(X) =b+ XM, cixi <0
- VS(Fi(X),%) + VS(F2(X),%) if F(X) = Fi(X) A F>(%)
VS(F(X),X) := o o s - -
VS(Fi(X),x) - VS(F2(x),x) if F(X) = F{(X) V F5(x)
VS(F(%),%) if F(¥) = (F(X))
In other words, the VS function provides a measure to tell how unsatisfied a formula F(X) is with respect to a
valuation X. The following lemma proves that VS(F(X), X) is always a non-negative value, and that it is 0 if and
only if X satisfies the formula F(X).

LEMMA 7.2. Let F(X) be a non-strict monotone formula, and let X be a valuation over X. Then the following
properties are respected:

(1) VS(F(X),%X) = 0, and

(2) VS(F(X),X) =0 if and only if F(X) is true.

Proor. The proof is by structural induction on F(X). Let X be a valuation over ¥.

o If F(X) is a linear constraint b + Y1, ¢;x; < 0, the violation score is strictly greater than 0 if the linear
constraint is violated by X, and 0 if it is respected. Hence, both properties are respected.
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o If F(X) = F1(X) A Fo(X), then, by inductive hypothesis we have that VS(F;(X),X) > 0 and VS(F,(X),X) > 0.
Since VS(F(%),X) = VS(F;(X),X) + VS(F(X), %), we have that VS(F(X),X) > 0 as required by property
1. Moreover, we have that VS(F(X),X) = 0 if and only if both VS(F;(X),X) = 0 and VS(F;(X),X) = 0. By
inductive hypothesis this implies that X satisfies both F;(X) and F,(¥), and thus that is satisfies F(X) as
well.

o If F(¥) = F;(X) V F,(X), then, by inductive hypothesis we have that VS(F;(¥),X) > 0 and VS(F;(¥),X) > 0.
Since VS(F(X),X) = VS(F;(X),X) - VS(F;(xX),X), we have that VS(F(X),X) > 0 as required by property 1.
Moreover, we have that VS(F(x),X) = 0 if and only if VS(F;(X),X) = 0 or VS(F,(X),X) = 0. By inductive
hypothesis this implies that X satisfies F; (X) or F,(X), and thus that is satisfies F(X) as well.

e If F(X) = (F(X)), then the claim trivially follows from VS(F(X),%) = VS(F(¥),X). m|

Training and Loss Function

We first describe the approach for properties on single input-output pairs and then we show how to extend the
approach to sets of properties defined on multiple input-output pairs.

Let N be a ReLU neural network and let P = {P; (X, ), ..., Py(X, §)} be a set of properties defined on single
pairs. Given an input-output pair (X,y), where y = N(X) is the value computed by the current network N under
input X, let

ﬂost(ia ;’) = {Fpost(f> g) | Fpre(i) = Fpost(;g S;) € P is false}
be the set of all postconditions of the properties in # that are false under the valuation (X,y). Let £ be the loss
function from the problem statement. This loss function takes a batch B of input output pairs (where the outputs
are computed from the inputs by using the current network) and returns a real value. To apply soft constraint
acceleration we replace £ with a new loss function defined as follows:

L(B) = L(B) +w: Ls(B)
where w > 0 is a weight factor, and
Z (f(,y’)GB ZFpost(isg)eﬁasl(iS’) VS(FPOS[ (}-E’ g)’ (;(’ }7))
|B]

for some randomly generated batch B of input-output pairs belonging to the same data distribution of that of the
dataset. This new loss function is used in the training phase for both the training and the validation set. The
term w - L g(B) averages the violation score of the input-output pairs in the randomly generated batch B. By
Lemma 7.2, we have that the term is 0 when all pairs in the batch satisfy the property, and positive otherwise.
Moreover, the value of the term increases as the number of pairs that violate the properties increases, or as the
violation score of those pairs increases (i.e., when they are far from satisfying the property). Hence, minimizing
the new term of the loss function corresponds to minimize the number of pairs that violate the property, and
keeps the pairs violating the property as close as possible to satisfaction.

To consider sets of properties on multiple input-output pairs, we extend the approach as follows. Let P =
{P1(X1, Y1, - - - Xk, Uky)s - - -» Pn (X1, Ui, - - -, Xk, Uky, ) } De a set of properties, where each P; is defined on an arbitrary
number of pairs k;. For every k > 1, given k input-output pairs (X1, 1), - - -, (Xk, V), let

Ls(B) =

?['JOSZ(;(la ;’1; ey ;(/0 ;’k) = {Fpost(fls gl: ceey )-510 gk) | Fpre(il’ ey ;(k) = Fpost(il’ ;’b ey )_Eka ;’k) € 7) iS false}

be the set of all postconditions of the properties in P defined over k input-output pairs that are false under the
valuation (X1,¥1, . .., Xk, yx)- The loss extends as follows:

k
L(B) = L(B) + ) wi- Ls(By,)
i=1
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Table 2. Input and outputs of the MANNERS-DB neural network.

Input  Description Type Range | Input  Description Type Range
X1 operating mode INT [0,1] X15 direction from closest human to robot FLOAT [0, 360]
Xy number of people INT [0,9] X16 robot facing closest human INT [0,1]
X3 number of people in group INT [0,5] X17 robot facing 2nd closest human INT [o,1]
X4 group radius FLOAT [0.5,1] | x5 robot facing 3rd closest human INT [0,1]
X5 distance to group FLOAT [0,6] X19 closest human facing robot INT [0,1]
X6 robot within group INT [0, 1] X320 2nd closest human facing robot INT [0,1]
X7 robot facing group INT [0,1] X21 3d closest human facing robot INT [0,1]
Xg robot work radius FLOAT [0,3] X322 number of children INT [0,2]
Xo distance to closest human FLOAT [0.3,6] | x23 distance to closest child FLOAT [0.4,6]
X10 distance to 2nd closest human ~ FLOAT [0.3,6] | x4 number of animals INT [0,1]
X11 distance to 3rd closest human ~ FLOAT [0.3,6] | x5 distance to closest animal FLOAT [0.4,6]
X12 direction to closest human FLOAT [0,360] | x2 number of people on sofa INT [0,2]
X13 direction to 2nd closest human FLOAT  [0,360] | x2; music playing INT [0,1]
X14 direction to 3rd closest human FLOAT [0,360] | x2g number of agents in scene INT [1,11]
Output Description Type Range | Output Description Type Range
Y vacuum cleaning INT [1,5] Ys carry drinks INT [1,5]
Y2 mopping the floor INT [1,5] Yo carry small objects INT [1,5]
Y3 carry warm food INT [1,5] Y7 carry big objects INT [1,5]
Ys carry cold food INT [1,5] Ys cleaning or starting conversation INT [1,5]

where each w; > 0 is a weight factor, and

, 2 R F ey T ) €Bly 2 Fpost (BT Ty ) € Fpost (1.5 100k i) VS (Fpost (X1 U5+ X Uy )s (X1, V15 -5 Ko iy )
S (By,) = =
| B, |
for some randomly generated batch By, of valuations (X1, ¥1, .. ., Xk,, Yk;), Where each pair (X,¥) in the valuation

belongs to the same data distribution of that of the dataset.

8 Mind Your Manners, Robot!

The MANNERS-DB was introduced in (Tjomsland et al. 2022). The case study involves a robot moving in a room
where humans and animals are present. The controller is implemented through a neural network. The description
of the inputs and outputs are given in Table 2. In particular, the outputs of the neural network provide numbers
(scores) representing the adequacy of the possible actions executable by the robot. Each adequacy is a score from
1 to 5, where the bigger the number, the more adequate the action. The adequacy scores have been computed
as the average across human judgments obtained via crowd sourcing; see (Tjomsland et al. 2022). The original
dataset comprises 11050 input-output pairs.

We considered 2 properties on single pairs in isolation, 2 properties on multiple pairs in isolation, and a set
of properties containing those on single pairs. Notice that the properties Ps, P, as well as the set of properties
P = {P;, P,} were not considered in (Zavatteri et al. 2024). All properties are examples of behavioral constraints
on the manners of the robot.

In what follows, for each input feature x; we write LB(x;) and UB(x;) for its lower and upper bound given in
Table 2, respectively. Moreover, we write

Frounas(®) =\ LB(x;) < x; < UB(x;)

1<i<28

to restrict the application of the precondition within the allowed input bounds.
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Property P;: If the distance to the closest child is within 0.6 meters, then mopping the floor must have minimal score.
The encoding of P, is:

Fpre(i;> Fpost(;ﬁy)

Pl(-’?: !7) = (FBounds(-;E) /\x23 < 06) = ( /\ Y2 < yz)
1$i§8
i

The e-relaxation of P is:

F;Ve()?) F;‘ust(}’g)

Pf()_(), }7) = (FBounds(f) A X93 < 06) = ( /\ Y <Y+ é‘)
1<iss
i

The counterexamples to P; are all valuations (X, y) satisfying the formula:

- —Fpo (X,7
Fﬁm(x) pnsl( y)

Fn (X, J) A Founds(X) A x33 < 0.6 A ( \/ Y22 Yi + 8)

1<i<8
i#2
The repair phase creates a vector of 8 fresh variables § = (s, . .., sg) and solves the following MIQP problem:
8
min Z 51'2
i=1
subject to

8
/\y2+32Syi+S,’

i=1

to obtain a new data point (X, ¥ @ 5) to add to the dataset.

Property P,: If the distance to the closest human is within 0.6 meters, then the adequateness of mopping the floor
must be less than or equal to the adequateness of mopping the floor in all possible scenarios in which the distance to
the closest animal is within 0.6 meters.

To express this kind of property we need to consider the output of the network on two different valuations of
the input vector: X, that represents a scenario where the closest human is within 0.6 meters and X, that represents
a scenario where the closest animal is within 0.6 meters. This means that F,, is defined on Xp and X, and Fpost on
Xh> Yh» Xa» Ya- We used the subscript h, a to distinguish the inputs that satisfies the precondition for human and
animal, respectively. The encoding of P, is:

Fire (%) Fost o)
—_——~—
PZ (fhs gh’ -’-Ea) l_ja) = (FBounds(fh) A FBounds(fa) A Xh,9 <0.6A Xa,25 < 06) = Yh,2 < Ya,2
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The e-relaxation of P, is:

Ffo(3n.Xa) e o
e Frost Xn.Un-Xa:Ja)

e e
Pég(xh’ Yhs Xa, ya) = (FBounds(xh) A FBounds(xa) A Xpg < 0.6 A xgos5 < 0~6) = Yn2 < Yg2 t+ €

The counterexamples to P, are all pairs of valuations (xp, yn), (Xa, Ya) satisfying:

£ 2. 2 - > o -
Fpre(Xn-Xa) ~Fpost (Xn.Jn-Xa:Ga)

—_———
FN(;C)h, gh) A FN(fa: lja) A FBounds(-’-Eh) A FBounds(-’-Ea) AXpo 0.6 Axgo5 S0.6A Ypp = Ygp t+ €

where (Xp,yp) is the input-output pair of the first copy of the network (for the human) and (X,, 4,) is the
input-output pair of the second copy of the network (for the animal).

The repair phase creates 2 vectors of 8 fresh variables S, = (sp.1, .., Shg) and S, = (Sq1, - - -» Sa,8) and solves the
following MIQP problem:

8 8

: E 2 § 2

min Sh,i + sa,i
i=1 i=1

subject to

Yh2 + Sh2 < Ya2 + Sa2

to obtain two new data points (X, y @ sy) and (X, ¥ @ S,) to add to the dataset.

Property Ps: If the distance to the closest animal is within 0.6 meters, then the adequateness of mopping the floor
must be less than or equal to the adequateness of mopping the floor in all possible scenarios in which the distance to
the closest human is within 0.6 meters.

Notice that P; is the same as P, with human and animal swapped. The encoding of P;s is:

Fpre(;cu,;fh) 5 o o o
Fpost (Xa>YasXnUn)

5 o o o - -
Ps(Xq, Ya> Xh, yh) = (FBounds(xa) A Fpounds(Xn) A Xa25 < 0.6 A xpg < 0~6) = Ya2 < Yn2

The e-relaxation of Pj is:

Ft (Xa:Xn) L
prefn @ F;gg[(xu’yu,xhsyh)

—_——
P;(xa, Ya> Xh, yh) = (FBounds(xa) A FBounds(xh) A Xg9 < 0.6 A xpos < 0~6) = Yag2 <Ypp2 t€

The counterexamples to Ps are all pairs of valuations (Xa, ya), (Xp, yn) satisfying:

£ > v - - - -
Fpre (XaXn) o (RasGarFn, )

—_——
FN(fa, ga) A FN(-’?]‘L’ gh) A FBounds(fa) A FBounds(fh) ANXgo 0.6 Axpos <0.6A Ygo = Ypo+ e

where (X, 3,) is the input-output pair of the first copy of the network (for the animal) and (X5, 3j),) is the
input-output pair of the second copy of the network (for the human).
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The repair phase creates 2 vectors of 8 fresh variables S, = (sq1, - - -, Sq8) and s, = (sp15 - - -, Sn,s) and solves the

following MIQP problem:
8 8
min (Z 5121,1' + s}zu.)
=1

i=1 i
subject to
Va2 *Sa2 < Yh2 + Sh2

to obtain two new data points (X, @5,) and (X, ¥ & $p) to add to the dataset.

Property Py: If the distance to the closest child is at least 4.5 meters then carry warm food or carry big objects has
maximum score.
The encoding of Py is:

Fpre(;-) Fpust(}sy)
Py(%, g) = (FBounds()?) A Xo3 > 4.5) = (( /\ Y3 = yi) Vv ( /\ Y7 = yi))
1<i<8 1<i<8
i#3 i#7
The e-relaxation of Py is:
F;re()?) F;ust(i’g)

P{(%,9) = (FBounds(-;C)) A Xg3 > 4.5) = (( /\ ys +€e> y,-) \% ( /\ yr+e> y,-))

The counterexamples are all valuations (X, y) satisfying:

-, £ X1
F;m(}) Fp,m(x,y)

Fn (X, J) A Fpounds(X) A x23 > 4.5\ ( \/ Y3+ &< yi) A ( \/ y; + e < yi)

1<i<8 1<i<8
i#3 i#7
The repair phase creates a vector of 8 fresh variables s = (sy, . . ., s3) and solves the following MIQP problem:
8
min Z s?
i=1
subject to

8 8
(/\Y3+83Zyi+3i)V(/\Y7+S7Zyi+Si)
i=1 i=1

to obtain a new data point (X,y @ 5) to add to the dataset.

Implementation

We implemented our approach in Python 3, using PyTorch 2.1.1 as the deep learning framework, Marabou 2.0.0
(Katz, Huang, et al. 2019) as the neural network verifier, and Gurobi 13.0.1 (Gurobi Optimization, LLC 2024) for
repair (both with default parameters). We ran our software on a High Performance Computing (HPC) center
using 3 compute nodes, each one equipped with 2 Intel(R) Xeon(R) CPU E5-2650 v3 2.30GHz, 1 GPU Nvidia T4,
160GB of RAM, and running Ubuntu 20.04.3 LTS. The HPC is handled by the SLURM workload manager (Jette
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and Wickberg 2023). Each job was scheduled on one of these 3 nodes and assigned 20 CPU cores, 150GB of RAM,
and the whole GPU of the node.

We tested our workflow on a ReLU network with 28 inputs, 8 outputs, 10 hidden layers and 6 neurons per
hidden layer. We normalized each input and output to make it fall in [0, 1], where given any pair (X,y) in the
dataset, (Xpormalized> Ynormalized) is built as follows:

- X1 Xn -> Y1 Ym
Xnormalized := ( sees ) Ynormalized ‘= ( seees )
Xmax Xmax max Ymax

When some inputs are not applicable, such as distance to the closest animal when no animal is present or group
distance when no group exists, we normalized their value to 1. Moreover, the software rewrites the properties we
gave above according to this normalization too.

For each property, we randomly partitioned! the dataset in train, validation, and test sets so that they contain
8840 (i.e., 80%), 1105 (i.e., 10%), and 1105 (i.e., 10%) pairs, respectively. We used the Adam optimizer (Kingma and
Ba 2015) with learning rates of 1072, 1073, and 10~ and mean square error (MSE) loss function. We trained the
networks on the normalized data for at most 100 epochs by dividing the data in batches of size 100 each. We kept
the network with minimal loss on the validation set among the epochs, by applying an early stopping criterion of
20 epochs and we evaluate its accuracy (at the end) on the test set. Every CEGIS iteration starts over with a new
network whose weights are randomly initialized. We used ¢ = 10~*. For soft acceleration we always considered a
batch B as big as the batch of training data coming from the dataset and set the weights of the soft loss part to
w=1

For each property P detailed above, we set up the verification phase as follows. The opportunistic phase
samples 1000 input points inside the region of the input space satisfying the precondition, computes the outputs
of the network under analysis, and checks for the existence of counterexamples. If any are found, it returns the
corresponding set of counterexamples. If the opportunistic phase fails, the formal verification phase searches for
a single counterexample. After repairing a counterexample, a small number of additional input-output pairs are
generated by perturbing both the continuous inputs and outputs with a noise vector. Specifically, we sample a
tensor from a normal distribution with mean 0 and variance 1, scale it by a factor of 0.1, and add it to both the
input and output components of the counterexample. Only the pairs satisfying the postcondition of the property
under analysis are kept. We used Algorithm 1 to repair counterexamples to properties Py, P4,  and Algorithm 2
for P, and Ps. Each experiment is defined by a property, a learning rate, a maximum number of counterexamples,
a maximum number of sampled pairs, and whether soft-acceleration is used or not. We run each configuration 3
times with a timeout of 5 hours per single experiment. Table 3 reports the results aggregated according to the
following two metrics.

(1) Varying the number of counterexamples: the maximum number of counterexamples is varied across
{25, 50, 75}, while the maximum number of sampled points per counterexample is fixed at 20.

(2) Varying the number of sampled points: the maximum number of counterexamples is fixed at 50, while
the maximum number of sampled points per counterexample is varied across {10, 20, 30}.

The data shows that the only experiments that hit the timeout are those involving conjunction of properties on
single pairs when using soft-acceleration constraints. Notice that the use of soft-acceleration must be seen as a
tradeof: it helps reduce the CEGIS iterations by paying the price of making training hevier as more computation
is needed when computing the loss function. We plot the average formal verification time vs average repair
time in Figure 7. The data clearly shows that in general, repair is harder when applied to multipair properties
or to disjunctive properties or to sets of properties. Finally, we also show the convergence curves for these two
studies in Table 4 and Table 5. Regardless of the study, we adopt the following convention: solid lines report on

Each partition corresponds to a specific seed in the experimental evaluation.
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Table 3. MANNERS-DB: Each line shows average value and standard deviation of at most 9 experiments (3 experiments
for each learning rate) by excluding those experiments that hit the timeout. Unshaded rows reports on data without soft-
acceleration, whereas shaded rows reports on data with soft-acceleration. P, MaxCE, Max$, TO, FV are shorts for property,
max number of counterexamples, max number of sampled points, timeout, and formal verification, respectively.

(a) Results of the experiments by varying the maximum number of counterexamples with respect to maximum of 20 sampled pairs.

Average value + standard deviation
Generic synthesis process | Generic CEGIS iteration
CEGIS Total Training Opportun. FV Repair Initial loss Final loss Initial loss Finalloss | CounterEX | FV New
MaxCE | TO | . . . . . . s s
iter. time (s) time (s) search (s) time (s) time (s) on valid on valid on test on test (opportun.) | calls pairs
25 0 [ 33+5 | 2632.72+790.29 | 78.64+34.87 | 0.0£0.01 | 0.08+0.47 0.13£0.1 | 0.065 % 0.003 | 0.068 + 0.002 | 0.063 +0.003 | 0.067 + 0.0 245 00| 27754
0 343 24436+ 225.84 74.1 4 22.85 00+00 | 144+1.04 0.06£0.09 | 0.0740.017 | 0.074 +0.015 | 0.069 +0.017 | 0.072 +0.016 0+1 2+2| 9+8
P so | 0 [25+5 [ 211971+45136 | 8289+40.03 | 0.0+0.01 | 0.11+054 0.18 0.1 | 0.065 % 0.004 | 0.068 +0.002 | 0.064 +0.003 | 0.067 £0.0 | 45+14 |0+0 | 516+ 163
0 4%7 407.8 + 783.54 95.0 + 21.82 00£00 | 131%0.87 0.08+0.1 | 0.065 % 0.004 | 0.068 + 0.003 | 0.064 0.003 | 0.067 & 0.002 01 2+5| 10x6
g5 | 0 [ 154 ] 13354465953 | 87.17+4638 [ 0.01+002 | 0.18+0.69 0.24+0.12 | 0.061+0.003 | 0.068 +0.002 | 0.061+0.002 [ 0.067+0.0 | 66+23 [0+0 | 760+ 265
0  2+1  15549+134.58 | 75422559 | 0.01+0.01 | 1.99+1.37 0.05£0.09 | 0.065 % 0.003 | 0.073  0.015 | 0.064 0.003 | 0.072 % 0.015 0£0 11| 7+7
g5 | 0 [ 3%1 [ 29109422915 | 58592218 | 0.02+0.03 | 2.99%858 | 34.32+334 | 0.063%0.004 | 0.068 +0.002 [ 0.062+0.003 | 0.067%0.0 [ 13%13 [0£0 [ 174%168
0 1#1 121.02 + 124.2 75.85+40.97 | 0.0£0.0 | 3.07+293 3.86+6.08 | 0.067 +0.002 | 0.068 +0.002 | 0.066 +0.002 | 0.067 0.0 0+1 01| 5411
2| s [0 [ 4x2 [ 1155.77£973.77 | 64.17+22.04 | 0.02+0.02 | 1.01+1.82 | 14218 =178.75 | 0.062 = 0.003 | 0.068 £ 0.002 | 0.061 £0.002 | 0.067£0.0 | 3324 |00 | 419 +307
0 3+3  381.14+456.92 | 10529+4637 | 0.0+0.0 | 9.59+29.88 | 1539 +17.18 | 0.067 0.003 | 0.068 & 0.002 | 0.065  0.002 | 0.067 & 0.0 1£2 1£2 | 12+19
25 | 0 [ 2£2 | 803.57+1339.49 | 62942801 | 0.04+005 | 3.95+ 1121 | 188.03 +34531 | 0.065+0.004 | 0.068 £0.002 [ 0.064 £0.003 | 0.067%0.0 [ 38+39 [0£0 | 498+513
0  2+3  257.26+419.16 | 92.98+4401 | 0.0+0.0 | 3.21+6.41 17.92£20.3 | 0.067 +0.003 | 0.068 + 0.002 | 0.065 +0.003 | 0.067 + 0.0 1£3 12| 1125
g5 | 0 [ 3%2 | 358.06£367.19 | 5574%18.77 | 0.02+003 | 132+216 | 50.77+59.4 | 0.0630.004 | 0.068 £0.002 [ 0.062£0.003 | 0.06700 [ 15%12 [0£0 [ 204=173
0  2+2  269.12+320.46 | 104.86+61.19 | 0.0%0.0 204138 64958 | 0.067 % 0.003 | 0.068  0.002 | 0.065 +0.002 | 0.067 £ 0.0 01 1+1| 1013
P | s0 [0 ] 2+1 [ 264.12+35353 56.5+19.04 | 0.03+0.03 | 17515 | 44.37+£71.92 | 0.068+0.008 | 0.07 +0.006 | 0.067 +0.007 [ 0.068 +0.005 | 19+25 [0+0 | 258 4344
0 140  140.38+156.13 | 80.23+47.91 | 0.0+0.0 | 21.01+62.54 | 27489 | 0.067+0.003 | 0.068 +0.002 | 0.065 +0.002 | 0.067 + 0.0 0£0 0+0| 34%5
25 | 0 [ 2+1 | 30058+40468 | 60.47+17.78 | 0.04+0.03 | 2.08+ 151 | 5093 +81.19 | 0.0660.004 | 0.068 +0.002 [ 0.064 £0.003 | 0.0670.0 [ 21%35 [00 | 296+484
0 242  242.67+355.63 | 108.48+48.65 | 0.0+0.0 | 2.94+563 | 79141112 | 0.067 % 0.004 | 0.069 +0.005 | 0.065  0.003 | 0.068 + 0.004 1+2 0+1| 15433
g5 | 0 [43£12] 32950182129 | 76233487 [ 0.01+002 | 0.07+0.43 03+035 [ 0.065=0.004 | 0.068 +0.002 | 0.063+0.003 | 0.067+0.0 | 244 [0x0]| 195+34
0 466 487557 +1959.36 | 105.81+47.15 | 0.0+0.0 | 0.06+0.39 0.28+0.28 | 0.066 +0.009 | 0.068  0.002 | 0.066 +0.009 | 0.067 + 0.0 24+4 00| 194+35
2, 5o | 0 [24%6 [ 21945394052 | 90.16+43.65 | 0.01£0.02 | 0.12%0.59 051+0.64 | 0.063+0.004 | 0.068 +0.002 | 0.062+0.003 | 0.067+0.0 | 47+£10 |0£0| 379+86
* 0 23+3  2489.52£869.21 | 105.08+4845 | 0.0+0.0 | 0.11+0.53 0.41£0.16 | 0.065 % 0.004 | 0.068  0.002 | 0.064 +0.003 | 0.067 £ 0.0 47+£11  0%0| 375290
75 | 0 [17+3 ] 14348756401 | 80.97£38.93 [ 0.01£002 | 0.16%0.65 0.57+0.25 | 0.065 £ 0.004 | 0.068 +0.002 | 0.064 % 0.003 [ 0.066 +0.002 | 69+20 [0+0 | 553+ 161
0 172  1754.01+678.69 | 102.64+48.19 | 0.01+0.06 | 0.16+0.63 0.54+£0.21 | 0.066 % 0.003 | 0.068  0.002 | 0.065 +0.003 | 0.067 0.0 6919  0+0 | 557154
95 | 0 [73£17]11007.63 +3234.61 | 150.57 £84.09 | 0.01+0.01 | 0.06=0.49 0.43+0.33 | 0.064 +0.004 | 0.068 +0.002 | 0.063+0.003 | 0.067 0.0 | 4510 [0+0 | 439+111
2 6023  9963.74+5058.3 | 166.01+69.38 | 0.0+0.0 | 0.21+0.73 0.4+0.67 | 0.067 +0.005 | 0.074 +0.016 | 0.066 0.003 | 0.073+0.016  23+10 040 | 184492
p| 5o | 0 [42+16] 6373.66+226955 | 149.29+84.63 | 0.01+0.01 | 009058 0.65+0.22 | 0.064 £ 0.005 | 0.068 +0.002 | 0.064=0.003 | 0.067£0.0 | 84+26 |0x0| 809 %275
0  45+12 9658.41+4329.14 | 215.17 +102.74 | 0.0140.0 | 0.27+0.85 0.62:+0.72 | 0.066 % 0.003 | 0.071  0.008 | 0.065 0.003 | 0.07 4 0.008 44+£20 141 | 3524169
75 | 0 [32£10] 487599+ 12679 | 14954£78.45 | 0.01+001 | 0.13+0.68 0.94+0.82 | 0.064 +0.004 | 0.069 +0.002 | 0.063+0.003 | 0.067+0.0 | 116+45 |0=+0 | 1118 +466
1 32412 7303.62+3493.98 | 226.19 + 114.62 | 0.01£0.01 | 0.33+0.98 0.67 £0.39 | 0.065 % 0.004 | 0.073 £ 0.011 | 0.064 +0.003 | 0.071£0.012 6034 11| 484 +293
(b) Results of the experiments by varying the sampling batch with respect to a maximum 50 counterexamples.
Average value + standard deviation
Generic synthesis process | Generic CEGIS iteration
MaxS | TO CEGIS Total Training Opportun. FV Repair Initial loss | Finalloss | Initialloss | Finalloss | CounterEX | FV New
iter. time (s) time (s) search (s) time (s) time (s) on valid on valid on test on test (opportun.) | calls pairs
10 | 0 | 39%5 [ 312421£59558 [ 79.73£37.38 | 00+001 [ 007041 0.18 £0.11 | 0.064 = 0.003 | 0.068 + 0.002 | 0.063 +0.003 [ 0.067 + 0.0 4711 |00 294%69
0 | 32 | 19546+158.66  73.85+25.06  0.01+0.01 234+2.54 0.05+0.08  0.065 % 0.003 0.076 +0.022 | 0.063 % 0.003 | 0.074 £ 0.022 01 1£2| 44
p| g0 | 0| 25%5 | 211971+451.36 [ 82894003 | 0.0£001 [ 0.11£054 [ 01801 [0.0650.004 [ 0.068 +0.002 | 0.064 +0.003 [ 0.067 +0.0 45+14 [ 0+0 | 516+ 163
! 0 | 4x7 407.8 + 783.54 95.0 + 21.82 0.0+£00 1314087 0.08+£0.1  0.065%0.004 0.068 +0.003 | 0.064 +0.003 | 0.067 % 0.002 01 25| 10+6
20 0 [ 15+7 | 1197.52+572.83 | 79.35+36.74 | 0.01+£0.01 [ 0.17+0.65 | 0.17+0.11 | 0.066 +0.008 [ 0.07 +0.005 | 0.065 + 0.007 | 0.068 £0.005 | 44=15 |00 | 735+248
0 | 3%3 283.48 +319.8 80.52+23.16  0.0+00  1.49+0.67 0.08+0.1  0.066+0.004 0.072 +0.014 | 0.065 +0.003 | 0.07 +0.013 0+0 2+3| 1249
1o | 0] 3x2 | 77975498247 | 6539+21.96 [ 0.02+002 [ 229+582 [ 153.34=193.8 | 0.064+0.004 [ 0.068 +0.002 | 0.063 +0.003 | 0.067 0.0 29425 | 0+1 | 221+189
0 | 2+1 181.4 +193.18 89.02+46.84 00400 2134131 99141516  0.067 +0.002 0.068  0.002 | 0.066 +0.002 | 0.067 0.0 244 01| 10+24
p | a0 | O | 4%2 | 115577+973.77 [ 64.17£22.04 [0.02£002 [ 101+182 [142.18=178.75 [ 0.062 +0.003 [ 0.068 % 0.002 | 0.061 +0.002 | 0.067 £ 0.0 33+£24 | 0+0 | 419+307
’ 0 | 343 | 381.14+456.92 1052944637  0.040.0  9.59+29.88  1539+17.18 0.067 +0.003 0.068 +0.002 | 0.065 +0.002 | 0.067 + 0.0 12 1£2] 12%19
50 | 0 | 2%2 | 91455+138473 [ 67882671 | 0.03£0.03 [ 1.32% 157 [ 12743+ 187.48 [ 0.064 0.0 [ 0.068  0.002 | 0.063 % 0.003 | 0.067 +0.0 27425 | 0+0 | 501+468
0 | 22 | 2658645407  9252+49.02  0.0£0.0  8.06+25.37  12.03+20.12  0.067 +0.003 0.068 £ 0.002 | 0.066 +0.002 | 0.067 + 0.0 310 1+1| 58191
o | 0]zt 386.39£596.2 | 55.4£19.75 | 0.040.04 | 3.79 10.37 | 106.52 % 199.33 | 0.065  0.004 | 0.069 = 0.002 | 0.065 + 0.004 | 0.067 +0.002 | 24+26 | 00 | 187 + 201
0 | 3+3 | 34276445555  105.22+61.04  0.0£0.0  2.65+4.74 9.39+£7.04  0.067 +0.003 0.068 0.002 | 0.065+0.002 | 0.067 +0.0 1+2 1£2| 911
2l 2 0] 2+1 264.12£35353 | 565+19.04 | 0.03+0.03 | 175+15 [ 44.37+71.92 [0.068+0.008 [ 0.07 +0.006 | 0.067 +0.007 [ 0.068+0.005 | 19+25 [0+0 | 258 +344
’ 0 | 140 | 140.38+156.13  80.23+47.91  0.0+0.0 21.01+62.54  2.7+489  0.067+0.003 0.068 +0.002 | 0.065 +0.002 | 0.067 + 0.0 040 0+0| 35
50 | 0 | 2*1 | 788.48+85274 [ 60461969 [ 0.04£0.04 [ 3.06%741 [ 110.57+2047 [0.063+0.004 [ 0.068 +0.002 | 0.062%0.003 | 0.067 +0.0 29425 | 0+0 | 544+484
0 | 21 | 21567+20785  100.77+454  0.040.0  6.85+19.59 5214574  0.06740.003 0.068 +0.002 | 0.065 +0.003 | 0.067 + 0.0 0+1 11| 8+19
10 | O | 425 [ 361915124821 | 84.04£39.94 [ 0.0+001 [ 007£044 [ 0.45%0.17 [0.0640.004 [0.068%0.002 | 0.063 +0.003 [ 0.067 £ 0.0 49+8 00| 219+37
0 | 44+7 | 4612.93 £1380.32  103.61+46.51  0.0+0.01  0.06 +0.37 0.46+0.33  0.064 £0.004 0.068 +0.002 | 0.063 +0.003 | 0.067 +0.0 48+9 00| 215440
b | a0 | O | 24%6 | 219453£940.52 [ 90.16+43.65 [ 0.01+0.02 [ 0.12£059 [ 051=0.64 [0.063+0.004 [ 0.068 % 0.002 | 0.062 +0.003 [ 0.067 0.0 4710 [0+0 ] 379+86
* 0 | 2343 | 2489.52+869.21 1050844845  0.0£0.0  0.11+0.53 0.41+0.16  0.065+0.004 0.068 +0.002 | 0.064+0.003 | 0.067 +0.0 47+11 |00 | 375+90
20 0 [ 17+3 | 1339.01+£407.06 | 77.18+35.21 | 0.01+£0.02 [ 0.17+0.68 | 0.44+0.19 [ 0.065+0.005 [ 0.068 + 0.002 | 0.064 £ 0.004 | 0.067 0.0 46+13 | 0£0 | 529+146
0 | 1945 | 2211.64+1413.95 117.38+58.11  0.0£0.0  0.15+0.63 0.42+0.19  0.064 +0.003 0.068 +0.002 | 0.063 +0.003 | 0.067 +0.0 46413 | 040 | 523+ 148
10 | O [75%2310860.82£2976.03 | 14453 +84.13 [ 0.01+0.01 | 0.05+0.45 [ 068046 [ 0.0640.006 [ 0.068 +0.002 [ 0.064 +0.006 [ 0.067 0.0 88+£23 | 0+0| 472+133
3 | 71416 | 11606.27 + 1545.64  163.28 +69.05  0.01+0.0  0.16 +0.69 0.56+£0.5  0.0650.004 0.068 +0.002 | 0.064 +0.003 | 0.067 + 0.0 47418 | 040 | 211494
p| 20 | 0 [42%16] 6373.66+2269.55 [ 149298463 | 001001 | 0.09%£058 | 065+0.22 [0.064%0.005 [ 0.068 +0.002 | 0.064%0.003 | 0.067 £ 0.0 84+£26 | 0+0 | 809+275
0 | 4512 | 9658.41+4329.14 215.17+102.74  0.01£0.0  0.27 +0.85 0.62+0.72  0.066 £ 0.003 0.071  0.008 | 0.065 % 0.003 | 0.07 & 0.008 44220 |11 352169
30 | 0 | 30%8 [ 470473+1675.89 [ 155.29%90.59 [ 0.01£0.02 [ 0.140.76 [ 0.69+0.53 [0.064 0.005 [ 0.068  0.002 | 0.064 % 0.003 [ 0.067 +0.0 82427 | 0+0 | 1135+412
0 |34+18 | 7941.84£473528 230.98+117.34 0.01£0.01 036+ 1.0 1321228 0.084+0.059 0.071+0.006 | 0.084+0.06 | 0.07 0.006 44222 |12 5174291
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Fig. 7. MANNERS-DB: Average formal verification time vs average repair time (log y scale).

data without soft-acceleration, whereas dashed lines report on data with soft-acceleration. Hence, each curve
corresponds to a row a table in Table 3a or Table 3b and it is an estimation of the number of violations to the
property under analysis. Since the 3 repeating experiments for all learning rates (in each row) may terminate
in different numbers of CEGIS iterations, then, for each experiment, we estimate the number of violations at
specific iterations that lie at (or are close to) the 0%, 10%, 20%, 30%, 40%, 50%, 60%, 70%, 80%, 90%, 100% of the
whole CEGIS synthesis process. This way we collect 11 values for each experiment we consider, regardless of
how many CEGIS iterations it took (if an experiment terminates in less than 11 iterations some of these values
will be equal). For each experiment, we compute the values of the plot as follows. For each network that lies at (or
is close to) the 0%, 10%, 20%, 30%, 40%, 50%, 60%, 70%, 80%, 90%, 100% of the whole CEGIS synthesis process (of that
experiment), we generate a random sample of 1000 input points that satisfy to precondition of the property under
analysis and we compute their corresponding outputs. After that we count the number of violations. Each curve
averages the values of all experiments involving the same network structure, with (solid) or without (dashed)
soft-acceleration.

We conducted experiments for all properties and all learning rates discussed above. Each experiment (=choice of
specific hyper parameters) was repeated three times in order to compute mean and standard deviation (according
to the same timeout used before). What emerges from the data is that soft-acceleration constraints tend to reduce
the number of CEGIS iterations in those synthesis processes that, without soft-acceleration, require many CEGIS
iterations. The opportunistic counterexample search does indeed countain the number of formal verification
calls. Synthesizing more counterexamples boosts convergence of the approach. However, this should be handled
carefully as the more counterexamples we synthesize (along with the sampled points) the bigger the dataset at
the next training phase. The code and the results (synthesized networks) discussed in this section are available in
(Zavatteri 2026d).

9 Horizontal Collision Avoidance System

The Horizontal Collision Avoidance System (HCAS) is a policy for aircraft midair collision avoidance (Julian and
Kochenderfer 2019). HCAS is derived from the Airborne Collision Avoidance System X for unmanned aircraft
(ACAS Xu), where an ownship aircraft needs to make decisions about the possible maneuvers to execute upon
encountering an intruder aircraft, according to some preconditions that involve the geometry of the two aircraft.
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Table 4. Convergence curves for Table 3a (left column) and Table 3b (right column). Each curve shows average value of all
related experiments that terminated. Solid lines report on data with soft-acceleration. Dashed lines report on data without

soft-acceleration. Rows 1-3 correspond to properties P; — Ps.
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Table 5. Convergence curves for Table 3a (left column) and Table 3b (right column). Each curve shows average value of all
related experiments that terminated. Solid lines report on data with soft-acceleration. Dashed lines report on data without
soft-acceleration. The first row corresponds to P4, whereas the last row corresponds to $ = {Py, P4}.
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Neural networks were proved to be effective in compressing the original policy table. Therefore, neural networks
can also act as controllers for advising aircraft maneuvers.
Table 6 reports on inputs and outputs. Inputs describe the position of the intruder aircraft with respect to

ownship assumed to lie at coordinates (0,0), whereas outputs provide scores to five possible maneuvers for
ownship: clear of conflict, weak left, weak right, strong left, strong right, where the bigger the score the more
advised the maneuver. Moreover, the dataset is split in 40 sub-datasets that are parametrized for all combinations
of two more features (aprey, 7), Where apy., represents the previous advised action and 7 represents the time until
loss of vertical separation, measured in seconds and discretized for the values 0, 5, 10, 15, 20, 30, 40, 60. As a result,
HCAS consists of 40 neural networks?, one for each combination (@prevs 7).

2For each previous action aprey = X and discretization of 7 = Y, the dataset corresponding to the combination (@, 7) is the file
HCAS_polar_networks/HCAS_polar_TrainingData_v6_praX_tauY.h5, whereas the data of all experiments related to this dataset are
contained in the folder experiments/praX-tauy.
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Table 6. Input-output pairs of the HCAS dataset.

Type | Name | Index | Description Values Unit
Xp 0 Range to intruder (p) [0,56000] ft

Input X 1 Bearing angle to intruder (6) [, 7] rad
Xy 2 Relative angle of intruder (¢) (-, 7] rad
R e o R e
Ywl ) [—17.4792, —5.4293 X 10715]

Output | yyr 2 Weak Right (WR) mean: —0.2428 (real)

sl 3 Strong Left (SL) ran .e- 1'7 48 (real)
Ysr 4 Strong Right (SR) ge: (real)

We considered 13 properties for this dataset. The first 10 properties are an adaption of the well-known properties
for ACAS Xu given in (Katz, Barrett, et al. 2017) and typically used in the neural network verification competition.
We adapted them in order to:

make them coherent with the bounds of input variables in HCAS;

remove conditions on speed of ownship and intruder (assumed constant in HCAS);

align them with the fact that in HCAS the advised action is the action with maximal score;

inject a small A > ¢ to compensate the e-relaxation and guarantee that the output action with maximal
value is also unique.

The last 3 properties are conjunctions of the former 10, where each conjunction corresponds is a subset of
properties that are realizable together.

Once again, let Fppyngs(X) be a formula restricting the application of the precondition within the allowed input
bounds according to Table 6.

Property P, : If the intruder is distant, then the output score of a COC advisory will always be at least a certain
threshold.

P ) = (FBounds(f) Axy > 55947.691) - (ym > 14 A)
Property P,: If the intruder is distant, then the score of a clear of conflict advisory will never be minimal.
Py(% ) = (FBmmdS(a?) Ax, > 55947.691) - ( \/ Yeoe = va + A)
a#coc

Property Ps: If the intruder is directly ahead and is moving towards the ownship, the score of a clear of conflict
advisory will not be maximal.

P3(%,7) = (FBounds(a?) Ax, > 1500 A x, < 1800 A X9 = —0.06 A xg < 0.06 A xy > 3.10) = ( \/ Ya > Ucoc + A)

a#coc
Property P,: If the intruder is directly ahead and is moving away from the ownship, the score of a clear of conflict

advisory will not be maximal.

Py, 7) = (FBounds(f) A X, > 1500 A x, < 1800 A xg = —0.06 A Xg < 0.06 A xy = 0) = ( \/ Ya > Yeoc + A)

aZcoc
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Property Ps: If the intruder is near and approaching from the left, then strong right is advised.

Ps(%,7) = (FBO,mds(?c) AXp > 250 Ax, <400 Axg > 0.2 Axg < 0.4 Axy > —3.141592 A xy < —3.141592 + 0.005)

:>(/\ysr2ya+A)

a#sr

Property Pg: If the intruder is sufficiently far away, the network advises clear of conflict.

Ps(X,9) := (FBounds(f) A Xp > 12000 A x, < 56000A
((x0 = 0.7 A xg < 3.141592) V (xg > —3.141592 A xg < —0.7))A

Xy = —3.141592 A xy < —3.141592 + 0.005)

:>( /\ ycoczya"'A)

a#coc

Property P;: If vertical separation is large, the network will never advise a strong turn (i.e., neither the score of SR nor
that of SL is maximal).

P;(X,9) := (Fgounds(y?) AXp = 0Ax, <56000 A xg > —3.141592 A xg < 3.141592 A xy, > —3.141592 A xy, < 3.141592)

:>((vysr+Asya)A(Vys1+ASya))

a#sr a#sl
azsl a#sr

Property Pg: For a large vertical separation and a previous "weak left" advisory, the network will output COC or
continue advising WL. (i.e., the score of COC is maximal or the score of WL is maximal).

Ps(%,§) = (FBW,,,,,S(;?) AXp >0 A X, < 56000 A xg > —3.141592 A xg < —0.75 - 3.141592 A xy > —0.1 A x, < 0.1)

=>(( /\ Yeoc = Ya + A) V ( /\ ywlzya+A))

aZ#coc azwl
azwl a#coc

Property Py: If the previous advisory was "weak right", the presence of a nearby intruder will cause the network to
output a "strong left" advisory instead.

Py(%,7) = (FBOW,S(J?) A X, > 2000 A x, < 7000 A xg > —0.4 A xp < —0.14 A xy > —3.141592 A xy < —3.141592 + 0.01)

:(/\yslzya+A)

a#sl

Property Pyy: For a far away intruder, the network advises clear of conflict.

Pyo(%,7) = (FBou,,dS(J?) A X, > 36000 A x, < 56000 A xp > 0.7 A xg < 3.141592 A xy > —3.141592 A xy < —3.141592 + 0.01)

:>( /\ ycoczya'*'A)

a#coc
We recall that the conjunctions of two realizable properties may not be realizable. This happens whenever the
conjunction of their preconditions is satisfiable by some input, while the conjunction of their postconditions
is unsatisfiable for the same input and corresponding output. In our set, we have that the sets of properties
{Ps, P;} and {Ps, Py} are not realizable. Hence, we selected the set of properties P; = {P1, Py, P, P4, Ps, Ps, P10},
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P, = {P1, Py, P3, Py, Ps, P, P, Py}, and P3 = {Py, Py, P3, Py, Ps, Ps, Py, P1o} for our experiments, since they are
among the largest realizable combination of properties.

We also excluded from the experiments the test cases where the property (or the set of property) is trivially
satisfied by a network. This leads to the following final test cases:

o Py, Py, Ps, Py, Pg, Pg, and the set of properties $; are tested on all 40 networks;

e P; is tested on networks where 7 = 60 (5 networks);

e Pg and the set of properties ; are tested on the single network where a,r., = WL and 7 = 60;
e Py and the set of properties 5 are tested on networks where a., = WR (8 networks).

Implementation

We used the same hardware and software versions described in Section 8. We considered a single neural network
structure 6x50: 6 layers with 50 neurons per layer, as this is the size of the networks used in the VNN-COMP.
We only considered one learning rate. We ran each experiment once for 3 combinations of ¢ and A, by setting a
timeout of 12 hours for each experiment.

All values in the datasets are normalized as follows. Given a value v (no matter if input or output), the
normalization Vyermalized Of V is done by computing:

V — Vmean
Vnormalized ‘= .
Vmax — Vmin

For each property, we randomly partitioned the dataset under analysis according to the proportion 80-10-10%
for train, validation, and test so that these partitions contain 43000, 5396, and 5396 pairs, respectively. We used
the Adam optimizer (Kingma and Ba 2015) with learning rate 10~3 and the asymmetric mean square error (MSE)
loss function defined in (Julian and Kochenderfer 2019). We trained the networks on the normalized data for at
most 1000 epochs by dividing the data in batches of size 512 each. We kept the network with minimal loss on
the validation set among the epochs, by applying an early stopping criterion of 50 epochs and we evaluate its
accuracy (at the end) on the test set. Every CEGIS iteration starts over with a new network whose weights are
randomly initialized. We assigned to both ¢ and A values from the set {1072,1073,107*} such that A > ¢ (such
values are not affected by the normalization of the other constants). For soft acceleration we always considered a
batch of random points B as big as the batch of training data coming from the dataset.

For each property P detailed above, we set up the verification phase as follows: the opportunistic phase
samples 1000 input points inside the region of the input space that enables the precondition, then computes the
predictions of the current network under analysis and checks if any counterexample exists. If so, it returns a set
of counterexamples. Instead, if the opportunistic phase fails, then the formal verification phase looks for one
counterexample.

After repairing a single counterexample, we sampled around 20 additional pairs by adding to all continuous
inputs and outputs a noise vector. Concretely, we generate a tensor filled with random numbers from a normal
distribution with mean 0 and variance 1 and we multiply it by 0.01 before adding it to the input part of the
counterexample. We do the same for the output part. We keep a new computed pair only if it satisfies the
post-condition of the property under analysis.

Table 7 shows the results of the experimental evaluation on all experiments with and without soft acceleration,
respectively. For each property (row of the table) we have aggregated the data of all possible a, and 7 (where
the property is applicable) with respect to the specific choice of ¢ and A. In general, the data shows that most
experiments terminated within the timeout limit. Notable exceptions include property P;, where 2 to 3 timeouts
out of 5 experiments (per row) were observed depending on the case, and the set of properties 7, where 2
to 6 timeouts out of 40 experiments (per row) were observed. The former is attributable to the fact that the
precondition of P; coincides with the whole input space (i.e., the precondition is effectively true), while the
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Fig. 8. HCAS: Average formal verification time vs average repair time (log y scale).

latter is due to the simultaneous verification of multiple properties. Figure 8 summarizes the data from Table 7 by
plotting the average formal verification time against the average repair time.

Table 8 shows the convergence curves of the corresponding synthesis processes for each property in Table 7.
Again, for each network structure, we used a different color according so that solid lines report on data without
soft-acceleration, whereas dashed lines report on data with soft-acceleration. Like the MANNERS_DB example,
each curve averages the estimations of the number of violations at the 0%, 10%, 20%, 30%, 40%, 50%, 60%, 70%,
80%, 90%, 100% of the whole CEGIS synthesis process according to all experiments belonging to a specific row of
the corresponding table. What emerges from the data is the combination A = 107 and ¢ = 10~ seems the one
that converges faster. In Appendix A we provide several images for the graphical HCAS policy interpretation of
the networks before and after being certified with respect to the discussed properties. The code and the results
(synthesized networks) discussed in this section are available in (Zavatteri 2026c).

10 Comparison with DeepSADE and SpecREPAIR

The two closest frameworks to compare our work with are DeepSADE (Goyal et al. 2024) and SpecREPAIR (Bauer-
Marquart et al. 2022). For this experimental evaluation, we used the same High Performance Computing (HPC)
center using one node equipped with 2 x Intel(R) Xeon(R) CPU E5-2630L v3 (1.80GHz), 1 GPU Nvidia V100,
192GB of RAM, and running Ubuntu 20.04.3 LTS. We run a single job on this node with 16 assigned CPU cores,
100GB of RAM, and the whole GPU of the node.

DeepSADE (Goyal et al. 2024) provides an experimental evaluation on 5 usecases (UC1-UC5), of which UC1
is a regression problem, UC2-UC4 are classification problems, and UC5 is a preference learning problem. Since
our work targets regression problems, we compared with UC1 only. UC1 is a multi-target regression problem to
predict 5 household expenses (All Food Expenses, Going Out Expenses, Shopping Expenses, Necessary Expenses,
Miscellaneous Expenses) given 13 features (Number of Television, Number of Car, Jeep, Van, Number of Stove
with Oven/Gas Range, House Floor Area, House Age, Number of bedrooms, Electricity, Total Number of Family
members, Total number of family members employed, Household Head Sex, Household Head Age, Agricultural
Household indicator, Total Household Income). The dataset contains 41417 entries. We considered the following
properties:

o Pi: the sum of all the expenses must be less than or equal to the total household income
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Table 7. Results of the experiments on HCAS (Py, P, Ps, Py, Ps, Ps, Py7, Ps, Py, P1g, P1, P2, P3). Unshaded rows reports on data
without soft-acceleration, whereas shaded rows reports on data with soft-acceleration. P, TO, and FV are shorts for property,
timeout, and formal verification, respectively. Each line shows average value and standard deviation of all terminated
experiments with respect to all applicable networks.

Average value + standard deviation
Whole process | CEGIS iteration
CEGIS Total Training | Opportun. FV Repair | Initial loss | Finalloss | Initial loss | Finalloss | CounterEX | FV New
e | A |TO| 7 N : . A . . .
iter. time (s) time (s) search (s) time (s) time (s) | on valid on valid on test ontest | (opportun.) | calls | pairs
103 | 102 0 1£0 27511+ 115.86 | 26886+ 11541 | 0.0=0.0 477 £ 1.61 0+0.0 | 0.0020.002 | 0.002 % 0.002 | 0.002 + 0.002 | 0.002 % 0.002 0£0 10 | 0%0
0 1£0 292.35 4 81.77 28618175 0.0+00 4.81+1.07 0£0.0 | 0.002:0.002 | 0.002+0.002 0.002 +0.002 | 0.002 + 0.002 0+0 1£0 00
p |10 102 ] © 10 277359227 | 271449184 | 00%0.0 | 472124 0+0.0 | 0.0020.002 | 0.002 % 0.002 | 0.002 + 0.003 | 0.002 = 0.003 0£0 10 | 0%0
0 1£0 3004141135 29446+ 11314  0.0+00 4794137 0£0.0 | 0.002:0.002 | 0.00240.002 0.0020.003 | 0.002 % 0.003 0+0 1£0 040
104 103 ] 0 120 26689958 | 261.19+9571 | 0.0£00 | 432+1.18 0+0.0 | 0.002:0.002 | 0.002 % 0.002 [ 0.002 +0.002 | 0.002 % 0.002 0£0 120 | 00
0 120 321.71 + 90.55 31564+ 9064  0.0%0.0 469+ 1.14 0£0.0 | 0.002:0.002 | 0.002%0.002 0.002+0.002 | 0.002 % 0.002 0+0 1£0 00
103 | 102 | 0 2=1 458.01+263.86 | 25298 +90.15 | 0.01£0.01 | 579+565 | 0.26+0.34 | 0.002 +0.002 | 0.002 % 0.002 | 0.002 £ 0.003 | 0.0020.002 | 16+ 23 1T£0 |292+398
0 2+1 613.77+325.78  34383+144.77 0.01+001  53+515 0.24+03 | 0.002+0.002 | 0.002 +0.002 0.002+0.003 | 0.002+0.002 | 16+ 22 1£0 283439
Py (104|102 | © 2=1 52674 +257.28 | 236.45+75.99 | 0.01£0.01 | 4.02+481 | 0.28%0.43 | 0.002+0.003 | 0.002 % 0.003 | 0.002 = 0.003 | 0.002 £0.003 | 17 +22 1T£0 |299%397
0 2+1 75446 +371.83  340.65+140.05 0.01+£0.01  4.64+6.01 | 0.29+0.31 | 0.002+0.002 | 0.002 +0.002 0.002 +0.002 | 0.002+0.002 | 1822 10 311+3%
104 105 ] O 1£0 310.88+96.49 | 301.07£95.97 | 0.01=0.01 | 8.45+357 0+0.0 | 0.0020.002 | 0.002 % 0.002 | 0.002 + 0.002 | 0.002 % 0.002 0+0 10 | 0%0
0 1£0 32548+ 118.03  31671+117.54  0.0+0.0 7.54+2.25 0£0.0 | 0.002:0.002 | 0.002+0.002 0.002 +0.002 | 0.002 + 0.002 0+0 1£0 020
JR I 1£0 33079 +150.0 | 260.74 + 10451 | 0.01+0.01 | 211+1.09 | 0.21+0.63 | 0.002 % 0.002 | 0.002 % 0.002 | 0.002 +0.002 | 0.002 +0.002 | 10+ 20 10 [204+413
0 11 480.6+250.46 36581+ 1144 0.0£001 215113 | 0.28+0.99 | 0.002+0.002 | 0.002+0.002 0.002+0.002 | 0.002+0.003 | 9+19 1£0 1794392
P, | 1070 | 1072 0 1£0 356.41 £ 159.48 ‘ 255.49 £ 91.35 ‘ 0.01£0.01 ‘ 1.93+£1.21 0.19 £ 0.32 | 0.002 + 0.002 | 0.002 + 0.002 ‘ 0.002 + 0.002 | 0.002 + 0.002 13422 1+0 ‘ 265 + 449
0 1£0 445.68 £208.96 3204611353 0.01+0.01  1.94+1.22 | 0.2£0.34 | 0.002+0.002 | 0.002%0.002 0.002 +0.002 | 0.002%0.002 | 14+22 1£0 279+ 460
0 103 ] 0 1£0 275.06 £ 101.69 | 271.08 £101.69 | 0.0£0.0 | 2.66+0.23 0=0.0 | 0.0020.002 | 0.002 % 0.002 | 0.002 £ 0.002 | 0.002 = 0.002 0£0 10 | 0%0
0 1£0 325.16 % 95.57 321.27+9553  0.0+0.0 2624023 0£0.0 | 0.002:0.002 | 0.002+0.002 0.0020.002 | 0.002 + 0.002 0£0 1£0 020
10 102 ] O 11 347,64+ 145.65 | 24052+79.8 [ 0.01+£0.01 | 194+13 | 0.21%0.33 | 0.002 % 0.003 | 0.002 +0.003 [ 0.002 +0.003 | 0.002 £0.003 | 1423 1£0 [291+465
0 1£1 541.2+£22324  363.55+12426 0.01£0.01  187+132 | 0.2440.35 | 0.002 +0.002 | 0.002+0.002 0.002+0.002 | 0.002+0.002 | 16+24 140 3314484
P 104 | 102] © 2x1 42547 + 18148 | 266919051 | 0.01£0.01 | 1.67+1.29 | 025034 | 0.002+0.002 | 0.002 % 0.002 [ 0.002 + 0.003 | 0.002 0.003 | 17 + 24 T£0 | 355484
0 11 49722 £212.53 34526 +139.68 001001  1.92+1.29 |043+1270.002:+0.002 | 0.002+0.002 0.002+0.002 | 0.002+0.002 | 15+23 1£0  301+467
10- | 103 ] O 1£0 267.11+9554 | 261.95+96.25 | 0.0+0.0 | 281+052 0+0.0 | 0.002+0.002 | 0.002 0.002 | 0.002 + 0.002 | 0.002 % 0.002 0+0 120 [ 00
0 1£0 347.31 £ 110.48 334.9£97.58  0.0£00 259+048 | 0.02£0.1 | 0.002%0.002 | 0.002 +0.002 0.002 % 0.002 | 0.002 + 0.002 138 1£0 25161
103 | 102 | 0 2=1 626.96 £335.21 | 263.31=72.19 | 0.01£0.01 | 134+132 | 0.16%0.17 | 0.002 +0.002 | 0.003 = 0.003 | 0.002 = 0.002 | 0.003 £0.003 | 23 +25 T£1 | 4752520
0 1£0 336.42+117.56  332.22+117.39  0.0+0.0 2.82+027 0£0.0 | 0.002:0.002 | 0.002+0.002 0.002 0.002 | 0.002 + 0.002 0+0 1£0 020
P | 104|102 ] © 2+1 634.09+488.81 | 261.18 9042 | 0.01£0.01 | 1294125 |0.16%0.15 | 0.002 +0.002 | 0.002 + 0.002 | 0.002 = 0.003 | 0.003 £0.003 | 2125 T+2 |452%518
0 1£0 308.89 + 94.8 3047+£9473  0.0£00 294045 0+0.0 | 0.002:0.002 | 0.002+0.002 0.002 +0.002 | 0.002 + 0.002 0+0 1£0 00
104 103 ] O 4x3 102553 + 898.81 | 269.06+95.44 | 0.01£0.01 | 1.05+1.32 | 0.21+043 | 0.002+0.003 | 0.002 % 0.003 | 0.002 + 0.003 | 0.003 0.003 | 27 +25 2+3 | 574%520
0 120 33401411494 32991411499  0.0£0.0 2.85+0.42 0£0.0 | 0.002:0.002 | 0.002%0.002 0.0020.002 | 0.002 % 0.002 020 120 020
1073 | 1072 0 6+4 1722.83 + 1433.9 ‘ 276.34 £ 91.35 ‘ 0.01£0.01 ‘ 6.06 + 8.84 0.34 £ 1.09 | 0.002 + 0.002 | 0.002 + 0.002 ‘ 0.002 + 0.002 | 0.002 + 0.002 17 +23 3+4 ‘ 362 + 464
0 1£0 339.55+70.76  321.49+70.66  0.0+0.0  1679+3.17 0£0.0 | 0.0020.002 | 0.002%0.002 0.002 +0.002 | 0.002 % 0.002 0£0 150 020
|10 102] © 5£2 152642 £ 643.29 | 27954 +87.54 | 0.01£0.02 | 563 +10.47 | 037+ 1.56 | 0.002 + 0.002 | 0.002 % 0.002 | 0.002 £ 0.002 | 0.002 = 0.002 | 21 +23 2+1 438480
0 1£0 389.28+185.50  3256+8976  0.0+00  1871+478 | 0.03+0.1 | 0.002+0.002 | 0.002 +0.002 0.002 +0.003 | 0.002 + 0.003 0£0 1£0 227
10t 102 | O 9+7 2573.17 +2294.08 | 27921 +89.07 | 0.0£0.01 | 49+10.79 | 0.250.79 | 0.002 +0.002 | 0.002 +0.002 | 0.002 + 0.002 | 0.0020.002 | 8+ 10 3+4 [161%211
0 1£0 333.224119.11  317.46+1188  0.0+0.0  14.28+237 0£0.0 | 0.002:0.002 | 0.00240.002 0.002 0.002 | 0.002 % 0.002 020 1£0 020
103 | 02| 2 | 76=65 [23891.15+21127.95 [ 20698413 [ 0.0+0.0 [108.45=188.25 024049 | 0.0+00 [0.0040.003 [ 0.0%0.0 [0.0040.003 3+8 37+33] 39+92
2 | 8067 | 28071.72+22530.56 2733941053  0.04£00  77.09+17591 | 0.21£0.17 | 0.0+0.0 |0.007+0.008 0.0+0.0 |0.007+0008| 4+10 |24+19 53+108
P | 1074 | 102 3 74 £ 100 19514.98 + 26559.5 ‘ 223.3 +80.62 ‘ 0.0 +0.0 ‘ 38.17 £198.83 | 0.35 +0.98 0.0 +£0.0 0.009 +0.012 ‘ 0.0 +£0.0 0.009 +0.012 5+11 16 +22 ‘ 68 £ 136
! 2 | 8269 | 23993.9+20229.09 246979274  0.0£00 453113217 | 0.19£0.13 | 0.0£0.0 |0.007£0.007  0.0£0.0 | 0.007 % 0.007 429 2731 53+107
10- | 103 | 2 51+45 | 11251.17 +11096.37 | 167.36+72.88 | 0.0+0.0 | 51.4+8242 |0.17+0.23| 0.0£00 [0.001£0.001] 0.0£00 | 0.0010.001 T+1 25+22] 23+15
2 | 71460 |19720.46+1634531 223.15+79.59  0.0+00 5558 +106.24 | 0.16+0.11| 0.0£0.0 |0.002+0.001  0.0+00 | 0.002+0.001 141 36+31 22415
10 102 ] O 5+0 857.32 %0 [ 16817+0 [ 0010 | 2.64%0 0290 0.0 £0 00£0 | 000 0.0 £0 1720 1£0 | 192£0
0 1£0 341.08 % 0 315.24 %0 000 24.64+0 0+0 000 00+0 0040 000 0+0 1£0 040
P 104 102] © 340 575.26 + 0 [ 1596940 | 001x0 | 3115%0 0.45+0 0.0+0 00+£0 | 0.0%0 0.0+0 33+0 10 | 4150
0 2+0 639.09 + 0 310.34 %0 0010 8260 0310 0020 0020 000 0020 20+0 120 27420
10- | 103 ] © 1£0 406.19 + 0 [ 39210 | 004x0 | 1295%0 0£0 0.0+0 000 | 0.0%0 0.0+0 0+0 120 [ 0%0
0 1£0 19032 +0 179.0£0 00+0 10.2+0 00 00£0 0.0+0 00+0 00£0 00 120 00
103 | 102 0 2x1 643.93 £ 111.61 | 267.44%72.92 | 0.01£0.02 | 2.86+3.41 | 0.16%0.16 | 0.002 +0.002 | 0.002 % 0.003 | 0.002 = 0.002 | 0.002 £0.003 | 23 +25 1T£0 |478=501
0 1£0 351.77+159.01  344.89+158.23  0.0+0.0 5.69 +1.47 0£0.0 | 0.002:0.001 | 0.002+0.001 0.0020.002 | 0.002 + 0.002 0+0 1£0 020
P |10 | 102 ] © 3x1 818.03+317.67 | 294.65+9575 | 0.01£0.01 | 205+28 | 0.19%0.19 | 0.002 0.002 | 0.002 + 0.002 | 0.002 = 0.002 | 0.002 £0.002 | 25 + 24 T£0 | 506491
0 1£0 2951349269 287.71£90.98  0.0+0.0 6234256 0£0.0 | 0.002:0.002 | 0.00240.002 0.002 0.002 | 0.002 % 0.002 020 1£0 020
104 103 ] 0 4x1 115387 541,13 | 268.79+91.26 | 0.01£0.01 | 2.08+3.97 | 0.2+0.16 | 0.002+0.003 | 0.002 % 0.002 | 0.002 + 0.003 | 0.002 +0.002 | 32+ 23 T+0 | 646 %466
0 10 319.89 + 81.27 3132748116 0.0+0.0 542+ 1.76 0£0.0 | 0.002:0.002 | 0.00240.002 0.002 0.002 | 0.002 % 0.002 0+0 1£0 040
1077 | 1072 0 2+1 684.51 + 299.01 ‘ 278.09 £ 106.03 ‘ 0.01 +0.01 ‘ 2.92 +3.87 0.16 £ 0.18 | 0.002 £ 0.002 | 0.002 £ 0.002 ‘ 0.002 + 0.002 | 0.002 + 0.002 22+24 1+£0 ‘ 449 + 481
0 1£0 349.49+105.78 34156 +10531 0.01£00  6.16+223 0£0.0 | 0.0020.002 | 0.002%0.002 0.002 +0.003 | 0.002 % 0.003 0£0 150 020
po 10t 102 | O 3:1 74218 £ 25547 | 266.22%9245 | 0.01£0.01 | 253£3.83 | 0.17%0.18 | 0.002 +0.003 | 0.002 = 0.002 | 0.002 = 0.003 | 0.002 £0.002 | 21+ 24 T£0 [419=472
0 0 1£0 324.6 + 96.89 31689+9737 00100  589+126 0£0.0 | 0.0020.002 | 0.002+0.002 0.002 +0.002 | 0.002 + 0.002 0£0 1£0  0£0
-t 102| O 2+1 542.34+400.28 | 2765+788 | 0.02+£0.01 | 3.78+435 |0.12%0.14 | 0.002 +0.002 | 0.002 + 0.002 | 0.002 = 0.002 | 0.002 £0.002 | 1117 T£0 | 216351
0 1£0 33811412689 33133412666 001£00  495+1.16 0£0.0 | 0.002:0.002 | 0.002+0.002 0.002 0.002 | 0.002 + 0.002 020 1£0 020
103 | 102 ] 2 | 21%8 | 634201x2560.11 [ 289.62%87.16 [ 0.01£0.01 | 651151 [039%0.73 | 0.002%0.002 | 0.002 +0.002 [ 0.002 % 0.002 | 0.002%0.002 | 3958 4x2 [ 39£57
0 3%1 1827.03+1096.22  677.42+229.82 0.02£0.01  17.2+20.7 | 0.854 2.44 | 0.002 +0.003 | 0.002+0.003 0.002 +0.003 | 0.003£0.003 | 3243 120 33443
P, |10-1 | 102 | © | =15 | 85501540899 [ 289.25%97.56 [ 0.01£001 [ 6261549 | 04209 [ 0.002 0002 [ 0.003 & 0.005 [ 0.002 +0.002 | 0.003 £0.005 | 3954 554 | 65128
0 4%2 2497.09+ 1463.84  647.2+196.65 0.02+0.01 13154186 | 0.62+0.82 | 0.002+0.002 | 0.00240.003 0.002 +0.003 | 0.003 +0.003 | 32+ 42 141 33442
1074 | 1073 0 13+£5 3838.81 + 2046.41 ‘ 280.63 + 94.14 ‘ 0.01+£0.01 ‘ 6.16 £12.23 0.32£0.71 | 0.002 +0.002 | 0.002 + 0.002 ‘ 0.002 + 0.002 | 0.002 + 0.002 27 £32 3+£2 ‘ 28 +32
0 1£0 589.95+186.06  517.24+140.63 0.03+£0.01  30.3+8.67 | 0.04%0.15 | 0.002+0.002 | 0.002 +0.003 0.002+0.003 | 0.002+0.003 | 211 150 2+11
104 102 ] O 910 2165.2 %0 [ 22699+0 [ 0020 | 11.95%0 0770 0.0 £0 00£0 | 000 0.0£0 109 £ 0 1£0 | 109£0
0 420 2522.68 +0 57114 %0 0020 57.48+0 12540 000 000 0040 000 3840 240 3820
P 104|102 | © 26+0 6582180 | 24353%0 | 0010 | 671%0 0.63+0 0.0+0 00+0 | 0.0%0 0.0+0 53+0 2+0 | 53+0
0 3£0 2439340 786.1+0 0020 21.91+0 0830 000 0020 000 000 5540 10 5540
10 | 103 ] © 190 3550410 | 177.18%0 | 001x0 | 791%0 0.52+0 0.0+0 000 | 00%0 0.0%0 29+0 30 [ 29%0
0 220 64574 £ 0 2829+0 0030 38.23+0 0130 0020 0020 000 0020 0£0 240 020
103 ] 102 ] 0 32+0 7140.9 £ 0 [ 2129120 | 0010 [ 9.0%0 0.42+0 0.0+0 000 | 0.0%0 0.0+0 65+0 540 | 66+0
0 320 1756.86 + 0 570.18 + 0 0020 1356 £ 0 05440 | 0.0010 0.001+0 0.001+0 0.001£0 2420 140 24%0
2, [ 10 ] 102 | © 60+ 0 13315130 | 21538+0 | 0010 | 610 0.31+0 0.0+0 00+0 | 0.0%0 0.0+0 44+0 T+0 | 44+0
0 240 2176.31£0 470.27 0 0020 61612+ 0 09140 | 0.0010 0.001£0 0.001£0 0.001£0 5040 1£0 500
10 | 103 ] © 180 35237740 | 185870 | 001+0 | 385+0 0.41£0 0.0+0 00+£0 | 0.0%0 0.0+0 68+0 240 | 68+0
0 1£0 913.3940 863.6+ 0 0030 41.06 0 0+0 000 000 0040 000 0+0 1£0 00
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Table 8. Convergence curves for Table 7 (excluding P;). Each curve shows average value of all corresponding experiments
that terminated. Solid lines report on data with soft-acceleration. Dashed lines report on data without soft-acceleration.
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e P,: going out expense must be less than or equal to 5% of the household income
o P = {Pl’ Pg}
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Table 9. Results for the Expense prediction case study (soft-acceleration only).

Average value + standard deviation
Generic synthesis process | Generic CEGIS iteration
O CEGIS Total Training Opportun. FV Repair | Initial loss | Final loss | Initial loss | Final loss | CounterEX | FV | New
iter. time (s) time (s) search (s) | time (s) time (s) on valid on valid on test on test | (opportun.) | calls | pairs
P | 0 1+0 107.76 + 24.63 104.51 + 24.43 0.0 +0.0 2.74 £ 0.28 0+£0.0 0.001£0.0 | 0.001£0.0 | 0.001+0.0 | 0.001+0.0 0£0 10| 00
Pl 0 5+5 1224.37 + 1167.86 | 226.11 + 76.15 0.0+0.0 3.01+4.0 | 0.13+0.11 0.0 +0.0 0.001 + 0.0 0.0+0.0 0.001 + 0.0 0+0 5+5| 7+4
Pl 0 4+2 1008.6 + 664.33 270.27 +76.33 0.0 +0.0 4.45+3.46 | 0.16 £ 0.12 0.0 +0.0 0.001 +0.0 0.0+0.0 0.001 + 0.0 0+0 4+2 | 75

B Formal Verification time
m Repair time

1004

Time (s

P P
Property

Fig. 9. Expense prediction: Average formal verification time vs average repair time aggregated per property (log y scale).

The original experiments from (Goyal et al. 2024) targeted only the conjunction of the two properties . In our
experiments we also targeted P; and P, in isolation. We tested our workflow on a ReLU network with 13 inputs,
5 outputs, 10 hidden layers and 6 neurons per hidden layer. We normalized each input and output by following a
min-max scale. For each property, we randomly partitioned the dataset in train, validation, and test according
to the division 70%, 10%, 20%. We used the Adam optimizer with learning rate of 107> and mean square error
(MSE) loss function. We trained the networks on the normalized data for at most 100 epochs by dividing the
data in batches of size 100 each. We kept the network with minimal loss on the validation set among the epochs,
by applying an early stopping criterion of 20 epochs and we evaluate its accuracy (at the end) on the test set.
We used soft-acceleration constraints, ¢ = 0.002 and A = 0.004 in the formulation of the properties (roughly,
0.002 is the normalization of 1 currency unit). The opportunistic phase generates 1000 points in order to find
50 counterexamples and each counterexample is repaired and strengthened by adding up to 20 points around.
We run our experimental evaluation with a 24-hour timeout, running each experiment 3 times. Table 9 reports
the results, whereas Figure 9 report formal verification vs repair time. Notably, DeepSADE timed out in all runs,
which is consistent with the original paper, where the authors reported a runtime of 28 hours for the same
experiment. The code and the results (synthesized networks) for the Expense Prediction case study are available
in (Zavatteri 2026b).

The last case study that we consider is the original ACAS Xu benchmark from (Katz, Barrett, et al. 2017). As
noted earlier, while the 45 networks of the benchmark are publicly available, the dataset used to train them is not.
We therefore generated a synthetic dataset by uniformly sampling the publicly available networks, producing 45
datasets of 10,000 entries each, one per network. Therefore, all results reflect the fidelity to the original neural
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Table 10. ACAS Xu results (soft-acceleration only).
Average value + standard deviation
Generic synthesis process | Generic CEGIS iteration
TO CEGIS Total Training Opportun. FV Repair Initial loss | Finalloss | Initialloss | Finalloss | CounterEX | FV New
iter. time (s) time (s) search (s) time (s) time (s) on valid on valid on test on test (opportun.) | calls pairs
Py 1+0 132.42 + 33.05 129.09 + 32.89 0.01+0.0 2.95+0.24 0+0.0 0.013 +£0.014 | 0.013 +£0.014 | 0.012 +0.013 | 0.012 £ 0.013 0+0 1+0 0+0

5+ 11 | 1391.42 +4090.11 | 265.74 +167.43 | 0.0 +0.01 25.91+165.34 | 0.99+0.82 | 0.013+0.014 | 0.013 +0.014 | 0.012 +0.013 | 0.013 + 0.013 32+23 1+1 | 548 +392

5+7 1349.11 £ 3014.57 | 267.85 + 174.82 | 0.01£0.02 | 21.63+82.77 | 0.83+0.63 | 0.013 +0.014 | 0.013 +0.014 | 0.013 +0.014 | 0.013 +0.014 34 £23 1+1|710+474

5+6 1171.51 + 2252.34 | 247.67 +143.28 | 0.0 0.0 5.33 + 37.81 0.74+0.47 | 0.013 £ 0.013 | 0.013 £ 0.014 | 0.013 £ 0.014 | 0.013 £ 0.014 34 +23 1+0 | 713 +472

0

1

0

0
Ps 0 1+0 142.32 + 37.48 136.41 + 36.87 0.01+£0.0 5.49 +2.22 0+0.0 0.013 £0.014 | 0.013 £ 0.014 | 0.013 +0.014 | 0.013 +0.014 0+0 1+0 0+0
Po | 5 | 3+3 | 221501%1989.07 | 16538 +56.49 | 0.01+0.01 | 639.49 + 853.15 | 0.11 £ 0.12 | 0.014 £ 0.015 | 0.015 = 0.015 | 0.013£0.013 | 0.013%0.013 | 4+13 | 21| 100 = 265
Py 4 1+0 363.18 + 0 81.48 +0 0.02+0 2813+ 0 0+0 0.0+0 0.0+0 0.0+0 0.0+0 0+0 1+£0 0+0
Py | 1 B B - B - B - - - B B B B
Py | 0 | 120 | 142.65:46.12 | 137544376 | 00100 | 471%2.7 0£00 | 00120014 | 0.012 £ 0.014 | 0.018  0.021 | 0.018 = 0.021 0£0 1£0| 0%0
Py 1 2+4 419.05 + 577.49 142.75 £ 56.54 | 0.01 +0.01 24.28 +£22.4 0.16 + 0.48 | 0.013 +0.014 | 0.013 + 0.014 | 0.013 + 0.014 | 0.013 + 0.014 0+2 2+3 20 +41

networks, not to any ground-truth phenomenon such as retraining from genuine real flight data augmented with
repaired counterexamples.

We analyzed the original 10 properties from (Katz, Barrett, et al. 2017), following a certification process
analogous to that described for HCAS, with the exception that a sampling batch of 100 was used. The parameters
were set to ¢ = 10™* and A = 1073, As in the previous case studies, we synthesize up to 50 counterexamples per
CEGIS iteration, which are then repaired and augmented with 20 additional points sampled in their neighborhood.
We set a timeout of 12 hour per experiment. The results are reported in Table 10, whereas the formal verification
vs repair time is given in Figure 10. With respect to the HCAS case study we observe that we get more timeouts
than Table 7. This is reasonable to expect by keeping the same timeout as the ACAS Xu case study has a bigger
input space than HCAS: 5 inputs instead of 3 (i.e., the same inputs of Table 6 augmented with the velocities of
ownship and intruder).

For comparison with SpecREPAIR, we attempted to reproduce the authors’ environment following their
instructions®. While the installation succeeded, the software crashed when running the ACAS Xu test case,
making a direct comparison unfeasible. We recovered several “Illegal instruction” errors from the log of the HPC
job, which are typically indicative of a hardware incompatibility between the CPU architecture of the HPC we
used and one or more of the libraries employed by SpecREPAIR.

The code and synthesized networks for this case study are publicly available at (Zavatteri 2026a).

11 Conclusions and Future Work

We proposed a method based on the CEGIS workflow for the automated synthesis of certified neural networks.
The certification part is based on formal verification of neural networks, whereas the overall synthesis exploits
information on counterexamples to repair them and build new input-output pairs to add to the current dataset.
An important point of our approach is that it is modular, meaning that our approach can be applied off-the-shelf
to other kinds of neural networks and properties provided there exist a formal verification and a counterexample
repair part able to handle the corresponding constraints. With respect to the work in (Zavatteri et al. 2024),
in this paper we extended the discussion by considering larger neural networks, providing the notion of ¢-
certification, considering more complex properties, opportunistic search and soft-acceleration constraints, and
proving termination for a whole class of properties under reasonable assumptions. Last but not least, our approach
could certify neural networks for 4 different case studies. Our software prototypes, data, and instructions are
available on github to ease reproducibility of our experiments. Furthermore, our software is already prepared to
run many more experimental evaluations with respect to different combinations of hyperparameters that can
be specified in input. In our experimental setup, we deliberately limited the number of trials to 3 repetitions
per configuration (beside HCAS and ACASXu that average on many networks) in order to explore a wide

3https://github.com/sen-uni-kn/specrepair
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Fig. 10. ACAS Xu: Average formal verification time vs average repair time aggregated per property (log y scale).

range of hyperparameter combinations within a reasonable amount of time. With such a small sample size per
configuration, applying statistical tests would not yield meaningful conclusions and could give a misleading
impression of statistical rigor. We therefore consider this a trade-off between breadth and depth of the experimental
analysis. We also point out that while soft-acceleration constraints tend to reduce the number of CEGIS iterations,
a statistical evaluation of the empirical computational improvement provided by the adoption of soft-acceleration
is outside the scope of the paper. A more statistically rigorous evaluation is left for future work.

As future work, there are several directions to consider.

Generalized Repair. Besides the scalability issues of formal verification, our generalized repair approach
currently requires handling all permutations of the pairs found in each counterexample together with
those repaired in previous iterations. As a result, the corresponding MIQPs become bigger and bigger at
every CEGIS iteration. An important open question is whether approximation techniques can be devised to
mitigate this issue.

Strict Inequalities. The property language considered in this paper is restricted to non-strict inequalities,
primarily because MIQP solvers require non-strict constraints to guarantee the existence of optimal
solutions. Extending the framework to support strict inequalities would require either the design of
alternative MIQP formulations, or the development of a different approach for counterexample repair.

Expressiveness. We plan to investigate neural networks with activation functions beyond ReLU, as well as prop-
erty languages involving non-linear constraints. A further direction concerns the termination guarantees
of Algorithm 2, at least for specific classes of multi-pair properties.

Safe RL. We will explore more complex settings, such as reinforcement learning, to extend this approach towards
the synthesis of certified neural controllers.

Fairness We will investigate whether the proposed framework can be extended to enforce fairness constraints,
and to what extent the augmented dataset generated to certify a specific network architecture can be
transferred to other architectures.

Physics Informed Neural Networks. A further research direction concerns the application of this method to
the certification of physics-informed neural networks (PINN) (Raissi et al. 2019). Since training in PINN
incorporates physical laws as constraints, any data generated during the repair process must be verified to
comply with such physical laws.
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A Policy Visualization

One advantage of the HCAS dataset is that the advising policy can be visualized on a polar plane once we fix
to some value and feed the neural network to compute the scores for the actions, and finally we use a different
color for each action and draw a corresponding scatter point.
Each image shows a control policy for a network that we interpret as follows:
o Ownship is at the origin (0, 0) heading right in the image;
o The color at any other point (p, 0) is the action that ownship is advised to take should the intruder be at
(p, 0) according to the fixed ¥;
o The preconditions areas of the properties (mostly given as intervals on p and ) are shown as red perimeters.
Tables 11,12,13,14,15,16,17,18,19,20 show the graphical representation of the policies for P; — Pyy according to
these conventions (we omit Py, P,, Ps because drawing the union of their preconditions would make the images
quite hard to understand). For each property (table), we show the first network indexed by (ayrey, ) where the
property is applicable with respect to all ¢, A. Specifically, in each table:

o the images in the first (top) row always refer to the combination ¢ = 1073 and A = 107%;
e the images in the second (middle) row always refer to the combination ¢ = 10™* and A = 1072,
e the images in the third (bottom) row always refer to the combination ¢ = 10™* and A = 1073,
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Table 11. HCAS certified policy synthesis for P;. The networks are synthesized for a, = COC, 7 = 0. In all inputs we fix
Y =-r.

Without soft-acceleration With soft-acceleration

Initial Final Initial Final

e (COC>-1
® COC<-1

e (COC>-1
@ (COC<-1
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HCAS certified policy synthesis for P,. The networks are synthesized for a, = COC, 7 = 0. In all inputs we fix

Without soft-acceleration

With soft-acceleration

Initial Final

Initial Final
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Table 13. HCAS certified policy synthesis for P5. The networks are those for a,r., = COC, 7 = 0. In all inputs we fix § = 3.10.

Without soft-acceleration With soft-acceleration

Initial Initial
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Table 14. HCAS certified policy synthesis for Py. The networks are those for a, = COC, 7 = 0. In all inputs we fix i = 0.

Without soft-acceleration With soft-acceleration

Final iti Final
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Table 15. HCAS certified policy synthesis for Ps. The networks are those for a,., = COC, 7 = 0. In all inputs we fix y = —r.

Without soft-acceleration With soft-acceleration

Initial Initial
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Table 16. HCAS certified policy synthesis for Ps. The networks are those for a,., = COC, 7 = 0. In all inputs we fix y = -

Without soft-acceleration

With soft-acceleration
Initial

Final Initial Final
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Table 17. HCAS certified policy synthesis for P;. The networks are those for ap,, = COC, 7 = 60. In all inputs we fix i = —.

Without soft-acceleration

With soft-acceleration

Initial Final

Initial

Final

b it
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Table 18. HCAS certified policy synthesis for Ps. The networks are those for ayr, = WL, 7 = 60. In all inputs we fix y = —0.1.

Without soft-acceleration With soft-acceleration

Initial Final Initial Final
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Table 19. HCAS certified policy synthesis for Py. The networks are those for a,ey = WR, 7 = 0. In all inputs we fix y = —x.

Without soft-acceleration With soft-acceleration

Initial Final Initial
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Table 20. HCAS certified policy synthesis for P1. The networks are those for ae, = COC, 7 = 0. In all inputs we fix {y = —.

Without soft-acceleration With soft-acceleration

Initial Final Initial Final

bk e
bk £
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